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of our colleague, Aurel Wintner,. on January 15, 1958. 

Aurel Wintner was born in Budapest on April 8, 1903. He studied 
maïhematics and astronomÿ at the University of Leipzig. During 
that period he was editorial assistant for the Mathematische Zeit- 
schrift under Leon Lichtenstein, who was then, and for many years, : 
_ chief editor of that journal; this period of apprenticeship had a 
profound influence on him, and he always preserved a deep sense of 
gratitude to the man under whom he had served. He took his Ph. D. 
in Leipzig in 1929, and then spent one semester in Rome as a fellow 
of the Rockefeller Foundation and another in Copenhagen, where 
he worked with E. Strömgren. In 1929 he published in Leipzig the 
bock “ Spektraltheorie der unendlichen Matrizen,” which established 
his reputation as a mathematician. It was in Copenhagen that, in 
_ the year 1930, he married the daughter of Otto Hôlder, one of his 
Leipzig teachers. In 1930 he came to the United States to join the 
faculty of .The Johns Hopkins University, where he remained until 
his death.. In the year 1944 he became one of the editors of this 
Journal, to which he devoted the best part of his energy, both by 
his scientific contributions (a substantial part of his most valuable 
work since he came to America was published there) and as an editor. 
For many years he was the mainspring of the American Journal of 
Mathematics. In a very real sense, he was the Journal. 


THE EDITORS 


ON A CONNECTEDNESS THEOREM FOR A BIRATIONAL 
TRANSFORMATION AT A SIMPLE POINT.* 


By J. P. MURRE! 


Introduction. In 1951, Zariski cbtained as a special case of his con- 
nectedness theorems the fact that the total transform of a normal point by 
a birational transformation is connected [III]. In a recent paper, [IV], 
the connectedness of the total transform of a simple point by a birational 
transformation is proved without using the theory of holomorphic functions 
developed in [IIT]. 


In this paper another proof is obtained of this connectedness-theorem for 
a birational transformation at a simple point. In fact, a somewhat stronger 
result is proved, namely, the following. Chow has introduced the concept 
of linear connectedness, a set is said to be linearly connected if every pair of 
points can be connected by a sequence of rational curves in that set. In 
this sense, the total transform of a simple point by a birational transformation 
is linearly connected.” 


Furthermore, some applications are derived for specializations of a com- 
plete set of conjugates over a purely transcendental function field. 


The terminology and notations are from [I]. 


In conclusion, I want to express my warmest thanks to Professor A. Weil 
and Professor T. Matsusaka for their advice and interest during the prepara- 
tion of this paper. I am especially indebted to Professor Weil for suggestions 
which improve the exposition of the proof of Theorem 1. 


1. The connectedness of the total transform of a point by a birational 
transformation of n-space. Let V be an (abstract) variety and let @ be a 


* Received December 15, 1956; revised July 29, 1957. 

1 This paper is the first part of a thesis presented to the University of Leyden in 
The Netherlands in fulfillment of the requirements for the Ph.D. examination. The 
paper was prepared while the author was working at the University of Chicago as a 
participant of the I.C. A, Scientists Research Project TA-01-101-3006. 

2I am indebted to Professor Chow for calling my attention to the fact that the 
original proof implicitly contained this result. He also gave as an example a cubic 
cone, which shows that the assumption of a simple point is essential for this linearity 
property. 
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Bunch of subvarieties of V. The point set attached to @ will be denoted by 
{8}. @ is called connected when it is not possible to divide the components 
of B into two new bunches @ and D such that {B}—{6}U{D} and 
{6} N {D} =p. An equivalent definition for connectedness is the following. 
Let K be a field over which all the components of @ are defined and suppose 
Q and Q’ are arbitrary points of {8}, then there exists a sequence of points 
in {8}, Q =P; Pa: + +, Pons =Q, such that Pa Po. and Pau Pan 
over K for 1—1,2,- - :,n. The above sequence is called a connecting 
sequence in B between Q and Q’. More geometrically, @ is connected if and 
only if it is possible to connect two arbitrary points in {8} by curves in {#8}. 
(This follows, for instance, from [IT], Lemma 7.) The concept of connected- 
ness can also be obtained by introducing the Zariski-topology on V and then 
employing the usual definition of connectedness in this topology. Further 
two points are said to be linearly connected in ® if there exists a sequence 
of rational curves in {8} connecting them, and @ is said to be linearly 
connected if every pair of its points are linearly connected in 8B. 

Suppose U and V are varieties; let W be a subvariety of U X V and let 
@.be a point of U. If there is any component in W N(Q X V) then this 
component is of the form Q X Z, ([I], Chap. IV, Cor. 6 of Th. 6), where 
Z is a subvariety of V. The bunch md the total transform of Q by W, 
is defined as follows: W N(Q X Y) =Q X W{Q}. 

To prove the connectedness theorem, we first prove a—rather formal— 
lemma. 


LEMMA.” Let fo, fast * +, fm be m +1 polynomials in the indeterminates 
Vit -, Vs and Z with coefficients in a field k. Let vı: + -,v, and z be 
h + 1 elements of the ring k[[T]]-such: that the. f,(v,0) are not all 0 and 
the f,(v,2) are not all 0. Then there is a field K D k and an integer N > 0 
and elements 2; (j—0,1,: ° ',2m3 204, 2on—0) in the ring K[[TY]], 
with the following properties. For each 7, not all the f;(v,2;) are 0, and if 
we denote by R; the point in projective m-space obtained by putting T —0 in 
the ratios of the homogeneous coordinates of the point [fo(v, z), - +, fm(v, 25)], 
then for every triple (2q,2¢+1,27+2), where q =0,1,; : -,n—1, either 
Rog == Rogra = Raging or there exists a rational curve Ca having, over a suitable 
field containing k, the point Rag as a generic point and going through Rog 
and Reg. Furthermore, if z is 0 for T’=0 then the same holds for all Zj. 


À M 
Proof. Let fi(V,7)— Si fi(V)Z/. The lemma will be proved by induc- 
j=0 , | 


°? In the following k[[T1] is the power-series ring in a letter 7 over the field ke 
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tion on the integer min. ordery fa( v,2) —mini; orderr[fy(v)#]; the proof 
will be divided into two parts. 


A. Let min., order? f;(v, 2) — min, order r[fy(v)zi] 0. In order to 
simplify notation, write A; == min. orderr fi;(v) and wm == min. orderr[fy(v)2/]. 
If r= orderrz, then w=) +r}. With the above assumption, we have 
min.; ju = min, orderr fi(v,2). There is an index q (OSqM) uniquely 
determined by the conditions ) 


(1) ag == min py and pj > pg for j > Q. 


Iz g==0, the sequence of elements mentioned in the conclusions of the 
lemma is obtained by taking 20—2, 21—2, Z.==0; then for the points F; 
we have fy = R = Ro. Next we will proceed by induction on the integer q. 

Clearly, the pe of part A. will be completed if it is possible to con- 
struct elements 2* and 2’ of k’[[T’ 1] , where T” is a fractional RON of T 
and where k’ Dk and: 


a. Not all the fi(v,2*) are 0 and not all the fi(v,z) are 0. If R, R* 
and R’ are the points obtained (as explained in the conclusions of the lemma) 
by substituting 7’=-0 in the ratios of the f;(v,z), the fi(v, 2°) and the 
fi(v,#), then the locus of R* over k is. a rational curve and R and R’ are 
points on this curve. | 


b. If p’;— min. orderr [fi(v)2’4], then min.; pj == min.; orderr fiv, 2’). 
c. If g'is such that wy = min.; p j and pw’; > pg for 7 >g, then <q. 
.d. If orderrz is positive, then the orders in T” of 2* and z are positive. 
In order to construct elements z* and z’, consider the. expressions * 


{Aj—Azq)/ (q = J) for 7<q. .There is a uniquely. determined integer g 
(OsS7< a) such that | | 


(Ag ae, (q—q’) is the minimum of the ‘expressions 
(2) > (y—Ag\/(q—f) for F< gq and (Ay—Aq)/(g—f) > 
| (Ag —Ag)/(q-— g) for j< g. 


‘This expression arises in the following way: What should the order in T of g be, 
if we want, for a. certain fixed <q, min. ordery [fi (v0) ] = min.é orderr[fi (0) 21]? 
The answer is (Ay — Mg) / (4—1). ‘Since py = À; +.7j. and bg = min.,;4;, we. have that 
r£ min. jeet Ag )/(q—j).. If now 2* is an element of KEL] whose order (in T) 
is precisely this minimum, then there remains; for some es a term fig(v) ave among the 
terms of lowest order in P, re 7 
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Let T = Tee’) ; if A’; = min, ordery f(v) then ’;==A;(¢—4q’), Suppose 
z = %1" + higher powers in T (a,€ k); take two independent transcendentals 
over k, B* and f’, write W = k(8*, 8’) and let 2* == B*TOv->v/@-0), je... 
gh == BMT a-ha). TT 


p*; = min. orderr-[fis(v)2*7] then w*;—=A;(g—q’) +9 (Ag —Aq)- 


By the assumptions, not all the A; are infinite, hence it follows that not all 
the »*; are infinite. Since 8* is transcendental over k, it follows that not all 
the f;(v,z*) are zero. Furthermore, | 


pj — pa = (A; — Aq) (g— g) + (1—4) Aa — Àa) 
= (x; — Ha) (9 — 9) + (J — 9) (ha — ra). 
It follows from this by (1) and (2) that 


(3) wg = po min. p75 u" > py for j>g and for j < 7. 


Now let R* and R be the above mentioned points (see a.). Since f* is 
transcendental over k, it follows that the homogeneous coordinates of R* 
are polynomials in B* with coefficients in k. From the relations (1), (2) 
and (3) it follows that R*-—>KH over k (take B*— a, if p= pg, and 
B*— co if pg < pq’). 

Next we will make the assumption that the index g’ fulfills the condition 


(4) Q < Min. jeg (ej — Hg). 


This assumption can be made; for by the inequalities of (3), this minimum 
is positive and it can then be made arbitrarily large by replacing T” by a 
power of T”. Now let z == 8B’ T Av-ħ)+1, if wi = min orderr [fi (v) 2/4} then 
p';==p*;+ 3. From this, in combination with (8) and (4), it fcllows that 


(5) peg =min;p;; wy > pg for j>g and 7 <q’. 


Since by construction g’ < q, it follows that 2’ fulfills condition e. Again, 
since 8 is transcendental over k, it follows that not all the f;(v,2’) are zero; 
therefore, it is possible to construct a point À” by putting 7”—0 in the 
ratios of the f,{v,z’). Further, since 8’ is transcendental over k, it also 
follows that wy == miny p’; == min, order: f;(v, 2’); therefore, z fulfills con- 
dition b. Next, we want to show that R*— R’ over k. It follows from the 
inequalities in (5) that Æ is the point obtained by substituting T’ == 0 in the 
ratios of the homogeneous coordinates of the point [fog (v),° © <; fme (v)]- 
As we have seen above, the homogeneous coordinates of the point R* are 
polynomials in 8* with coefficients in k; by (3) these polynomials begin 


à 
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+ 
with terms of degree gq’ in the 8* (and end with terms of degree q). 
Substituting @*—0 in the homogeneous coordinates of R* therefore leads 
to the same point as substituting T” —0 in the homogeneous coordinates of 
the point [fop (v),° * *,fme (V) |, i.e, to the point R’ as we have just seen. 
Therefore, R*—> R’ over the specialization 8’—>0 with respect to k, and 
hence a. is satisfied by 2* and 2. It remains to be shown that d. is also 
fulfilled. As before, write z =«&, T" +... From the fact that po S py 
(by (1)) and that p; = A; + jr, it follows that r Æ (Ag —Aq)/(¢—7). Since 
T = Peð, z* = BT'Ov-`d and z == BT" Ae-*9)*1, it follows that 


order: z < orderr 2* < orderp 2’. 


Hence d. is satisfied, which completes the proof of A. 


B. Assume that the lemma is proved if the difference min. orderp f;(v, 2) 
— Min. orderp[fy(v)zi] is smaller then some integer d. Now suppose this 
difference is equal to d. 

Let À and S be the points obtained by substituting T ==0 in the ratios 
of the fi(v,z) and the f;(v,0), respectively. We adopt the following ter- 
minology during the rest of the proof of this lemma to simplify notation. 
If z and 2 are elements of a ring K[[T]] such that not all the f,(v,z) are 0 
and not all the f;(v, 2’) are 0, and if R, respectively R’, are the points obtained 
by substituting T =Q in the ratios of the fi(v,z), respectively the f(v, 2’), 
then we will call a sequence of points R= Ro Ra: e e, Rpt + e Ron =R a 
connecting sequence of points between R and R if the following are true: 
Every point R; is obtained by means of an element z; of K[[T]] and a 
substitution T ==0 in the ratios of the f;(v,z;) (which implies that not all 
the f;(v,2;) are 0), and both Rog and Rag. are specializations of Roi, over k 
for g—0,1,- : -,n—1 (it is a tacit agreement that K contains k; it should 
be noted that in the present terminology—which is only used during the 
proof of this lemma—the field k plays a particular role). Further, if z and 2’ 
are 0 for T= 0 then we require the same for all the z; Moreover, we will 
call such a sequence R = Ro Rast e +, Ren = Lt’ a linearly connecting sequence 
of points between R and Æ if, for every triple (2q, 8q + 1,2q +2) of this 
sequence, either Reg == Rigi, = Roga or there is a rational curve O, having 
Rq as a generic point over a suitable field containing k, and going through 
Reg and Regs. 

Write Z = X + Y, let 


M M : 
fi(V,2) => fu V) Z =2 gyl V, X) Yi =g (V, X,Y). 
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(Note that fi(V, X) = gi(V,X).) Let 2 == arf" + ap T 4 anaa T +--+ -, 
where @;,Gr3,° °° Ek. Let B be transcendental over k and take z= &, T" 
+ 67°", Now, by the assumptions not all the f;(v,0) are zero, therefore, 
since @ is transcendental over k, not all the fi(v, s) = gio(v,æ) are zero. 
Let &; be the point obtained by substituting T==0 in the ratios of the 
fv, x). Next let y be transcendental over (8) and let y= 7'"(— a, + y— BT), 
Le, + y= yI". Since y is transcendental over k, it follows that 


(6) min. order fi(v, x + y) == min. orderr[fiy(v) (x + y)7]. 


The right hand side of (6) being finite implies that not all the f;(v,& +y) 
are 0, let Ay be the point obtained by substituting T—0 in the ratios of 
the f:(v,z-+y). It follows by (6) and the special case of the lemma proved 
under A. that (in'the just menticned terminology) there is a linearly con- 
necting sequence of points between Rrr and 8. We will show next that there 
is also a linearly connecting sequence of points between Ry and Rr. Consider 
the polynomials g:(V,X,¥) in the indeterminates V1,---,V,, X and F 
and consider the elements v,,- : -,v,, £ and y of k(B,y){[T]]. Since y is 
transcendental over &(8) it follows that 


min. orderg gi (tv, z, y) = min. orderr[ gi;(v, x) y7]. 


Ry and Rr being the points obtained by substituting T =—0 in the ratios of” 
the filv, s +y) = 9i(v,2,y) and the fi(v,7) —g:(v,2,0) respectively, it 
follows therefore by the special case of the lemma proved under A. that 
there is a linearly connecting sequence of points between Ay; and Rr. (Note 
that if orderrz is positive then the orders in T of x, y and 2+ y are positive, 
and therefore, by the special case of the lemma proved under À. every 
intermediate point R; is obtamed by means of a z; which has positive order 
in T.) | 

From the facts proved above, it follows that it is sufficient to prove that 
there is a linearly connecting sequence of points between À and Ær; the 
points À, respectively R, are obtained by putting 7 —0O in the fi(v, z), 
respectively the fı(v, x) = g;(v,x,0). Now, let 


y= (arna — B) TT + ana TT. sr Ey, z= t4- y; 


then À can also be obtained by substituting T—0 in the f;(v,x +y) 
= gi(v, £, y’). If pg is the integer introduced in (1), i. e., min.;,; orderr[ fi(v)f], 
then it follows from the way in which the z and y are chosen that the terms 
of degree ug in T have cancelled in the g;(v,x, y’), and hence 


min. orderp[fy(v)z ] < min. orderr[ gi(v,x)y7]. 


BIRATIONAL TRANSFORMATION. 9 


Since fi(v, z) = gi(v, x, y’), we then have that 
min., orderr gi (v, x, y) — min. orderr[ gy (v, 2) y’7 | 


is smaller than min;order»f;(v,2) —min.;orderr|[fi;(v)2]. We can now 
apply the induction hypothesis to the polynomials g(V,4,Y) (instead of 
the f,{V,Z)), to the elements vı, - -,v,,@ (instead of the v4,: + -,v,) and 
y’ (instead of the z) and to the points R and Fr obtained, respectively, by 
putting T==0 in the ratios of the g;(v,z,y’) and the gi({v,z,0). This 
completes the proof of the lemma. 


THEOREM 1. Let W be a subvariety of S" X P™ (n-space and projective 
m-space). Suppose the projection of W on K" is equal to ©" itself, and let 
[W: S%]=—1. Let Q be a point of S". Then W{Q} is linearly connected. 


Proof. We will proceed by induction on the integer n; for n==1 the 
theorem is clearly true. 

Let k be a field of definition for W. Without loss of generality, it may 
be assumed that Q is the origin O of S* and that k is algebraically closed, 
so that, in particular, the components of W{O} are defined over k. 

Let (x,y) be a generic point of W over k, where (x) = (%,,: - - ap) 
and where (y) = (Yo;' ` ;Ym) are homogeneous coordinates in P”, with 
yi = fila), fil X) E€ R(X, + +, XL]. Write 


t 
(1) f(X) =D fy(X) with fy( X) homogeneous of degree 7 and for at 
J=8 
least one 1, fis (4) is different from zero. 


First we will fix, in a certain way, a point À, in W{O}, and then we 
show that every point in W{O} is linearly connected in W{O} with this 
point Re. We fix this point Re as follows. Let the quantities u; be defined 
by tke equations 


(2) Ti == UiT, t= 2,3, tN. 


Let (z,u)— (0,u’) over k, with w’; independent transcendentals over k. 
There exists an index 7, such that f,.(X) 340, the quotients y;/7, then 
have a unique specialization over the specialization (#,u)— (0,u’) with 
reference to k; this specialization determines a point Ro in W{O}. We note 
that R, depends only on the f;,(X) and on the specialization of the ratios 
of the z, and not on the particular index 1 chosen to define the quantities t. 

Now suppose there is given a point À in W{O}, we will show that KE 
is linearly connected with Ry in W{O}. Let k(R) be the field obtained 
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ftom adjoining to k the non-homogeneous coordinates of R. It is possible 
to construct a. field K, containing k(R), and a homomorphism ¢: k[z] 
—> K{{[T]], leaving k invariant, such that the point À can be obtained from 
substituting T ==0 in the ratios of the o[f;(z)] (this implies, in particular, 
that not all the ¢[f;(2) | are 0) ; moreover, this ġ can be ‘constructed in such 
a way that not all the ¢[fi;(z)] are 0. (The construction of such a field K 
and homomorphism ¢ can be done in the following way. Take a linear space 
Lm# generic through the point O X R, then WML consists of curves C; 
[see, for instance, the proof of Prop. 7 of App. II of [I]] ; let C, go through 
the point OX R. Let K be the algebraic closure of the field which is 
obtained from adjoining to k(R} the coefficients of a set of equations of L. 
A generic point (x) of C, over K is a generic point of W over k [see again 
[I], App. II, proof of Prop. 7]. Take a valuation on C, with center O X R, 
this determines a homomorphism of K{x]— K[[7']]; the restriction to k[z] 
fulfills all the requirements.) 

Given the point R, we construct such a field K and homomorphism 
$: k[c]— KI[T1]. Among the Tı ``, for instance x, starts with a 
term of lowest degree in T. Introducing the u; as in (2), ¢ can now be 
extended to k[u,z,] — K[[T]]. Let the extension still be denoted by æ. 
To distinguish 2, from the other x; write z, =z, then we have 


(3) Ly == Z, Ti = Uj ; tu 2,8," * *,n. 


Note that 2 is transcendental over #(u); therefore, the specialization of g 
over every specialization of the Ugs, Us,’ *',un with respect to k may be 
changed arbitrarily. 


t 
Now apply the lemma to the polynomials Sfi;(U)Z7-* (s was intro- 
J=2 


duced in (1)) in the indeterminates U,,: - -,U, and Z with coefficients in the 
field K (which is analogous to the field k in the lemma), and to the elements 
pu), * -,p(u,) and (z) in the ring K[[T]]. The homomorphism 
@ was constructed in such a way that not all the [fis (u)] = fis[ġ (u) ] are 0, 
R was the point obtained by putting T ==0 in the ratios of the f;[¢(z) ], i.e., 


t 
in the ratios of the > fi[¢(u)]¢(z)*8; let S be the point obtained by 
j= 


putting T ==0 in the ratios of the [fi (u)]. By the lemma, there is a 
sequence of points R == Ro, Rat - e, Rap == N, such that, for every triple 
(Ra, Rg + 1,8q +R), either Reg == Roga = Foge or there is a rational curve 
Ca going through Re, and Regeo, and having Eeg as a generic pcint over 
some field containing K (and hence, a fortiori containing k, over which the 
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components of W{O} are defined}. Moreover, since ¢(z) =0 for T—0° 
it follows by the last conclusion of the lemma and by the relations (3) that 
all the points R; are in W{O}. Therefore, the sequence of points between Æ 
and § is a linearly connecting sequence of points in W{O}. 


R, being constructed as in the beginning of the proof by means of a 
generic specialization of the ratios of the v, both R, and S are specializations 
over k of the point T with homcgeneous coordinates [fos(@),‘ © +, fms(z) | 
in P”, where fig(X) is homogeneous of degree s (see (1)). Let X ke the 
locus of À, over k. Since Ro is constructed by means of a generic specializa- 
tion of the ratios of the v, it follows that X is also the locus of the point T 
over k; in particular S€ X. Since the components of W{O} are defined 
over k (which is algebraically closed), it follows that X is in a component 
of W{O}. In order to complete the proof, it suffices to show that S and Fo 
are linearly connected in X. Consider the locus Y over k of the point with 
coordinates [21," * >, Za; fos(%),° * *,fme(æ)] where the (2,°--,2%,) are 
considered as homogeneous coordinates in P” and, as before, [fos(x).: °°, 
fms (£) | are homogeneous coordinates in P”, Then the variety Y in P1 X P” 
is a birational transformation of P"-1; hence, by our induction hypothesis (see 
beginning of the proof}, the total transform by Y of every point of P- is 
linearly connected. By this, the projection of Y on P” is linearly connected ; 
however, this projection is X. This completes tae proof. 


2. Multiplicities of maximal connected bunches in specializations of 
complete sets of conjugates. Let U and V be varieties and let W be a 
subvariety of U X V.. Suppose the projection of W on U is equal to U 
itself and let dim. W— dim. U. Let k be a field of definition for U, V and 
W and let Q be a generic point of U over k. It follows easily from [I], 
Chap. IV, Th. 6, that every point of W N(Q X FV) is generic on W over k 
and the points of this intersection are conjugates of each other over k(Q). 
Further, all the different conjugates over k(Q) occur among the points of 
this intersection. : 


THEOREM 2. Let W be a subvariety of E” X P" (n-space and pro- 
jective m-space), let dim. W =n and suppose the projection of W on S&* 
is equal to ©” itself. Let k be a field of definition for W and let QX E be 
a generic point of W over k. Let (R®,---,R®) be a complete set of 
conjugates of R over &(Q). Suppose Q’ is a point of S” and let B be a 
maximal connected bunch of W{Q’}. Then, in every specialization of 
(RO,--+-,R®) over the specialization Q—>Q with reference to k, the: 
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“multiplicity of the bunch B is the same. (The multiplicity of B in a 
specialization (R’O,.--, Rh’) of (R®,--,R®) over the specialization 
Q-> Q with reference to k is defined as the number of points R’™ which 
are in {8B}.] Further, of B occurs with multiplicity 1, then B is linearly 
connected. 


g 
Proof. On W, consider the cycle 3 Q X R™ and let T be its Chow-point. 


=1 
The ratios of the coordinates of T E k(Q). Let Z be the locus of (Q, T) 
over k; Z fulfills the conditions of Theorem 1. Hence Z{Q} is linearly 
connected. Let (Q’,R%),.:. RWO) and (Q’,R7®,-:.,R"@) be two 
specializations of (Q, R®,- - -, R@)) over k and let T” and T^ be the Chow- 


g g 
points of > QX RM and $ QX kh’ respectively. Let K be the algebraic 


=1 =1 

closure of the field &(Q’) oie components of Z{Q’} and W{Q’} are defined 
over K. T and T” are points in Z{Q’}; since Z{Q’} is connected, it follows 
that there is a sequence of points7”; (j==0,1, © -,2p; To= T, Tap = T”) 
in the components of Z{Q’} such that T'a and 74.0 are both specializatioris 
of Tor: over K for i=—=0,1,:::,p—1. Let (8’,---, 27) be a 
specialization of (R™,- --,£@) over the specialization (2,7) — (QT), 
with reference to k, for j==0,1,---,2p. Since, by the properties of Chow- 


g 
points, the cycle X QX R’; is uniquely determined by the point 7”; it 


q=h 
follows that, for a suitable order of the points R'a, the set (T'a 2’.;%, 
- + e RaO) is a specialization of (To, Ra, © +, Bein) over K, and 


similarly for 2i +2 (where 1=—0,1,: : :,p—1). The components of W{Q’} 
being defined over K, this completes the first part of the proof. 

= Assume now that @ has multiplicity 1 and let, for every 7, RB’; be 
the unique point in {8}. Under the present assumptions we have then 
K(R’™) C K(1";). The linear connectedness of @ then follows from the 
linear connectedness of Z{Q’}. 


Note. Theorem 2 is a generalization of [I], Chap. III, Th. 4, except 
that, if {@} reduces to a point W (i.e. K’ is a proper specialization of À 
over the specialization Q@->Q’ with reference to k), then the multiplicity 
of R’ is a multiple of [k (Q, R): #(Q’)]; However this result can also be 
obtained from Theorem 2 and the theory of algebraic functions of one variable. 
We sketch a proof By an extension of the ground field and a change 
of coordinates it can be assumed that Q’=—0. Write Q == (am,°°-+,2n), 


5 Cf. [I], Chapter III, Theorem 2 and G. Shimura, American Journal of Mathe: 
matics, vol. 77 (1955), page 141, Prop. 13. 
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R= (1,43 © *,Ym) Tı =À and w==2;/d for 1==2,3,---,n. Consider thee 
specialization (æ,u) — (0,u) over # and let K==hk(u). Next consider (y) 
as functions of one variable À over K. Let © be the completion of K (A) 
with respect to the valuation induced in K(A) by AO. It follows by 
Theorem 2 that there is a conjugate R™ of R over k(x), such that R’ is a 
specialization of R™ over the valuation induced by A> 0 in Q. The required 
result then follows essentially from the fact that every specialization of AM 
over the valuation induced by A> 0 in Q, is a conjugate of R’ over K (since 
Q is complete) and from the fact that [K(R) : K] is a factor of [Q(AM):0Q]. 

The following proposition is a generalization of [I], Chap. III, Prop. 9 
and can be proved by the same methods. 


PROPOSITION 1. Let W be a sutvariety of S” X P™, snch that dim. W = n, 
and let the projection of W on S* be equal to Sr itself. Let k be a field 
of definition for W. Let r be an isomorphism of k and a field k’. Suppose 
© Q and Q are points of S” such that r can be extended to an isomorphism 
of k(Q) and k’(Q’); let x be an extension of + to the algebraic closures of 
—#h(Q) and k’(Q’). Let B be a maximal connected bunch of W{Q}. Then B7 
is a maximal connected bunch of W7{Q’}. Let (x,y) and (x,y) be generic 
points of W and WT over k and k’ respectively, then the multiplicities of B 
and BT in the specializations of a complete set of conjugates of (y) over 
k(x), respectively (y) over k'(x'), over the specialization (2) > Q with 
respect to k, respectively (x) — Q” with respect to k’, are equal. 


THEOREM 3.° Let W be a subvariety of U X V, where V is a projective 
variety. Let dim. W = dim. U and let the projection of W on U be equal 
to U. Let k be a field of definition for U, V and W and let (Q,k) bea 
generic point of W over k (hence Q is generic on U over k). Suppose Q’ is a 
simple point on U and let B be a maximal connected bunch of W{Q’}. Let 
(RO, - -, RO) be a complete set of conjugates cf R over k(Q). Then, for 
every specialization (R’®,---,R)) of (R®,---,R®) over the specializa- 
tion Q — Q with respect to k, the number of points R’™ which are in {B} 
ws the same. Further, tf B is represented only once in such a specialization, 
then @ is linearly connected. 


Proof. Suppose U” is a variety in SN (eventually PNY) and V™ is a 
variety in PM, Let F(X), t==-1,2,---,n, be a. uniformizing set of linear 
forms for U at Q’ with coefficients in k; by [I], Chap. IV, Prop. 25, this is 
a fortiori a uniformizing set of linear forms for U at Q. Write Q = (x) and 


* Theorem 3 is the analogue of [I], Chap. VI, Th. 12. 
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“Q’ = (2'); let L and Z/ be the linear varieties in SN defined, respectively, 
by the equations F(X —a) —0 and F(X —z’) =0, 1=1,: : -,n. ` These 
equations can also be written in the form F’;(1) —v; = 0 and F,(X) — vi = 0 
with v: == F;(x) and v’;—=F;(2’) respectively. By [I], Chap. V, Prop. 20, 
Q and Q’ are proper components of U N L, respectively of UML’, and of 
multiplicity 1. By [I], Chap. IV, Prop. 24 &(Q) is algebraic (and separable) 
over k(v). From the fact that Q’ is a proper component of UNL’ of 
multplicity 1, it follows by [I], Chap. V, Cor. 1 of Th. 8 that Q’ is a proper 
specialization of Q, over the specialization (v)-—> (v) with reference to k, 
of multiplicity 1. Let (Q@@,---,Q@@) be a complete set of conjugates 
of Q over k(v) and let QM =Q. A complete set of conjugates of (Q, F) 
over k(v) consists of the dg points (Q0, R»), +—1,:--,g, where the 
set of points (R(),- - -, AO) is obtained from (R®,- : -,R) by applying 
to the algebraic closure of k(v) an automorphism over k(v) such that Q is 
transformed in Q. Consider the locus X over k of the point (v,Q, R). 
X is a subvariety of 6” X PY X PM (after, perhaps, a projective closure of 
SN); since a product of projective spaces can be embedded in an every- - 
where biregular way into a projective space, it follows that X fulfills the 
conditions of Theorem 2. 

Now let a specialization (#’,---,A#’) of (R, - :, RO) over the 
specialization Q —> Q” with reference to k be given; over this specialization 
(v) specializes necessarily to (v’). Next, extend this specialization to a 
specialization of all the (Q0, R0™) over the specialization (v) — (+) with 
reference to k. If @ is a maximal connected bunch of Y{wv’}; then by 
Theorem 2 the number of points (Q’™, R'm) which are in {8} is always 
the same, independently of the way in which the specialization (v) — (v’) 
with reference to k is extended. Clearly, among the bunches @ of X{v’} 
there must be one which contains (as point set) ©’ X {8}; however, since 
Q is a proper specialization of Q, over (vw) — (v’) with reference to k, it 
follows that OX {8} itself is such a bunch {@} (i.e., a maximal connected 
bunch of X{v’}). Now let (Q’™, ROm) be in Q/X {#}; since Q’ is a proper 
specialization of Q, over (v) —> (v) with reference to k, of multiplicity 1, 
it follows that r—1, and hence also RC™ =— R'™, As we have already 
seen above, the number of points (Q’™,R#’0) which are in Q’X {8} is 
independent of the way in which the specialization (v) — (v’), with reference 
to k, is extended; this implies, in particular, that the number of points R’™ 
which are in {@} is for all the specializations of (R@,---,R®) over 
Q -> Q’, with reference to k, the same. This completes the first part of the 
proof. 
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Next assume that there is only one point R’@.in {8}. Then by what if 
proved above, it follows that there is only one point among the (Q/M, R’()) 
which is in Q’X {8}. Hence, by Theorem 2, Q’ X @ is linearly connected, 
and hence @ is linearly connected. 

A direct consequence is the connectedness theorem mentioned in the 
introduction. 


COROLLARY. Let W be a subvariety of U X V, where V is a projective 
variety. Suppose the projection of W on U is equal to U and let [W:U]—1. 
Let Q’ be simple on U. Then W{Q)’} ts linearly connected. 


Note. This result is proved, except for the linearity, in [IV]. 
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UNIQUENESS IN THE CAUCHY PROBLEM FOR PARTIAL 
DIFFERENTIAL EQUATIONS.* : 


By A. P. CALDERÓN. 


1. Introduction. We begin with a few historical remarks. The classical 
theorem of Cauchy-Kowalewski asserts the existence of analytic solutions of 
analytic equations or systems of equations with analytic Cauchy data and 
their uniqueness in the class of analytic functions. In 1901 Holmgren [6] 
proved that the Cauchy problem has at most one continuous solution with 
continuous derivatives up to the order of the equations, provided that 
the latter are linear and have analytic coefficients. The condition on the 
coefficients is essential in Holmgren’s argument and precludes the possibility 
of generalizing the result to the non-linear case. The first contribution in 
the direction of removing the essumption of analyticity was made in 1939 
by T. Carleman [2], who proved the corresponding result in the case of two — 
independent variables assuming that the characteristics of the equations are 
non-multiple. In view of the example of E. de Giorgi [8] (see also A. Plis 
[10]), who exhibited an example with multiple characteristics for which the 
Cauchy problem has more than one solution, the condition on the charac- 
teristics in Carleman’s result no longer seems artificial, but, unfortunately, 
the restriction to two variables is indispensable to the method of proof. In 
the case of more than two variables, no essential progress was made until 
1954 when C. Müller [8] studied a special second order equation. Later 
P. Hartman and A. Wintner [4] and E. Heinz [5] settled the casa of quasi- 
linear second order equations with the Laplacian as principal part. (See also 
P. D. Lax [7]). Shortly thereafter, N. Aronszajn [1] extended this result 
to general second order elliptic case. For other results on quasilinear equa- 
tions with principal parts with constant coefficients, see also L. Nirenberg [9]. 
In the present paper, we shall generalize Carleman’s theorem to functions of 
any number of variables with two exceptions, the case of three variables for 
equations and three or four variables for systems. The presenc2 of these 


* Received June 30, 1957. 

1 This research was partly supported by the United States Air Force under Con- 
tract No. AF18(600)-685 monitored by the Office of Scientific Research. The author 
is indebted to P. Olum and G., A. Hunt for help with this paper. 
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exceptional cases is due to topological difficulties in our approach. Whethef” 
they are really exceptional or not, we do not know. Since the non-multiplicity 
of the characteristics plays an essential role in our argument and it does 
not seem to be possible to introduce additional independent variables in a 
differential problem without sometimes causing multiplicities to appear in 
the characteristics, we have been unable to reduce the exceptional cases to 
the otaer. In special instances, though, such as that of second and third 
order equations, our result holds for any number of variables. 

Our method is based on a representation of linear differential operators 
by means of singular integral operators. .More specifically, if Aw is a linear 
differential operator of homogeneous order m defined on all Euclidean space 
and with bounded coefficients, then Au == HA”u, where A is a square root 
of the negative of the Laplacian and H is a singular integral operator. For 
operators such as H, there is an approximate functional calculus which 
allows us to reduce the problem of uniqueness to a simple form. The first 
section of the paper will be devoted to discussing the operators H and the 
representation of A briefly described above. For the proof of the basic 
properties, we shall refer the reader to a paper by A. Zygmund and the 
author (see [11]). 


2. Singular integral operators. We begin this section with an informal 
discussion. Consider the real k-dimensional Euclidean space Ek, complex 
valued functions u(x) on Es, and the‘ operator 


(1) H (u) —a(z)u(xz) + SB 2—a)u(e) de, 


where a(x) is complex, bounded and h(x,z) is complex homogeneous of 
degree — k with respect to z, that-is, A(s, Az) == A*h(z,z) for A> 0, where 
Az is the point with coordinates Azı, A%e,° * *, À2%, and z= (21, * *,#), and 
h(æ,z} has mean value zero on the sphere Spa = {| 2 |= (a? +: + 2,)3 
==1} for each z. Under mild assumptions on A{z,z), the integral above is 
meaningful as a principal value integral for u(#), say, square integrable over 
Ex. If a(x) and h(a,z) are actually independent of x, then Hu can be 
easily computed by taking Fourier transforms. Specifically, if (s) denotes 
the Fourier transform of u(x), then 


(2) Hum (aha, 


. in contrast with [11] we use here the Fourier integral with a minus sign in the 
exponent. This accounts for apparent discrepancies in sign. | 


2 
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“where À is the Fourier transform of h(x, z) = h(z), the Fourier integral 
being taken as a principal value integral. If h(z) is continuous in |z| > 0, 
then f(z) exists, is a homogeneous function of degree zero, that is, such that 
(Az) =fh(z) for every À >:0, and has mean value zero on Sy. = {| 2| =1}. 
Conversely, every sufficiently smooth function with these properties is the 
Fourier transform of some A(z’. The function (a+) in (2) is called 
the symbol of the operator H and we shall denote it by o(H). It is clear 
from (2) that operators with a and h independent of x can be multiplied 
and added by simply multiplying and adding their symbols. 

Let now Au be a linear partial differential operator with constant 
coefficients of homogeneous order m. Then 


(3) Au = pa(a)ima(a), 


where pa(x) is the characteristic form of the operator A. Let us rewrite 
the last identity as 


aN 
(4) Au = [pa (x)| e mil] |" (zx) 
and define the operator A’ by 
“~~ 
(5) At == | z| G(x). 


Then since the expression in square brackets in (4) is a homogeneous func- 
tion of degree zero, it is the symbol of some singular integral operator H, 
and we obtain 


ù =o (H) | 2 ("å (2) =o (H) (A”u)^ 
and 
(6) Eu = HA™u, 


where the symbol o(H) of H is given by pa (s)| s| "i", pa(x) being the 
characteristic form of A. If A is the Laplacian, then 


Åu == Au = — A*u, 
which justifies the assertion that A is a square root of the negative of the 
Laplacian, i 
Suppose now that the coefficients of À are variable, that is, 
(7) Au = F aa (£) Dou, 
a ; 


where Dau runs over all partial derivatives of u of order m. Let us now 
represent each Dau as in (16) 


(8) Dau = HeA™u, 
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and substituting in (7), we obtain 


(9) Au = Sat) Ham = (Saga) Amu = H A", 


where Hu = SaHou = X aa (£) (Hau). Now as is easily seen, since Ha is 
of the form (1), so are dH, and H == Sal. Thus we have obtained the 
desired representation of A in the case of variable coefficients. 

Let us revert to the operators of the form (1). In the general case, 
that is, when a and h actually depend on x, we shall define the symbol 
a(iZ) of the operator H by 


o(H) —a(x) + h(2,2), 


where (2,2) is the Fourier transform of h(æ,z) with respect to z The 
symbol is now a function of two arguments, æ, z€ E, which is homogeneous 
of degree zero with respect to z One verifies that the symbol of the operator 
H in (9) is precisely S\au(x)2%| 2 |-™0™, where 2% == 2,%z,%- + -2,%, and 
> &a(æ)z® is the characteristic form of the operator A. 

The operators of the form (1) do not form an algebra under ordinary 
composition but it is possible to introduce a product H,oH, by means of 
the formula o(,°H,) =o(H,)o(H.). Under mild restrictions on the 
operators H, this product is always defined, and with this multiplication the 
class ot singular integral operators becomes a commutative algebra which 
is isomorphic to the function algebra of their symbols. The interest cf this 
kind of multiplication lies in the fact that it is a fairly satisfactory substitute 
for ordinary composition of operators which, incidentally, is non-commutative. 
More specifically, the difference between H, o H, and H,H, has the following 
property. Our operators H are bounded on L?(#;,,) and A is densely defined 
in L?(H,,) and unbounded, but H, 0 H,—H,H, multiplied on the right or 
the left by A is bounded. Thus, modulo operators with the property of 
remaining bounded after multiplication by A, ordinary composition is equiva- 
lent to the formally simpler multiplication introduced above. 


We now proceed to formulate precisely the properties of singular integral 
operators which we shall need. For their proof we refer the reader to [11 |.1* 
By Cg, 1= 8 SS 2, we shall mean the class of bounded complex valued func- 
tions in C, with bounded first order derivatives satisfying a uniform Hölder 
condition of order 8—1. If 0S 8 <1, then Og will stand for the class 
of bounded continuous functions satisfying a uniform Holder condition of 
order £. By Cg”, we shall mean the class of functions depending on two or . 
more arguments which are in C” with respect to the last argument and whose 
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“derivatives of all orders with respect to the coordinates of this are in Cg with 
respect to all variables. By L*, we shall mean the class of functions on Ex 
with integrable square, and L.* will stand for the class of functions in L? 
with first order derivatives (in the sense of Schwartz) in L°. We shall say 
that the operator (1) is of type Og” if a(x) € Ce and h(x,z) € Ca® in 
|2| 221. The letter c will stand for a constant not necessarily the same in 
each occurrence. | 


THEOREM 1. Let B=0 be given. Consider the class cf singular 
integral operators H of type Cg”. Then Hu is well defined as a principal 
value integral for u € L? and Huis in L?. Further, H is a bounded operator 
on L?. There exists a one-to-one linear mapping o of the class of operators 
of type Cg” onto the class of functions F(x,z), x,2€ Ey homogeneous of 
degree zero with respect to z and in Cg®™ in |z| = 1, such that, if Nu isthe 
least upper bound for the absolute value of F(x,z) —o(H) (see footnote 2) 
and its derivatives with respect to coordinates of z of order 2k evaluated in 
|2| 21, then | 
(10) | |H |S Nm 


where || H | is the norm of H as an operator on L* and c is a constant 
depending only on k. 


THEOREM 2. If u(x) € L, and ti(x) denotes the Fourier transform 
of w(x), then à(x)|x| belongs to L?. Thus the operator A defined by 


NN 
Au—ü(x)|zx| has domain L°, range in L? (see footnote 3) and is symmetric. 


THEOREM 3. Let.H be a singular integral operator of type Cg” with 
1<BS2. Let My denote the least upper bound for the absolute values 
of o(H) =F (2,2), its derivatives with respect to coordinates of z of order 
2k, the first order derivatives of these and of F(z,z) with respect to coordi- 
nates of x, and the Holder constants of the latter in |z| 21. Let H* denote 
the adjoint of H and let H*, H,oH, be defined by 


(11) o(H*) =G(H), o(HioH:)—0(H;)o(Hi). 


Then H* and H,°H, are singular integral operators of type Cg”. Further, 
if H is of type Cg” and u€ L.?, then Hu and H*u are in L’, so that the 
operators AH, HA, H*A, AH* are defined on L. Further, if w= L’, then 


? The function ¢(#H) here is the symbol of H. 
* The definition of the operater A given here is different from the one given in [11]. 
They are, nevertheless, readily seen to be equivalent. 
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| AT—HA)u | S cMr ull,  JAŒI* — H*’yu | S cMu | ul, 
JO — H5 Au | S cMn | u |, 
| ACH, oH, — HH oJU | = Mn Mr | u |, 
|| (H,° H,-— H,H.)Au | = ci, Mu, |u ||, 


(12) 


where c is a constant depending on k only and the norms are L*-norms. 
Consequently, the operators in (12) can be extended continuously to bounded 
operators on L°. 


THEOREM 4. If H, and H, are in Cg”, B20 and the functions 
o(H,) = F(a, 2), o(H 2) = F(x, 2) are independent of x, then H, ° H; = HH, 
H,#—H,* and H, has an inverse if and only if o(H,) does not vanish. 
Further, H, takes La? into L and H,A = AH. 


THEOREM 5. Let A==Dlag(2)D,, where a = (oi, Qa © *,@x), G+ a 
a 


+: HLa—m, and Dy == dure tte / fp E: + fx be a linear homo- 
geneous differential operator of homogeneous order m with coefficients a (x) 
in Cg, BÈO. If u(x) is in L? and has derivatives of orders less than or 
equal to m in L*, then Au is defined and Au==HA™u, where H is a 
singular integral operator of type Cg? and 

Ld 


(13) o(H) =i” I ae (2)z° | z), 
where z% == 2g: + 2,8, In particular, if u€ L.?, then 
(14) ĝu fIr == 1R;AU mes 1AR;u, 


where o( Rj) =z;| z|. Conversely, if u€ L., then 
k k 

(15) iAu== D'hRu/0x; = X IR u/s; 
ja ja 


In what follows, we shall consider singular integral operators depending 
on a parameter ¢ and function u(t) depending on t and with values in D”. 
We shall say that such a function is continuous if | w(t) —u(to)|| tends to 
zero as t tends to £ for all &. We shall say that u(t) is differentiable if 
there exists a function du/di==v(t) of the same type such that 


| (u(t) — u (to) )/ (E — to) — v (to) | 
tends to zero as ¢ tends to tə for all to. 
Our results on uniqueness are essentially applications of the following 


Lemma 1. Let u(t), OSS fSh, have values in L”, be continuously 


+e 
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dernit and be such that Au(t) is continuous. Let P(t) and Q(t) be 
singular integral operators such that o(P) = F(t, 2,2) and o(Q) == F(t, 2, 2) 
are real and in Cg”, B>1 in |z| 1.4 Assume that P(t) has a two sided 
inverse for each t or else vanishes identically, and let $,(t) == (t + 1/n)™. 
Then if u(0) —0 and 


h | h 
(16) f dè l du/dt-+ (P +iQ)Au dtS f gè lulat | 
0 ; G 
for some constant c and arbitrarily large n, u(t) —0 in a neighborhood of 
t= 0, | 
Proof. We will first derive mequality (23) and then show that (16) 


and (23) are incompatible for sufficiently large n, unless u(t) —0 in a 
neighborhood of 40. We shall write w’ for du/dt etc. and shall omit 
displaying supscript n of n. 
We have 

plu’ + (P+ 1Q) Au] = [( gu)’ + iQAgu] + [PAgu— pu]. 

Squaring, we obtain | | | 
pw + (P+ iQ) Aw |? = (pu) + iQAgu |? + | PAgu — g'u ||? 

(17) —[(pu)’, p'u] — [pu (puy’] + [(pu)’, Papu] + [PAgu, (gu)’] 

+ i[QAgu, Pagu] —i[PAgu, QAgu] —i[QAgu, d'u] + ifu, QAgu], 
where the brackets denote inner products of the functions involved. Now 


we integrate between 0 and À and estimate the integrals of the last eight 
terms. First, we have i 


[(gu)’, p'u] + [p'u (pu)] = 24" | u ||? + piu) + (uw)], 
and integrating between 0 and À we obtain 

h 

{Luy gu] + Léa, (guyd 
h : R : 
INA ES f (4+4) u ledt +o@)e lame 
Now one verifies readily that | | 
pp” + p” = 2G + p/n 


os Note that both F, and F, are assumed to be in Cg” as functions of all their 
variables, ¢ included. 
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and that ¢(i.)¢’(2)|| ul? 0. Consequently, it follows that 


(18) JT), g'uldt+ [gu (gu) dt S—n fg? u adt, 


Next we estimate the integral of the terms [(du)’, PAdu] + [PAgu, (du)’]. 
Let us write v == du and P’ for the operator defined by o(P’) = (9/ôt)o(?) 
(i.e, P’ is the derivative of P(t)). Since o(Pì € Cg’, B>1 in |:| 21, 
using (10), one verifies readily that Pv is differentiable and that (Pvy 
= P'v + Pv’. Since v is in Z,?, it follows from Theorem 8 that Pv is in 
Ly? and APv is defined. Further, since Av = pAU is continuous, writing w 
for Pv, we have i 


{Lo (t + s), Aw(t +s) ] — [v (t), Aw(t)]}/s 
= [Av (t + s), (w(t +s) —w(t))/s] + L(t +s) —v(t))/s, Aw(t)], 


and as s tends to zero, the right hand side tends towards (Av, w’) + (v, Aw); 
that is, (v, Aw) is differentiable and its derivative is equal to the expression 
above. More explicitly, we have 


(pu, APou)’ = [Adu, P (pu) ] + [Agu, P'pu] + L(pu)’, APqu]. 
Consequently, we can write 
O [(œu)’,PAgu] + [PAgu, ($u)"] 
= [pu, APpu]"— [Agu, P'pu] 
+ [(P—P*) Agu, (qu)'T+ [(¢u)’, (PA—AP)qu]. 


. Since P= P*, according to (12), the operators (P—-P*)A and PA—AP 
are bounded and their norms, as functions of ¢, are bounded. Also, according 
to (10), the norm of P’ is bounded. So if we replace (puy by p'u + gu’ 
above and integrate, we obtain 


J [(guy’, Papulai- [Pagu, (gu)’]at 
(19) 2 g*(h)[u(h), APU] —e f Telau lu] 
+ loo hueg dud yw td, 


where c is a constant independent of n. Next we have 

[QAgu, PAgu] — [PAgu, QAgu] = [ (P*Q —Q*P) Adu, Agu] 
(20) = [(P#Q — Q*P) Agu, Agu] + [A(P* — P#) QAgu, u] 
[A(Q* — Q*)PAgu, pu]. 
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Now, according to (12), the operators A(P*—P#) and A(Q*—Q*) are 
bounded and their norms, as functions of t, are bounded. Further, since 
P= P* and Q — Qf and Po Q= QoP we have 


(P?Q—Q*P)A— (PQ —P ° Q)A— (QP —Q 0 P)A, 


and according to (12), the operators on the right are bounded and their 
norms, as function of t, are bounded. Consequently, integrating (20), we 
obtain 


(21) f {iLOAgu, Pagu] —i[PAgu, Qagu]}dt=—c [ét |u| | Au | dé 


Finally, 1[d'u, QApu] —z[QAgu, p'u] = 16¢’[ (AQ*— QA)u,u], and since 
Q=—Q*, it follows again that AQ*—-QA is a bounded operator and kas 
bounded norm. Thus, integrating, we obtain 

k h 
R) f Gipu Qagu] —ilQagu g'ul jät=—e f iog] u leat 
Now we integrate (17) and using (18), (19), (21), and (22) and observing 
that @(h) Sh”, we obtain 


(28) f giwt (PHa aa {| Pagu— g'u ed 


h h 
tnt fothupat—e f Elogi lul + giulau 
+e ul pa Nat — oh”, 


where ¢ is a constant independent of n. Now we will show that this last 
inequality is incompatible with (15) for sufficiently large n, unless u(t) — 0 
in a neighborhood of t == 0. Assume first that P (t) does not vanish identica ly 
and set 


h h 
(24) S shular; f 7 Pau e dt = pre. 
0 0 


Then one verifies readily that, unless u(t) —0 in a neighborhood of t= 0, 
we have 


h 
(25) o f H lue de= ofyn) 

o 
and h?*I?/n?—>0o as n tends to infinity, which implies that 
(26) | h” = o (I°/n?). 


Since P(t) has a two sided inverse P(t) for each ¢ and is continuous in 
the norm topology for operators on L? (this is an immediate consequence of 
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(10) and our assumptions on P(t)), it follows that P(t) has bounded 
norm and, consequently, | Aw j = c || PAu ||, where c is independent of #, 
which in turn implies that 


(27) f laupa). 


Since P and Q are bounded operators and have bounded norms, for those n 
for which (16) holds, we have from (16), (25) and (27) 


(28) f glu’ dt = 0 (01 + 1/n)? 


Finally, for the same n from (24), (25), (27), and (28), we obtain 


(29) J, an az= (ol —1) f; | po’ | ||| u |? dt = o (I?/ny, 
fis | w l Í Au | dt = 0(pl?/n), [+ | u |l | w | dt = o(pl?/n + F?/n?). 


Now the right-hand side of (16) is larger than or equal to the right-hand 
side ot (23) for all n for which (16) holds. Hence, for such n, from the 
estimates (24) to (29), we obtain 


o(I2/n?) = (p—1) 2 + [2/n — o(I2/n + pl?/n + I2/n®) —o(I2/n*). 


Now, neglecting the higher order terms o(I?/n) and o(J?/n?) multiplying by 
n and dividing by pl* we get 


o(1) = (n(p—1)?+1)/p= ((p—1}+1)/>3 


which is, of course, impossible for sufficiently large .n.. 
If P(t) =0 identically, then (28) reduces to 


h | h ho 
JP leigu j= (141a) fau tee flog" | ful at 
and this combined with (16), (24) and (25) gives 
o(I?/n?) = ie! +-1/n)I? — 0(I?/n) 


which again is readily seen to be impossible for sufficiently large n. Lemma 1 
is thus established. 


Lemma 2. Let u(t), OStSh have values in L? and be continuously 
differentiable. Then 


h $ E ; A 
(30) f olddata f° ju dt wd)? fda wf at 
0 0 Ls] 
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Proof. To obtain the first inequality, we merely set P = Q = 0 in (17), 
integrate and use (18). The second inequality follows from the fact that 
dn Zn (14h)? in Sth. 


3. Uniqueness in the case of a single linear equation. Our problem 
consists in showing that if u € Cm is a solution of a linear homogeneous partial 
differential equation A (u) — 0 of order m, and u and its derivatives of order 
less than`or equal to m vanish on a non-characteristic manifold M, then « 
must vanish in a neighborhood of W. The problem is local, and we need 
only consider what happens in an arbitrary neighborhood of a given point 
of M. 

We shall consider the function u only on one side of M, and, for this 
purpose, it will be convenient to replace u by zero on the other, which will 
neither disturb the fact that u is a solution of A(u)==0 nor destroy the 
assumed continuity properties of u. Further, and without loss of generality, 
we shall assume that M is of class C The differential operator À will be 
assumed to have non-multiple characteristics, coefficients of highest order 
derivatives in Cg, B > 1, and remaining ones measurable and bounded. We 
shall first bring our differential equation to a suitable form and then replace 
dy it an inequality involving singular operators to which, after some manipu- 
lation, we shall apply Lemma 1. 

We shall denote by &-+-1 the number of independent variables. By 
introducing suitable coordinates ¢,2,,%2,: ° +,%,, we can assume that M 


k 
coincides with the paraboloid t == | æ |? = [X z]? and that u =0 in t£ |e’, 
1 


and we shall show that u — 0 for {= h, for some A > 0. 
Since u= 0 in tS |x|? we may freely modify the coefficients of A 
there, and, in fact, we shall replace A by 


(31) Al = gi + (1— go) Ary 


where go is a function in Ce such that, OS go 1, go==1 in t= ||? and 
go==0 in tS |x |?—8, 85 0, and À, is the operator obtained from A by 
replacing its coefficients by their values at t=-2--0. We note that. A’ 
coincides with A at {—zx—0 regardless of the value of & By taking à 
sufficiently small and by restricting our attention to a sufficiertly small 
interval OS t=: h, we may assume that the oscillation of the coefficients 
of A’ is less than any preassigned number e. Since t= |z |? is non-charac- 
teristic, the hyperplane ¢=-0. is non-characteristic at t=-a=—0. Corse- 
quently, we may assume that the coefficient of du™/dt™ does not vanish in 
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a neighborhood of t=a=—0. Hence, the coefficient of 0"u/di™ in A’ does 
not vanish for 0 S iS h, we may write our equation in the form 


(32) ann yai LS A bumi jimi + B(u) —0, 
371 


where A; is a linear partial differential operator of homogeneous order j 
involving only differentiations with respect to z,,: * ‘£y, and Bu) is linear 
homogeneous and of order less than m. Our previous considerations make 
it clear that the characteristics of (32) can be assumed to be nowhere multiple 
and the oscillation of the coefficients of the À; arbitrarily small. 

We shall regard the function w(t,x) in (32) as a function u(t) with 
values in L?(H,). Since u(t,x) has continuous derivatives up to order m, 
and vanishes for x outside a fixed bounded set, the functions 


(33) v(t) = (1A) dA udt, j=l, 8," = M, 


have values in Z.?, are continuously differentiable and the Av; are continuous. 
| Now we represent the operators A; in (32) as in Theorem 5; that is, 
we set Aj;=i#H,A), where H; is the singular integral operator defined by 


o(H;) = p;(t, 2, 2) | 2 |, 


p;(t,x,2z) being the characteristic form of 4; Thus (32) can be rewritten as 
m 

(34) dvn/at + > HAAUm ju = — B (u), dv;/ dt — tAv = 0, 
1 


the last equation being an immediate consequence of (33). 

Now we shall write these equations in matrix form. For this! purpose 
we shall consider m X m matrices of singular integral operators and regard 
them as operators acting on m-vectors with functions in L? (Ex) as com- 
ponents. By the norm of such a vector, we shall mean the square root 
of the sum of the squares of the norms of its components. The meaning 
of the norm of such a matrix operator is clear, and the way in which 
the properties of singular integral operators extend to matrix operators is 
also apparent. Thus, if we write v(t) for the vector of components 
vilt), t2(t),- - *,Um(t), and w(t) for [0,0,---,—B(u)], and if (t) 
denotes the matrix operator of entries Hy = —I (I being the identity 


operator) if J =l -+ 1, Hmi = m-j and remaining ones equal to zero, We 
may write (34) as | 
(35) dv/dt + H% (t)tAv = w(t). 


Now we will estimate | w |? in terms of | v|?. Since B is a sum of linear 
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homogeneous partial differential operators, each of homogeneous order, 
applied to the derivatives 0/u/#t/, representing each of these operators as in 
Theorem 5, we obtain 
[Buse 2 | A'du/dt |?—c Z | datu/dl |, 
i+j=m-1 t+jSm-1 


and a repeated application of Lemma 2 to each of the terms of the last sum 
gives 


h h 
f ge Bule Sod f gi | daude | at, 
0 j Jo 


h h 

or, according to (83), f dr? || w |? dtc f Pn? ll v |? dé. From this and 
0 0 

(35), it follows that 


A k 
(36) fe | dv/dt + H (t)iAv pase f bn?l| v |? dt. 


In order to apply Lemma 2, we shall replace this inequality by a similar one 
involving a diagonal matrix instead of ¥ (t). 

Consider the matrix o(&) of entries o(H,;) and the characteristic 
polynomial det[AZ + o(&)] of —c(#). Then a simple computation gives 


det [Al + o( H#) | 
a A pı (t, T, 2) | Z pa ve à Pm-1 (+, T, 2) | Z [eA 
+ Dm (t, 2, 2) | & aa 


where p;(#,2,z) is the characteristic form of the operator A; in (32). But 
as is readily seen, this function coincides on |z|—1 with the characteristic 
form of the equation (32) which was assumed to be non-multiple. Conse- 
quently, for each (t,2,z), [215 0, the matrix o(®) has distinct charac- 
teristic values Ay, Ào,- © t, Ame 

Let us postpone the discussion of the cases k — 1 and k== 2, and assume 
temporarily that k= 3. If k= 3, the set of points (t,2,z), |z|> 0, is 
simply connected and the principle of monodromy implies that there exist 
single-value continuous functions A,(t,v,2),Ae(t,v,2),° - : ,An(t,æ,2) coin- 
ciding at each point with a characteristic value of o(®%). Further, since 
the entries of o(%) are real, the A,(t,7,2) which are complex can be paired 
in complex conjugate pairs. ‘This implies that the imaginary part of a 
complex A;(¢, x,z) cannot vanish without the characteristics of (32) becoming 
multiple at a point. Hence the functions A,;(t,2,2) are either real or else 
their imaginary parts do not vanish. We note that since the entries of (4) 
are functions of (f,x,2) in Cg”, homogeneous of degree zero with respect 
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to z, the same holds for the A,;(t,2,z). Further, the oscillation of the entries y 
of o(%) can be assumed to be arbitrarily small for each fixed z, and 
consequently, the same holds for the A,(#,2,z). 

Define now the matrix N,(t,2,2) by N.(t,2,2) — (ay,(t,%,2)), where 
Qy==A;(t,v,2)**. Then, since the À, are all distinct, N, is nonsingular 
and has an inverse. Set N—N,"t and denote by D the diagonal matrix 
with entries —A,;(t,2,2) in the main diagonal. Then o(Œ)N,— ND, and 
consequently, No( H) —DN. Let N—N(0,0,z) and define the matrix 
singular integral operators, N, N, and D, by o(N) =N, o(To) =No, 
o(D) =D. Since N, is nonsingular, it follows from Theorem 4 that the 
operator D, is invertible. Since the entries of o(N —N,) and their partial 
derivatives with respect to coordinates of z of order 2k can be assumed 
to be arbitrarily small, it follows from (10) that the norm of N — N, 
can be assumed to be arbitrarily small, and since Wl, has an inverse 
"== T(t) has an inverse with bounded norm. Consequently, 


h 
f pr? | Ndv/dt + N Mian | dt= 0 fs | dv/dt + Mid |? dt 
o 0 
n : 
and f gy! lolas e f dr? | Ne |? dt, and from (36), we obtain 
Q 0 


k À 
(37) Í $n? | Ndv/dt + NUiAv pase f bn? | We I? dt. 
0 n 0 


Now o(7) is a function of (#,2,2) of O8”, B>1in |z| 21. Consequently, 
if we define dN/dt by o(dN/dt) —0o0(hN)/0t, then dN/dt has bounded 


norm and 
(38) Ndu/dt = d(Nv) /dt — (dN /dt)v = d (Av) /dt +7’, 
where |v || = c | v ||, and consequently, also || v’ || =el Nu]. Further, since 
o(N)o( 9) = No(H) —DN —o(D)o(N), 
we have Ro — Do and 
NHIA = Dian + Di(NA—AN) 
+(DoNM—-DN)iA+ (NHA—N o Yih. 


But according to Theorem 3, the last three terms on the right represent. 
bounded operators, and consequently, we may write 


(39) NHidv = DiNovo +”, 


5 Note that the oscillations of the entries of this matrix and of its derivatives with 
respect to coordinates of z can be estimated in terms of the oscillation of the coefficients 
of the equation (32). 
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“where |v”|Æcvf, and therefore, also |v” || Sc] Mv]. Substituting 
(38) and (39) in (87), we obtain 


S slaod + Dia (holdte f gst | No at 
(40) | 


h R h 
tof glo Pate f gho ease f bat | No 1° dt 


Let now Wi, Wa’ °°, Wm be the components of Nv, and P, +4Q:, Pa + iQ 
+, Pm + iQn the entries in the main diagonal if 49, where —o(Q;) and 
o(P;) are, respectively, equal to the real and imaginary part of A(t, t, z). 
Since the imaginary part of A;(¢,2,z) is identically zero or else does not 
vanish, and since the oscillation of A,;(0,0,z) —À;(é,x,2) and its derivatives 
with respect to coordinates of z of order 2k can be assumed to be arbitrarily 
small, it follows from (10) and Theorem 4, that either P; vanishes identically 
or else has an inverse. Thus (40) can be written as 


(41) fet | duy/dt + (P+ iQ;) Au idt SeS | ga wild 


j=1l,8,::,m. 
Let now 7, 1S7 S< m, be an index such that 


(42) Lotus te &Z1/m fat SI wal? dé 


for infinitely many n. Then for such an index, (41) yields 


S è l dus/dt + (Py+ iQ) aus te dt So [ut fw, |? at 


for infinitely many n. Now, as is readily verified, the remaining assump- 
tions of Lemma 1 are satisfied, and thus w,(t) —0 in a neighborhood of 
t—0. But then (42) implies that all the other components of w—v 

, must vanish in the same interval. Consequently, Nv-—0 for t sufficiently 
small, whence v = 0 and u —0 for the same values of t. 

Thus uniqueness is established, provided k = 8. 

To complete the proof in the cases k —1 and k==2, we still have to 
construct the functions À,(f,x,2) coinciding at each point with a characteristic 
value of o(#). If k—1, the set of points (t, z,z), |z] > 0, has two simply 
connected components. On each of these, we can construct the functions 
\j(t, 2,2) as we did in the case k= 3, and they will turn out to be either 
real or else have a non-vanishing imaginary part. Then we pair the 
functions on each component in such a way that aA;(t, x, z) == —A-(t, t, — z) 
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and this will yield the functions À;(£,x, 2) over the whole set (4,x,2), |z|. > 0, 
with the desired property of either being real or else having a non-vanishing 
imaginary part. | 

If k==2, the set of points (£,x,z), |z| > 0, is no longer simply con- 
nected; i.e., the principle of monodromy does not hold, and indeed, it is 
possible to construct a differential operator for which no continuous single 
valued functions A,;(¢,2,2) exist. For such an operator, our argument can 
be carried no further and the question of uniqueness remains open. Yet, 
in a special case which is certainly not devoid of interest, the functions 
d; (4, 2,2) still exist. This is when there exist at most two complex charac- 
teristic values of o(%) at each point (t¢,2,z), |z!>0. To show the 
existence of the A,;(t,2,2), we first construct the functions A;(#,2,y) on the 
universal covering space of the set (t,2,2), |z|>0. The same argument 
used previously shows that either A,;(t,2,y) is real at all points or else its 
imaginary part does not vanish. Let us denote by A; and à, the two complex 
À; and assume that at (to, To; Yo), Im[ A] > 0, Im[Az] < 0, As < Ag <°- "7 Am. 
Since the À; are distinct at each point, these inequalities hold everywhere on 
the covering space. Now if (4:,%:,y,) and (2,02, ¥2) are two points above 
the same point (f,x,z), then the sets of values of the A; at these points 
coincide. Since the inequalities above hold at both (t, 21,41) and (tz, Ta, Ye), 
it follows that Aj (41, 71,41) == Aj (te, To, Ye), J == 1,2,° <+, m, and consequently, 
the functions A;(t, x,y) can be lifted to the set (¢,2,2),|2|> 0, which proves 
our assertion. | 


To conclude, we note that there will be at most two complex À; if the 
order of the equation does not exceed 3. Consequently, there is uniqueness 
of solutions of the Cauchy problem for second and third order equations 
with non-multiple characteristics, regardless of the number of independent 
variables. 


Our results on a single equation can be summarized in the following 


TuroremM 6. Let Au) —0 be a linear partial differential equation of 
order m in a function u of k variables. Let the coefficients of derivatives 
of order m be real and in Cg, B>1, and the remaining ones measurable 
and bounded. Then if the characteristics of the equation are non-multiple,™ 
solutions of the Cauchy problem are unique in Cm, provided that k=£3 or 
m = 3. 


58 Although not strictly necessary, here as well as in Theorem 7 we assume the 


“se TT ge 
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4. Uniqueness in the case of a system of linear equations. With a few 
changes, the method used in the preceding section can be applied to a system 
of equations. . 

Assume that we have a system of r equations in r functions U, Ug © *; Ur 
Then we regard the functions u; as the components of a vector function u 
and the system of equations as a single equation in u with rX r matrices as 
coefficients. After bringing the equation to the form (32), we can proceed 
as before. The v; in (33) will now be r-vectors and the v(t) in (85) an 
mr-vector. The matrix 9(¢) in (35) will become an m X m matrix with 
rX r matrices as entries, that is, an ordinary mr X mr matrix. The charac- 
teristic polynomial of — (9) will coincide on |z | = 1 with the characteristic 
form of the system, and the characteristic value functions can be constructed 
as before. 

So far, the way in which we have to modify the argument of the pre- 
ceding section is obvious. But in trying to construct the matrix N, with 
the property that | 


(43) o(H)N,=N,D, 


where D is diagonal, we run into topological difficulties which we know how 
to overcome only by imposing an additional restriction on the number of 
independent variables, or else, by assuming that both the system and the u; 
are sufficiently differentiable, which enables us to obtain by differentiation 
another system where such difficulties do not appear. Observe that if (43) 
is to be satisfied, the column vectors of N, must be eigenvectors of o(#) 
corresponding to its distinct characteristic values. In the case of a single 
equation, given the simple form of o(#), these eigenvector functions, as 
we have seen, can be constructed easily in terms of the corresponding charac- 
teristic value functions. In the case of a system, though, such an obvious 
construction does not seem to be available and we are forced to resort to 
topological techniques. Given a characteristic value function A,;(t,z,2) of 
—o(%) (in the general case it will be a complex valued function), to each 
point (t,2,z), |z| > 0, there corresponds a one dimensional subspace of the 
mr-dimensional complex Euclidean space, namely, the corresponding eigen- 
space of the matrix o(%). Our problem is then to select at each point 
(t,v,2), |z| > 0, a non-zero vector from this eigenspace-so as to obtain a 
continuous eigenvector function corresponding to the characteristic value 
function ;(t,2,2). Since the entries of o(9/) as functions of (t, e,z) are 
homogeneous of degree zero with respect to z, it will be sufficient to carry 
out the construction for |z|==1. Further, since the oscillation of the coeffi- 
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cients of the equations can be assumed to be arbitrarily small it will be® 
enough to construct the eigenvector function, denote it momentarily by 
w;(t,2,2), for (t,2,2) = (0,0,2), |z] = 1, and then extend it to all (t, z, z), 
|z|==1, by imposing the condition that the Hermitian inner product of 
w;(t,æ,z) and w,;(0,0,z) be real and positive. 

Consider the rm-dimensional complex Euclidean space, its unit sphere 
S, and the collection Prm-, of all its one dimensional subspaces. Then P,, 2 
can be regarded as the (rm —J1)-dimensional complex projective space, and 
S can be thought of as a fibre bundle over P,,1. The fibre over each point 
of Pym- is the intersection of the corresponding subspace of our Euclidean 
space with S, i.e., a 1-sphere; the group is the complexes of absolute value 1 
(see [12], page 106). We are given a continuous mapping ¢ of the set 
of points (0,0,2), |z!=1, that is, of Ska, into Pym. and we want to 
select continuously a vector in S belonging for each (0,0,2) to the one- 
dimensional space corresponding to #(0,0,z). For this purpose, consider 
the bundle over 8x: induced by the mapping : 8x:1—P;m1 (see [12], 
page 47). This induced bundle is a 1-sphere bundle over S;_, with the com- 
plexes of absolute value 1 as group. But then, if k— 142, there exists a 
cross section (see [12], page 99) ; that is, there exists a continuous mapping 
y (0, 0,2) of Sy into S such that for each z the unit vector w(0;0,2) is 
contained in the one dimensional space corresponding to (0,0,2). This 
mapping can be assumed, in addition, to be in C” (see [12], page 25). 

Once the eigenvector functions of the matrix o(%) corresponding to 
each characteristic value function A;(t,2,z) have been constructed, we can 
obtain without difficulty the matrix N, in (43), and from here on the argu- 
ment vroceeds exactly as in the preceding section. 

If the equations in the system have sufficiently differentiable coefficients 
and the functions u1,U2,---°,u, are also sufficiently differentiable it is _ 
possible to avoid the topological difficulty discussed above, and consequently, 
drop the additional restriction k 33. 

We note that if the functions u,,4w:,: * :,u,. and their derivatives of 
orders less than or equal to m—1 vanish on a non-characteristic manifold M 
and cen be further differentiated continuously n times, and if the coefficients 
of the equations have continuous derivatives up to order n—1, then all the 
derivatives of the u; of orders less than or equal to m + n— i1 vanish on M. 
This means that if we replace our system of equations by another obtained 
from this one by differentiation, the Cauchy data of the new system will 
still vanish. 

Consider à linear differential operator A (u) of order m with rXr 


3 


34 | A. P. CALDERÓN. 


> matrices as coefficients and thought of as acting on vector valued functions 


U == (U, Ue,‘ * +, Ur} in the variables 2,,%2,- + -,2,. With the notation used 

in Theorem 5, let a, be the coefficient of Da, and let r(A) he the r X7r 

matrix (4) = >) a2", where z% runs over all monomials in %,20,° © *,# 
Qa 


of degree m. This matrix we shall call the characteristic matrix of A. The 
polynomial in z with functions of «== (a%,%:,: + *,æ,) as coefficients given 
by p(4) =det[ X a,2*] coincides with the characteristic form of A. 


Let now A, and A, be two operators as above. Then w(A,-+ A.) 
=7(A,) +7(A,) 540 unless A,-+ A4, is of order less than m, in which 
case, n(A) + r(A) = 0. Further, if A,A, is defined, (A42) ==m(A:}m(A2). 

If det[ M — r (4) ] =A" 4 bA Le -4-5,,A+ 5, is the characteristic 
polynomial of the matrix r(A), then the b; are homogeneous polynomials in 
z of degrees jm with functions of + as coefficients. Since a matrix satisfies 
its own characteristic equation, we have 


(44) m(A)" + br (A) + bin (A) + I =. 


Let now B; be the differential operator of homegeneous order mj with charac- 
teristic matrix b,J (I being the unit matrix). Then (44) implies that 
JA 


Ar S BAR 
1 
is of order less than mr. Consequently, if A(w) —0, then 
(45) B,(u) = B(u) — (A+ BAP) A (u) = R (u). 


The matrix B, is diagonal and its entries on the main diagonal are all 
identical and equal to an ordinary (in contrast with the matrix differential 
operators) partial differential operator, denote it by B, which is of homo- 
geneous order rm and whose characteristic form is det[w(A)}], that is, 
coincides with the characteristic form of A. In terms of componerts, equation 
(45) can be written as B(u;) == R; (u: © +, Ur), 1= 1,2, °°,7, where B 
is of order mr and has non-multiple characteristics and the KR; are of lower 
order. 

Now the reader will have little difficulty in verifying that the argument 
used in the preceding section applies also to systems in which the principal 
part of each equation contains just one function w;, as is the case with the 
system above. 


We omit further details.and summarize our results in the following 
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THEOREM 7. Let A(u) be a system of r linear partial differential 
equations of order m in r functions u; of k variables. Then if the charac- 
teristics of the system are non-multiple:* 1) solutions of the Cauchy problem 
are unique in Cy, provided that the coefficients of derivatives of order m are 
real and in Cg, B > 1, the remaining ones are measurable and bounded, and 


k=? or k>4; ii) solutions of the Cauchy problem are unique in Crm, - 


provided that the coefficients of derivatives of order m are real and in Cy (7-1), 
the remaining ones are in Cmi); and mr <3 or k8. 


5. Uniqueness in the non-linear case. The argument by which one 
extends the results on uniqueness to the non-linear case is well known. We 
shall briefly discuss the case of a single equation. Systems are treated in 
exactly the same way. 

Let F(x,u,ua) —0 be a partial differential equation, æ denoting the 
point £i, £2, * +, k, and Ua running over the derivatives of the function u 
of order less than or equal to m, and assume that F is of class C3. 

Let u and v be two solutions with the property that-w—v and its 
derivatives of order less than or equal to m—1 vanish on a non-characteristic 
manifold M, and assume that u and v are of class Cm... Denote by Fẹ and 
Fa the partial derivatives of F with respect to u and ua respectively. Then 
F(a, U, Ua) = F (£, v, va) —0 and by the mean value theorem, 


F(a, U, Ue) — F(a, V, Va) = (u — v) f Fe La, v + (u — v}s,va + (Ua — Va) 5] ds 


+ 2 (Ua — Va) f Falz, £ + (u — v)s, Va + (Ua — Va)s |ds = 0. 


If we now replace U,V, ua and Va by their values as functions of z in the 
integrals on the right, we find that u — v satisfies a linear differential equation 
for which M is non-characteristic. Further,. given. the differentiability 
properties of F, u, and v, one verifies readily that the coefficients of this 
equation are in C}. From our previous results and assuming non-multiplicity 
of the characteristics of the equation, it follows that u — v = 0 in a neighbor- 
hood of M. 
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NX N MATRICES OVER AN AW*-ALGEBRA.t 


By S. K. BERBERIAN. 


Introduction. The object of this paper is to prove the following con- 
jecture of I. Kaplansky: if A is any AW*-algebra, the algebra A, of nX n 
matrices over A is AW*. This result is readily accessible in all but one 
(namely finite type II) of the types according to which AW*-algebras are 
ordinarily classified ([4], Theorems 4.2, 4.6). These known results may 
be summarized as follows. 

After decomposing A into the direct sum of a type I algebra and a 
continuous algebra (i.e. one which contains no abelian projections), these 
two cases may be considered separately. If A is type I, then A can be realized 
as the algebra of all bounded module operators on a suitable AW*-module 
H ([6], Theorem 8). Evidently, A, is the algebra of all bounded module 
operators on the direct sum of n copies of H and, hence, is an AW*-algebra 
of type I ([6], Theorem 7). 

Suppose next that A is continuous. After decomposing A as the direct 
sum of a properly infinite algebra (i.e., one without finite direct-summand), 
and a finite algebra (necessarily of type II), these two cases may be con- 
sidered separately. If A is properly infinite, one can find n orthogonal 
projections @,: ° +,é, in A, with sum 1, each equivalent to 1 ([41 Lemma 
4.5). By standard matrix unit techniques (see [5], Section 5), A is *- 
isomorphic with the n X n matrix algebra (¢,A¢,),. Say ww = e,, ww” = 1. 
Then a— w*aw is a *-isomorphism of A onto e,Ae,; this lifts to a *-isomor- 
phism of A, onto (e.Ae.),, thus A, is *-isomorphic with the AW*-algebra 
A itself. 

Thus, we are concerned primarily with the finite type IT case. The first 
step is to show, using the regular ring of A, that A, is a B,*-algebra. At this 
point Kaplansky showed that A, is AW* provided A is a factor; in the general 
case, our proofs of generalized comparibility and finiteness are modeled on 
Kaplansky’s arguments. _ 


1. Preliminaries. All C*-algebras to be considered have unity elements. 
It is appropriate to mention that if B is any C*-algebra, B, is also a C*- 
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algebra. This is easily seen by representing B as a uniformly closed *-algebra 
of operators on a Hilbert space H; then B, is a uniformly closed *-algebra 
of operators on the direct sum of n copies of H. This represencation shows 
that if == (ay) € Bn, then | ay |||] 2] for all 4,7. On the other hand, 
|x| Sn? max | ay |, as one sees by expresssing x as the sum of n? matrices, 
each containing at most one non-zero entry. These remarks yield the following 
useful fact: if (Ba) is any family of C*-algebras with C*Ħ-sum B, then B, 
is the C*-sum of the (B,), (see [4], Section 2, for a discussion of C*-sums). 

For the remainder of the paper, A is an AW*-algebra with center Z, 
n is a fixed natural number, and A, is the C*-algebra of nX matrices 
over A. At times we shal! identify A with the subalgebra of A, consisting 
of the “scalar” matrices (a8;), a € A; thus if s= (dy) € An, 2% = (ati) 
and ta== (aja). The center of A, consists of the scalar matrices (céj), 
cE Z; thus, when A is identified with the scalar subalgebra of A,; Z becomes 
the center of An. In particular, the center of A, is an AW*-algebra. The 
first part of the next lemma relates the LUB of central projections to the 
rest of Åp. 


Lemma 1.1. Let (ha) be a family of central projections in the AW*- 
algebra À. 


(1) If £E An, hot —0 for all à, and h= LUB ha (computed in Z), 
then ha = 0. | 


(2) If the ha are orthogonal, and LUB ha = 1, then A, is the C*-sum 
of the hgAn== (had }n; if moreover each heA, is AW*, So ts An. 


Proof. (1) Say x= (ay). Then 0 = has = (ha), thus keai; — 0 for 
all indices; hence haj==0. (2) Since A is the C*-sum of the had ([4], 
Lemma 2.5), A, is the C*-sum of the (44), by the earlier remarks. The 
last assertion of the lemma follows from the fact that the C*-sum of AIW*- 
algebras is AW* ([4], Section 2). 

This lemma, of course, justifies the consideration of cases in the Intro- 
duction. Another programming for the consideration of cases is as follows. 
Decompose A into a finite algebra and a properly infinite algebra. After 
disposing of the properly infinite part by the argument in the Introduction, 
we may assume A to be finite, and decompose it into parts of type I and 
type II. The type I case reduces, by Lemma 1.1, to the homogeneous case . 
([5], Lemma 18), i.e., to the case that A is an m X m matrix a gebra over 
its center Z ([3], Lemme 4.2); then À, is the mn X mn matrix algebra 
over Z. Thus the finite type I case is reduced to the case that A is commu- 
tative, and this is settled as a very special case of ([6], Theorem 7). 
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@ 
2. The regular ring. Henceforth, the AlV*-algebra A is assumed to 
be finite. Identifying A as a *-subalgebra of its regular ring C ([1], 
Theorem 2.1), A, becomes a *-subalgebra of Ch. 


LEMMA 2.1. If a,y,2€ Cn, and vře + y*y + z*řz = 1, then x,y, 2€ Ay. 
Proof. Say s == (xy), y= (yy), z= (25). Then 
2 (tye ons + Yri Yri + im) = 1 
for t==1,- - -,n; hence Try Yi, 2x: € A by ([1], Lemma 5.1). 


In particular, s*es ==0 implies # —0, thus C, is *-regular, as observed 
in the proof of ([1], Corollary 7.7). Also, A, contains all the partial 
isometries of C, ([1], Section 11), and A, is a B,*-algebra ([1], Corollary 
7.7). Next, we establish polar decomposition in Án- 


LEMMA 2.2. Every c€ A, has a factorization x = wr, r = 0, 1? == g*r, 
wYw = RP (<), ww*=—LP(x). In particular, LP(x) ~ RP (2). 


Proof. Let r be tae positive square root of s*s in the C*-algebra An. 
Let e= RP (2), f—LP(x). Since RP(x) = RP (a2*x) = REP (r°) = RP (r), 
we have Cpe = Cne = Cnr} hence r= wr for some wE Cp. Since g == wr 
= w (er) = (we)r, we may assume we =w. Then w*w—e, ww* ==f by the 
same argument as in ([2], Lemma 3.3). Quoting ([2], Corollary 3.4), 
we have 


L 


COROLLARY 2.3. For any two projections e,f € An, 
e U f— f ~e —e nf. 


COROLLARY 2.4. For any two projections e, f € An, there exist orthogonal 
decompositions e =g + e”, f= f+ f”, such that e ~f and e”f == f’e—0. 


Proof. Set e = LP (ef), f/=RP (ef), e”—=e—e’, =f. 


Remarks. 


(1) Any sequence of projections €, és, 63,° * -€ An has a LUB. Specifi- 
cally, LUB e;== RP (£), where c=} 2-ie; (convergent in norm; see the 
proof of [7], Theorem 5.8). 


(2) To show that A, is AW*, it suffices to prove that every family of 
orthogenal projections (e;) has a LUB. 
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8. Generalized comparability. Projections e,f in a C*-algebra B are 
said to be very orthogonal in case there is a central projection À such that 
eS1—h, fh. B is said to have generalized comparability if, for every 
pair of projections e, f, there exists a central projection A such that he< hf 
and (1—h)f< (1—A)e; equivalently, there exist orthogonal decompositions 
ee +e", f=f'-+f", such that e—f and e”,f” are very orthogonal. 

As in the preceding section, A is a finite AW*-algebra. It will be 
shown that A, has generalized comparability. We denote the diagonal matrix 
units of A, by w,- °°, Un; thus u == (dx), and w +: -Lu,;—1, The 
uy, are, of course, mutually equivalent, and the mapping a— (adiz8;;) is a 
*isomorphism of A onto uzA ntr. 


Lemma 3.1. Gwen anu projection e€ An, there exists an orthogonal 
decomposition ¢==¢,-+-- +e, such that e< u, (k—1,: n). 


Proof. We give the proof for n—3. Applying Corollary 2.4 to the 
pair €, tù, we have decompositions e = e, -+f, w, =u -4-v with 2, u and 
fus =0. Thus ¢,< u, and f & 1 — u, = u -+ us Then apply Corollary 2.4 
to the pair f,u. to obtain decompositions f== ez + €s, Us =a +b, with 
e~a and ezta = 0. Thus, e.< u, and es Œ 1 —- U: = ù -+ uz. Since also 
e & f E u: + ug, we have e, 5 (ti -F Ua) (Ur + ua) =u; Thus e =e, -+e 


+ eg, where 6: 4 Ui, 2K Us, @3 Æ Ug. 


Lemma 3.2. If e,f€ À, are projections such that e< u, and f< u, 
then e,f are generalized comparable. 


Proof. The algebra wiA4nt,, being isomorphic with A, has generalized 
comparability; its projections are simply those of A, which are = u,. Since 
the center of A, is isomorphic with that of u,4,t, (via the mapping z— zu), 
it is clear that two subprojections of u, are generalized comparable in w,A,u: 
if and only if they are generalized comparable in Áp. 

By assumption, e~e’ Su, f~f Su. If h is a central projection 
such that he < hf’ and (1—ñn)f"< (1—A)e’ ([4], Theorem 5.6), evidently, 
he he <'hf— hf and (1—h)f~ (1—h) f< (1—h)g ~ (1 —h)e; thus, 
he< hf and (1—h)f< (1—h}e. 


LEMMA 8.3. A, has generalized comparability. 


Proof. Given two projections ¢, f € An, we seek decompositions € = e’ + e”, 
f= +f, such that ~f, and e”,f” are very orthogonal; thus we are 
always free to throw away equivalent subprojections of e, f. 

We illustrate the proof with n—3. By Lemma 3.1, we have decom- 


\ 
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positions e = 61 + €z + es, f = fi + fa + fa, with all summands < u,. Applying 
Lemma 3.2 to the pair e, fı and throwing away equivalent subprojections, 
we can assume that ¢,,f, are orthogonal. Continuing, we may assume every 
pair ef; to be very orthogonal; but then it is clear that e,f are very 
orthogonal. 


4, Finiteness. A C*-algebra is finite if the relation e~ 1 implies e == 1 
([3], Définition 4.1). If B is a C*-algebra, a projection e€ B is said to 
be finite in case the C*-algebra eBe is finite; equivalently, the relations f£ e, 
f~e imply f==e. We shall show in this section that A, is finite (we are 
assuming A is finite). 

Using Lemma 1.1(1), the proof of ([4], Theorem 4.2) goes through 
for A,, and we conclude that A, is, at any rate, the direct sum of a finite 
algebre and an algebra without finite central projections. 


Lemma 4.1. If A ts a finite AW*-algebra, then À, is finite. 


Proof. Let tii: + : ,u, € An be as in the preceding section. Since uz,A yu, 
is *-isomorphic with the finite algebra A, wu, is a finite projection. Since 
y+: > ++ u,==1, it will suffice to prove the following: if e,f € À, are finite 


projections, so is e U f. This can be proved exactly as in ([4], Theorem 6.2; 
the relations in the last line of the proof should read g < e and 1—g< 1—e). 
We mention that in the crucial ([4], Lemma 4.5), only countable LUB’s 
are needed. 


5. Finite type II. In this section, we assume that the finite AW*- 
algebra A is type II. 


Lemma 5.1. Any projection e€ A, has an orthogonal decomposition 
e— 6 Le” with e =e”. 


Proof. By Lemma 3.1, write e = 6e, +: -+ ên with e,< u, for all k. 
Say ep~ fu. Since u,A,u, is a continuous AW*-algebra, fr == fx + fr” 
with fx ~ fx’. The equivalence f,— ep induces a decomposition ep = ex + ex”; 
the projections e ==6/ +: -::+e) and e” =e” +---Le/" have the 
required properties. | 

A non-zero projection e is called fundamental, of order k == 2", if there 
exists a central projection A and an orthogonal decomposition h == e, +: :: 
+e, such that e~e; for all à ([3], Définition 6.1). From Lemma 5.1, 
it results that given any non-zero central projection k€ Án, and any integer 
m = 0, h contains a fundamental projection of order 2". By ([3], Lemme 
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4.4), the order of a fundamental projection, as well as the associated central 
projection, is unique. 


LEMMA 5.2. Every non-zero projection’e€ A, contains a fundamental 
projection. 


Proof. Since e==eu,-+- +--+ eun, suppose, for example, that eu, ~0. 
Let e = LP (ewu), F = RP (eu), so that &~f Su. Since WAnt, is 
isomorphic with A, f contains a fundamental projection f” ([3], Lemme 6.4). 
The equivalence f ~ e’ carries f” into a fundamental projection e”, e” =e’ =e. 


Lemma 5.3. Every non-zero projection e€ À, has the form e = LUB «, 
with (e) a family of orthogonal fundamental projections. 


Proof. Let (e:,) be a maximal family of orthogonal fundamental projec- . 
tions & e. If fE A, is a projection such that e= f for all i, it must be 
shown that ef. If on the contrary, v= e(1—f) 0, then e(1—f)e 
= gz*r 40. By spectral theory, e(1—f)ey==g is a non-zero projection, 
for suitable y € A, ([4], Lemma 2.1). Since eg =g, ge. By Lemma 5.2, 
let h be a fundamental projection, h&g. For any 2, i 


eih = egh = ee(1 — fjeyh = e(1 — fjeyh = (e; — ef eyh = (e; — es)eyh — 0. 


But h&g Se, contradicting maximality. 


i 


Lemma 5.4. If (fj),,, ts @ family of orthogonal fundamental projec- 
tions in An, all having the same order, then LUB f; exists. 


Proof. Repeating the arguments in ([3], Lemme 6.10), we obtain a 
family (ža) of orthogonal central projections, with LUB ka== 1, such that, 
for each a, Jg—= {JE J: hf; 0} is finite. For any 7, there is an ¢ such 
that hofj540 (Lemma 1.1), thus J —{JJ4 For each a, set 


Ja = D hofj = ha( À fi) 
1€ Ja jeda 


(these are finite sums). Since A, is the C*-sum of the han (Lemma 1.1), 
there exists a (unique) projection g€ À, such that hag = ga for all a. 

We assert that g=- LUB f; First, given an f;, let us show f; 4g, 1.e., 
fi—fig==0. Given an «a, it suffices to show that (f;—fig)ha=0. If 
fiha = 0, this is clear; if fiha 540, then fiha = ga; thus 


(fs—fig)ha—= (fha) — Fha) (hag) = (fha) — (fhe) ga — 0. 


. Next, if f is a projection such that f;=f for all j, we must show g =f 
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Fixing a, it suffices to show (g — gf)}ha== 0, that is, ga=—gaf. For any j, 
hafi Æ kaf; hence ga S haf, Ja = Jahaf = gaf. 


Lemma 5.5. If (&),,, ws any family of orthogonal projections in An, | 
LUB e; exists. 


Proof. By Lemma 5.3, express e; as the LUB of orthogonal fundamental 
projections, say e; == LUB{e,;: 7¢ Ji}. Let K denote the set of all.ordered 
pairs (4,97), tE, 7€ J; For m—0,1,2,: - *, let Km denote the set of all 
(4,9) for which e;; has order 2", Of course, K == |] Km. By Lemma 5.4, 

= , 


we may form fm = LUB{ey: (1,91€ Kn}. Set e == LUB {fm: m = 0, 1,2,- -} 
(countable LUB’s are legal). We assert that e == LUB e; 

First, given any 1, let us show & <e. If 3€ Jj, it will suffice to show 
e5 = … Indeed, if e; has order 2", e;,=f,%e Finally, supposing g is a 
projection such that e; < g for all à, let us show that eg. For all couples 
(4,7) € Kn, 5 Su Lg; hence fxg. Varying m, eg. 


THEOREM. If A is any AW*-algebra, the algebra À, of nX n matrices 
over A wan AW*-algebra. 


Proof. According to the discussion in the introduction, we may assume 
that A is of finite type II. Given any subset 9 == {2,;} of An, we must show 
that the right annihilator of S in A, is the principal right ideal generated 
by a projection. The argument for this is given in ([2], Theorem 5.3). 


Remarks. 


(1) Looking at the scalar subalgebra of A,, we see that in the passage 
from À to Án, type is preserved (although, for homogeneous type I, the 
order gets multiplied by n). 


(2) When À is finite, Ca is, of course, the regular ring of A, ([1], 
Section 11). 


(3) Let R be any ring with unity, and involution *, and let n be a 
fixed natural number. Let M be the set of all n-ples z= (£1: * *,2n), 
xi€ R, provided with the natural left R-module structure. Then À, identifies 
with the ring of all module endomorphisms T: M -> M. Assume further 
that 2,0,*-+---+a,2,*%—=—0 implies g, ==: > == 3p = 0. Then [2,7] 
= TY” + oe- Eayn provides M with an R-valued inner product such 
that [c,c¢]=-0 implies c—0. If T* is the “conjugate transpose” of the 
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matrix T, then [2T,y] = [z,yT*]. For a subset N of M, the orthogonal 
complement NL is defined in the usual way, and NM Nt =Q. 


It is straightforward to verify that the following conditions are equiva- 
lent: i 


(a) the right annihilator of any subset of #, is the principal right 
ideal generated by a projection; 


(b) sos any submodule N of M TRE N == NLL, one has 
=N + NL. 


Replacing k by an AW*-algebra A, condition (a) is the assertion that 
A, is AW*. Thus, in this case, condition (b) holds, and we have in effect 
an n-dimensional non-commutative generalization of ([6], Theorems 3, 7). 


STATE UNIVERSITY or Iowa. 
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POLARIZED VARIETIES, FIELDS OF MODULI AND 
GENERALIZED KUMMER VARIETIES OF 
POLARIZED ABELIAN VARIETIES.*? 


By T. Marsusaka. 


Introduction. In studying theta-functions and abelian functions, we 
sometimes fix the set of scalar multiples of a principal matrix attached to 
the given Riemann Matrix. This implies that we fix one divisor class and. 
scalar multiples of it with respect to homology on the corresponding complex 
torus. In this paper, we shall introduce the corresponding notion in the 
abstract case, not only to abelian varieties, but also to arbitrary varieties as 
done in Weil [22]. In fact, on a complete variety V, non-singular in co- 
dimension 1, we shall fix one divisor class, with respect to numerical equiv- 
alence, and scalar multiples of it {in general V-divisors shall be said to be 
numerically equivalent to zero if suitable integral multiples are algebraically 
equivalent to zero on V). Let us call Æ the set of positive V-divisors con- 
tained in them. We shall regard V as carrying a structure we get by putting 
the set Æ on V (cf. Weil [22], pp. 9-10). We shall call such a variety a 
polarized variety, whenever X contains a divisor such that the complete linear 
system determined by it determines an everywhere biregular birational trans- 
formation of V into a projective space. First we shall define the set Æ in a 
somewhat different way, but we shall see later that it is the same as we men- 
tioned. Projective varieties carry natural polarizations, which are determined 
by the sets containing hyperplane sections. The set of varieties, we get by 
embedding V into projective spaces by means of complete linear systems deter- 
mined by divisors in Æ, is covered by infinitely many algebraic families of 
varieties. We shall see a relationship between such algebraic families and 
algebraic families of divisors contained in X, which is a content of Section 2. 


* Received October 12, 1956; revised November 11, 1957. 

1 Originally, this work was done while the author was supported by the National 
Science Foundation through the University of Chicago. After about a year later, the 
author has moved to the Northwestern University and changed the contents of Section 3 
by adding some new results. 

.We shall follow the same terminology and conventions as in Weil’s books (Weil 
[16], [17]}. The writer wishes to express here his thanks to Professor Weil for his 
valuable advices and criticisms. 
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In Section 1, we shall state some known results and prove preliminary proposi- 
tions which we shall need later. In Section 3, we shall prove that the group 
of everywhere biregular birational transformations of a complete ron-singular 
polarized variety onto itself forms an algebraic group. As a special case, we 
shall see that the group of automorphisms of a polarized abelian variety is 
finite. Roughly speaking, the set of everywhere biregular birational trans- 
formations of a complete non-singular variety onto itself forms an abstract 
group, in which one can find the “largest” algebraic group, and to put a 
structure of polarization on our variety has an effect to cut dcwn the set 
of cosets, with respect to the algebraic group, to a finite set. In Section 4, 
we shall prove the existence of the field of moduli of a polarized variety. In 
the case of elliptic curves, such fields can be generated over the prime field 
by corresponding j-invariants. In the classical case, when tha universal 
domain is the field of complex numbers, Siegel obtained the result that the 
field of moduli of a Jacobian variety (polarized by Riemann’s theta-divisor 
in our sense) is the one generated over the complex number feld by the 
corresponding modular functions {cf. Siegel [14]). Finally we shall show 
the existence of a generalized Kummer variety of a polarized abe-ian variety 
over the field of moduli. 

Let Z be a positive cycle on an abstract variety U. We shall denote by 
| Z | the point set attached to Z, i.e. the set of points contained in components 
of Z. Let U and U’ be two varieties with sets of certain structures € and 
E’ respectively. By an isomorphism of U with the set of structures E to U’ 
with the set of structures 4’, we understand an everywhere biregular bi- 
rational transformation of U to U’, mapping # to W. When U == Y’, E =F, 
we say that it is an automorphism. We reserve the term “birational trans- 
formation” for a general type of transformations with possible fundamental 
points. When U is a variety defined over a field k, we shall say sometimes 
that U is rational over k. | 

Let V" be a complete variety, non-singular in co-dimension 1. We 
assume that the reader is familiar with linear equivalence and algebraic 
equivalence of divisors. When two divisors XY and X’ are linearly equivalent 
to each other, we write X — X’. We say that a V-divisor X is numerically 
equivalent to 0 on V if there is a positive integer m such that mX is 
algebraically equivalent to 0 on V. When V is non-singular, X is usually 
defined to be numerically equivalent to 0 if and only if deg(X-C) —0 
whenever C is a 1-cycle on V such that X-C is defined. When that is so, 
there is a positive integer m such that mX is algebraically equivalent to 0 
on V (cf. Matsusaka [9], Th. 4). Conversely, if mX is algebraically equiv- 
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alent to 0 on FV, we have deg(X-()==0 whenever C is a 1-cycle on V 
such that X-C is defined. Therefore the preceding definition of numerical 
equivalence coincides with the ordinary one when V is non-singular. We 
denote by G(V), Gi(V), G(V) and G,(V) the group of V-divisors, the 
group af V-divisors linearly equivalent to 0, the group of V-divisors alge- 
braically equivalent to 0 and the group of V-divisors numerically equivalent 
to 0 respectively. It is known and easy to see that G(V) D G,(V) D G,(V) 
D GV). We denote by &*, *, and 9* cosets (divisor classes) of G(V) 
mod Gi(V), mod G(V) and mod Ga(V) and by Q, W, and N the sets of 
positive divisors contained in Q*, Y* and N=. Q*, W* or M* (resp. L, A or N) 
is determined uniquely by one of divisors contained in it. When &*, X* or 
N! (resp. Q, M or M) contains a divisor Z, we denote it sometimes by L*(Z), 
W*(Z) or M*(Z) (resp. L(Z), A(Z) or R(Z)). Let m be a positive integer, 
then we denote by m2[*, for instance, the divisor class mod G,(V) determined 
by a divisor mY with Y in A*. We denote by mW the set of positive divisors 
in mU*. We do the same for Q&*, R and 9*, Ve. 

We can define specializations of cycles on abstract varieties. Specializa- 
tions are compatible with the operations of addition, multiplication and 
algebraic projection. As far as positive cycles are concerned, specializations 
are compatible with the operation of intersection-product. Moreover, when 
the ambient variety is complete and non-singular in co-dimension 1, linear 
equivalence, algebraic equivalence and numerical equivalence of divisors are 
preserved by specializations. For the general treatment of specializations of 
cycles, we refer to the paper by G. Shimura (cf. Shimura [13]). We write 
À — À” ref. k, if a cycle X’ is a specialization of X over a field k. 

Let Z be a positive divisor on a product W X V, k be a common field 
of definition for W and V over which Z is rational and w be a generic point 
of TV over k. Let % be the set of V-divisors which are specializations of 
Z(w) over k. % is usually known as an algebraic family of positive divisors 
on Vand (W,Z) is called a parametrization of % over k. We call Z(w) a 
generic divisor of % over k. When there is a parametrization of % over a 
field k’ containing a field of definition of V, we sav that % is defined over k’. 
It is krown that & is an algebraic family of positive divisors (cf. Matsusaka 
[5], Lemma 4) and is called sometimes a complete linear system. The set of 
rational functions f on V such that (f) >—Z forms a module L(Z) and we 
denote by 1(Z) the dimension of the module. [(Z)—1I1 is known as the 
(geometric) dimension of our complete linear system 2(Z). In general, let 
M be a finitely generated module of rational functions on V over the universal 
domain and let (fo: © -,f.) be a basis of M. Let k be a common field of 
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definition for V and for every fı and let (uw, -  ,w,) be a set of independent 
variables over k. The set of divisors of the form (> cfi) + (Sufi). forms 
an algebraic family contained in &((Swfi).) and it is called a linear 
system or the linear system determined by M. Let x be a generic point of V 
over #, then we can define a rational mapping of V into an affine space or 
a projective space by z—>(f(x),: © +, f-(z)). We say that such a mapping 
is a rational mapping determined by Mt or determined by the corresponding 
linear system. We say that it is non-degenerate, since fo,’ - +, fr are linearly 
indepenedent. When W is the module &(Z) itself, we say that it is a rational 
mapping determined by Z. In particular, when the rational mapping is an 
isomorphism of V into a projective space, we say that it is a non-degenerate 
projectwe embedding of V. We say that the linear system corresponding 
to Dt is ample if it has no fixed component and determines a non-degenerate 
projective embedding of V. Ifa V-divisor X is such that the linear system 
%(X) is ample, we say that X is linearly. effective. We say that X is 
algebraically (resp. numerically) effective, when every divisor in X(X) (resp. 
N(X)) is linearly effective. 

Let % be an algebraic family of positive V-divisors. We say that % is 
maximal, when there is no algebraic family of divisors on V containing %. 
We say that % is quasi-complete when the set Y containing % coincides with §. - 
We say that 3 is complete if it is quasi-complete and every divisor in it 
determines a complete linear system of the same dimension. ‘There is an 
algebraic family % of positive V-divisors with the following property: When 
Z is in G.(V), there is a divisor X in § such that Z ~ X — X, with a fixed 
Xo in & (cf. Matsusaka [5], Th. 1). Such a family is called a total family. 
Chow and v. d. Waerden proved, by means of Chow-forms, that Jt is a union 
of a finite set of maximal algebraic families of positive V-divisors (cf. .Chow- 
v. d. Waerden [4]). Let X be now a positive cycle on a projective space. 
Then the set of coefficients of the Chow-form of X may be regarded as a 
set of homogeneous coordinates of a point in a projective space, which we 
call the Chow-point of X. When X is on a product of projective spaces, 
there ‘is the standard isomorphism of such a product into a projective space, 
and by means of it we can identify X with a cycle on a projective space. 
By the Chow-point of such X, we understand the Chow-point of the trans- 
formed cycle by the isomorphism. 

Finally, let us recall some of the known results on Picard varieties 
which we need later. Let, as befcre, V be a complete algebraic variety, non- 
singular in co-dimension 1 and K be a field of definition for V. Let f be 
a mapping of @.(V) into an algebraic variety W with the following 
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properties: (i) f is well-defined outside of a proper subset of G,(V); (ii) 
there is a common field of definition K’ for F and W such that whenever Z 
is in G,(V) and rational over a field K” containing K’, F(Z) is rational over Z” 
if it is defined; (iii) when Z, Z € G,(V), Z— Z’ ref. K’ and when f is defined 
at Z and Z’, then F(Z) > f(2Z’) ref. K’. If f satisfies the above conditions, we 
say that f is a rattonal mapping of G,(V) and that K’ is a field of definition 
for f. Moreover, when W is a group variety and f is also a group homo- - 
morphism, we say that f is a rational homomorphism. There is an abelian 
variety P and a rational homomorphism f of G(V} onto P such that the 
kernel of f is G,(V) and that f has the universal mapping property as a 
rational homomorphism of G,(V) into an abelian variety. P is callec the 
Picard variety of V and f the canonical rational homomorphism of G,(V) 
onto P. For these, see Chow [3], Matsusaka [5], [6] and Néron-Samuel 
[11]. 


Section 1. 


1. Let us summarize here some of the known results, which we shall 
need later in this paper. 


Tarorem 1. Let V be a non-singular variety in a projective space. 
(i) Ga(V)/Ga(V) is a finite group. (ii) When X is a linearly effective 
V-dwisor and Y is an arbitrary V-divisor, there is a positive integer mo 
with the following properties: Whenever a positive integer m is such that 
m > mo, Y + mX is numerically effective and N(Y + mX) consists of a finite 
set of complete total families U,,- - -, Ut, where t is the order of G,(V)/G(V). 


As to these, see Matsusaka [9], Th. 4 and [7], Th. 2 (cf. alsc the 
proof of Matsusaka [7], Lemma 2. There it is proved that Y + mX is 
linearly effective when m is sufficiently large). 

Let A be an abelian variety and X be a divisor on A. We say that X 
is non-degenerate if the set of points a on A such that Xe~ X is finite. 
It is easy to see that on every abelian variety there is at least one non- 
degenerate positive divisor. On a simple abelian variety, every positive 
divisor is non-degenerate and the existence of such divisors on a general 
abelian variety can be seen by decomposing it into a product of simple abelian 
varieties in the sense of isogeny (Weil [17], Th. 28). 


THEOREM 2. Let X be a positive non-degenerate divisor on an abelian 
variety. There is a positive integer ma such that whenever m > mo, mX is 
linearly effective. (CE. Weil [19]). 
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2. 


PROPOSITION 1. Let A be an abelian variety and & be a maximal 
algebraic family of positive A-dwisors. Let X be a divisor in &, then any 
divisor X’ in & 1s such that X’ ~ Xy. 


Proof. Let P(A) be the Picard variety of A, f be the canorical homo- 
morphism of @.(A) onto P(A) and k be a common field of deïnition for 
A,%, P(A) and for f. Let Y be a generic divisor of § over #, then the 
rational mapping fy defined by fr(u) —f(¥,—Y) into P(A) is a homo- 
morphism of A into P(A). Since Y is rational over a regular extension of k, 
fy is defined over a regular extension of k, which implies that fy is defined 
over k by a result of Chow (cf. Chow [2]). Let O be the neutral element 
of P(A), and let C be the connected component of the algebraic group 
|fy7(Q)| containing the neutral element of A. C is defined over the 
algebraic closure of k and since Y,-~ Y whenever u is a point of C, it follows 
that X,~X for any point u on C (~ is preserved by specializations !). 

There is an abelian subvariety B of A and a homomorphism a from 
CX B onto A such that a(u,v) =u +v, BNC is a finite grous and that 
the kernel of œ is a finite group (Weil [17], Prop. 25, Th. 26). We may — 
obviously assume that B, C and « are all defined over k, replacing k by its 
algebraic closure, if necessary. Put U=o7(Y), W—at(X). Let further 
O, di," + *,dn be all the distinct points in the kernel of a U and W are 
obviously invariant by translations Ta, Let u be a point on A and v be one 
of the points on CX B such that «(v)==u. Let T be the graph of a. 
Applying the translation Tpu to T-(CXBxXY) on CXBXA, we get 
a*(Y¥y)—=U,. In the same way, o7(X,) = W,. When u is a point on O, 
denoting by O’ the neutral element of B, (u,O’) is one of the points on 
CX B which are mapped to u by «. Therefore U ,o3 ~U for any u on C. 
We claim that U has the projection C on C. Suppose the contrary, then U is 
of the form Z X B and Zą~ Z for every u on ©. This implies that Z is 
numerically equivalent to zero and since U is positive, it is impossible (cf. 
Weil [18], p. 123). 

Let ¢ and ¥ be two independent generic points of C over k. We have 
Uuon(t)—U(#), and the former is nothing but U(t’—t). Therefore, 
since ¢ and {’—{ are again independent generic points of © over k, we see 
that U(t) ~U(v) for any pair oz points (¢,2’) whenever they are defined. 
This implies that U~C X M -+N X B where M and N are B- and C-divisors 
respectively. We have W,—N for any ¢ on C and since U >0, we see that 
U—CX M. Let b be a point on B such that My~M. Then L'on ~U 
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where O” is the neutral element of C, and this implies that sY,~sY for a 
certain positive integer s (Weil [16], Chap. VIII, Th. 7). Hence Ys,~Y 
by Weil [17], Cor. 2, Th. 30. When that is so, sb is contained in | fy*(0)|, 
and since B and | fy*(O)| have only a finite set of points in common, such 
sb and hence b must form a finite set (cf. Weil [17], Cor. 1, Th. 33). This 
proves that M is a non-degenerate divisor on B. In the same way, W ~C X W, 
where M’ is a B-divisor. Since U and W are algebraically equivalent to each 
other, so are Af and M’. Moreover, since M is non-degenerate, there is a point 
w on B such that M ~ Mw and consequently Wow) ~ U, because B and 
its Picard variety have the same dimension (Chow [31,- Matsusaka [8]). 
Going back to A, we see that so~ sx. 

Let K be a field containing k over which Æ is tonal “and let Y be 
now a generic divisor of % over K. Since f{Y —— 2X) is rational over a regular 
extension of K, it has a locus # over K on P(A). Let x be a point on A, 
then since f(X,—-X) is rational K(x), it has a locus E’ over K on P(A). 
The endomorphism sê on P(A) is surjective (Weil [17], Cor. 1, Th. 33) 
and E, E’ are mapped onto themselves by the endomorphism. But the relation 
SY »-~sX asserts that the image of # by the endomorphism is contained in 
| W, which proves that # C E’. Our proposition is thereby proved. 


Proposition 2. Let A be an abelian variety and X be a disor on A, 
which we assume to be positive. When X is linearly effective, X is non- 
degenerate, algebraically effective and U(X ) forms a complete total family. 
When U(X) contains a total family, x is non-degenerate and U(X) is a 
complete total family. 


Proof. By our definition, when XY is linearly effective, we may assume 
that A is a projective variety and that Y is a hyperplane section of A. There 
is a positive integer m such that U(m2X) is a complete total family by Th. 1, 
(ii). .If we can show that mX is non-degenerate, then we see immediately 
_that À is non-degenerate by Weil [17], Cor. 2, Th. 30. When that is so, 
A(X) must be a complete total family and every divisor in M(X) is linearly 
equivalent to a translation of XY since A and its Picard variety have the 
same dimension. Moreover when that is so, every divisor in Y(X) is linearly 
effective. ‘Therefore, m order to prove our proposition, it is sufficient to 
prove the following: When A(X) contains a maximal total family % of 
divisors, X is non-degenerate. 

Let X’ be a fixed divisor in %, then by our Prop. 1, when Y is a divisor 
in %, there is a point v on A such that Y~YX’,. Let P(A) be the Picard 
variety of A and f be the canonical mapping of G,(A) onto P(A). Since 
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à is total, any point on P(A) can be written as f(Y — X’) with some F in §. 
Therefore, any point on P(A) can be written as f(X’,—-X’) wich some v 
on A. Since A and P(A) have the same dimension, it follows now that the 
set of points u on A with 4”,— X is finite, hence that X’ is a non-degenerate 
divisor. Since X ~ X’. for some a on A, X is also non-degenerate and our 
proposition is thereby proved. 


Section 2. 


8. Let V be a complete variety, non-singular in co-dimension 1, and 
let X be a positive V-divisor. Let X be the set of positive divisors X such that 
mX =m X mod Ga( V) for a pair (m, m’) of positive integers. Æ is uniquely 
determined when one of the divisors contained in it is given. X defines a 
structure on V and when ¥ contains a linearly effective divisor, we shall call 
it a structure of polarization (cf. Bourbaki [1], $8). Any divisor in & is 
called a polar divisor. When we regard V as a variety with a structure of 
polarization, we shall say that V is a polarized variety polarized by ¥. We 
shall sav that a polarized variety V, polarized by #, is defined over a field k, 
when V is defined over k and Æ contains a rational divisor over k. For these 
definitions, see also Weil [22]. 

When A is an abelian variety, we remark here that it is a variety with 
an additional structure which we get by putting a point on it (this means 
that we fix on A one definite law cf composition, since the law of composi- 
tion on A can be determined uniquely up to translations). 

Let V be an ordinary variety, 4’, E” be two sets of structures and V” 
(resp. V”) be the variety which we get from V by putting the set of structures 
E (resp. E”) on V. When E C E”, we say that V’ is the underlying variety 
of V” with the set of structures Æ’. For instance, the underlying polarized 
variety of a polarized abelian variety A is the polarized variety which we get 
from A by removing the structure of the group. 

From now on, let us assume tha: the underlying varieties are non-singular 
varieties unless the contrary is specifically stated. We can define a natural 
polarization on any projective variety, that is, the polarization defined by the 
set X determined by a hyperplane section of it. Hereafter, let us assume that 
“a polarized projective variety” means a non-singular projective variety 
polarized by its natural polarization unless the contrary is specifically stated. 
Let V be a polarized variety, polarized by a set X. Let X be a linearly effective 
divisor in it. The complete linear system @(X) defines a non-degenerate 
projective embedding fx of V, which is determined uniquely up to projective 
transformations by Q(X). Let us assume that V has a set of structures Æ; 


POLARIZED VARIETIES. 53 


we denote by fx(V) the transform of V with the set of structures fx(£) s 
Let G be a subset of ¥. We shall denote by B(V,G) the set of transforms 
fz(V), where the fx are non-degenerate projective embeddings of V deter- 


mined by linearly. effective divisors À in ©. 
ł 


4. 


Lemma 1. Let T be a projective transformation in a projective space 
defined over a field k and let T* be a projective transformation in the same 
space defined by a matrix whose elements are independent variables over k. 
Then T is a specialization of T* over k. 


Since the proof is easy, we shall omit it. Such a projective trans- 
formetion as T* shall be called a “ generic projective transformation” over k. 


Proposition 3. Let W be a variety in a projective space L” and let © 
be the set of varieties in L which are projectively equivalent to W. . Let G 
be the group variety PGL(n). There is a subvariety X of GXWXL 
such that (UX WX L)-X is defined for every point Ë on G, that 
prs((v X WX L)-X) is in © and that every variety in © can be obtained 
an this way. 

Proof. G is a non-singular variety defined over the prime field with its 
law of composition. Let & be a field of definition for W, t and u be indepen- 
dent generic points of G and L over k. Let T, be the projective transformation 
corresponding to t. Let X* be the locus of (é,u, Ti(u)) over k. X* is a 
subvariety of GX LX L and the projection of Y* on G X L, where L may 
be any one of the last. two factors of GX LX L, is everywhere regular. 
Therefore X*: (GX W X L} is defined, is a variety and it is the unique 
subvariety of X* lymg over GX W by Weil [16], Chap. IV, Th. 15. 

Let t be a point on G and consider the intersection (X WX L) NX 
on GX WX L, where X=—X*- (GX WXL). Since the projection of X 
on GX W is everywhere regular, the intersection reduces to a variety and it 
is the uniquely determined subvariety of X having the projection  & W on 
GX W by the same theorem of Weil. Hence (t x W X L)-X is defined and 
is of the form t X Wy, where Wy is the variety having the same dimension 
as WW. We can see easily‘that W, is the graph of the restriction of Ty on 
WX T,(W) and so pri((’X WK L)-X)ES. i 

Conversely, let W”. be a variety in ©, then there is a point {” on G such 
that W” == T,.(W). By what we have already observed, Wp is the graph of 
the restriction of Ty, on W X T;.(W) and therefore : 


W” =pr((# X W XL) -X). 
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COROLLARY. Notations being the same as the preceding proposition, let 
k be a common field of definition for G and W. Let t be a generic point 
of G over k and x be the Chaw-point of T,(W). x has a locus U over k, which 
is independent of a choice of a generic point t and also of a choice of a variety 
W from ©. There is a rational mapping gw of G onto U when W is fixed 
in © and it has the following properties: 


(i) gw ts everywhere defined; 

(ii) gw(t) ts the Chow-point of Ty(W) whenever Y is a point of G; 
(ii) The set-theoretic image of G by gw 1s an open subset of U; 

(iv) gw ts defined over k. 


Proof. T, is defined over k(t) which is a regular extension of k and 
clearly T,(W) is defined over the same field. Therefore, the Chow-point of 
T;:(W) is rational over k(t), which implies that x has a locus U over k. Now 
let W be another variety in ©. There is a projective transformation F such 
that T(W) = W. Hence © is the set of varieties projectively equivalent to 
W’. Since U is the closure of the set of Chow-points of varieties in ©, 
U is independent of a choice of W from ©. Since k(x) is a subfield of k(t), 
there is a rational mapping gw == g from G onto U such that g(t) =x. Let 
t be any point on G. By Proposition 3, pra((# X WX L)-X) is defined 
and consequently æ has the uniquely determined specialization over t—> t 
ref. k. Therefore g is single-valued at #’ and since G is non-singular, it 
follows that g is defined at t. Of course g(t) is the Chow-point of T,(W). 
Thus, except for (iili), everything is proved. 

It is easy to see that U is a pre-homogeneous space on which G is acting, 
and G acts transitively on the set-theoretic image U’ of G by g. Moreover, 
since it consists of Chow-points of varieties in ©, G cannot transform any 
point in U’ to a point of U-—-U’. This means that U” is the largest subset 
of U which is biregularly equivalent to the homogeneous space birationally 
equivalent to the pre-homogeneous space U. Hence U’ must be an open set 
on U (as to pre-homogeneous and homogeneous spaces, see Weil [20]). 


5. We can say, by virtue of the corollary to our Proposition 38, that 
the set of varieties projectively equivalent to a variety in a projective space 
forms an algebraic family, since we can identify the set with an open algebraic 
variety. We are going to prove the same for B(V, AM), where Y is a complete 
algebraic family of divisors on V consisting of algebraically effective divisors. 
Here we shall prove some preliminary lemmas which we shall need for the 
purpose. 
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Lauma 2. Let W be a normal variety in a projective space and X, Y 
be two positive W-divisors. Let k be an algebraically closed field of definition 
for W and assume that X->Y ref. k and that 1(X)=1(Y). Let g be a 
non-degenerate rational mapping of W into a projective space determined by 
Q(Y), then there is a non-degenerate rational mapping f of W into a 
projective space such that (X,f) — (Y,g) ref. k, when Q(Y) has no base 
point. 


Proof. Let r + 1 be the common value of 1(X) and (Y) and U, U’ be 
the Chow-varieties of Q(X), Q(T). Since linear equivalence is preserved by 
specializations and since U and U’ have the same dimension, it follows that 
(X,|U |)— (¥,|U’|) ref. k. Replacing k by a bigger field and replacing 
X by a generic specialization of it over k, if necessary, we may assume that Y, 
g are rational over k. Then U’ is a variety defined over & (Matsusaka [5], 
Lemma 1). Let Y,,--:,Y, be divisors in (7) corresponding to r+1 
independent generic points Yo’ - *; Yy of U’ over k. There is a set of divisors 
(Xo Xr) in V(X) corresponding to a set of r + 1 independent generic 
points to * *,&, of U over a defining field K of U containing k such that 


(XU |, Xo? Xe) > (BIT | Fo" + *, Fe) Teik: 


Since 2(Y) has no base point, it is easy to see that there is no base point 
for Q(X). By our choice of (Xa : :,X,) and (¥Yo,--:,¥-), it follows 
that sets of functions (1, u: - :,h,) and (1,h/,,-- :,h,) defined by 
(h) == X;— Xo, (Ki) = Yi— Y, form bases of L(X,) and L(Y.) respectively. 
Since (x) — (y) ref. k, there is a field k” containing k, a generic speciali- 
zation (x*) of (x) over k and two sets (2*), (z) of quantities such that 
(2*,z*) has a locus C of dimension 1 over k’ on which (y,2’) is a simple 
rational point over k’ (Weil [16], Appendix II, Prop. 7). Replacing every- 
thing related to À by a generic specialization of it over k, we may assume 
that k == i and we shall omit *. Let us denote the points (z,z) and (4,7) 
by Q and Q’. Since every X4 is rational over k(Q), we may assume that h; is 
defined over k(Q) (Weil [16], Chap. VIII, Cor. 1, Th. 10). Let w be a generic 
point cf W over k(Q, Q). There is a function H; on C X W with a field of 
definition k such that H,(Q,w) —h;(w). By multiplying a suitable constant 
from k(Q) to hi, we may assume that QX W is not a component of (H;) 
for every 7. Then (H:i): (QX W) is defined. We have (QX W):(Hi)o 
=Q X X; and (QX W)-(Hi)oa=O X Xo (Weil [16], Chap. VIII, Cor. 1, 
Th. 4). By the compatibility of specializations with the operation of inter- 
section product, we see that (Q’ X W) (Ho =Q X F; and (Q’ X W) - (Hi)o 
> Q x< bg 0° 
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Let f be the rational mapping of W into a projective space defined by 
w— (1,hi(w),: > +,h-(w)) and g’ be the rational mapping of W into the 
same projective space defined by w> (1,h'(w),: - +, h’-(w)). Let Ty, T,, T, 
be graphs of f,g,g’ and (Q, T) — (Q, T) ref. k be an extension of Q — Q 
ref. k. ‘Since k is algebraically closed, we may take as T” one whic. is rational 
over k. H; is defined at (Q’,w), the function h*, defined by H;(Q’,w) 
==h*,{w) is defined over k and is such that (h*;) = Yi— Yo Hence A*, and 
h’, differ by a constant from k and we may assume that they are actually the 
same. Let (w’,v’) be a point on a component of T”. There is a point w* 
of W such that (Q, T,, w*, T,(w*)) — (Q’, 7’, w’,v’) ref. k. Assume first 
that w’ is not in | Y, |. Then H; is defined at (Q’,w’) and H:(@’,w’) is the 
uniquely determined specialization of 17,(Q, w*) over (Q,w*)— (Q, w’) ref. k. 
Therefore (1,H,(Q’,w’),: - -,H,-(Q’,w’)) must be a representative of v’, 
which is the same as (1,h’,(w’),- --,h’-(w’)). Hence (w’,v’) must be a 
point on Ty. When wis on | Y, |, let us choose an index 7 so that | Y;| does 
not contain w’ and take H,/H,; for H; Then the same arguments show that 
(w’,v’) is on Ty. Therefore in any case | T” | must be contained in | Ty | as 
a point set. Moreover since both have the same dimension and since Tp is a 
variety, we see that T” must be an integral multiple of Tp. By the com- 
patibility of specializations with the operation of algebraic projection, we 
finally get T”-=T,. gand q’ differ by a projective transformation F defined 
over k since k is algebraically closed. Let F* be a generic projective trans- 
formation over a common field of definition for W,C,Q,Q’,7;,,T, and Ty 
containing k, then (Q,f, F*i—> (Q’,9’,F) ref. k. Since F and F* are iso- 
morphisms, F’-g’ is the uniquely determined specialization of F*-f over that 
specialization with reference to k. Since F*- f is also a non-degenerate rational 
mapping of W into the projective space determined by &(X), our lemma is 
proved. 


Lemma 8 Let U; (i—1,2,3) be three varieties and X and Y be 
simple subvarieties of U, X U: and Ua X Us respectively. Assume that the, 
projection of Y on U, is U, and is regular at every point of Uz. Then 
(X X Uz): (UX Y) is defined on U, X Ua X U: and is a cycle of the form 
1-Z where Z is a subvariety of UX U XK Us which is the only component 
of XXU03NU.xX Y. When Y is an isomorphism, pris ((X X U3)- (U1 X Y)) 
== F o X is not 0 and pris((X X Ua): (U1 X Y)) = pris((X’ X Us): (U: X F)) 
implies X = X’ for any cycle X’ on U, X U2; and if pris((X X Ua): (Ui X Y)) 
is a birational correspondence (resp. isomorphism), then X is a birational 
correspondence (resp. isomorphism). 
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Proof. Let k be an algebraically closed common field of definitión for 
the U, X and Y and for every component of X’. Let f be the rational 
mapping of U, into U; with the graph of Y and (x,y) be a generic point of 
X over k. (y, f(y)) is a generic point of Y over k. Let (2’, y’,2’)be any 
point in X XU QNU XF. (2’,y’) is then a point on X and (y’,2’) isa 
point on Y, and consequently z7 = f(y). This shows that the above inter- 
section reduces to the subvariety Z which is the locus of (x,y, f(y)) over k. 
Since æ,y and f(y) are simple on U,, U: and U, respectively, Z is a simple 
subvariety of VU, X U, X Us. This proves that (X X U3): (Ui KX Y) =mZ 

with a positive integer m. 
| Assume that Y is an isomorphism. Then Æ(x,y,f(y)} is the same as 
k(z,f{y)) and hence the projection Z of Z on the product U, X Us has the 
same dimension as Z and the projection of Z on U, X U, is regular. Assume 
that Z’ is a birational correspondence. Then k(x) —k(f(y)) —k(y) and 
this shows that X is a birational correspondence. When Z’ is an isomorphism, 
it is easy to see that X is an isomorphism. 

Returning to the general case, we have to prove m = 1, and in order to 
do so, we may assume that every U; is an affine variety. Let H be a generic 
hyperplane over & in the ambient affine space ot U, and (u) be the set of 
coefficients of the defining equation for H. H-U, is defined and the inter- 
section-product (H-U, X U: X U;):(X X Us) is also defined on U, X Ua X U; 
(Weil [16], Chap. V, Prop. 14), which can be written as (H-U, X U,) X X Us 
(cf. Weil [16], Chap. VII, Th. 11) and is prime rational over k(u). Since 
(X X Us) (U1 X F) and (X X U) (H-U, X U, x Us) are defined and since 
XXU, UX Y and H-U, X U2: X Uz intersect properly on U, X Ue X Us, 
we see that 


(Uy xX Y) (X XU:))- (4-0, & U2 X Ua) 
= (U, XF) (HU, X Ua): (X X Us)) 


by Weil [16], Chap. VII, Th. 10. Moreover, since the projection of U, X Y 
on U, X U, is defined everywhere, it follows that 


(U, X Y): (H -U1 X U2): (£ X Ua) 


is prime rational over k(u) (Weil [16], Chap. VI, Th. 8), which can also be 
written as mZ- (H-U X Ua X U3). Since Z: (H-U, X U2 X Us) is rational 
over x(u), m must be 1. Hence our assertion about m is proved. The rest 
of our assertions follow immediately. 


+ 
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6. 


Lemma 4 Let U be a complete normal variety, and be a complete 
algebraic family of U-divisors consisting of algebraically effective positive 
divisors. Let K be a common field of definition for U and A. Let V be 
the set of Chow-points of non-degenerate projective embeddings of U deter- 
mined by divisors in A, then V is an open algebraic variety in a projective 
space defined over a field K. 


Proof. Let K be the algebraic closure of K and X be a generic divisor 
of X over K. By Lemma 2, the set of Chow-points of non-degenerate pro- 
jective embeddings determined by divisors in M, together with their specializa- 
tions over K, forms an algebraic variety V’ defined over K. Let v be a generic 
point of V’ over À, then it is the Chow-point of a non-degenerate projective 
embedding of U determined by a generic divisor of A over K, which we may 
identify with X. Let fx be the projective embedding, and T be the graph 
of it. There is a closed set © over K on V” such that a specialization T” of 
T over K is irreducible if and only if the Chow-point of T’ is in V’—§&; 
denoting by L* the ambient space of fx(U), and denoting by L a hyperplane 
in L*, there is a closed subset §’ over Æ on V” such that T’ is not contained 
in any U X L if and only if the Chow-point of T’ is in V’—§’ (cf. Chow- 
y. d. Waerden [4]; v. d. Waerden [15]). 

Let again T” be a specialization of T over K, and now assume that its 
Chow-point is in V’—§— §'= V. Since 7” is irreducible and pry T’ =U 
by the compatibility of specializations with the operation of algebraic projec- 
tion, T” is the graph of a rational mapping f of U into L*. We claim that 
f is a non-degenerate projective embedding of U determined by a divisor in 
NX. Let L be an arbitrary hyperplane in L* and assume that the Chow-point 
of T is a generic point of V over a field K’ containing K over which LZ is 
defined. Then we have ((UX L)-T,T)—((UX L)-T",T’) ref. K’, and 
since we have X ~ pro( (U X L)-T), it follows that pru((U X L):T'}EeYX. 
Let z be a generic point of U over K’, (y) be a representative of f(x) and 
put H==gi(x) (i==0,1, > -, N = dim L*). Since (U X L)- T is defined 
for all L, it follows that go’ * *,g» are linearly independent. Since Y is 
complete, we have 1(X) =I(pro((U X L): T)) and this shows that f is a 
non-degenerate projective embedding determined by a divisor in X. Now 
conversely, if T” is the graph of a non-degenerate projective embedding of U 
determined by a divisor in M, the Chow-point of it must be on V’ by Lemma 
2 and it must not be contained in § and in §’. Our lemma will be proved 
if we show that V is defined over K. 
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Since X is a generic divisor of À over K, X is rational over a regular 
extension K* of K. Since X is rational over K*, we can find a set of 
functions ho, > -,hy, all defined over K*, which forms a basis of D(X) 
(cf. Weil [16], Th. 10). Hence there is a non-degenerate projective em- 
bedding f determined by X defined ever K*. Since any other such embedding 
can be written as F'f, where F is a projective transformation of L*, it 
follows that there is a non-degenerate projective embedding f* determined 
by X such that it is defined over a regular extension of K and that any other 
non-degenerate projective embedding determined by a divisor in A is a 
specialization of f* over K by our Lemmas 1, 2. This proves that FV’ is 
defined over K. Then it immediately follows that § and 9’ are closed suosets 
of V’ over K. Our lemma is thereby proved. 

Lemma 5. Let V be a variety in a projective space L, h be a rational 
mapping of V onto a variety W and H be the graph of h. Let D be a closed 
subset of V such that h is defined everywhere on V —®, and W, be the 
set-theoretic image of V —® by h. Let k be a common field of definition 
for V and h over which D is normally algebraic. Then W, is a k-open set 
on W if the following conditions are satisfied: 


(i) Whenever w is a point of Wo, VX w' NH contains a component 
of dimension t==dim F—- dim W, containing a point Xw such that 
v Ee V —D; ; 


(ii) Denoting by % xX w the maximal algebraic set of dimension t in 
VX w’ NH, there is a specialization (w,h*(w)) — (w, Y')ref. k such that 
VEJEICI. 


Proof. By Weil [20], Apperdix, Prop. 10, W, contains a k-open set 
and the union W’ of all such sets is also k-open. Let W* be the derived 
normal variety of W with reference to £ and f be the birational transforma- 
tion of W to W* defined by the normalization. Put h*—#f-h, then it is a 
rational mapping of V onto W* with a field of definition & Let 2,2’ be 
Chow-points of h-*(w), Y’ and M be the locus of x over &. Since (w) D k(x), 
there is a rational mapping g from W onto M such that g(w) =s. Put 
g* =: g-f-. Our assumptions (i), (ii) imply that w 2’ is an isolated com- 
ponent of GM w X M, where G is the graph of g. Denote by G* the graph of 
g*. Since f~ is defined everywhere on W* and since any point on W has only 
a finite set of images by f (cf. Zariski [23]), it follows that there is a point 
w* on W* with f-*(w’*) = w such that G* N w™* X M has an isolated com- 
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* ponent w’* X x. Hence by the main theorem on birational transformations 
(cf. Zariski [23]), g* is defined at w’*. | 


Let X be a component of W — W” containing w’, assuming that w is in 
W, but not in W’. There is a subvariety X* defined over # on W*, going 
through w’* such that X is the image of Y* by f-?. Then g* is defined at 
a generic point w”* of X* over & (Weil [16], Chap. IV, Cor., Th. 15). 
g*(w’*) is the Chow-point of a cycle F” in L such that F” — F’ ref. f; 
| Y” | contains a point v” such that (Y”,v”) > (Y’,v’) ref. & Since v’ ¢ D, 
v” is not contained in D. Let H* be the graph of h*. There is a &-closed 
subset ©*, on X* such that €*, is the set of points on X* where g* is not 
defined; there is also a.f-closed set ©*, on X* such that E*, is the set of 
points on X* which have the property that | H* N V xX w*,| CID X W*| 
(cf. Weil [20], Appendix, Prop. 8; Weil [18], Lemma 7). Since 
w'’* g E*, U C*, == E*, E* is a proper k-closed subset of X*. Let Œ be the 
image of ©* by f-1, then it is a proper £-closed subset of X. Let © be a 
point of XY—€. There is a point @* in X*-—€* such that f (0*) = Ù. 
Hence g* is defined at #* and the cycle Ÿ in L, whose Chow-point is g*(#*), 
contains a point 5 in V-—®. Since | ¥ X #*| C | H* N V x &*|, it follows 
that |¥ xo|C|HNVX<@#j. Hence h is defined at 5 anc h(5) =@. 
This proves that W’ G W’+X—C€CW,. Let a be any automorphism of 
k over k. Since À — E C Wo, it follows that (X — €)* C Wy. Consequently 
there is a k-open set W” on W such that W’ G W” C Wo, which contradicts 


to our choice of W’ and our lemma is thereby proved. 


7. Let U be a/complete variety, non-singular in co-dimension 1, and 
let ¥ be.a set which can put a structure of polarization on U.: Let fx be a 
non-degenerate projective embedding of U determined by a linearly effective 
divisor X in X, and denote by cífx(U)) the Chow-point of fx(U), except 
“when U is an abelian variety. When U is an abelian variety with the neutral 
element O, denoting by U’ the underlying variety of the abelian variety U, 
we understand by c(fx(U)) a pair (#,fx(O)) of points, where x is the 
Chow-point of fx(U’). Let G be a subset of Æ, then we shall say that 
B(U,S) has a structure of an algebraic variety when the set of points 
c(fx (U )), with fx(U) in P(U,&), forms an open algebraic variety. When 
that is so, we shall say that P(U, S) is defined over a field & if the open 
algebraic variety is defined over k. 


THEOREM 3. Let U be a non-singular variety in a projective space and 
N be a complete family of algebraically effective positive U-divisors. Then 
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BU,A) has a structure of an algebraic variety. The same is true when U 
is an abelian variety. In both cases, B(U,U) is dejined over a common feld 
of definition for. U and X; moreover P(U, N) has the smallest field of 
definition if YU is total. 


Proof. Let us assume first that U is an abelian variety and let U’ be 
the underlying variety of U. We shall show that $(U,%) has a structure 
of an algebraic variety when %3(U’, A) has a structure of an algebraic variety. 
Let W ke the set of points c(f(U’)}, where f is a non-degenerate projective 
embedding of U’ determined by a divisor in Y. Assume that W is an open 
algebraic variety and let k be a field of definition for W. When w is a generic 
point of it over k, it is the Chow-point of a variety of the form f(U’) in 
%(U’, WU), which is defined over k(w). By Weil [16], Chap. VII, Th. 12, 
there is the uniquely determined subvariety Z on the product W X L of W 
with the ambient space of f(U’) such that Z(w) == f(U"). Let w be a point 
on W and let Ff (U) be the corresponding variety in $(U’,%). Let wu’ be a 
point on F(U’), then there is a non-degenerate projective embedding g’ 
of U’ determined by a divisor in Y such that g’(U’) ==f’(U’) and that when 
O is the neutral element of U, g’(O) =u’. Hence g’(U) is the abelian 
variety with the neutral element wu’ whose underlying variety is g’(U’), which 
proves that c(g’(U)) =(w’,u’). Conversely, let f” be a non-degenerate 
projective embedding of U determined by a divisor in W. f”(U) is an abelian 
variety with the neutral element f’(O) and let w” be the Chow-point of the 
underlying variety of f’(U). Then by our assumption, w” is a point of W 
and hence (w”, f” (0)) is a point of Z. Thus | Z | coincides with the set of 
points c(f’(U)). Our essertion is thereby proved. 


Let us return to our general case when U is an ordinary non-singular 
variety in a projective space. Let k be a common field of definition for U7 
and Y, then the set of Chow-points of non-degenerate projective embeddings 
determined by divisors in % forms an open algebraic variety V—® in a 
projective space defined over & (cf. Lemma 4), where V is a projective variety, 
and © is a k-closed set on V. Let v be a point on V—-® and f be the 
corresponding projective embedding of U. When w is the Chow-point of f(U), 
we shall write Uy, fw, tw for f(U),f,v, for the sake of simplicity. Let us 
now assume that v is a generic point of V over k. Since &(v)D k(w), 
.w has a locus W over k, which is the closure of the point set {c(U*)} with 
U* in $(U,%), and there is a rational mapping h of V onto W such that 
h(v) =w. Let U* be a variety in R(U, A), a be the Chow-point of U* and ta 
be one of the points on PV — "D such that the corresponding non-degenerate 
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embecding fae transforms U to U*==U, Let ty, t be two independent 
generic points of V over k(t,,a) and let k’ be the algebraic closure of k (ta, ta). 
Let fw, fs be corresponding non-degenerate projective embeddings of U to 
bws És; PUL Jus = fo fe, few fs fu and let ty», taw be Chow-points of 
fus faw respectively. Let tw be a generic point of h-t(w) over k’(w), fw be 
the corresponding embedding of U and let t, be the Chow-points of few: fr. 
By Lemma 3, ts is also on V--® and let Z be the locus of (to, W, ts bw; fs) 
over Æ. Z is then a subvariety of FKWXLX V X V where L is the 
ambient space of tu. . 

Let % be the projection of (4,a)X LX V X V NZ on the fourth factor 
of the product. We claim that % has the following three properties: (i) Every 
component of % has the same dimension as h-1(w); (ii) Every component 
of % is not contained in D; (iii) % is the closure on V of the set of points 
Va on V corresponding to non-degenerate embeddings of U, transforming U 
to Ua Let (ta, @, u, t,£) be a point in (ta OX LX VXVONZ. By Lemma 3 
and by the compatibility of specializations with the operations of intersection- 
product and algebraic projection, we see that u is the Chow-point of f,: fat 
== fga since fs. is the Chow-point of f,-fuw. Let Tsa be the graph of fsa 
and T be the cycle whose Chow-point is # Since ¥, is the Chow-point of 
Tew” Pas it follows that x is the Chow-point of 7,07. Since t, is contained 
in |h-*(s)|, it follows that x is also contained in it. By Lemma 3, the 
correspondence T — Tsa:'T gives a one-to-one correspondence between points 
of % end points of a subset of | k-*(s)|. This shows that the dimension of 
each component of % is at most that of h(s). Since fs fa are defined over 
k, faam fe id is defined over k’ and consequently the Chow-point u = tsa 
of fsa is rational over k’. Therefore we get dim» (u, t,£) —dim,(t) by 
Lemma 3. Since ZN (taa) X LX VX V has not any component of lower 
dimension than that of ZN(4,w)X LXV XV by Weil [16], Chap. IV, 
Prop. 26, which is obviously the same as dimh-t(w)—dimh-t(s), our 
statement (i) is proved. By Lemma 3, if T4 0 T is an isomorphism, so is T. 
Therefore, every component of %} contains the Chow-point of an isomorphism 
of U onto U. and since X is complete, it must be non-degenerate. This proves 
(ii). Let ta be a point on V —® such that the corresponding embedding Fa 
transforms U to U.. In order to prove (iii), it is sufficient to prove that 
the projection of Z N (taa)X L X V X V on the last factor of the product 
is |h-+(s)|, since the Chow-point of fs fa is on | A-*(s)| and since the 
correspondence fs— fsa: fe determines a one-to-one correspondence between 
point of |h*(s)| and points of a subset of % as before for the fixed fsa 
By Lemma 3, the projection of Z N (tw, w)X LX V X V on the fifth factor 
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is |h-4/s)|, hence the same is true for ZO (t,a)KLXVXV. (ii) is 
thereby proved. | 

Les V’ be the locus of (te, w) over k’, then since h(t.) =w, V’ is also 
the locus of (t,,w) over k. Let ® be the set of points (#,c) on V’ such 
that ED. Then D’ is also a closed subset of V’ over k. Let W be the 
rational mapping of V’ onto W defined by h’(t.,w)==w. W is defined 
everywhere on V’— D and the set-theoretic image W, of V’-— by A’ is the 
point-set we are interested in. We are going to show that to V’, Y and k, 
our Lemma 5 can be applied. Let (t,,w,h’*(w))— (taa, Y) ref. k’, 
where we assume now that a is a point on Wy. We have h’*(w) = hw) X w, 
and since pry(Z- ((to,w)X L* VX V)) =h(w), |F| is contained in 
a xa. Since dim F = dim h> (w) — dim by (i), every component of Y 
contains a point of V’-—®’ by (ii). Moreover, we see from this that every 
component of Y Xa is a component of HNV'X a, where H’ is the graph 
of h’. Therefore we can apply our Lemma 5 and thus W, is an open algebraic | 
variety over & in a projective space. Thus the first half of our theorem is 
proved. | 


Let k, be the smallest field of definition for W. We shall show that W, 
is defined over kọ which will settle the last half of our theorem. Let w be 
a generic point of W over ko and fw be a non-degenerate embedding of U 
into the projective space, transforming U to U,. It is easy to see that 
BU,À) =P (Uv fo(X)). fe(M) contains a rational divisor over k,(w), 
a hyperplane section of U», and since f,(2) is complete and total, it is easy 
to see that f,. (A) is defined over a purely inseparable extension of ko(w). 
Let us take for U, Wf the variety U» and the family f,(%). Since W and W, 
are invariants of P(U, A) =P (Uw, fo(X)), it follows that W— W, is 
normally algebraic over ko(w). Let w be a generic point of W over ko(w). 
Then in the same way, we can show that W — W, is normally algebraic over 
ko(w’), hence W — W, is normally algebraic over kọ. Our theorem is thereby 
proved completely. 


Section 3. 
8. 


PROPOSITION 4. Let U be a variety in a projective space, non-singular 
in co-dimension 1, and Æ be a set of dwisors on U which defines a polariza- 
tion on tt. There is a divisor class NY with respect to numerical equivalence 
with the following property: A positive U-divisor X belongs to X if and only 
if X belongs to mNR* for a certain positive integer m. 
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Proof. By Néron’s result, G(U)/G.(U) is finitely generated (Néron 
[10]). On the other hand, G.{U)/G.(U) is a subgroup of G(U)/G,(U), 
consisting of elements of finite orders. Therefore, there is a finite set 
(Dı, + +,D;) of divisors on U, which are independent modulo G,(U), such 
that any U-divisor X can be written as Y==S¢,D;modG,(U). Let Y be a 
divisor in X, then expressing Y in the form Y = $, «;D;mod G,(U), let b be 
the greatest common divisor cf 4.:,---,a.. Putting == b: a, let N! be 
the coset of G(U7)modG,(U} determined by Z= Dia’), Let m be a 
positive integer and X be a positive divisor in mN*. Clearly X is contained 
in X by the definition of X. Conversely, let X be any divisor in X. There 
are two positive integers m and ¢ such that mY = tX modG,(U) and that 
m and ¢ are relatively prime to each other. Then bmZ == tX modG,(U). 
Expressing X as X= Dic,D, mod G,(U), we see that > (bma’,—tc;) Dj =0 
modG,(U), which implies that bma’;=Omodt. Therefore mb=0modt 
since (a’,,: ` -,a@’,;) is a set of relatively prime integers. Our proposition is 
thereby proved. 


THEOREM 4. Let V be a complete non-singular variety, polarized by a 
set X. Æ can be written as (JU(X) with A in X. Let X* be the set of 
divisors X in X such that W(X) is complete, total and consists of aïgebraically 
effective divisors. Then X* can also be written as |J U(X) with X in X*. 
Every U(X) in the expression for X, except for a finite set of them, is also 
a component of the same expression for X*. P(V, Æ) (resp. B(V,X*)) is 
the union of B(V,U(X)), where U(X) is o component of € resp. X*). 
Moreover, when V is an abelian variety, B(V,X) and B(V,X*) coincide. 


Proof. The first two statements about expressions for X and X* are 
immediate consequences of definitions. 


Since X contains a linearly effective divisor by our definition, we may 
‘assume that X is determined by a hyperplane section of a variety V in a 
projective space. Let C be a hyperplane section of V. There is the divisor 
class N” with respect to numerical equivalence having the property described 
in Proposition 4. Let Z be a divisor in N*, then there is a positive integer s 
such that C=sZmodG,(V}. By Theorem 1, (ii), there is a positive 
integer mo such that whenever m > mo, JE(iZ + mC) is covered by a finite 
set of complete total families and that 47 + mC is numerically effective for 
OZi<s—1. Put t= ms, then mC=tZmodG,(V). We shall show 
that 9t(?’Z) is not empty, consists of numerically effective divisors and is 
covered by a finite set of cornplete total families whenever # >t. In fact, 
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tZ = atZ + bsZ + cZ mod G,(V}), where @ is a positive integer, 6 and 
c are non-negative integers and c is less than s. Therefore we have 
UZ == (am, + b)C + cZ mod G,(V) which should be numerically effective 
and N(?'Z) is covered by a finite set of complete total families by our choice 
of mo. Therefore our third assertion is proved. 

Our fourth assertion is trivial. In order to prove the last assertion, 
it is sufficient to show that when X is a linearly effective divisor on an 
abelian variety, W(X) is complete, total and X is algebraically effective, 
which are consequences of Proposition 2. 


THEOREM 5. Let V be a complete non-singular variety, polarized by a 
set X. Then every polarized variety in SR(V,X), polarized by the-natural 
polarization, is isomorphic to each other. When V ts an abelian variety, 
underlying varieties of polarized abelian varieties in PH(V, A) are projectiwely 
equivalent ‘to each other, where À is a divisor class of VmodG,(V) con- 
tained in &*, | 


Proof. The first statement is obvious. Assume that V is an abelian 
variety and A,A’ be two polarized abelian varieties in $%8(V,2), polarized 
by natural polarizations, with neutral elements 0,0’. Let us identify A, A’ 
with their underlying varieties. There is an isomorphism f between two 
polarized abelian varieties A,A’, which is determined by a divisor on 4, 
algebraically equivalent to a hyperplane section © of A. Let Y be such 
a positive divisor on A, then f(F) is a hyperplane section of A’, and 
f(C) =f(VY) mod G,(A’). Since f(C) is non-degenerate by Proposition 2, 
there is a point a’ on A’ such that f(C)—f(Y). Hence, denoting by T the 
translation on A’ defined by a’, we have T’-f(C) ~f(Y). Moreover, T-f is 
an isomorphism between two polarized varieties A, A’ and transforms hyper- 
plane sections to hyperplane sections. Since linear systems of hyperplane 
sections on A and A’ are complete, 7’-f must be a projective transformation 
of A onto A’, Our theorem is thereby proved. 


9. Let U be a complete non-singular variety, polarized by a set g. 
We shall denote by G(U,X) the group of automorphisms of the polarized 
variety U. Let W be also a complete non-singular polarized variety, polarized 
by a set 2) and assume that f is an isomorphism between polarized varieties 
U and W. Then it is easy to see that the correspondence g—>f-9-f", 
g€ G(U,X) gives an isomorphism of G(U,X) and G(W,9). 


w 


PROPOSITION 5. Let U” be a projective variety, non-singular. in co- 
dimension 1, and G" be a connected algebraic group variety. Let Z™" be a 
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subvariety of GX UXU and assume that the projection of Z on GX U 
ts GX U and is everywhere regular, where U is any one of the seccnd and the 
third factors of GX UXU. Then for any point g on G, (g XU XU)-Z is 
defined and Z(g) 1s the graph of an automorphism of U. Further, denote 
by Y9 the transform of a U-cycle Y by Z(g) and assume that u°—u for 
any point u on U, where e is the neutral element of G. Then we have the 
following : (i) When X is a U-divisor, X? = X mod G,(U); (ii) When X 
is a U-divisor -such that X==Omo0dG,(U), X! ~ X. 


Proof.: Let gX T be a component of gX U X UN Z, which is simple 
on GXUXU. Let (u,v) be a point on 7; by our definition of Z, v is 
uniquely determined by g and u, hence dim T = dim U, which proves our 
assertion. Then it is clear that Z (g) is the graph of an automorphism of U. 
Next, we claim that Z- (GX X XU)=Z is defined on GX UXU. Let 
(g,2,u) be any point in Z N G X X X U; then u = z and this shows that the 
dimension of any component of our intersection must be at most r-+n—1, 
which proves our assertion. Therefore by Weil [16], Chap. VII, Cor., Th. 10, 
we see that 


(gXUX0)-2):(@X EXT) 
= (g XU XU): (Z: (6 XXX U)) =g X Z(g); ax U). 
Z'(G XX XU) can be regarded as a cycle on ŒX LX U, where L is the 
ambient space of U, then by Weil [16], Chap. VII, Th. 18, we see that 
(XLX ve: (Z: (G X X X U))}oxrxy 
= (g X U X U): (Z: (€ X X X U)). 


That T so, by Weil [16], Chap. VII, Th. 16, we have 


Pris((g XUXU)-(Z(GXÆAXU))) = (9 XU) -prs(4:- (FX XK U)). 
Therefore 


(g X U)-pria(4- (GX XX U) ) =g X prs (Z (g): (X X U)) =g X X. 


By taking g to be e, we zol (eXU)-prus(Z'(FXÆAXU))=ex XK 
=e X X, which proves that X? == X mod G.(U). (i) is thereby proved. 
Let % be a total maximal family of positive U-divisors, V be the Chow 
variety of % (the set of Chow-points of divisors in #) and denote by Y, the 
divisor whose Chow-point is ve V. Let P(U) be the Picard variety of U 
and y be the canonical homomorphism of Ga(U) onto P(U). Let k be an 
algebraically closed common field of definition for U,G,Z,V,PiU) and y 


nr 
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over which X is rational. By (i), Z(g) *(Y,)=Y,mod G(U) and hence 
the mapping (g,v)—>~(Z(g)*(¥Yv) —Y,) defines a rational mapping of 
GX V into P(U) with a field of definition k (Y, is rational over &(v) ; cf. 
W. L. Chow, “On the defining field of a divisor in an algebraic variety,” 
Proc. Amer. Math. Koc., vol. 6, 1950), which we shall denote by F. Assume 
that g and v are independent generic points of G and V over k, then F can be 
written as F(g,v) = F- (g9) + F,(v), where F, is a rational mapping of G 
into P(U) and F, is a rational mapping of V into P(U) (cf. Weil [17], 
Cor., Th. 7), both defined over k. Since F(g,v) has the uniquely determined 
specialization y(Z(e)(Y,) —F,) over (g,v) — (e,v) ref. k(v), and since 
(e,v) is a simple point on & X V, F is defined at (e,v) (cf. Weil [16], Chap. 
VI, Th. 13). Therefore, we have 


P(e,v) =y (Z (e) (Ps) — Fe) =Z(Ye—Yo) =O, 


which proves that F,(v) =-—- (2) is a constant, rational over k. By the 
compatibility of specializations with the operations of intersection-product 
and algebraic projection, we see that F is single-valued everywhere on G X V 
and has the value y(Z(g)"(Yx4)—Yw) at (g,w). Hence we have 


yZ) (Vs) — Yo) = y (2 (9) (Pw) — Yu), 


whenever w is a generic point of V over k(g,v). Consequently 
y(Z (Ts) — Fi) = y(4(g) 7" (Ys) — Ys) 


for any two points t,s on V. Let now X be a U-divisor such that ¥ =0 
mod @,(U), then since % is total, there are two points ¢ and s on V such 
that Y;--Y,-~2X. By what we have proved, we have (Y:;—YV,)¥~ Y:—YV, 
and since X? ~ (Y,—Y,)9%, it follows that X9~X. Our proposition is 
thereby proved. 


10. 


Lemma 6. Let U be a normal variety in a projective space, C be a 
- hyperplane section of U and assume that X(C) is a complete algebraic family 
of algebraically efectue divisors and that the linear system of hyperplane 
sections on U is complete. Let X be the set of automorphisms f of U such 
that f(C) € U(C), and W be the set of Chow-points of f. Then W = L]o" W: 
where the W; are open algebraic varieties in a projective space. When U and 
W(C) are defined over a field k, then W is normally algebraic over k. 


Proof. Let V be the set of Chew-points of graphs of non-degenerate 
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projective embeddings determined by divisors in X(C). Then by our Lemma 
4, V is an open algebraic variety in a projective space L. Let f be an automor- 
phism of U such that f(C)<¢U(C). Then since f is everywhere biregular, 
f+(C) €U(C); since A(C) is complete, every divisor in it determines a 
complete linear system of the same dimension as C. Therefore, f is a 
non-degenerate projective embedding determined by f-:(C) and the Chow- 
point of it is on V. Let k be a common field of definition for U and X(C), 
then V is an open algebraic variety in L over k by Lemma 4. Let v be a 
generic point of V over k and T, be the variety with the Chow-point v. 
T, is the graph of a non-degenerate projective embedding of U, determined 
_ by a generic divisor of 9(C) over k and is defined over the field &(v). 
- Therefore, there is a subvariety T of V X U X £, where L is tke ambient 
space of U, such that T(v) —T, and that k is a field of definition for T 
(cf. Weil [16], Chap. VII, Th. 12). Let S—TNVXUXU. Fisa 
closed algebraic set, normally algebraic over k on VX UX EL. Let w be a 
point on V and Tẹ be the corresponding subvariety of U X L, then since 
Ty is the uniquely determined specialization of T, over v—w ref. k, it 
follows that TN wx U X È reduces to a component w X Te. When Ty is 
the graph of an automorphism of U, w X Tw is a subvariety of V X U X U 
and hence FNwxXU XL contains wX Tw. Conversely, assume that 
SNwx UX L contains a component w X R of at least the same dimension 
as U. Then since wX R is a subvariety of T, we have wX R Z wX Ty. 
Since dim R = dim Ty, it follows that R = T, and the projection of Tù on 
L is U. - Therefore Tẹ must be the graph of an automorphism of U. Thus 
we have shown that the set of points w on V, such that Tẹ is the graph of 
an automorphism of U, coincides with the set of points on V such that 
wXUXLNF contains a component of dimension at least equal to that 
of U. Such a set forms a closed algebraic set on V, normally algebraic over 
k by Weil [18], Lemma 7. Our lemma is thereby proved. 


Lemma 7. Maintaining the same notations and assumptions as in the 
preceding lemma, denote also by Tau, the subvariety of U X U with the Chow- 
point w; on W;. Let W, be a component of W containing the Chow-point of 
the diagonal of U XU. Then we have the following results: 


(i) dim W, = dim W, =: d -== dim Wms 
(ii) WiN W;=Ø whenever i-£j;: 


(iii) Let w; and w; be points of W; and W, respectively, ther Tw, ° Tw, 
is the graph of an automorphism of U belonging to 3; 
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(iv) Let ky be a common field of definition for W; and W; containing ° 
k, w, and w; be independent generic points of W, and W; over ky; and let Ws 
be a component of W containing the Chow-point ws of T.,° Tw, then s os 
a function «(t,7) of (1,7) only and (wi, Wj, Ws) has a locus Zi, over hij; 


(v) Projections of Zya on WixX Wj, Wi We and on WX W, are 
regular and surjective ; 


(vi) Let v;,v;,v, be arbitrary points on Wi, Wi, Ws respectively, then 
(vi, 03) K Wel Ze vX Wi X vs N Zija ana Wi X (Vi Vs) N Ziz have single 
zero-dimensional components ; 


(vii) a(0, 7) = a (j, 0) — (. 


Froof. By Lemma 3, T,,0 Tw, is defined and is again the graph of an 
automorphism of U, since Tw Tw, are such. Since Tu, (C) =Ty,(C) =C 
mod G,(U), we see that T,,,°T,,(C) =C mod G(U). (iii) is thus proved. 
Let now w; and w; be independent generic points of W; and W; over k, then 
the Chow-point ws of Tw, ° Th, is rational over ki; (w; w;) by Lemma 3. Hence 
(wi, Wj W) has a locus Zis over ky on WX W,xX Wz. Let (vv) be an 
arbitrary point on W:X W, then 7,,07,, is the uniquely determined 
specialization of T,,°T,, over (wi, wj) — (vi, 0;) ref. ky by Lemma 3 and 
by Lemma 6. This shows that (1,7) actually depends only on + and 7 as 
soon aS we prove (ii). Moreover, we have shown that Zys O (v 0X Ws 
reduces to a point and the projection of Zij, on Wi W; is regular and 
surjective. Next let us show, among other things, that W, is the unique 
component of W containing the Chow-point of A. Let W; be a component 
of W and put a(0,i) =j. Since the projection of Zi; on W; contains 
W; because Tp, ° A= Ta, it follows that W;— W; proving that «(0,7) +. 
In the same way, «(0,4) —1. Suppose now that W; contains also the Chow- 
point of A. Then W; contains W, since «(0,2) =t and consequently W; = Wo. 

The formula «(0,1) =t shows that dim W, < dim W, by virtue of Lemma 
3. Conversely, let w; be a generic point of W; over ko Then the set of 
Chow-points of T,,71°T7,,, where v; is a point on W, is contained in |W | 
and forms an open algebraic variety in the ambient space of W. Since it 
contains the Chow-point of A, it must be contained in W, by what we have 
seen, proving that dim W, = dim W; (cf. Lemma 3). Thus (i) is proved. 

Let a be a common point of W; and W; and w; w; be independent generic 
pointe of W;, W; over k;;(a) respectively. Since A is a specialization of both 
To Ta, Tw,° Ta over kyla), it follows that Chow-points of them ,are 
on Wa. Since dim W, = dim W; = dim W, it follows that Tu Ole glm Ly" 
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are generic specializations of each other over k:;(a), which shows that Tw, 
and Ty, are generic specializations of each other over ky. Therefore W; = W; 
and (ii) is thus proved. Now (v) and (vi) are easy consequences of what 
we have proved. 


11. 


Taesorem 6. Let U be a complete non-singular polarized variety, 
polarized by a set X. Then there is an algebraic group G=\Jo"Gi, where 
Go ts the connected component of G containing the neutral element e and 
the G, are cosets of Go, and subvarieties Zi of Gi XU XU with the following 
properties : 


(i) Projections of Z; on the product of Gi and the second factor and 
also on that of G; and the third factor are everywhere regular ; 


(ii) (gi X UX U) Z= g X-Zi( gi) 48 defined for all gi IN Gi and 
in particular Zo(e) =A; 


(iii) Zi(g:) =Z;(g';) implies i=j and gi= q's; 


(iv) The group of automorphisms ©(U, £) of U is the set of Zi(gi) 
for all g; on G; and for all i (we identify rational mappings and graphs) ; 


(v) When gj: 9gi==g9s€E Ga then Zs(gs) —2;(g;)0 Zi(gi) 5 


(vi): When our polarized variety U is defined over a field ky and when 
& contains a rational divisor Xo over ky which is linearly effective, then G is 
normally algebraic over ky and ZZ; is rational over a finite purely inseparable 
extension of ko. 


Proof. Let C be a linearly effective divisor in ¥ and k be a field of 
definition of U over which C is rational. By Weil [16], Chap. VIII, Th. 10, 
there is a non-degenerate projective embedding of U determined by. C, defined 
over k. By our Th. 1, when r is sufficiently large, W(rC) is a complete 
total algebraic family of algebraically effective divisors, and since it contains 
a rational divisor rC over k, U(rC) is defined over k (cf. Matsusaka, [6], 
Prop. 1). Let f be any automorphism of U belonging to the set G(U,Æ), 
then f{C)=CmodG,(U); since G,(U)/G.(U) is a finite group (cf. 
Th. 1), f(sC) =sC mod G,(U) whenever s is a positive integral multiple of 
the order of G,(U)/G,(U). Therefore, we may assume, from the beginning, 
that U is a non-singular projective variety defined over k, X contains a 
hyperplane section C of U, &(C) is a complete total family of algebraically 
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effective divisors and that every automorphism f in G(U,X) transforms C 
to a divisor in X(C). 

When that is so, f is a non-degenerate nd. embedding of U 
determined by f-:(C) and our Lemmas 6, 7 can be applied. Hence the set 
W of Chow-points of f€ G(U,X) can be written as Uo" Wa where the W; 
are open algebraic varieties in a projective space, and has properties described 
in Lemmas 6, 7. Let k’ be the smallest perfect field containing k, then the 
W; are defined over separable algebraic extensions k’; of kW. Let @, be a 
derived normal variety of W; with reference to k’; and let G; be the graph 
of the inverse: of our normalization W;— G’; It is easy to see that the G; 
can be so chosen that they are in the same space and that when y istan 
automorphism of our universal domain over k, W == W; implies G” = G; 
Then i JG: forms an algebraic set normally algebraic over k. Since the 

k'u/k' ave separable algebraic extensions, |_J,""%’;/k’ is also a separable algebraic 
extension. Since the G; are normal with reference to the k’ it follows that 
the G; are still normal with reference to K == (J ™k’; and the GX G; are 
also normal with reference to K (cf. Weil [20], Appendix, Prop. 14). 
Therefore, if we assume (i), (ii), (ii), (iv), Uo™G, is an algebraic group 
satisfying (v) by our Lemma 7, such that G@, is the connected component 
of it containing the neutral element. | 

Let w; be a generic point of W, over k’; and g: be the corresponding 
point on Gi Let Ty, be the variety whose Chow-point is w; then it is the 
graph of an automorphism in @(U,X%). Then Tw, is defined over the field 
k’,(ws) —k';(g;) and hence there is a subvariety Z; of Gix UXU defined 
over Æ; such that Zi(gi) == Ty, (ef. Weil [16], Chap. VII, Th. 12). Zis 
then the locus of (gau, Tw, (u)) over Ka where u is a generic point of U 
over k’;(gi). (ii) is then an immediate consequence of the facts that the 
birational transformation gı—> w; of G; to W; is everywhere defined on Gi 
and that specializations are compatible with the operation of intersection- 
product. Since the birational transformation wig; of W; to G; is such 
that any point on W; has only a finite set of image points in Ga, (i) follows 
easily because G; X U X U is non-singular (cf. Weil [16], Chap. VI, Th. 13). 
In particular, when g’; is a point on G; and w’: is the corresponding point on 
W, we have Z;(9’;) = Ts, and conversely, if w is a point on W, and g’; 
is one of the corresponding points on G, we have Z;(9’:) —=T.,. Therefore, 
the set of Z:(9’:) with g^: on G; coincides with the set of varieties whose 
Chow-points are on W; Since any f in G(U,X) is a non-degenerate pro- 
jective embedding of U determined by a divisor f-1(C), and conversely, 
any automorphism f of U, such that F(C) is in X(C), is in G(U,Æ), it 
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follows that @(U,X) coincices with the set of Z:(g) for all g’; on G; and 
for all i. Hence (iv) is-proved. (v) is an immediate consequence of our 
Lemma 7. Since G==(J,”G; is normally algebraic over k, we see that X Z; 
remains unchanged by any automorphism of the universal domain over k, 
which proves (vi). 

Let w; be a point on W; and assume that gẹ g'i are two corresponding 
points on G; Let w, be a generic point of W, over K(wi,9i9':) and 
let go be the corresponding voint on Ge Let Zoi be the subvariety of 
Wo X W:X W: defined in our Lemma 7. Then by Lemam 7, (v) and (vi), 
Zou (wo X wX Wi) reduces to a point (Wo, W; wi) and v is a generic 
point of W; over K. Let hi be the point on G; corresponding to t. Then 
we see immediately that gi’ go = g'i go = ħa which proves g—g Since 
WiNW;,— Ø whenever 1347, and since we have taken for G; the graph of 
our normalization W;— G@’, it follows that GiN G;—-@ wherever 1547. 
Our statement (iii) follows now immediately. 


COROLLARY 1. Let A be a polarized abelian variety, polarizzd by a set 
x. Then G(A,X) is a finite group. 


Proof. Let V be a variety and Z be a subvariety of V X À X A such 
that Z(v) defined by (vX 4 X 4)-Z = X Z(v) is the graph of an auto- 
morphism f, of the underlying polarized variety of A. Let O be the neutral 
element of A and put f,(0)=0O,. Then f,—0O,-=-a is an automorphism 
of our polarized abelian variety A. Let k be an algebraically closed common 
field of definition for A, for V and for Z. Then since & is an automorphism 
of A defined over k(v), we see that a is defined over k, by taking v to be a 
generic point of V over k (cf. Chow [2]). Therefore, when v is a point 
on F such that Z(v’) is defined and is the graph of an automorpaism of the 
underlying polarized variety of A, fe — Oy =a. Our corollary now follows 
immediately from our theorem. 


\ COROLLARY 2. Maintaining the same notations and assumptions as our 
theorem, Go is a normal subgroup of G. Denoting by P(U) the Picard 
variety of U and by B the canonical homomorphism of Ga(U) cento P(U), 
there is a rational homomorphism F of G into P(U) defined by F(q) 
== B(Zo(g)7(X)—X) with a fixed U-divisor À. F depends only on the 
class of X with respect to algebraic equivalence. When we take X to be a 
linearly effective divisor on U, the kernel H, of F is a subgroup of a projective 
general linear group, and Hy is a normal subgroup of Go. 
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Proof. Let K be a common field of definition for U, for every Gi, Zi 
and for P(U) and £. Since G is a group variety of finite index in G, it 
follows that G is a normal subgroup of G. Let X be a U-divisor and K” be 
a field containing K over which X is rational. Let g be a generic point of 
Go over K’ and let F be the mapping of Ge into P(U) defined by 


P(g) =B(Zo(g)"(X) —X). 


Then F is an everywhere defined rational mapping. F is then a rational 
homomorphism up to a constant (cf. Weil [17], no. 19). Since the neutral 
element e of Go is such that Z,(e) = A, it follows that F itself is a homo- 
morphism. Let Y be another U-divisor such that X==YmodG,(U), and 
F be the similar homomorphism defined in terms of Y. Since we have 
Zo(g')*(ZX—Y}) ~ (X — YF) for any g'on Ge by our Prop. 5, it follows 
that F— W. Let us now assume that Y is linearly effective. Then since 
the kernel H, of F consists of those g’ such that Zo(g) (X) ~X, it follows 
that Ho can be identified with an algebraic subgroup of the group of pro- 
jective transformations PGL(m), where m=={(#)—1. Our corollary is 
thereby proved. 

Let U be a non-singular projective variety and G be an abstract group 
of automorphisms of U. Then by Proposition 5 and Theorem 6, we see that 
G contains the largest connected algebraic subgroup and to put a structure 
of polarization on U has an effect of cutting down the set of cosets with 
respect to the subgroup to a finite set. The author found this when Weil 
pointed out that the original proof of our Corollary 1 can be generalized 
to our Theorem 6. 


Section 4. 


12. We shall define the field of moduli of a polarized variety (resp. 
abelian variety) V. Let B(V,X*) = U B(V, A), where X* is the subset of 
X defined in our Theorem 4. Then the field of moduli of V is the smallest 
field K with the following properties: 


(i) One of the P(V,X) in the above expression for $(V,X*) is 
defined over K; 


(1) Every other 8(V,%) in the above expression for %(V,Z*) is 
defined over a separably generated extension of K. 


We are going to prove some lemmas, which we shall need to prove the 
existence theorem. 
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Lexma 8. Let V be a complete non-singular variety (resp. abelian 
variety) and À, W be complete families of V-divisors consisting of alge- 
braically effective positive divisors. Let K be a field of definition for B(V, N). 
Then P(V, W) is defined over an algebraic extension of K. 


Proof. Without loss of generality, we may assume that K is algebraically 
closed. First let us assume that V is a complete non-singular variety, and 
X, Y be divisors in W, W respectively.’ Since K is algebraically closed, there 
is a variety V’ contained in H(V, A), defined over K. There is an iso- 
morphism f between V and V’ such that Y is transformed to the complete 
algebraic family on V’ containing a hyperplane section of V’. Also Y is 
transformed to the complete algebraic family on V’ containing F(Y) by f- 
Since 2(f(¥)) is a complete family and since K is algebraically closed, 
W(f(Y)) is defined over K. Since B(V, W) == BV’, UF(V))), our lemma 
follows from Theorem 8 in this case. When V is an abelian variety, our 
lemma follows easily from the definitions and from what we have proved. 


Lemma 9. Let V be a complete non-singular variety (resp. abelian 
variety) and X be a positive algebraically effective divisor. Assume that 
W(X) and U(mX) are complete total families of V-divisors, where m is u 
positive integer. Let K and K’ be the smallest fields of dejinitions of 
BV, U(L)) and B(V,A(mX)) respectively. Then K is a subfield of K. 


Proof. Since ®(V,%(X)) has a structure of an algebraic variety over 
K by Theorem 3, we can speak of a generic variety of P(Y, A(X)) over K. 
Let V* be a generic variety of it over K. There is an isomorphism f* of V 
onto V* such that f*(X(X)}) is a complete total family of V*-divisors con- 
taining hyperplane sections of V*. Hence f*(2(X)) contains a rational 
divisor over any field of definition of the underlying variety of V*. Let K* 
be a regular extension of K, over which V* is defined. Then since f*(N(X)) 
contains a rational divisor over K*, and since it is complete and total, it is 
defined over K* (Matsusaka [6], Prop. 1). f“(X(m%*)) is the complete 
total family on V* containing f*(mX) and hence it also contains a rational 
divisor over K*. Therefore f*(2(mX)) is also defined over K*. Since 
BV, U(mX)) =P(V*, f*(W(mX))), it follows that B(V,W(mX)) is 
defined over K*. On the other. hand, 8(V,%2(mX)) is defined over an 
algebraic extension of K by Lemma 8, therefore it is defined over K and our 
lemma is thereby proved. 


Lemma 10. Let U be a non-singular variety in a projectwe space and 
X be a positive U-divisor such that A(X) and W(mX) are total quasi-complete 
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families consisting of algebraically effective divisors, where m is a positive 
“integer. Let K be a corvmon field of definition for U and U(mX). If m 
is prime to the characteristic p, U(X) is defined over a separäbly algebraic 
extension of K. | | 


Preof. In order to prove our lemma, we may identify K with its 
separably algebraic closure. Since every element in the algebraic closure K of K 
is purely inseparable over K, A(X) has no other conjugate than itself over K 
since it is quasi-complete Let K’ be a purely inseparable extension of K over 
which %(X) is defined, and X* be a generic divisor of W(X) over K’. 
Without loss of generality, we may identify X* with XY. Let K’(u) be the 
smallest field containing K’ over which X is rational. There is a positive 
integer s such that K(u*") is a regular extension of K, where ur is the 
point whose coordinates are the p*-th power of the coordinates of u. Also 
there is a positive integer t such that p*X is rational over K (ur), Since m 
and pt are relatively prime, there are two integers a and b such that when 
Y is a generic divisor o X(mX) over K (ur), aY + bpiX = X mod G(U). 
Moreover, al + bp'X is rational over a regular extension of K by our 
choice of Y. We claim that @*(«¥ + bpt¥) contains a positive divisor. 
Since aY + bptX — YX is algebraically equivalent to 0, there is a positive 
divisor X’ in A(X) such that aY + bpiX —X~X'—X, Therefore, 
&* (aY + bpiX) contains a positive divisor, and we may assume that X’ 
is rational over the same regular extension of K over which aY + bptX 
is rational (cf. Weil [16], Chap. VIII, Cor. 1, Th. 10). Since A(X) 
contains a rational divisor X” over a regular extension of K, and since it is 
quasi-complete total family, A(X) is defined over a regular extension of K 
(Matsusaka. [6], Prop. 1). . Therefore X(X) must be defined over K and 
our lemma follows now from Theorem 3. 


13. 


THEOREM 7. Let V be a complete non-singular variety (resp. abelian 
variety), polarized by a set X and assume either that the order of G,(V)/G.(V) 
is prime to the characteristic p.or isomorphisms between V’, V” in B(V,X) 
are defined over separably generated extensions of any common field of 
definition for V’, V”. Then there is the field of moduli of V. When the 
characteristic is 0, tt has the additional property that any field of definition 
of H(V, A), which appears in the expression for B(V,X*), contains the field 
of moduli. ` | 
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Proof. Let r be the order of Ga(V)/Ga( V). By Proposition 4, there 
is the divisor class Jt* on V with respect to G,(V) such that X belongs to X 
if and only if X is positive and belongs to mYt* for a certain positive integer 
m. There is a positive integer ma such that whenever m’ > mo, mR is not 
empty, contains a numerically effective divisor and is covered exactly by + 
compiete total families (cf. Th. 1). Let us fix an integer m’ with that 
property. Let mN be covered by complete total families X(X;). Let us denote 
by kÆ, the smallest field of definition of B(V,2(4,)). Put K*—h,U---Uk, 
and let kim be the smallest field cf definition for $(V,X(mXY;)), where m 
is a positive integer. We shall skow that &* contains kim and is a finite 
normal extension of the latter, satisfying | K*: kim], <r. 

By Lemma 9, k; contains kim and the former is an algebraic extension 
of the latter by Lemma 8. Since there is a positive integer a such that aX; 
and aX; are algebraically equivalent to each other on V, and since X(aX;) 
is a complete total family consisting of numerically effective divisors by our 
choice of m’, k; is an algebraic extension of kia again by Lemmas 8 and 9. 
If we take a to be a multiple of m, kim itself is an algebraic extension of 
kia and consequently k:U k; is an algebraic extension of kim for every 7. 
Thus we have shown that K* contains kim and is an algebraic extension of 
kim. Let k, be the prime field and let W; be the open algebraic variety, 
which is the set of points c(f(V)), where f is a non-degenerate projective 
embedding determined by a divisor in %(X;) (cf. Th. 3). Let (w;) be a 
set of quantities such that ko((wi)) =k Let U; be a generic variety of 
BV, U(mX,)) over kı and kim(u;) be the smallest field of definition for 
U, containing kim. There is an iscmorphism between V and Uj, say fọ such 
that f;((mX;)) is the complete total family of U,-divisors containing hyper- 
plane sections of U;, and we have clearly BV, A(X;)) = PU, fi( MN CX;)) ). 
Let a be an automorphism of the universal domain over kim(wi). We have 
U =U, (fi(U(X;)))% == Ui) )*). Therefore kim((w;)*) is the 
smallest field of definition for (Ui, M((fi(4;))%)). Since f,(2(mX;) ) 
contains a rational divisor over kim(ui), it follows that f;(X;)*==f:(X;) 
modG,(V) and this shows that kim((w;)*) coincides with one of the 
kim((w;)). Since K* = kım( (w1), © +, (w,)), it follows that K* is a 
normal extension of kim and [K*: kim], Er. 

Let kim be the largest purely inseparable extension of kim in K*. 
When # is a positive integer, we have kim D kitm by Lemma 9 and K'itm is 
the smallest subfield of K* containing kim over which K* is a separably 
algebraic extension. Therefore, we have Kim D itm and [K*:F iim] Sr. 
From this we see that there is a positive integer ¢ such that whenever ¢ > fo, 
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we have #’; 1m = ktm. Let us take m and m’ to be prime to the characteristic 
‘p (this is certainly possible because of our Theorem 1) arid put 


K == 4 tom 


We are going to show that K is the field we are looking for. Let B(V,X(F)) 
be a component of P(V,Æ4*) and (y) be a set of quantities such that £,((y)) 
is the smallest field of definition for B(V,UY(V)). Y is contained in s¥t* for 
a suitable choice of s by Proposition 4. Let t be a positive integer prime to 
the characteristic p. Then b == tmm is prime to p and Jt(bsX;) =N (bm'Y). 
Moreover, we have K =k’,,;. Let U be a generic variety of B(V,X(bsX;)) - 
over K, then it is still a generic variety of.it over K* and there is an iso- 
morphism g between V and U. such that g(%(bsX;)) is the complete total 
family on U, containing hyperplane sections of it. Let K (uw) be the smallest 
field of definition for U containing K, which is a regular extension of K 
by Theorem 8. Then since g(2{(6sX;)) contains a rational divisor over 
K (u), it is defined over K (u) (ct. Matsusaka [6], Prop. 1). 

Assume for a moment that G,(U)/G,(U) has a set of representatives 
in G,(U) which consists of divisors rational over a separably generated 
extension of K(w). Then 3(bsX;) is covered by r complete total families 
consisting of numerically effective divisors by our choice of m’ and each 
family is defined over a separably generated extension of K(u) (cf. Matsusaka 
[6], Prop. 1), and consequently over a separably algebraic extension of K (u). 
Therefore &(g(bm’Y)) on U is defined over a separably algebraic extension 
of K(u) and since b and m’ are prime to p, it follows that 2%(g(V)) itself 
is defined over a separably algebraic extension of K (u) by Lemma 10. This 
implies that %3(U,%U(g(Y))) is defined over a separably algebraic extension 
of K(u) by Theorem 3; since P(V,NA(FY)) =B(U,U(g(¥))), our field K 
_ satisfies our requirements (i) and (ii). Let us prove now that K is the 
smallest field having the properties (i) and (ii). Let K’ be any field satis- 
fying (i) and (ii). By Lemma 8 and by the definition of K*, K*U K’ is a 
separably algebraic extension of K’. By (i), there is a component B(V, U(Y)) 
of B(V,X*) such that it is defined over K’. There are two positive integers 
b and c such that N (bX) — W(e¥) and we may take b to be a multiple of 
tom. Then ki, is the smallest field of definition for $(V,%U(cY)), which 
is a subfield of K’ by Lemma 9. By our choice of b, we have kip C his K. 
It follows that K is a purely inseparable extension of K N K’. Let d be any 
element of K, then d is purely inseparable over K’ and is contained in 
K*U K’. Since K*U K’ is separably algebraic over K’, d must be in K’, 
which proves that K is a subfield of K”. 
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Now let us prove that G,(U7)/G,¢U) has a set of representatives in 
G,(U) which consists of divisors, rational over a separably generated extension 
of K(u). First assume that r is prime to p. Put Z = 9g(bsX;). then N(Z) 
contains a rational divisor over K (u), i.e. a hyperplane section of U, and 
is covered by r distinct complete total families, Let W, - -,%, be such 
and assume that Z is contained in %,. Then A, is defined over K (u) since 
it is our g(W(bsX;)). Since r%,—7%M;,, rA; is also defined over K(w) and 
hence M; is defined over a separably.algebraic extension of K (u) by Lemma 10. 
Therefore M; contains a divisor which is rational over a separatly algebraic 
extension of K(u). Our assertion is proved in this case. Next assume that 
isomorphisms between V’, V” in %(V,X*) are defined over separably generated 
extensions of any common field of definition for V’, V”. Let U,,---,U, 
be independent generic: varieties of (V,U(X.)),- - -,B(V,UCX,)) over 
K*(u). There is a regular extension K*(u,w) of K*(u) over which every 
U; is defined. Let g, fı be isomorphisms between V and U, V and JU; 
respectively. Then g-f;1 is an isomorphism between, U; and U which is 
defined. over a separably generated extension of K*(u,w) by our assumption. 
MW (f:(X;)) is defined over K* (u, w) and since we have g(Xi) =g fr*(fi(X1)), 
A(g(X:)) is defined over a separably generated extension of K*(u,w). 
Hence A(g(X:)) contains a divisor which is rational over a separably 
generated extension of K*(u,w) and our assertion is proved also in this case. 


When p=0, the second condition about the field of moduli is auto- 
matically satisfied. Therefore, K is the smallest field over which one of 
components of 3(V, £*) is defined. Our theorem is thereby proved completely. 

Assumptions in our theorem are satisfied when p==0, or when V is a 


polarized abelian variety (cf. Chow [21). Hence in these cases, there exist 
fields of moduli. 


14. Let U be an algebraic variety and G== {fi}, 0171, be a finite 
group of automorphisms of U. The quotient variety of U with respect to G 
is, by definition, the following pair (W,#) of a variety W anc a rational 
mapping ¢ of U onto W: 


(i) @ is defined everywhere on U; 
(ii) of; for all 4; 
(iii) When ¢’ is a rational mapping of U onto a variesy W’ with 


p = p: fi for all i, then ¢’ —y-¢, where y is a rational mapping of W onto 
W” such that when ¢’ is defined at u’ on U, y is defined at #(u’). 
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Sometimes ¢ is called the canonical mapping of U onto W. (W,¢) is 
clearly defined uniquely up to an isomorphism when it exists. When U is a 
projective variety, the existence has been proved by Serre (cf. J. P. Serre 
[12], §3, no. 13). Moreover, when that is so, W can be realized as a projec- 
tive variety; when U is defined over a field k, the f; are defined over a 
separably algebraic extension of k and f: = f;€ G whenever « is an auto- 
morphism of the universal domain over k, then there is a quotient variety 
(W,) such that W and ¢ are defined over k. Let now A be a polarized 
abelian variety, polarized by a set of divisors X. By Corollary 1, Theorem 6, 
@(A,X) is a finite group and when # is a field of defintion for A, every auto- 
morphism in @(A,X) is defined over a separably algebraic extension of k 
(cf. Chow [2]). Hence there is a quotient variety (W,¢) of A with respect 
to (A,X) such that W,¢ are defined over k and that W is a projective 
variety. In general, the quotient variety (W, œ) of A with respect to G (4, £) 
shall be called a generalized Kummer variety of the polarized abelian variety 
A. When the ring of endomorphisms of A is isomorphic to the ring of 
integers, (A,X) consists of two elements and in this case our generalized 
Kummer variety coincides with the usual Kummer variety of A. It is easy 
to see that any generalized Kummer variety is such that its Albanese variety 
teduces to a point. 


TEOREM 8. Let V be a polarized variety (resp. polarized abelian 
variety}, polarized by a set X and assume that there exists the field of moduli. 
Assume the following: 


(a) G(V,Æ) is a finite group; 


(b) For any pair (U, U’) of elements in B(V,X) and for any choice 
of a common field of definition K’ for U and U’, isomorphisms between U 
and U’ are defined over separably generated extensions of K’. 


Let K be the field of moduli cf V, then to each U in (V, X), there is 
a quotient variety (W,oy) of U with respect to the group of automorphisms 
of the polarized U with the following properties: 


(i) W ts defined over K and is independent of U; 


(ii) oy ts defined over the smallest field of definition for U containing 
K; 

(iii) When U and U’ are any two elements in B(V,Æ) and fyuy is an 
isomorphism of U to U’, then do = @u' fou. 
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(Remark: When V is a polarized abelian variety, (a) and (b) are auto- 
matically satisfied (cf. our Cor. 1; Th. 6; Weil [17], Th. 6; Chow [2])). 

Proof. Let U, and U, be elements of B(V,£) and kı, ka be she smallest 
fields of definitions for Ui,U, respectively. Let the (Wi,¢;) be quotient 
varieties of the U; with respect to the groups of automorphisms @(U;) of Ui. 
We shall show that there is an isomorphism w, of W, and Wa such that 
2° fz21 = Y2,1' Qı for any isomorphism fsı of U, to U2, and that when k’ is a 
common field of definition for Wi, ¢1, W: and œz W2,1 is defined over k’. It is 
easy to see that our two groups ©(U,) and G(U-2) are isomorphic by the 
correspondence fj" — fo1°fj,-fe.7, where the f, are elements of G(U,). 
Moreover, every isomorphism between U, and VU, can be written as f,,°f;. 
This shows in particular that the set of isomorphisms between U. and U, is 
finite by (a). Let x be a generic point of U, over k’. We claim that the 
mapping yı defined by (x) — ¢2(fe1(%)) satisfies all our requirements. 
In fact, since f,.°fj can be written as fi® -> fa, where f; is an element of 
@(U.), we see that 


a (for (fs (2) )) = pa (HP (fat) )) = pe (f2 (2)). 


Hence our assertion is proved. 

By Theorem %, there is a component Y of X* such that W(V, A) is 
defined over the field of moduli K. By our definition of Æ*, X is a complete 
total family consisting of algebraically effective divisors. Let U„ and U, be 
two independent generic elements of (V, A) over K such that K(u) and 
K (v) be the smallest fields of definitions for U, and for U, containing K 
(cf. Th. 3). Then K (u) and K(v) are regular extensions of K such that 
they are linearly disjoint over K. Then there exist quotient varieties ( Wu, Pu), 
(Wo, bo) of Un, Us with respect to the groups of automorphisms @(U,), 
@(U,) of polarized varieties Ua, U», defined over K (u), K (v) respectively by 
our assumptions (a) and (b). Bv what we have observed, there is an iso- 
morphism Wuv of W, to W, defined over K (u,v) such that $y: foe = Yan w 
for any isomorphism f,, between U, and Us. Let now u,v and w be three 
independent generic specializations of u over K. Then we see easily that 
Vu Wey = You Since Um Uv, Uw are projective varieties, we may assume 
that W,, Wo, Wu are again projective varieties. Therefore, there is a variety 
W in a projective space defined over K and the isomorphism A, ketween W, 
and W defined over K (u) such that yu = hy>' ha (cf. Weil [21], Th. 5). 
Put ou = hu'u. Clearly, (W, u) is also a quotient variety of U, with 
respect to G(U,). Moreover, for any isomorphism f,,, of U, to Uy, we have 


py * fau == Qu- 
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Let U’ be any element of $8(V,X) and (W’,¢’) be a quotient variety of 
U’ with respect to G(U’). By what we have seen in the beginning of our 
proof, there is an isomorphism # between W and W’ such that, for any 
isomorphism f, of U, to U’, we have ¢’-f,’=w'-¢,. Hence if we put 
¢’ =y p, (W,¢’) is a quotient variety of U’ and satisfies (i) and (ill). 
Let K’ be the smallest field of definition for U’ containing K. By (b), we 
may then assume that (W’,¢’) is defined over K’. By the definition of ¢’, 
$ = $y‘ fy? for any isomorphism f,’ of U, and U’. Therefore # is defined 
over K’(v) by our assumption (b). Since we can write also ¢’ == Qu fu 
for any isomorphism fẹ of U, and U’, ¢’ is also defined over K’(u) and 
this proves that K’ is a field of definition for ¢’. Our theorem is thereby 
proved. 
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CONFORMAL INVARIANTS AND PRIME ENDS.* + 


By ERNEST C. SCHLESINGER. 


Introduction. From the point of view of conformal mapping, it is 
unsatisfactory to consider the individual points of the boundary of a simply 
connected region as the primitive constituents of this boundary. When such 
a region is mapped conformally onto the unit disk, in accordance with the 
Riemann mapping theorem, the points of the unit circumference correspond, 
indeed, to the prime ends of the region. These prime ends are here con- 
sidered as equivalence classes of sequences of points of the region under a 
relation P*, The principal tool we employ to introduce this relation is 
extremal length, a conformally invariant quantity associated with a family 
of curves. Its definition was first given by Ahlfors and Beurling ([2], [3]). 

The term “prime end” originated with Carathéodory [4], who ini- 
tiated the systematic study of the structure of the boundary of a simply 
connected region. His approach was topological, and it dealt with concepts— 
subregions, crosscuts, etc.—which are defined with reference to the given 
region. It is easily seen that with Carathéodory’s definition the prime ends 
of the unit disk correspond to points on the circumference in the sense that 
an equivalence class is associated with each boundary point and that two 
sequences belong to the same class if and only if they converge to the same 
point of the circumference. The problem that arises under his approach, 
however, and this is solved by one of Carathéodory’s fundamental theorems, 
is that one must show that prime ends are preserved under conformal mapping. 

Lindelöf [6] circumvented this difficulty by defining prime ends by 
reference to the conformal map of the disk onto the region; namely in terms 
of the set of indetermination or cluster set. However, his method does not 
obviate an explicit analysis of the topological situation in the region itself. 
Lindelöf also obtained the following result, which is related to the classification 
of prime ends. 

Carathéodory had distinguished two classes of points, principal and sub- 
sidiary (see Section 2.7, below), on the point set of a prime end, i.e. on the 
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set of accumulation points of all sequences belonging to the prime end. 
Lindeléf showed that if a sequence of points of the disk converges to a 
boundary point in an angle (non-tangentially) then the image sequence has 
only principal points of the corresponding prime end for accumulation points. 
This is a precise way of stating that the principal points form a kind of 
nucleus for the point set of the prime end. 


Two other schemes for defining prime ends deserve brie? mention. 
Mazurkiewicz [7] introduced a metric, pr (21; 22), equivalent to the euclidean 
metric in the region in the sense that o7(z;,2,) — 0 if and only if | z; — 2o | —0 
for any sequence {z;},° of points of the region. The boundary of the region 
with respect to pr (i.e. the complement of the region with respect to its pr- 
completion) is a space which can ke identified with the set of prime ends of 
Carathéodory. 

Ursell and Young [9] have used the notion of an equivalence class of 
paths, which converge to the boundary of the region, to introduce the prime 
ends of the region. 


. The purpose of the present paper is to define prime ends once more. 
We use extremal length, and thus, we are able to give our definiticn in terms 
of constructs related to the region itself, while we obtain the conformally 
invariant nature of our prime ends immediately, since extremal length is a 
conformally invariant quantity. Finally, we state and prove in a conformally 
invariant form the theorem of Lindelöf, relating to approach in an angle, 
to which we referred above. For this purpose we attach a conformal invariant 
(an extremal length) to each point of a sequence which converges to a prime 
end. Our condition is then formulated in terms of the boundedness of the 
sequence of conformal invariants. 


The author takes this opportunity to express his particular gratitude to 
Professor Lars V. Ahlfors of Harvard University who suggested the problem 
and whose encouragement and guidance at every stage made the completion 
of the study possible. 


I, Extremal Length. 


1.0 Summary. Our principal tool is extremal length, a conformally 
invariant quantity associated with a family of curves. In this section, we 
first make precise the special meaning of some of the terms used in the sequel. 
Then we give the definition of extremal length, and state, partly without 
proof, those of its properties which are needed for our investigation. 
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1.1 All our point sets are assumed to lie on the Riemann sphere, which 
we denote by 3. The spherical distance, y(z,w), of the points with coordi- 
nates z and w, is used throughout. 


A region, as always, is an open connected subset of 3; it is simply 
connected if its complement with respect to 3 is connected. The closure 
and boundary of a region Q are denoted by © and bdQ, respectively. A 
configuration consists of a region and a set of distinguished points of the 
closure of the region. This set may contain interior points, isolated boundary 
points, or sub-continua of the boundary of the region. 


Lat Q be a region. An are of Q shall be a continuous map, z=2z,(¢), 
of an (open, half-open, or closed) interval into G. We denote the map and 
the point set of the arc, i.e. the subset of the region Q onto which the 
interval is mapped, by the same symbol y; when we want to emphasize that 
we are dealing with the point set, we shall occasionally use (y). A closed arc 
of Q is the continuous map of a closed interval into Q for which the images of 
the initial and terminal points coincide. An arc y is simple, if 2,(¢,) == 2(te) 
only iz t, = t or (in case of a closed arc) if {, and f, are endpoints of the 
parameter interval. 


We shall also consider certain finite collections of arcs of Q; such a 
collection of ares we shall call a generalized curve. 


An are y of Q will be called a crosscut of Q, provided its point set, (y), 
is the homeomorph of an open interval, and Q— (y) has precisely two com- 
ponents.” When we consider, in the sense of the preceding paragraph, 
generalized curves whose constituent arcs are crosscuts, we shall insist that 
the corresponding point set be connected. Thus we have the following 
definition. 


DEFINITION 1. A generalized crosscut of Q is a finite collection r of 


# 
CTOSSCULS Yis Vas” `, Yn Of Q, such that the point sel (Tr) == |] (y;) ts connected. 
j=l 


1.2 Let Q be a region, {y} a family of generalized curves of Q, and 
let p(z) be a non-negative real-valued function defined on Q. If p*(z) is 


? This is a modification of the classical definition, according to which the point set 
of a erosseut is the homeomorph of an open interval with the additional property that 
this hcmeomorphism is the restriction of a continuous map of the closure of the interval 
into the closure of the region, and that the endpoints of the interval correspond to 
points on the boundary of the region. It is well known that these classical crosscuts 
have the separating property demanded above {[5]; p. 106). However, this formulation 
of the notion of a erosscut does not yield a conformally invariant concept. 
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integrable over Q, we set Ag(p) =A (p) oa p Nene (2 == g -+ iy), 
and otherwise, Ag(p) =œ. 


Let y be a curve of the family {y}. If there is a finite o> countable 
sequence {yi} of disjoint rectifiable arcs, which are parameterized by their 
are lengths (i.e. the arc y; is given by 2—2(s), where Os; i, and I; is 
the length of y:), such that (y) = U (y), and if the integrals appearing in 

1 


‘the following sum exist in the sense of Lebesgue, we set 


lo (y) = PUS) ds, 


If y cannot be represented in the above fashion, we set Ip{y) =o. Finally, 
we introduce the quantity 


L(p) = Lim (p) = ink lp (y), 
y ety} 
where we agree that Liy, (p) =œ in case the family {y} is empty. 


1.3 Extremal length. The function p(z) shall be called admissible 
(with respect to Q and {y}) if A(p) and D(p) are not both zero or both 
infinite. 


DEFINITION 2. ([2], [3], [8]) The quantity 


Ag(y) =A(y) =sup L?(p)/A(p), 


where the supremum is taken over all admissible functions p(z), is called 
the extremal length of the family cf curves {y} with respect to the region Q. 


The following observations are found in the literature. (For example: 
[1], [8].) 
(a) Extremal length is a conformal invariant. 


(b) The extremal length Ap(y) depends only on the carrier of the 
family of curves {y} and not on the remainder of the region Q. 


(c) Since the ratio L?(p)/A(p) is homogeneous of degree 0 in p, we 
can introduce certain normalizations in the class of admissible functions: 


(i) Under the additional restriction that A(y) <œ, we have A(y) 
== sup Liy}? (p), where the supremum is now taken over all admissible func- 
tions p for which A(p) =1. | 
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(ii) IfA(y) > 0, we have A- (y) = inf Á (p), with the infimum taken 
over admissible p for which Leo) Zi. 


(iii) In case 0<A(y) Low. we may take A(y) —supL{(p). the 
supremum being taken over all admissible functions p which satisfy the 
condition Liy (p) = A(p). 


1.4 The comparison principle. The following lemma and its corollary 
allow us to give simple estimates for the extremal length. The proof is 
included as a typical one. 


Lemma 1. Let {y- and {y} be two families of generalized curves of a 
region Q such that each y € {y} contains a y' E {y}. Then rA(y) BA(y’). - 


P roof. Let e™> 0 5e given and let p’(z) be admissible for the family 
{y}, subject to the condition that 


(1) Diy (p')/4 (p') > A) —e. 
We define a function po(z) in Q hy 


po(z) =p (2) if z belongs to some y”, po(z) —0 otherwise. 


For y€ {y}, let y be one of the elements of {y} contained in y. Then 


(2) loo ly} = Lin (P), 
since either lpg(y) = 00, or 


lpo(y) -j po ds = Í, p' ds = Ip" (yY) = Livy (e). 


Formula (2) holds for each y€ {y}, so that 


(3) Liy (po) = Liya lp). 
Also, it is clear that 
(4) À (po) = A(p’). 


We must show that pọ is admissible for the family {y}. Since the 
lemma holds trivially if A(y’) —0, we may assume that A(p’) co, and 
a fortiori A(po) <œ. If A(po) == 0, then either (i) A(p’) 0, or (ii) 
A(p’) >0. In case (i), Ley 3(p’) > 0, since p’ is admissible for {y}, while 
in case (ii), we choose e so that 0 <<e <A(y’) in (1), and we conclude from 
that formula that Liy} (o) > 0. In either case, therefore, A (po) = 0 implies, 
by (3), that Liy} (po) > 0; hence, pọ is admissible for {y}. From formulas 
(3) and (4), we obtain 


Liy? (p0)/A (po) = Ley? (p’) /A (0’), 
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and therefore, by (1), A(y) >A(y’)-—e This holds for each positive e, 
and consequently, A(y) 2A(y7’). 


COROLLARY. In particular, if {y} is contained in {y}, then A(y) = Ay’). 


1.5 For the following two configurations we can compute extremal 
lengths explicitly. (For prcofs see [1] or [8].) 


(a) Let Q be the interior of a rectangle with sides of lengths a and b, 
and let {y} be the family of crosscuts of Q which connect the two sides of 
length a. Then A(y) = b/a. 


(b) Let Q be the interior of the annulus formed by two concentric 
circles of radii r and R(r< =£). The family {y} of crosscuts of Q which 
connect the two circles has extremal length A(y) = + log(R/r), while the 
family {y*} of simple closed arcs of Q which separate the two boundary 
components has extremal length A(y*) = 2z/log(R/r). 


1.6 The next result allows us to conclude that if the union of two 
families of curves has vanishing extremal length, the same is true of at 
least cne of these two families. 


Lemma 2. If {y} and {y”} are two non-empty families of generalized 
curves of a region Q, and {y°} ts the union of these two families, then 
A(y’) > 0 and A(y°) —0 imply that r(y"") = 9. 


Proof. [8; Satz 5] Assume A(y’) > 0, and let p’ and p” be admissible 
for the families {y’} and {y”}, respectively; we normalize by the conditions 
that Lyso) 221 and Lyn (p”’) 21. Set po(z) = max{p’(z),07(z)}. It 
is clear that Ly (po) 21, and À (po) SA(p’) + A(p”). Hence, the func- 
tion pa is admissible for the family {y°}, and 


A (Y°) S int A (po) S inf A (p’) + inf 4 (p”), 


where the first infimum is taken for all functions pọ of the above form and 
the last two infima are taken for all admissible p’ and ”p. Consequently, 
Ay?) X (y) + Ay”), and this contradicts the assumption that A(y°) = 0. 


1.7 The material of the present section is required in the third part 
of this paper. The proofs are simple applications of the comparison prin- 
ciple (Lemma 1) and Section 1.5 (a). 


DEFINITION 3. ([2]) Let E, and E, be closed disjoint sudsets of the 
boundary of a region Q. The extremal length of the family of crosscuts of 
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Q which have one endpoint on E, and the other on E, is called the extremal 
distance of E, and E, with respect to Q, and it is denoted by Ag( Fi, E2). 


In Section 1.5 (a), we saw that the extremal distance of the vertical 
sides of a rectangle of dimensions 4 X b is a/b; the extremal distance of the 
horizontal sides is b/a. We nocte that the product of these two extremal 
distances is 1. 

We are concerned with the following configuration embedded in the 
unit disk K. Let Æ, te the right semicircular arc, (+4, +4 1,—42), cf the 
circumference of K, and let E, de the segment of the real axis from — 1 to 
the point a (—1l<a<-+1). The upper semi-circular region is denoted 
by &. 


3MMA 3. The extremal distance of SH, and SH, with respect to S 
is twice that of E, and E, with respect to K— Ez; in symbols: às (SE, SE) 
Fe 2Ar-2, (F1, E) ` 


Proof. It is possible to map K — E, conformally and one-to-one onto a 
rectangle with horizontal and vertical sides of lengths u and v in such a way 
that E, corresponds to one and F, (traversed twice) to the other horizontal 
side. By conformal invariance, Ax_r,(#:, Ea) —v/u. If the above rectangle 
is bisected by a verticel line, its right half will correspond to S under the 
inverse of the above map, and we have 


Ag(SE,, SE2) == 0/(u/2) = 2dx-n, (En Ee). 


Lemma 4. If Hs is the left boundary arc of K, and E, ts the segment 
of the real axis from the point a to +-1, then 


ien (Bo, Be) ral, Be) = 4. 


Proof. This follows immediately, for by the preceding lemma we also 
have Ag(SH3, SE) — re, (E:, E4), and in view of an earlier remark, 
Ag (SEs, SE) j Ag (SH, SH.) = ], 


THEOREM 1. The extremal length of the family {y} of crosscuts of K 
with endpoints on E, which separate the point a from E, is four times the 
extremal distance of E, and E, with respect to K —E,, 


Proof. We first show 


Let p(z) be a function which is admissible for {y}; we introduce the 
symmetrized function p==p—+5, where p(z) —p(Z), and Z is the conjugate 
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of z Then Ag(p) S 2Ax(p), since As(5) = 3Ax(p) by symmetry, and an 
élementary estimate (Minkowski’s inequality), together with the observation 
that Ax(p) =Axr(p), shows Ag(p) = 4Ax(p). 


By {8} we denote the family of crosscuts of S with endpoints on SH, 
and SE, respectively. If 8 belongs to this family, it, together with 8, its 
reflection in the real axis, forms a crosscut of K which separates a from Fs 
and has endpoints on #,; in short, 8U ê= y€ {y}. We have 


Lin (e) S lp (y) =l (8U 8) =1p(8), 


and hence, Ly4;(p) S Læ (p), so that, since it is immediately verified that 
6 is admissible for {8} and 8, 


Le (p)/Ar(p} SS RL (p)/As (A) S 2s (8). 


This relation holds for each p admissible for {y} and K, and this we have 
formula (1). 


Next, we have 
(2) Ar (y) = Lx, (Pi, #2). 


Namely, if {8} is the family of crosseuts of K— E, with endpoints on F, 
and Æ,, respectively, we let e be a positive number, and we consider a function 
p(z), which is admissible for {8} and such that 


Lisy? (p)/Ax-ne(p) > An-w (8) —e/4. 
Then we define po(z) for z€ K by placing 
po(z) = p(z) if there is a & in {8} for which ze &, 


and po(z) —0 otherwise. Each y€ {y} contains two arcs, 8, end 82, of 
the family {8}. Consequently, 


loo(y) = lp, (81) + loo (82) = 2L (p), 


and hence, Liy (po) =2Le@y(p); also Ax(po) S Ax-s(p). From this it 
follows that | 


àr (y) = Ley? (po) / An (pe) Z 4L{rÿ (p) /Ar-e (p) > Arr, (9) — e. 


This holds for each positive €, so that (2) is established. Formulas (1) 
and (2) together with Lemma 3, now yield the theorem. 
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II. Property P and Relation P*, Prime Ends. 


2.0 Summary. We consider sequences of points of a simply connected 
region on the Riemann sphere. A P-sequence is one for which the extremal 
length of a certain associated family of crosscuts is 0. We also introduce 
Q-sequences by a similar condition relating to a family of generalized cross- 
cuts, and we show that {an} is a Q-sequence if and only if it is also a 
P-sequence. Two sequences form a P*-pair provided their join, the mixed 
sequence obtained from them, is a P-sequence. Then P* is an equivalence 
relation defined on the P-sequences of the region. (lt is the proof of the 
transitivity of the relation P* which requires the consideration of Q-sequences.) 

We shall see that the P* equivalence classes of a circular disk are in 
one-to-one correspondence with the points of the circumference, and, in 
general, for a simply connected region, the P* classes consist precisely of 
those P-sequences which converge to prime ends of the region in the sense 
of Carathédory. We may therefore identify these prime ends with our P* 
equivalence clases. Since P-sequences and P*-pairs are, by definition, con- 
formally invariant concepts, we obtain an immediate proof of Carathédory’s 
fundamental theorems. | 


2.1 Let Q be a simply connected region, and let A and B be two sets 
contained in Q. Then we say that the generalized crosscut r of Q separates 
A and B with respect to Q, if AU BC {Q—(r)}, and if the set of com- 
ponents of Q—-(r) containing points of A is disjoint from the set of 
components containing points of B. — , 

To formulate our principal definition, we consider a sequence {a,} of 
points of the region Q, together with a closed subset # of Q which has the 
property that a, belongs to the set Q — E, except for at most a finite number 
of subscripts. With this configuration we associate two families of curves: 


{y}, the set of all crosscuts of Q which separate E from almost all ê an, and 
{r}, the set of all generalized crosscuts of 2 each of which separates 
E from almost all a,. 


DEFINITION 4. The sequence {an} has Property P with respect to the 
set E, provided the associated family {y} has extremal length A(y) = 0. 


DEFINITION 4a. The sequence {an} has Property Q with respect to E, 
provided the associated family {r} has extremal length A(t) — 0. 


$ As is customary, “ almost all a,” means “all a, with at most a finite number of 
exceptions.” 
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Remarks. 1. A sequence with Property P will be called a P-sequence, 
and similarly, one with Property Q, a Q-sequence. 


z. The purpose of the family {r} and of Property Q is to “acilitate the 
proof of the transitivity of our relation P* (see Definition 6 and Theorem 4 
below). 


3. Since {y} C {r}, A(y) —0 implies A(r) —0, by the comparison 
principle. We shall see in the sequel that it is true as well, that if A(r) —0 
then \(y) 0; hence the two properties, P and Q, are equivalent. 


4, In Theorem 2, we shall see that Property P is independent of the 
set E; hence, it suffices to speak of P-sequences. When no explizit reference 
to a sat Æ is made, we assume that there is a fixed closed subset Ẹ of Q with 
respect to which a given sequence of points of the region either has or fails 
to have Property P. 


LemMa 5. If {an} is a P-sequence of Q (with respect to a set E), 
then any subsequence is also a P-sequence. 


Proof. Clearly, almost all points of the subsequence belong to Q — F, 
and the family {y}, of crosscuts of Q separating almost all points of the 
subsequence from Æ, contains the family O} Hence, A(y’) SA (y) = 0, and 
the lemma is established. 


: Lemma 6. All accumulation points of the P-sequence {an} le on the 
boundary of the region Q. | 


Proof. Let «€Q be an accumulation point of the sequence. Then a ¢ E, 
since otherwise {y} would be empty, and A(y) co. Therefore, the open 
set Q— E contains a closed disk. A with center œ such that a,€ A for an 
infinite number of indices. If If is a polynomial arc contained in Q which 
connects & to a point 8 of E, then every crosscut y of the family {y} inter- 
sects the continuum x== HU A. Now, x has positive spherical distance 8 
from the boundary. Let p*(z) = (2,00), where w(z,w) is the spherical 
distance. Then, for each yE {y}, lp+(y) 28, and hence, Li- (pë) = 28. 
Since 0 < A(p*) <x, p* is admissible, and we have 


My) BL? (p*)/4 (p*) 2 (4/7)? > 0. 
This contradiction shows that æ cannot be an interior point of the region. 
2.2 THEOREM 2. Let E’ be any non-empty closed subset of Q. Then, 


tf {an} has property P with respect to E, it a0 has property P with respect 
to the set F’. 
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Proof. First of all, we note that almost all points a, belong to Q— F’, 
for otherwise the sequence {a,} would have an accumulation point in F’, 
contradicting Lemma 6. We denote by {y} the family of crosscuts of 2 
each of which separates Æ from almost all an, and we show that if A(y) —0 
then rA(y’) == 0. Two special cases must be dealt with separately. 


(a) IF C E, every y is also a y’; the comparison principle (Corollary 
of Lemma 1) yields A(y) ÆÀA(y), so that A(y) =0. 


(b) Next we assume that E’ is connected, and E C E’. The sets K’ 
and bdQ have a positive spherical distance ô, since they are closed and 
disjoint subsets of 3. Again, we use the spherical metric, p*(z)|dz|, and 
we consider the family of ecrosscuts {y°} == {y}—{y’}. If {y°} is empty, 
Li (p*) =œ by convention, and we have automatically that A(y°) > 0. 
If {y°} is not empty, it follows from the connectedness of E’ that each y° 
of this family intersects the set E”; hence, lpe(y°) = 28, and we may conclude as 
in the proof of the preceding lemma that À(y°) > 0. Since {y} = {y} U {y}, 
Lemma 2, together with our assumption that A(y) = 0, implies that A(,’) = 0. 


(c) For the general case, where Æ and E’ are arbitrary, we consider 
a closeé and connected subset H* of © which contains both E and W. (A 
suitable set Æ* can be constructed in view of Lemma 6.) By (b), the 
sequence {an} is then a P-sequence with respect to #*, and hence, by (a), 
it is also a P-sequence with respect to the set E’. This concludes the proof. 


2.3 We now show that every Q-sequence is also a P-sequence. 


LEMMA 7. For every family {r} of generalized crosscuts of Q with 
A(t) =0, there is a point wE bdQ and a sequence {rtn} of the family, such 
that the generalized crosscuts rn converge to the point w, in the sense that 
the sequence {r,}, defined by r,—sup {y(z,w)| 2€ 7} converges to zero 
with 1/n. 

Proof. The spherical metric, p*(z) == y (z, }, satisfies 0 < A(p*) Sa; 
hence, since A(r) —0, L{r3(p*) —0. Consequently, there is a sequence {ry}, 
contained in the family {r}, for which l,.(r,) decreases to 0. We choose a 
point 6, in each set (ra), and we show first that the sequence {6,} cannot 
have an accumulation point in the interior of the region Q. For, if w were 
such a point, let its spherical distance from the boundary be 38 Each 7, 
meets the set of points of Q whose spherical distance from the boundary is 
less than 6, and an infinite number of the +, also meet the spherical neigh- 
borhood of w of radius 6. For these latter curves, we have then that 
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lps (ra) = 8 > 0, and this contradicts the assumption that lp+(r.) decreases 
to 0. . 

We now choose an accumulation point w of the sequence {b,}. ~w belongs 
to the boundary of the region ©, by the preceding observation. Hence, there 
is a subsequence, which we again call {rn}, with the property that the corres- 
ponding sequence of points {bn} converges to w. Consequently, since Ip (rn) 
converges to zero, we have that r,—> 0. 


THEOREM 3. Let E be a closed subset of the simply connected region Q. 
Then the sequence of points {an} (an € Q) is a Q-sequence of Q with respect 
to E w and only if tt also is a P-sequence of Q with respect to E. 


Proof. The ‘necessity of the condition is obvious, in view of the Com- 
parison Principle. For the sufficiency, we observe that by Lemma 7 there 
is a point w on the boundary of Q and a sequence {r} contained in the 
family {r} which converges to the point œ. Without loss of generality, we 
may assume that w5400. Then the sequence {rz}, Te = sup {| z—wo| | ZE tx} 
(k= 1,2,: : +), converges to zero. Let Cy, be the circle with center at w 
and with radius rẹ (k ==0,1,2,' : :), where r, is chosen so small that Cy 
separates almost all the crosscuts +, from Æ. For each such k, every simple 
closed arc, which separates (in the plane) the circles Co and Cx, contains a 
crosscut (indeed a crosscut in the classical sense) which separates (with 
respect to Q) Æ from almost all a, and which thus belongs to the family {y}. 
Consequently, denoting by {ô+} the family of all such simple closed arcs, 
we have by Section 1.8 (b) and Lemma 1 that | 


À (y) S A (êr) = 2x/10g (ro/rx). 
The right side converges to zero as &—>co, and the result, A (y) == 0, follows. 


p 


2.4 DEFINITION 5. If {an} and {bm} are two sequences, their join is 
the sequence {cz}, gwen by Cora = Ar, and Cox bp (k =1,2, > +). 


DeriNITION 6. The sequences {an} and {bm} of points of a simply 
connected region Q form a P*-pair if the join of these sequences is a 
P-sequence. 


Clearly, each sequence of a P*-pair is itself a P-sequence, and by 
Theorem 3, a @-sequence. 


THEOREM 4. The relation of being a P*-pair is an equivalence relation 
on the P-sequences of a region Q. 


Proof. The reflexivity and symmetry of P* are obvious; it remains to 
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show that this relation is also transitive. Let {a;}, {b;}, {cz} be three P- 
sequences of ©, such that the first two and the last two form P*-pairs. Let 
E be a closed subset of Q containing at most a finite number of points of 
the three sequences. By {rab}, {rs}, and {tac} we denote the families of 
generalized crosscuts of which separate # from almost all points of the 
joins of the sequences indicated by the subscripts. In view of Theorem 3, 
we know from our hypcthesis that 


(1) A (Tan) = A (Toc) = 0, 


and we must show that A(rs) — 0. 

Now, let r, and rz belong to {rab} and {rs}, respectively. The generalized 
curve, whose point set is (r1) U (72), separates # from almost all points of the 
join of {a;} and {ex}. Hence, if (r:) U (r2) is connected, it forms a member 
of {tec}. If, however, that set is not connected, then since each of (7,) and 
(ra) is connected, and both separate Æ from almost all points of {b;}, one 
of (71), (r2) must separate the other from F, and it, therefore, belongs to 
the family {ree}. Thus, the union of every pair rı, rs contains a Ttae- Let 
{r*} be the family of all + with the property that for each -* there is 
Tı € {rao} and r2 € {rs} and such that r* Cr, U Ta. 

Then we have, for every non-negative function p on the region Q and 
for every r*, that lp(1*) S1p(71) + lp(r2), where r, and rz are the elements 
of {ray} and {rx}, respectively, which correspond to r*. Hence, 


Liy (p) S lp (71) + lo(re), 
and finally, 


Lir (p) S Lira (p) + Line (p). 


It is easily seen that p is admissible for {r*} if and only if it is 
admissible for both families {rab} and {rx}. We may now restrict ourselves 
to functions p for which A(p) <œ, and for these it follows from formula (1) 
that the right side of the preceding inequality vanishes. Hence, the same 
is true of the left side, and consequently, 


A(r*) = sup {L"ire} (p) /A (p) } = 0. 
This, together with the fact that {r*} C {Tas}, concludes the proof. 


2.5 In the case of the unit disk K == {z | |z| <1}, there is a com- 
plete characterization of the P* equivalence clases. 


THEOREM 5. A sequence {an} of points of K is a P-sequence 1j and 
only if it converges to a point £ — et? of the circumference of K. 
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Proof. 


(a) Let lima,—£. We take the set consisting of the origin alone 
Tin? w 


to be E, and set r;= | a;—¢ |, and C;={z||z—f|—7;}. Tae sequence 
{r;} converges to 0; without loss of generality we can, by restriction to a 
suitable subsequence of {än}, assume that C, separates C, (for n > 1) from 
E. Then, if {y} is the family of crosscuts of K which separate E from almost 
all ay, it follows as in the proof of Theorem 3 that A(y) — 0, and thus {a,} 
is a P-sequence of K. 


(b) If és et and £, — eff: are distinct points of the circumference, 
let {am} and {b,} be sequences converging to &, and £:, respectively. Once 
more, let Æ be the set consisting of z==0 only. Each member of the family 
{yen} of crosscuts of K which separate E from almost all points of the join 
of our two sequences has Euclidean length at least | Z,—-£,|. Denoting by 
po the function p)(z)==1 for all z of K, we have Liya lpo & | 6.—&2 |, 
while À (po) ==; hence, 





A (ya) Z4] a — Se |? > 0. 


Consequently, a sequence of points of K with more than one accumulation 
point on the circumference cannot be a P-sequence. 
From the theorem we immediately deduce the following consequence. 


COROLLARY. The P* equivalence classes of a circular disk are in one-to- 
one correspondence with the points of its circumference. 


The correspondence in question is the one which assigns to each boundary 
point the family of all sequences converging to it. 

We have remarked repeatedly on the fact that our definitions of P- 
sequence and P*-equivalence are formulated in a conformally invariant 
manner. From this observation, we conclude that if Q is mapped onto the 
unit disk K n accordance with the Riemann mapping theorem, then every 
P-sequence of 2 has an image which converges to a point of the circumference, 
and two P-sequences have images converging to the same point of the 
circumfeernce if and only if they form a P*-pair. Conversely, every sequence 
of points of K which converges to a point ¢ of the circumference is trans- 
formed by the inverse map into a P-sequence of the region G, and two 
sequences of K correspond to a P*-pair if and only if they converge to the 
same point of the unit circumference. 


2.6 We now demonstrate the equivalence of our theory with the 
classical one. First, we state Carathéodory’s main definitions in a suitable 


o 
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form. Throughout this section, Q will be a bounded simply connected region ; 
that is the only situation considered by Carathéodory. 


DEFINITION 7. A sequence {yn} of crosscuts* of Q shall be called a 
chain of crosscuts of Q, if 


(i) for each n, ya Separates yn and yn (in Q), 


(ii) there is a point w€ bd QO such that each crosscut y, of the sequence 
is an arc of a circle C, with center w and radius fn, and 


(iii) the sequence {ra} decreases to 0. 
The point w is called the center of the chain. 


DEFINITION 8. A sequence {an} of points of Q converges to the prime 
end determined by the chain of crosscuts {yn}, provided each crosscut of the 
chain separates almost all points a, from the component of Q—y1i not 
containing ye. 


À prime end of © is an equivalence class of sequences converging to 
the same prime end. 

A prime end may, of course, be defined by different chains, and these 
may have distinct centers. If w can serve as the center of a chain of cross- 
cuts defining a prime end, it is called a principal point of the prime end. 

Cazathéodory has proved the following result, which allows the con- 
clusion that a sequence of points converges to a prime end under conditions 
on a sequence of crosscuts which do not require that it form a chain. 


Lemma 8 Let w be a point of the boundary of the bounded simply 
connected region Q, and let {yn} be a sequence of crosscuts which converge 


to w in the sense that sup|z—w|—>0. Furthermore, let {an} be a sequence 
ze¥n 


of points of Q such that each y, separates almost all a, from a closed set 
E CA. Then {an} converges to a prime end of ©. 


For the proof we refer to Carathéodory’s paper [4; p. 338]. 
It is now an easy matter to prove the following theorem: 
THEOREM 6. (a) Hach P-sequence {an} of points of Q converges to a 


prime end of Q, and (b) each sequence which converges to a prime end is 
a P-sequence. 


t For Carathéodory, of course, “crosscut” meant crosscut in the classical sense 


{see Footnote 2). In view of an obvious modification of the argument of Lemma 7 
and Theorem 3, it is not necessary for us to make this distinction here. 


Y 
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Proof. (a) It follows from Lemma 7 that the family of crosseuts {y} 
which separate Æ from almost all a, contains a sequence of crosseuts con- 
verging to a point w€ bdQ. Therefore, Lemma 8 assures that the sequence 
{a,} converges to a prime end of Q. 


(b) The proof parallels that of Theorem 3. Let {y,} be the chain 
of circular crosscuts defining the prime end, and let w be its center. C, and 
Ty have the meanings attached to these symbols in Definition 7 (ii). For 
E we take a closed subset cf that component of Q—(y,) which does not 
contain y: Hach simple closed curve, which separates (with respect to 
the plane) the circles C, and Cx, contains a crosscut of Q separating y, and 
yx (in Q). This crosscut therefore separates almost all a, from E. Hence, 
by Section 1.5 (b) and Lemma 1, we have 


Aly) € 2a/log (r:/rx), 


and the right side converges to 0 as k—>oo, since {ry} is a sequence which 
decreases to 0. Therefore, A(y) — 0, and the proof is complete. 


2.7 We now identify our P*-equivalence classes with the prime ends 
of Carathéodory. Thus, we replace “{a,} is a P-sequence” by “ {an} con- 
verges to a prime end,” and “ {a,} and {bm} are a P*-pair” by “ {aa} and {bm} 
converges to the same prime end.” Also, if IT is a prime end ‘i.e, a P*- 
equivalence class) of the region Q and {än} a sequence of points of Q, then 
{a} EI” and “ {an} converges to II” will be considered equivalent. 


The following two theorems are Carathéodory’s fundamental propositions. 


THEOREM 7. The prime ends of a (bounded) simply connected region 
are in one-one correspondence with the points of the unit circumference. 


Proof. In view of the conformal invariance of our defiritions, this 
follows from Theorem 5 as we have already indicated in the remarks at the 
end of Section 2.5. 


THEOREM 8. A sequence of points {an} of a (bounded) simply connected ` 
region Q either has an accumulation point in Q, or tt contains a subsequence 
which converges to a prime end of Q. 


Proof. In the absence of an interior accumulation point, all accumu- 
lation point are on the boundary of Q. We consider the image sequence 
{f(a,)}, where w= f(z) maps Q conformally and one-one onto the unit 
disk K of the w-plane. All accumulation points of this image sequence lie 
on the circumference; we choose a sequence, which converges to a point of 
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the circumference, and thus, to a prime end of K. The preceding theorem 
assures that the inverse image of this subsequence converges to a prime end 
of Q. | 


DEFINITION 9. The set of accumulation points of all P-sequences 
belonging to the P*-class (the prime end) II shall be called the point set 
of Il; we denote tt by (TL). 


The point set (II) of a prime end II is a closed and connected subset 
of the boundary; it may reduce to a single point. The principal points of 
the prime end II (see Section 2.6) belong to (II) ; all other points of (II) 
are called subsidiary points of II. The following propositions are stated 
without proof [4]. The point set of each prime end contains at least one 
principal point; if it contains more than one, they form a closed connected 
set; also, there need not be any subsidiary points. In Part III, we shall 
give a sufficient condition that a P-sequence of points of II has only principal 
points of its prime end for accumulation points. 

For economy of language it is convenient to identify the prime ends of 
the unit disk with the points on the circumference to which all P-sequences 
of the equivalence class converge in view of Theorem 5. Thus, if £ is a 
point cf the circumference, we shall freely employ terminology like “the 
prime end ¢.” i 

The correspondence of Theorem 7 is used to define the cyclic order of 
the prime ends of a simply connected region Q. A segment of prime ends 
is a collection of prime ends corresponding to a segment of the circumference. 
The notion of cyclic order could also be introduced intrinsically, i.e. using 
only concepts and constructions relating to the region Q. (See, for example, 
Kerékjártó’s book ([5], p. 80), or the author’s thesis.) 


III. Central Convergence. 


8.0 Summary. In this final section we study the structure of prime 
ends in more detail. Namely, at the end of Section 2.7, we distinguished 
between two types of points, principal and subsidiary, on the point set of a 
prime end. It is now our concern to place into a conformally invariant 
setting a theorem of Lindelöf which gives a sufficient condition that all 
accumulation points of a P-sequence be principal. 


3.1 DEFINITION 10. If all accumulation points of a P-sequense of 
points of Q are principal points of the prime end to which the sequence 
converges, we call the sequence a principal P-sequence. 


100 . ERNEST C. SCHLESINGER. 


Being a principal seqrence in this sense is not a conformally invariant 
property... However, we give a sufficient condition that a P-sequence be 
principal; this condition, which adapts Lindeldf’s theorem on approach in 
an angle, is a conformally invariant one. Indeed, with each point a, of 
the P-sequence under consideration we associate an extremal length An, and 
we formulate our theorem in terms of a certain boundedness condition on 
the sequence {Às}. 


Suppose then that IL aad TI* are two prime ends of Q which correspond, 
when Q is mapped conformally and one-to-one onto K, to + i and —i, 
respectively. Let a be the segment of prime ends corresponding. under the 
inverse of this map, to the (open) arc (+4, —1, — i) of the circumference, 
and let a* be the segment of prime ends corresponding to th2 open arc 
(—i, +1, +1). Again indicating point sets of prime ends by parentheses, 
we have 

bd Q = (I) U (a) U (I) U (a*). 


Of course, .the preceding is not, in general, a union of disjoint sets. 

We shall say that a crosscut of the region Q terminates on the segment 

a if every P-sequence of poms of Q which lies on the crosscut belongs to a 

prime end of a. | 

With a point a€ Q and the pair of prime ends TI and I* of Q we 
associate two families of crosscuts of Q, {y} and {y*}. Namely, each y € {y} 
shall separate the point a from a* and terminate on a; the family {y*} is 
defined dually. From Theorem 1, we have that 


(1) X(y) AC) = 4. 
This formula also follows “rom an explicit computation of A(y); in fact, 
(2) > (y) = 4 (cos frwa (a)), 


where w,(a) is the harmonic measure with respect to Q of the segment g 
at a, v(r) =4K*(r)/K(r), | 


Klr) = f (a—2) art) 15 de, | 
and K*(r) = K((1—7r)#), 


3.2 DEFINITION 11. If {a;} is a P-sequence belonging ta the prime 
end I, then it is a centra: P-sequence, provided the associated sequence of 
positive numbers, {A (y) + 1/A(y:)} ts bounded. 
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It is a consequence of formula (2), above, that this definition is 
independent of the auxiliary prime end H*. 

In view of formula (1) of Section 3.1, {a,;} is a central P-sequence 
if and only if neither of the sequences {A(y;)} nor {A(y*;) } has a subsequence 
which converges to either 0 or co. 

The theorem of Lindeléf [6; p. 28] reads, in terms of central conver- 
gence, as follows. 


THEOREM 9. If {a;} is a central P-sequence of points of Q, then {a;} 
is a principal P-sequence. 


Proof. We suppose that an accumulation point of the P-sequence {aj}, 
say w, is a subsidiary point of the prime end IT to which the sequences con- 
verges; we show that no subsequence, which converges to w, can be a central 
P-sequence. It follows that the original sequence was not central. 


Let the sequence {a;} converge to the subsidiary point w; for convenience 
we assume w=>400. We choose a prime end TI* of © distinct from II and a 
P-sequence {5;} which belongs to II*. Now let C be a circle with center 
at the point w and radius r. Let the positive number r be so small that 
(a) almost a:l a; he inside C, (b) almost all 6, lie outside C, and (c) none 
of the arcs of QM(C) separates the set Æ (employed in the definition of the 
prime ends H and I*) from almost all a; This choice of r is always 
possible, since 4; —u, II* s41, and w is a subsidiary point of If. 

If o; is a crosscut of Q which hes on C and which separates a; from Æ, 
it has both its endpoints on the segment «, or it has both endpoints on &*. 
The collection {o;} is not finite, because of (a) and (c). Therefore, there 
must actually be an infinite number of distinct crosscuts oj; whose endpoints 
are either both on g or on @*. 


Without loss of generality, we now assume that an infinite number of 
the o; have endpoints on a*; we restrict ourselves to those values of the 
subscript 7 for which this condition holds. By Q; we denote the component 
of Q— (5;) which contains a; Then every prime end of Q; that does not 
belong to g; is also a prime end of the region Q, and it belongs to the segment 
a*, Consequently, every crosscut y of the family {y;} must contain a cross- 
cut of Q; both of whose endpoints lie on o; and which intersects the circle 
C; with center at w and radius r;— | 4; —w |. 

Hence, every crosscut of {y;} contains a crosscut of the family connecting 
€ and C; From Lemma 1 and Section 1.5 (b), we now deduce that 


dys) & À log (1/15), 
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so that A(y;) >, since r;—> 0. This shows that {a;} is not a central 
P-sequence. The proof is complete. 
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ALGEBRAIC GROUPS AND THE GALOIS THEORY OF 
DIFFERENTIAL FIELDS.* 


By ELLIS KoLtcHin’? and SERGE LANG. 


The purpose of this note is to draw together morely closely the Galois 
theory of differential fields and the theory of algebraic groups and homo- 
geneous spaces. 

Given a strongly normal extension of a differential field of characteristic 
0, it is known (see [2] or Matsumura [3]|) that the Galois group is iso- 
morphic to the group of points of an algebraic group which are rational 
over the field of constants. We show below that the extension itself has a 
model which is a principal homogeneous space for the algebraic group, such 
that the operation of the elements of the Galois group on the extension is 
induced by the operation of the corresponding elements of the algebraic 
group on the space. The Galois theory can then be deduced from known 
facts concerning principal homogeneous spaces (Rosenlicht [4]). This pro- 
vides an analvsis of the Galois theory into two parts, one depending on the 
foundations of differential algebra and the other on the foundations of the 
theory of algebraic groups. 

There remains almost untouched a converse problem which, for the sake 
of simplicity, we state for connected algebraic groups, or as we shall also 
say, group varieties. Given a differential field F of characteristic 0 with 
algebraically closed field of constants C, a group variety G defined over C, 
and a principal homogeneous space V for G defined over F, to determine 
all extensions of the differential field structure on F to the function field 
F(V) which makes F(V) a strongly normal extension of F with automor- 
phism group induced by the group Go of points of G rational over C. Put 
another way, the problem is to describe all possible ways of extending the 
derivation operators of F to derivation operators on F(V) which are invariant 
relative to Ge, which commute with each other, and which have precisely C 
as field of constants. We observe here merely that the first condition alone 


* Received August 3, 1957. 
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presents no difficulty, i.e. that it is easily shown that the derivations of F 
can be extended to invariant derivations of F(V). 


1. Algebraic groups. We recall here briefly the notions of algebraic 
group and principal homogeneous space. For the general theory, see Weil 
[5] and [6], and Rosenlicht [4]. 

An algebraic set V is a finite union of varieties, V == J V., which for 
the purposes of this paper we shall always assume disjoints; the V; are the 
components of V. Let V, W be two algebraic sets. A rational map f: V>W 
is an algebraic set, having one component f; for each component V; of V 
such that f; is a rational map in the usual sense of V; into a component of W. 
We say that f is defined at a point u€ U; if f; is defined at that point, and 
we write F(u) =f;(u). 

An algebraic group is an algebraic set G together with an everywhere 
defined rational map of G X G into G, relative to which G is a group, having 
the further property that the inverse mapping æ— z is an everywhere defined 
rational map of G@ into G. 

If G is an algebraic group, a transformation space for G is an algebraic 
set V together with an everywhere defined rational map of F XxX G into V 
(the cperation of G on F) whick, if we denote the image of (v,x) by va, 
satisfies the conditions 


v (zy) = (vz)y and ve — 


for all ve V, xE Œ, y€ G (e denoting the unity element of G.) A trans- 
formation space is a homogeneous space if, given any v,w € V, there exists 
an tE G such that ve =w. The homogeneous space is principal -£ this point 
æ is determined uniquely and rationally. By the latter we mean that there 
exists an everywhere defined rational map A: V X F — G such that x == A(v, w). 
If V is a principal homogeneous space for G then the number of components 
of V equals that of G and each component of V is a principal Lomogeneous 
space for the component G, of G containing e, G, being a normal subgroup 
of G the cosets of which are precisely the components of G. 

We shall say that the algebraic group G@ is defined over a feld & if all 
the components of G, of its group law, and of its inverse mappings are 
defined over k. Similarly, we shall say that the principal homogeneous space 
V for G is defined over k if G is defined over k, and if all the components 
of V, of the operation of G on V, and of À are also defined over k. Although 
this notion of field of definition may present some drawbacks, it is adequate 
for our present purpose. | 
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2. Differential-algebraic preliminaries. Let F be a differential field 
of characteristic 0. ` Denote the field of constants of F by C. We work in a 
fixed universal extension F* of F in the sense of [1], and denote the field of 


constants of F* by C*. The facts stated in the following propositions were 
proved in {1]. | 


Proposition 1. The fields F and C* are linearly disjoint over C. 


By an extension of F, we shall always mean a differential field extension 
contained in the universal domain. Similarly, an isomorphism will always 
mean a differential field isomorphism. When we wish to consider only the 
field structure, we shall say field extension, and field isomorphism. 


Let Æ be an extension of F, and suppose that as a field extension Æ 
is finitely generated. Let F, be the algebraic closure of F in #. We recall 
if o and o’ are isomorphisms of F, o’ is called a specialization of o if the 
family (o'æ«) eg is a specialization of (oa) ¿gp over # in the usual sense of 
algebraic geometry. The specialization is called generic if also o is a 
specialization of o’. An isomorphism of E over F is called isolated if it is 
not a nongeneric specialization of any isomorphism of Æ over F. | 


PROPOSITION 2. (a) There exists a finite set of isolated isomorphisms 
of E over F such that every isomorphism of E over F is a specialization of 
precisely one of these. 


(b) An isomorphism o of E over F is isolated if and only if the trans- 
cendence degree of the compositum E:oE over E equals that of E over F. 


(c) An alement of E invariant under an isolated isomorphism of E 
over F belongs to Fo. 


(d) If o is isolated then o is a specialization of o if and only if their 
restriction to F, coincide. Every isomorphism of F, over F 1s the restriction 
to F of an isolated isomorphism of E over F. 


Suppose further that F has the same field of constants C as F has, and 
that C is algebraically closed. We recall that an isomorphism o of E is 
called sérong if of CH-O* and ECoHk-C*. Letting C(s) denote the 
field of constants of H-olf, we can see with the help of Proposition 1 that 
o is strong if and only if 


E‘C(o)—ÆR:08—08:C(o). 


Every automorphism of Æ is obviously a strong isomorphism of F. 
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Proposrriox 3. (a) Every strong isomorphism of E over F has a 
specialization which is an automorphism of E. 


(b) An isomorphism of E over F is strong if and only if it is the 
restriction to E of an automorphism of E: C* over F-C*. 


As the automorphism mentioned in (b) is evidently unique, we may 
identify the strong isomorphism with it. The set of strong isomorphisms of 
E over F is then identified with the group of automorphisms of Æ-C* over 
f-C*, We denote this group by ©. 

Let o,r€ ©. As C(e) is tke field of constants of H-o 1B, oC (0%) 
= C(o"*) must be the field of constants of o(E oE) =— E-oẸ. Thus 


O (o) = O(c). 

Writing C (o,r) to denote the compositum C(c)-C(r), we see that 
E-C(o,or) — E- O(a): C(or)= BoB -ork —B-o(B- +B) —B-o(E-C(>)) 

= E-oH-C(r) = E: O(c) - Cr) = E: C(o,7). | 


It follows with the help of Proposition 1 (applied to Æ instead cf F) that 
C(o,7r) =C (0,07). Therefore O (r1, ot) == Cr tr lot) == C0 (r,er). Thus 


(1) C (o, 07) =C (0,7) == C(or,r). 


We observe also, using Propositions 2(b) and Proposition 1, that o€ © is 
isolated if and only if the transcendence degree of C(o) over C equals that 
of E over F. 

We suppose, finally, that the extension # of F is strongly normal, that 
is, that in addition to all the hypotheses made above, every isomorphism of 
E over F is strong. @ is then called the Galois group of E over F. | 


3. The theorem and its proof. We temporarily impose the restriction 
that F= Fo. Then by Proposition 2(a) and (d), all isolated elements of © 
are generic specializations of each other. 

Let oo € Œ be isolated, and let W be any model of the field C (c) over C. 
This means that W is a variety defined over C and there exists a generic 
point æ of W over C such that C(s) =C (<). Ifo is any isolated element 
of Œ then o is a generic specialization of o, so that there exists an isomor- 
phism E's” = +o over E mapping vog onto oa (a€ E). This isomor- 
phism maps C(e.) onto Cio) and therefore maps x onto a generic point 
of W over C, which we call zo (so that in particular zz, —2) end which 
has the property that O(c) =C (zo). Because F -o,E = E- C(s) the iso- 
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morphism H-o,H = E-cH over # is determined by its restriction to C (eo), 
so that o is determined by zo. | 

Furthermore if y is any point of W which is rational over C* and generic 
over C, there exists a unique field isomorphism C (z) ~C(y) over O mapping 
æ onto y, and because # and C* are linearly disjoint over C this field 
isomorphism can be extended to a field isomorphism ¢ over E of E-(U(x) 
= E: Cio) =E-o. onto H-C(y). As ġ maps C(e) into C(y), ¢ com- 
mutes on C (o) with the derivation operators of the differential field structure, 
and as $ is the identity on E, ¢ commutes on Æ with these derivation operators, 
so that ¢ commutes on #-C(c) with these operators. In other words, ¢ is 
a differential field isomorphism. Letting r== doo, we see that y==7.. We 
have thus proved that o— 7 is & bijective mapping of the set of isolated 
elements of G onto the set of points of W which are rational over C* and 
generic over C. i 

Let o,r € ©. If in addition to being isolated, o and r are independent, 
in the sense that C (o) and C (r) are linearly disjoint over C, then (1) shows 
that or is isolated. Furthermore, by Proposition 1, E -oE —H-C(c) and 
E-rE—#%:C(r) are linearly disjoint over #. If o’ and r’ are also inde- 
pendent, isolated elements of G, then the isomorphism E'oẸE © H-o’H over 
E mapping (oa) eg onto (o'a) cp and the analogous isomorphism EE 
ZE- YE have a unique common extension. 


(2) E- -ob't ZE 'v'E. TE. 


For any element «€ E, ra can be expressed in the form ra = f(e), 
where f is a rational function on W defined over E. Hence we have 
T'a =f (tr), ora =f? (£7), and o'ra == fT (ze). From this it is clear that 
the isomorphism (2) maps (ora) cg onto (ora) ep and therefore maps zor 
onto Tyr. Thus (£o, Er, or) is a specialization of (Zo, Gr, Tor) over C 
(and even over E). 

It follows that we may define a law of composition on W by the formula 
totr = Tor, this law of composition being defined over C. From (1) we 
have C (£o, Totr) = C (£o, Tr) = O (Totr, &r). Furthermore, if w is an isolated 
element of © such that w,o,r are independent, i.e. such that &,,%o,®%, are 
independent generic points of W, then it is clear that to (ToZr) == (Ly%o) Lr. 
Thus we have a normal law of composition on W, so that by the fundamental 
theorem of Wiel [5], W is birationally equivalent over C to a group variety 
defined over C. ‘Thus we may suppose that W is itself a group variety, and 
we henceforth denote it by G. | 

Since we have assumed that P==F,, E is a regular extension of F. 
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Therefore there exists a model V tor Æ over F, i.e. a variety V defined over 
F such that # may be written E — F(v) where v is a generic point of V 
over F. Letting o be an isolated element of ©, so that zo is a point of G 
which is rational over C* and generic over C (and therefore over E), we 
define a rational map of V X G into V by the formula 


(V, To) > VEe =v. 


It follows from the above considerations that this rational map, which is 
defined over F, does not depend on which isolated element o is used. It is 
also easy to see from what precedes that if o and r are independent isolated 
elements of G, then 


F (vr, To) = F (V, £o) = F (v, vzo) 
and 
V(Totr) = (VF) Tr. 

It follows from another result of Weil ([6] Prop. 3) that V is birationally 
equivalent over F to a principal homogeneous space for G defined over F, 
and therefore we may assume that V itself is such a space. This principal 
homogeneous space is, moreover, uniquely determined up to an everywhere 
defined birational correspondence compatible with the operation of G. 

This being the case, we see that every point a€ G (generic or not) such 
that v is generic on V over F(a) induces a field isomorphism o, of E = F (v) 
over F mapping v onto va. If ais any point of the group Gc+ of points of G 
rational over C*, then v is automatically generic on V over F(a), because 
E and C* are linearly disjoint over C, and hence E and F-C*# are linearly 
disjoint over F. In this case, sa is an isomorphism of the differential field 
structure. Indeed, for elements of Go» which are generic over C this has 
been proved above, and for an arbitrary a€ Ge-, there exists an element 
æ € Go such that vt and wa are generic over O, and og == Og-0gq. 

The mapping a—o, (a € Gos) is obviously an isomorphism of Gos into 
©. It is actually onto Œ, for given any r€ @ we can select an isolated 
+ € G so that 7 and +r’ are independent. Then rr’ and 7’ are isolated and 
gem (Tr). 

We have now proved our main result in the special case that F = Fe. 
We shall indicate below how to exténd it to the general case, and we state 
here the general theorem which for the case F == F, summarizes the above 
discussion. 


THEOREM. Let F be a differential field of characteristic 0 with alge- 
braically closed field of constants C, and let E be a strongly normal extension 
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of F, all. lying in a universal extension F* with field of constants C*. Let 
© be the Galois group of E over F. Then there exists an algebraic group G 
defined over O, and a principal homogeneous spave V for G, defined over the 
algebraic closure F, of F in E, having the following properties. | 


(a) V is a model cf E over F, that is, any component of V has a point 
v generic over Fa such that E = F,(v), and these components are all con- 
jugates to each other over F. 


(b) For each © € & there exists a unique point zo € Gos (the group of 
points of G which are rational over C*) such that ov = vzo, and the mapping 
o->to (o€ ©) is a group isomorphism of © onto Gos. 


(c) This isomorphism ts rational in the sense that C (o) =C (ae) and 
that o” is a specialization of o if and only if to is a specialization of to 
over C. 


In order to extend the result proved for F == F, to the general case, 
we apply the proved result to the extension E of Fy. We thus obtain a 
connected algebraic group G, defined over C and a principal homogeneous 
space V, defined over F, such that Ve has a point v generic over F, with 
E == F,(v), and the Galois group @, of E over Fe is isomorphic with Goc. 
in the manner described in the statement of the theorem. Every o€ G 
maps À, onto the set of elements of o// which are algebraic over F, so that 
if o is an automorphism of # then oF = Fe Since by Proposition .3, « 
always has a specialization which is an automorphism of #, which by Proposi- 
tion 2(d) coincides with o on Fy, we see that of —F, for every o€ G. 
It now follows by Proposition 2{d) and (a) that the mapping 


o— restriction of o to Fo 


is a homomorphism of & with kernel 6, onto a finite group of automorphism 
of F, with fixed field F. If o; (1—1,: + : ,r) are the elements of the finite 
set of itsolated isomorpkisms mentioned in Proposition 2(a) (with say a, € Go) 
and if &; is the set of specializations of o; then the G; are cosets of G, in ©. 


Using the fact (Proposition 3(a)) that each ©, contains an element o; 
which is an automorphism of Æ, we follow [2] to extend the isomorphism 
©. Z= Go to an isomorphism © ~G (rational in the sense of (c)), where 
G is an algebraic group of which the component of the unity element is Go. 
The varieties V;== V,% determined by the restrictions of the o/ to F, are 
precisely the conjugates of V, over F, and for each 4 the point v;— ou, is a 
generic point of V; over Fo. We now define the operation of G cn the 


110 ELLIS KOLCHIN AND SERGE LANG. 


algebraic set V = |J V; in the obvious manner, namely by setting vite, = ojv; 
for all + and 7. We leave to the reader the verification that this makes V into 
a principal homogeneous space for G with the stated properties. 


COLUMBIA UNIVERSITY. 
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STRATIFICATIONS OF CAUCHY’S “STABLE” TRANSCENDENTS 
AND OF MITTAG-LEFFLER’S ENTIRE FUNCTIONS.* 


By AUREL WINTNER. 


l. Let a > 0 and, if z is real and 0Æ qg < 1, put 
Bat, q) = 1 -4-2 Z 9" cos ne. 
n=l, 


What will be proved below, when combined with a known procedure based on 
Poisson’s summation formula (cf. [13]), leads to the following result: When- 
ever B >a, there exists on the interval 0<:r<1 a monotone bounded func- 
tion A(7) = Agg?(r) in such a way that 


da(a,g)— f e(z, r) Aap?(r) (d= da Z0). 


Since 0 (z, q) is an elliptic theta-function which, in view of its Eulerian 
factorization, is positive throughout, there follows, as a corollary (B—2), 
the known fact that 4(x, q) > 0 holds for every real z and for every positive 
q <1 whenever a% 2. The integral formula becomes curious also under 
the stricter assumption a < 1, since 6@8(x, q) is Poissons explicit function 
(1— 29 cos x + g?)* if B—1. But the point in the general “ stratification ” 
rule of @(x,g) is thaï arbitrarily large values of 8, and any positive a 
which is less than 8, are allowed for every positive g < 1. Of particular 
interest are the cases B == 4,6,- - +, occurring in the Hardy-Littlewood treat- 
ment of Waring’s problem. 


2. It was shown by Cauchy ([2], pp. 99-101) that the densities of 
probability F(s), —00 << x < co, of what today are called symmetric stable 
distributions must be the Fourier transforms F(s) —F,(x) of the functions 
exp(—|¢|*), where a>0; so that, if e220 and t20 without less of 
generality, then 
(1) Fale) =4 f exp (— ¢*) cos xt dt 


g 


* Received October 8, 1957. 
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(the Fourier transform of (1) is absolutely convergent, since Fa(x) == O (£), 
where a == 1 + a > 0, and even #*F(zr)—>c, where c= c(a), holds as x00, 
with c(a) —0 if and only if a =2, 4,6,- - -; ef. [11], p. 187). Cauchy’s 
result on (1) the “stability” of (1) was rediscovered by Edgeworth [4] 
(Pizzetti’s analysis of the questions involved mentions only PE du ef. 
[9], p. 114). 

Cauchy and his immediate successors tacitly assumed that every function 
(1) actually is a density function, which would mean that Fale: = 0 holds 
for all whenever a > 0 (and Cauchy found for a > 2 the curious “ paradox,” 
forgotten in the meantime, which is quoted by Czuber [3], p. 184). But it 
was observed by F. Bernstein [1] that this cannot be the case if a4 (and 
his method, ‘adapted from Hardy’s proof for the existence of an infinity of 
odd zeros on the critical line of the Riemann zeta-function, applies to 
n== 6,8," + - also). 

The final result is due to P. Lévy (cf, e.g., [6], aun VI of the 
second part, or [8], chap. V), who proved that F,(x) 20 holds ior every x 
if and only if a& 2. But while the necessity of a = 2 can be proved easily, 
most proofs for the sufficiency of a<:2 are variants of one and the same 
existence consideration. | 

In what follows, the existence statement will be modified so as to 
contain a result which holds for every a > 0 (i.e. not only for c & 2) and 
to contain, nevertheless, Lévy’s result (7,20) if a2 (even though the 
latter result cannot be true if a>2). In fact, it turns out that, whenever 
O<a<B<o, there exists on the half-line 0 Zu <% a morotone function 
p(u) = dap(u) satisfying $(0} —0, $(co) =1 and 


(2) Fa(z) = J Polong) (dpag(u) Z0) 


(0Z=æ<co). Since (1) reduces to C exp(— 42%) > 0 if ou the case 
B=—2 of (2) proves that not only F,(x) =20 but even 


(3) ` Fa(z) > 0 for all z if a &2. 


But the poini is that (2) holds for every 8 (even for B>2; e.g., for 
B= 4,6,- - +) whenever a< (concerning the case of Fg(x) when B is an 
even integer exceeding 2, cf. Pélya’s note [11] and his asymptotic formula 
which I quoted on p. 834 of vol. 78 (1956) of this Journal). 

It will also follow that, whenever 0 <a < B < œ, the distribution pap (u) 
occurring in (2) is absolutely continuous on the closed half-line [0,00) and 
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regular (in the sense of analyticity) at every point u of the open half-line 
(0,0). 


3. For the point of departure in the proof of the first italicized theorem, 
it is possible to choose (among various, substantially equivalent choices ;. cf. 
e.g., the second paragraph of §5 below) the existence of those “stable 
distributions” which may be called unilateral. These distributions, which 
in contrast to the symmetric stable distributions (which exist for aS 2; cf. 
§ 2), exist only for a < 1, were introduced by Lévy (cf. [6], pp. 260-262, or 
[8], pp. 178-179). After a normalization of the unit of length on the z-axis, 
the unilateral stable distributions, which will be denoted by y(v) —#(x), 
where —00<z<o and 0 <a < i, are constant either for —co<xÆ0 or 
for 02<o, and their Fourier-Stieltjes transforms 
(4) f etd (xr), where dy(x) 20 and dy (x) == 1, 


are identical either with à 


(5) exp(— | u [¢{—1-+itan(Jar)sgnu]), where —00 < u < 00, 


or with the complex conjugate of (5). 
= Since both (4) and (5) go over into their complex conjugates if u is 
replaced by —u, it is sufficient to consider the case in which (4) is identical 
with (5) itself, where y = ya. Then dp(z) = 0 for —œ < u 5 0; hence 
(6) exp (— ut + iut tan gar) == f etd, (x), 
0 
if, as always from now on, u ts confined to the half-line OS u<% (this 


, involves no loss, since (4) goes over into its complex conjugate if u is replaced 
by 





Ui. | 

What will be needed of all of this can be summarized as follows: If 
0<a<1, then there exists on the x-half-line [0,00 ) a monotone function ya 
(with y (0) =0, y(co)—1) satisfying (6) on the u-half-line [0,0). 


4. Change the unit of length on the z-axis in such a way that u becomes 
replaced by cu, where c= Ca is the positive constant (cos &ra)t/, and denote 
the function of æ which thus results from w(x) again by wa(x). Then 
Ya(0) =0, yal% ) = 1 and dy,(x) = 0 hold again, but (6) becomes simply 
(7) exp ins f eiurdy, (x), 


0 
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since the parenthetical expression on the left of (6) Reco replaced by 
— dgu* +- ibati? = (e47'4)*, where 


(8) Qa = COS $ra, ba = sin $ra (0<La<1). 


For every a (< 1), the analytic behavior of ÿ.(x) on [0,c ) is as follows: 
Walz) is (i) of class C” on [0,00) and (ii) analytic (regular) at every point 
x > 0 of [0,0) but (iii) singular at the end-point, z == 0, of [0,0), since 
all derivatives of wa(#) vanish at z==0 (so that the analytic behavior of 
Wals) is the same as that of the function which is exp(—2') for x > 0 
and @ for <0). 

In fact, if a and ba are defined by (8), then Ya (€) = dy.,(x)/dx can 
be represented as the following explicit Laplace transform: 


(9) da’ (a) == 4 f e-*t exp(— alatt) sin (batt) dt, where 0 x < 0 ; 

0 
cf. [14], p. 128 (where the parameter B is 0 in the present unilateral case). 
Clearly, (ii) is implied by (9). On the other hand, (i) and (iii) can be 
obtained, after some explicit labor, by letting æ— +0 in (9). But it is 
easier to proceed as follows: 

If ÿa(æ) is defined to be 0 for —o < 20, then, on the one hand, the 
integral (7) becomes (4) and, on the other hand, (i) and (iii) together 
become equivalent to the statement that y(x) is of class C® on (—0o,0). 
But Fourier’s inversion formula shows that y(x) is certainly of class C° 
on (—0,0) if, for every fixed n, the function (4) of u is O(|u|”) as 
| u | — co. Finally, the case (7) of (4) satisfies this O-conditicn, since the 
absolute value of the function on the left of (7) is exp(— |u |4), where a > 0. 


5. Since yal) is monotone and bounded on the g-half-line [0,00 ), 
and since (7) is valid on the open u-half-line (0,00) (incidentally, at u == + 0 
as well), it is clear, by absolutely-uniform convergence and for reasons of 
analyticity, that (7) remains valid if —iw is replaced by — z, where z is any 
point of the half-plane Rez>0. Hence, if z is chosen to be real, it follows 
that 
Gy. <a) = J emdy,(u), where djalu) Z0, (0<a<1), 

0 
holds on the open x-half-line (0,00) and, for trivial reasons of continuity, on 
the closure [0,20) of (0,00) as well. 
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In view of the Hausdorff-S. Bernstein theorem, the existence of a function 
Wa satisfying (10) on [0,%) does not state more than that the n-th deriva- 
tive of exp(— xt) is non-negative or non-positive on [0,0) according as n 
is even or odd; and, since 0 < a < 1 by assumption, this follows by a trivial 
induction from n to n+1. Conversely, since the steps in the preceding 
deduction (6) > (7) > (10) can of course be retraced, an application of the 
existence theorem of Hausdorff-Bernstein, when applied to exp(—2*), sup- 
plies the existence of Lévy’s unilateral stable distributions.* 

In any case, (9) supplies the explicit form of the distribution occurring 
in (10). Actually, (9) will not be used in what follows (although the 
corollary (ii) of (9) in $ 4 will be needed in order to obtain the additional 
information claimed in the last paragraph of §2). 


6. In order to prove the first italicized assertion of $ 2, let a, 8 be any 
pair of indices satisfying 0 <a < 8 <œ and let ¢ vary on the half-line [0,00 ). 
Then (10) is applicable when a and x are replaced by a/B and t respectively. 
Hence 


œ 


(11) © exp(— tY) -=Í etdiy (u), where y==a/B. 


0 


But [0,) goes over into itself if ¢ is replaced by t°, where c is any positive 
constant. Choose c— 8. Then, since #,(0) = 0, #,(co) —1 and dylu) = 0, 
it follows from (11), by placing v —ul/8, that there exists on the v-half-line 
[0,0) a monotone function y (v) —wWag(v) satisfying y(0) —0, y(o) =1 
and 


w 


(12) exp(— tt) -= exp{— (tv)! } dhag(v), 


0 


*It is clear that the formal fact used above can be phrased more generally, as 
follows: If du(u) is a symmetric distribution on (— ©, œ) and F(t) = F{— t) denotes 
its characteristic functon (i.e., the integral of exp(ivu)du(u) or cos(œu)du(u) over 
(— œ, œ) for a fixed real t, where du(u) + du(—u) =D, du(u) =O and F(0) = 1), 
and if F'(t) is totally monotone for positive t, then F(a | ¢ | sgn t) is the characteristic 
function of a certain unilateral distribution dA(u) = 0 on (-—— 00,00), with dà (ui = 0 
on (—o,0), and vice versa. For, by the Hausdorff-Bernstein theorem, the total 
monotony of F(t) means the existence of a distribution dA(u) on [0, œ) for which 
the integral of exp(—twu)d\(u) over [0, œ) becomes F(t) at every t > 0. 

The symmetry of the original distribution du(u) on (—©,%) is implied; of 
course, by the circumstance that its characteristic function F{t) is real-valued (hence, 
even). The introduction of Hausdorff-Bernstein transforms into the theory of prob- 
ability is due to P. Lévy; cf., e.g., his note in the Comptes Rendus, vol. 207 (1938), 
pp. 1368-1370, where these transforms occur in connection with certain (more general 
than stable) distribution laws of indeïnite divisibility. 
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where 0Æ{<o and 


(18) S gatol J peo). 


Let 2 = 0, multiply (12) by cos(2t), and integrate the product over the 
half-line 0& ¿<œ (while x is fixed). It is seen from the definition (1) 
that what then results differs from the assertion (2) only in notation, pro- 
vided that it is legitimate to interchange the order of integrations with 
respect to t and v. Finally, it is clear from (13) and from the parenthetical 
remark made after (1) that the legitimacy of this interchange is assured 
by Fubini’s theorem. 

The proof of the stratification theorem (2) of Cauchy’s transcendents 
(1) is now complete. The explicit form of the derivative of the (absolutely 
continuous) function ¢ag(u) occurring in (2) follows from (9) and from 
the substitutions which lead from (11) and (12) to (12) and (2) respectively. 


7. Let finally be mentioned a simple proof of the fact that Fe(s) = 0 
cannot hold for all z > 0 if a > 2. 

If a is arbitrary (> 0), it follows from the parenthetical remark made 
after (1) that, if Fa is denoted by F, the integral 


(14) f F(x) cos ta dx 


is absolutely convergent (at t= 0 and, therefore, at every ¢). Cn the other 
hand, (14) 1s the Fourier inversion of (1) and is therefore identical with 
exp(— tt), where 0 = Ł <œ. But the latter function is 1 + O(#*), as £— 0, 
for every a > 0; hence, it is 1+ 9(#?) if a> 2. 

Consequently, it is sufficient to ascertain that if F(z) is any function 
which is absolutely integrable on the half-line 0: g <œ and which has the 
property that the corresponding function (14) is 1+ o(f?) as t-0, then, 
unless F{x) vanishes identically, F(s} = 0 cannot hold for all x. But this 
can be seen as follows (cf., e.g., [12], p. 33): 

Since (15} is a continuous function of ¢ and is 1 o(t) as {—0, 
it follows, by placing t==0 in (14) and subtracting the result from (14) 
itself, that 


R 
f F{zx)sin?(4ér) dx =o (t°), where t— 0, 
; 
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holds for R==oo and therefore, if F(x) 20 throughout, for any positive 
function R= R(t) Low. Since sin?w exceeds a positive constant multiple 
of u? if OS us 4, it follows, by choosing R(t) = 1/1, that, as t— 0, 

i/t 1/t 


f F(a) (t2) 2dr = ot), ee f F(e)2 de —0(1), 


and so f F(z)z?de==0. Since F(x) = 0, this proves the identical vanishing 
0 
of F (for almost all x). 


8. The proof of (2) depended on the formal steps (6) > (7) & (10) 
> (2) and rested, therefore, on the following fact (cf. the second paragraph 
of §5): If falz) =exp(—«a*), where 0Zzx<o, then there exists for 
O0Su<o one monotone function dag(w) for which 


(*) fala) =  fa(ou)déas(u), where dpaa(u) = 0, 


is an identity in z, where a and 8 are arbitrary parameters satisfying 
O0<a<B<oo. Instances of such a stratification rule (*) which are more 
on the surface than is its instance f(x) — exp(—-2*) are fa = ga and fa = ha, 
where g,(æ) denotes (1 + 2)~4, while h (x) denotes (1—-z)*" or 0 according 
as 0<Zæz<1 o 1=T<o. 

First, if v > 0 and 8 > a > 0, then the integral of (x -+ u)-Bu-1+8-a over 
the u-half-line [0,00 ) is convergent and (as seen by placing u — æv at a fixed 
x) has a value which is independent of x (the value of this positive constant 
C = C'{a, R) follows from one of the definitions of the beta-function). Hence, 
if z and u are replaced by æ + 1 and # — 1 respectively, it follows that 


(1+ r) == Cag f (u + £) B(u—1)-#+Pdu, where Cag > 0, 
1 


holds on the open x-half-line (— 1,0 ) and so, in particular, on [0,c). The 
satisfaction of (*) on [0,0) by fa= ga, where galt) = (1-+zx)" now 
follows if u is replaced by 1/4 in the last integral ‘ee that dhag(u) ==0 in 
(*) i 1Z=u<o). 

Clearly, the satisfaction of (*) by fa = ha car be verified in the same way. 


9.. It is clear that if (*) is satisfied by a family f,(2), then it is also 


118 AUREL WINTNER. 


satisfied (I) by the family f,(7“), where » is any positive constant, and 
(II) by the family 


f l (xs) fa(s)ds, 


where k(t) is an “arbitrary ” function of £(Z 0}, subject (relative to fa) to 
the applicability of Fubini’s theorem. 

| For instance, (2) resulted by choosing f,(æ) —exp(—#®) and k(t) 

==costin (II). But k(t) —sint (or, more generally, k(t) — {TZ (t), where 

Z(t) is a cylindrical function, such as J,(#) or K;(t), and y an eppropriate 

index, leading to the applicability of Fubini’s theorem) could also have been 

allowed. Thus (2) remains true if cos xt is replaced by sinvé in (1). 

In order to illustrate (II) and (I), apply first (I) alone, by choosing 
in it w==2 and either fy==gq or fa™ ha, where ga, ha are the functions 
of §8. It then follows thet (*) holds for f(x) == (1-+.2*)-*4, where 
OSes <w, as well as for the function f,(æ) which is (1—a®)*# or 0 
according as 0=x<1 or l=S=x<o (in both cases, O0<a<co). Hence, 
if (IT) is applied to k(t) = cost in both cases, the “real integral” definition 
of the cylindrical functions J} (t), K,(t) shows that (*) holds, if 8 >a > 0, 
for fa(@) =Ja4(x) /xe4 and f(x) = Koy(x) /x*4 and, therefore {with some 
das), for fa=Jay and fa Ka; and so, in particular, for fa=Ja and 
famm Ke 


PA 


10. Corresponding to the stratificaticn theorem (2) of Cauchy’s trans- 
cendents (1), where a (> 0) is arbitrary, there is (in terms of some family 
of distribution ¢) a stratification theorem | 


(15) Eele) = | Ba(ou)dpes(u, (déap(u) = 0), 
0 
where Æ,(z) denotes Mittag-Leffler’s entire function 


(16) Ha(2) =32"/T (1 + an) 


and z can be complex in (15): If 0<a<B<o, then there exists on the 
half-line 0S u <œ a monotone function o u) =dag(u) satisfying (0) —0, 
p(o)==1 and (15). 


The (absolute) convergence of the integral (15) at every point z of the 
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complex plane is part of the assertion. The proof can be based on the 
following fact, verified in [15] along the lines of pp. 61-64 of my paper in 
vol. 58 (1936) of this Journal: Corresponding to every index @ on the 
range 0 < 8 < 1, there exists on the line —œo < 4<% a monotone funetion 
w(t) =y-(t) in terms of which the identity 


Le] 


(17) rG+D/rB+10)— | etdyi) (dye (t) 20) 
holds on the half-plane Rez > 1 and so, in particular, on the half-line 
z= 0. i 

Choose z = Bx, where B > 0 and z= 0, put a—68, and replace # by 
—log s in (17). Then, if —#y(—logs) is denoted by (s), where 
0<s<o, it is seen that, whenever 0 <a <B (i.e, 0 < 8 < 1 for 8 =a/ß), 
the relation 

(Pe +1)/T (ar +1) =f st do(s), where S&S x<oo, 
0 

holds for a certain monotone function ¢(s) = ¢ag(s) satisfying ¢(0) = p(+ 0) 
== 0 and ¢(#) —1 (in fact, the gamma-quotient on the left becomes 1 at 
a==0). If wands are now replaced by n and u respectively, it follows that 
the Stieltjes moment problem 


Cd 


(18) fw dpus(u) =T(8n+1)/T(an+1) (n=0,1,- + °) 
9 
has a solution dhag(u) = 0 whenever B > a > 0. 

Since all coefficients of (16) are positive, it is sufficient to prove (15) 
for positive 2. But then a term-by-term integration (at this stage, possibly 
with the result oo—co ) is allowed in what results if (16), with a and z (> 0) 
replaced by y and zu respectively, is inserted on the right of (15). Hence 
(15) is equivalent to 
(19) Eat) Se f u"ddag(u). 

n=0 2 j 
Since the truth of (19) is clear from (18) and (16), the proof is complete. 

The simplest particular case of the general stratification theorem of (16), 
a particular case to which (16) cannot be reduced directly, is a result of 
W. Fellar (found by him by entirely different means, namely, by an appeal 
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to Lévy’s result on the case a 2 of (1); cf. [10]), which states that 
Hy(— x) is totally monotone on [0,00 ) if 0 <y <1 (and, of course, if y = 1). 
This fact relates to (15) in about the same way as (10) relates to (2). In 
order to see this, replace a, 8 and z in (15) by y, 1 (>y>0) and —x 
respectively, and denote the case a = y, 8 = 1 of dag by gy. Then (15) goes 
over into 

(20) By(—2) = f eg, (u), (0<y<1), 
i 6 
since E, (z) =ef, by (16). Since dp,(u) = 0, and since (20) holds for every 
æ, it follow from (20) that #,(—-z) is totally monotone on (—c,) or, 
equivalently, on [0,0). Ifa is replaced by —z in (16), this can be formu- 
lated as follows: If O<y<1, then E,(x) and all of its derivatives are 
‘positive for —o<a<o (this is clear from (16) only for 0=zx<o but 
then, of course, for every y==a > 0). 


Remark. - There results a stratification theorem corresponding to (2) 
and (16) if Cauchy’s and Mittag-Leffler’s transcendents, (1) and (16), are 
replaced by the entire function 


(21) ea(2) 32/0 (a+ n), 


considered (in a slightly different form) by Huler and (precisely in this 
form) in Heaviside’s formal work on fractional differentiation (for 0 < a < 1 
and, more particularly, fora==4)..  : \ 

Both (16) and (21) reduce to eë if a—1. But it so happens that the 
proviso 0 <a < B of (15) must be changed to 0< B <a if (16) is replaced 
by (21). In other words, corresponding to every pair of indices satisfying 
0 < a < £, there exists on the half-line 0=u<oo a function $(w) = dag(u) 
for which 


(22) ep(z) = f ea(2u)déap(u), where gap(0) = 0, dep(co) =1 
and dap (w) = 0, 


holds as an identity in Z. 
This counterpart of (15) lies quite on the surface. In fact, instead 
of (18), only the definition, 


1 


(23) f us (1 —u)* du == T(S) Tr(/r (s+ t), (s>0,t>0), 


D 
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of the beta-function is now needed. In addition, døag (u) =Q for 1 < u <% 
in (22), and the existence statement of (22) can be replaced by the explicit 
formula 
1 

(24) | T(B—a)eg(z) -Í Ca (zu ut (1 — u) f- du, 

0 
where 0<ia<B<oo. For, if the definition (21) is inserted on the right 
as well as on the left of (24), comparison of like powers of z shows that (24) 
is equivalent to what results if (23) is applied as follows: s==a-+ n and 
t == 8 —a, where n—0,1,::: (so that, since 0 < a < £, the parenthetical 
proviso of (28) is satisfied for every n= 0). 


APPENDIX. 


On a theorem of F. Bernstein. 


Let s be a positive constant (to play the part of a standard deviation 
or of its reciprocal value) and put e(z) =exp(—z?). Then, since (1) 
reduces to a constant multiple of an e(st) if a==2, it is clear from the case 
B=}? of (2) that Lévy’s theorem, asserting the positivity of F,(x) when 
a < 2, is equivalent to the statement that, if G(t) —G,(t) denotes, for a 
fixed z > 0, the “ Gauss-Fourier transform ” 


2 


(1) G(t) = f cos(ér)e(sz)g(x)dx, where e(y) = exp (— 4°), 


0 


of a function g(s), where 0 Æ x <œ, then 
(2) G(¢) > 0, where OS t<% 
(or, equivalently, —œ < t <œ }, holds for a certain g = ga (if 0<a <2). 


Quite another class of functions g for which (1) satisfies (2) (for every 
s > 0) was considered by F. Bernstein [1] (cf. also Mathias’ subsequent paper 
[2]; in particular, his Satz 13). Starting with a certain expansion of an 
“arbitrary” g(x), subject to restrictions of integrability (and, for some 
reason, of analyticity) of the functions occurring in the expansion, he con- 
siders a “ Hankel kernel” K(a,y), a kernel which is a function K (s+ y) 
of «+ y alone; and, in terms of certain properties (in this connection, cf. 
[3], pp. 828-329) o a bilinear expansion of K(æ+y)—g(æ—+y), he 
specifies a condition under which (7) will satisfy (2). Finally, by an applica- 
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tion of the addition theorem of elliptic functions to K(#-+-y) =on(#+y), 
Bernstein proves that his conditions are fulfilled, hence (2) holds for (1), if 


(3) g(z) ==cenx, where cnx—cn(x,k) and* 0O=k <1 


(this Jacobian elliptic function 7(2) = gk(x) is real-valued, even and periodic, 
with a period T == 7'(k) which tends to 27 as k— 0 and to œ as &—>1). 

It does not seem to have been observed in the literature that this result 
of Bernstein has actually little to do either with his bilinear expansions or 
with such a specific matter as the addition theorem of elliptic functions. In 
fact, it so happens that (2) must be satisfied by (1) whenever (i) the function 
g(x) is continuous, even, periodic {of an arbitrary period T) and such that 
ün = 0 holds for every n, and a, > 0 for some n, in its Fourier series 


(4) g(t) — 3a, cos (2rnz/T) = g(x), where 0 = 3a, =] | a] <0; 
n=0 x n=0 n=0 


more generally, whenever (ii) there exists on the half-line 0 Æ À << a mono- 
tone function f(A) satisfying 


Oo 


(5) g(%) = f cos(Az)df (à), where 0 < f(æ) — f(0) -=f | df(A)| <o. 


0 


Bernstein’s result on (3) follows from (i), since the classical Fourier 
series (Jacobi; cf. e.g., [$], p. 880) of (3) puts into evidence the truth of 
Gn = 0 in the case (8) of (4). [In this connection, it is worth mentioning 
that also the results of Stieltjes ([.4], pp. 549-555; cf [3], pp. 329-330) on 
the Laplace transform of (3) and a corresponding Stieltjes transform depend 
merely on the satisfaction of the assumption a, = 0 of (4) by (8).] 

' Curiously enough, the trivial limiting case k—0 of Bernstein’s result 
on (3), the case in which (3) and the assertion (2) for (1) reduce to 
g(s) = cosg and 


Le 


(6) f cos (tz)exp{— sx”) cos 2 dx > 0 (s > 0) 


6 


respectively, is sufficient in order to prove not only the generalization (1) of 
Bernstein’s result but even the generalization (ii) of (i). 


* Actually, the limiting case k =] need not be excluded. This follows either for 
reasons cf continuity or, more directly, by observing that, on the one hand, en(a, k) 
== ]/cosh æ if k = 1, and, on the other hand, the value of G(æ} is known to be given 
by an explicit cosh-formula, rendering G{æ) > 0 trivial, if g(æ) = 1/cosh 2. 
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Tn: fact, it is clear from reasons of distributivity that, in order to prove 
(ii), it is sufficient to verify the satisfaction of (2) by (1) for the case in 
which the function f(A) occurring in (5) is a step-function consisting of a 
single saltus (> 0, which can be assumed to be 1). But (2) then becomes 
equivalent to what results when the second cosine is replaced by cos(Asxz) in 
(6), where f(A) = $ sgn (À — ào). After a change of the unit of length on the 
Z-axis in (6), this can be reduced to the two particular cases A, == 0, Ay = 1. 
Tf Ào==0, then, since exp(— 42?) is its own Fourier (cosine) reciprocal, 
G(t) becomes aexp(— 627), where a>0 and 6=0 are constants; so that 
(2) is true if A,» = 0. If a= 1, then G(¢) is the integral (6) (as it stands 
now). Finally, the truth of the inequality (6) need not be concluded from 
the case k= 0 of Bernstein’s result on (3). In fact, an application of the 
limiting case (cos(a + B) =: >+; k==0) of the addition theorem of the 
elliptic function (3) shows that the integral (6) can be written as the sum 
of two functions of the form aexp(— bt”), where a> 0, bZ 0. 


What all of this actually verifies is nothing but the fact that, under 
the assumption (5) of (211), the function (1), instead of satisfying just (2), 
is a totally monotone function of t, where O=#<oo. In particular, G (t) 
is a decreasing function (unless G(¢) == Const., i. e., unless f(A) = const. sgn À), 
a fact not revealed by Bernstein’s proof (loc. cit.) of (2) even in his case (3). 
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ON COSINE-LIKE ARCHES.* 


© By AUrEL WINTNER. 


Let f(z) be a function possessing derivatives of arbitrarily high order 
on an open æ-interval (a,b), and let (—1)"D?*f(x) Æ 0, where D = d/dz, 
hold on (a,b) for n—0,1,2,---. If the trivial case f(x) — const. (= 0) 
is excluded, then, for reasons of convexity, this infinity of inequalities cannot 
be satisfied on an unbounded interval (a,b), and so it can be assumed that 
(a,b) == (— 4r, ir). The resulting class of functions on the interval 


(1) — gr <u <ir 


will be called cosine-like, since f(x) —cosæ is the simplest (non-constant) 
function satisfying 


(2) (—1)*D*f(x) 0 on (1) for n—0,1,: - +. 
In fact, (2) means that the graph of each of the functions f, — D*f, D*f, 
— Dff,- + + is an arc (over — 4r < x < $r) which is situated in the closure 


of the upper half-plane (in fact, within the open upper half-plane unless 
f(x) = const. == 0) and which is (strictly) convex from above. 

Correspondingly, a straightforward adaptation of a classical argument 
(initiated, for the class of continuous convex functions, by Jensen and further 
developed, for the class of totally monotone functions, by S. Bernstein) shows 
that, if difference, instead of differential, quotients are used in the definition 
of the class of cosine-like functions, then the assumption of indefinite differ- 
entiability, or even the existence of a first derivative, need not be introduced 
explicitly. 

The general methods of Bernstem also supply, as a corollary, the 
following information: If f(x) is cosine-like, then it can be continued from 
the given interval (1) into the z-plane and leads to an entire function f(z) 
which, in addition, must be of exponential type. Only the first of these two 
results, proved also by Widder, will be used in what follows. References will 
be found in the paper of Boas and Pólya, Duke Math. Journ., vol. 9 (1942), 
pp. 406-407; for an exposition of the relevant results of Bernstein and his 
successors, cf. Chap. 11 of Boas’ Entire Functions, New York, 1954. 


* Received October 8, 1957. 
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A more delicate (as a matter of fact, a structural) function-theoretical 
information on what is necessary for a cosine-like function is contained in 
the following theorem : 


Ij a function f(x), given on (1), satisfies (2), then there exists on the 
closed t-interval [—-1,1] a non-desreasing function (t) having the following 
properties: If p(w) denotes the function which is defined by 


J. 
(3) p(w) = 5 pnw”, where m= f dot) 
n=O ; 
-1 
(hence, | un | Spo), on the circle 


(4) | [uw <i 


or, equivalently, by 
(5) p(w) = f (1—tw)* dg (2) (d$ (t) 20) 


on the simply-connected domain S which results if both half-lines 
(6) . — 0 < w S — 1, 1<w << | 


are removed from the w-plane, and if the single-valued, regular furction q(w) 
is defined on (4) or, equivalently, on S, by 


(7) q(w) = (1—w*)#p(w), where q(0) 20, 
then q(sinz) is an entire function (of exponential type) of z satisfying. 


(8) f(x) —g(sinz) on (1). 


The functions f(x) satisfying (8), with (7) and (5) for some gt}, 
and rendering g(sinz) an entire function,f are not quite so scarce as it 
might seem from the function-theoretical restrictions needed for (t) and (5), 
and from Stieltjes’ inversion formula of his transform (5) of dẹ (cf. e. g., 


+ If this restriction, which is essential indeed, is disregarded, then there results a 
formal connection between (7)-(8) and a relation occurring in the theory of orthogonal 
polynomials. In fact, non-negative functions of the type 


plu) = q(u)/V(1— u}, (— 1 <u<1, or v= sing), 


where however plu) need not satisfy anything like the regularity conditions imposed 
on it by (5) and the further restriction specified before (8), play there a considerable 
part, as densities of absolutely continuous weights (cf. Chap. XI-XIII of Szegô’s 
Orthogonal Polynomials, New York, 1939; the reason for the formal connection is clear 
from § 11.5). 
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"§ 43-8 45 of my Spektraltheorie, Leipzig, 1929). For instance, since (2) is 
satisfied if f(x) —cos(vz), where v is any value on the interval OS¢ Sl, 
it is satified if 
4 
(9) f(z) = | cos(vz)da(v}, 
0 
where A(v) is any non-decreasing function. Nor does (2) imply that the 
entire function f(z) is even ‘(as (9) is). For, since (2) is satisfied by 
f(z) —cos(vz) if 0 <v <1, it is satisfied by f(x) —cos(ve— 8) if B—B(v) 
is small enough, and the latter f(z) can be “stratified” (with regard to v) 
by means of a weight dA(v) = 0, as in (9) (and this time for —1 S v $1). 
But by the theorem to be proved, all these functions f(x) on (1) must be 
such as to possess a representation (8) in whick the corresponding dp(t), 
occurring in (5), satisfies the restrictions implicit in the condition thet the 
product of cosz and 
1 
(10) p(sin z) =f (1—#sin z)"! de(t) | (dp(t) 20) 
1 
becomes an entire function of z. In this regard, it is instructive to choose 
(t) = 4 sgn (t-— t), where fọ is any point of the interval [— 1,1]. Then 
dp(t) = 0 is satisfied. But (10) and (7) show that f(z) —g(sinz) now 
becomes the meromorphic function 


(11) f(z) =W/(1— tW), where W==sinz and ——1 S 6&1, 


a function of z which fails to be an entire function (and, correspondingly, 
f(z) fails to be cosine-like) unless == 0, hence f(z) == W == cosz. On the 
other hand, if ¢(¢) —#, then (10) leads to logarithmic branch-points, instead 
of poles.* 


* If Cn(x,k) denotes what results from Gudermann’s en(t,k) (i.e. Jacobi’s 
cos am t), if t is replaced by 2Kx/r, then y(x) = On (v, k), where k is any fixed positive 
modulus <1, is the most immediate generalization of cos æ = Cn (w, 0). But the func- 
tion y = y(æ) = yL(æ), where y; = Cn(x, k), though always even, of period 27, positive 
on (1) and decreasing on the upper half of (1), must fail to be cosine-like for every 
positive k, since, because of its double periodicity for complex æ, it has poles, except in 
the limiting case k = 0 of y = cos æ itself. 

Incidentally, even the case n —1 of (l), instead of being satisfied by f(a) 
= Cn (æ, k) for every positive k(< 1), is satisfied only for 0 & k, & ko, where k, is an 
absolute constant which is less than 1. In fact, y = Cn (æ, k) is a convex arch over 
(1) if and only if q = exp(— 7K’/K) does not exceed the square-root of 4 This can 
readily be verified, either by differentiating the logarithmie derivative of Jacobi’s 
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Proof. On (1), let f(x) be a. function of class C” satisfying (2). 
Then f(z) can be extended to an entire function f(z) which, in addition, 
is of exponential type (S. Bernstein). Even if this.additional information is 
not used, it follows that Taylor’s expansion 


(12) f(o+ iy) — à (iy) "Df (2)/n! 


is valid, at every +, for every y. Let x and y be real, and replace the interval 
(1) by the corresponding strip | 


(13) — hr < Rez < ir | (z =z + iy). 


Since the case n == 0 of (2) implies that f(z) is real for real 2, it implies 
that 2 Re f(z) is the sum of f(x + ty) and f(x — ty). Hence, if y is replaced 
by —y in (12) and if the result is added to (12) itself, it follows that 


(14) Ref (2) —3y°"(—D*)"f(2)/(2m) | 


holds (by convergence) at every point of the z-plane' and so, in particular, on 
the strip (13). But (14) and (2) imply that 


(15) Ref(z) = 0 on (18). 


Accordingly, if f(z) satisfies (2), then it can be extended into an entire 
function f(z) satisfying (15). Hence, more than what is needed for the 
completion of the proof is contained in the following criterion (which does 
not assure that f(z) is an entire function) : 


Let f(z) be a function which is regular on the strip (18) and real- 
valued on the segment (1), where zx + iy. Then f(z) will satisfy (15) 
if and only if there exists on the closed t-interval [—1,1] a monotone non- 
decreasing function (t) having the following property: If p(w) 1s defined 
by the Streltjes transform (5) on the sumply-connected w-doman which results 
when both half-lines (6) are removed from the w-plane, then 


(16) | f(z) = p(sinz)cosz on (13). 


This criterion turns out to be a rephrasing of the symmetric case of 
(F. Riesz’ version of) the Carathéodory-Toeplitz criterion for functions F(w) 
which are regular on (4) and satisfy ` 


infinite product for en(#,k) or by differentiating the pair of rational relations which 
connect the first derivatives of cen(x,k) and sn{s, k) with sn(x,k) and en(æ,k) 
themselves. | 
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(17) Re F(w)} Z0 on (4) 

. (by the symmetry restriction is meant the condition 
_ (18) | F(w*) —F*(w) on (4), 
where the asterisks denote complex conjugations). 


Proof. The classical criterion, just mentioned, states that a function 
F(w) which is regular on (4) will satisfy (17) if and only if there exists 
on the closed a-interval [—#,7] a monotone non-decreasing function p(a) 
in terms of which F(w) is representable on (4) in the form 


(19) F(w) -=f L(wett)dp(a), where L(s) == (1 +8)/(1— s8). 


In order to characterize those particular distributions dua) 0 on [~r r] 
for which (19) will satisfy (18), expand (19) according to powers of w on 
(4) and insert the result in (18). Then comparison of like powers of w 
shows that (18) is equivalent to 


m T T 
2f eina du(a) == 2 f eina dufa), 1.e., f sin na du (a) == 0, 
7 -T 7 
where n—1,2,- - +, which in turn is equivalent to the restriction that 
du(a) = — du(—a) if 0<a< xr. If this is inserted in (19), a trivial 
reducticn leads to 
(20) E(w) = f P(w,cosa)du(a) on (4), 
0 
where P is Potsson’s kernel 
(21) P(w, cosa) = (1—w?) /(1—2w cosa + w?) _ 


with complex w (instead of the standard w = | w | =r) and »(e) is monotone 
non-decreasing on the closed a-interval [0,7] but is otherwise arbitrary (the 
pa) of (20) is not the same as the pa) of. (19) was). Thus (20), where 
du(a) = 0 on [0,7], is necessary and sufficient in order that a function F (w), 
regular on (4), be such as to satisfy both (17) and (18). 

Let f(z) be a function which is regular on (13), satisfies (15), and 
is real on (1), where z==2-+-iy. The latter restriction is equivalent to the 
symmetry assumption 


(22) f(2*) =f* (2) on (18). 


sen) 
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But it is a standard exercise that 
(23) w = tan dz 


is a Riemann mapping function belonging to the strip (14) and the circle (4). 
Since (tan £z)*—tan(iz*), it follows that (17) and (18) are equivalent 
to (15) and (22) by virtue of f(z) —F(w) and (23). Hence, by the end 
of the preceding paragraph, the elass of functions f(z) dealt with in the 
last italicized assertion is the class of those functions which are representable 
on (13) in the form 


(24) f(z) = f P (tan $2, cosa)du(a), where du(a) = 0. 
0 


Finally, it is readily verified that, by virtue of (23), Poisson’s zomplex 
kernel (21) becomes identical with the quotient of cosz and 1 — {sin z, where 
t—cosa. Hence (24) can be written in the form i 


te= f (1— tsin 2) du(a)}cosz, 


where t= cos a and du(a) 20. Since this differs from (16) and (5) only 
in notation, the proof is complete. 

Since the crucial formal point in the proof is the explicit simplification 
which results when (19) is reduced by the symmetry requirement (18), it 
is worth mentioning that, while the formulation of (19) in terms of the 
trigonometric moment problem supplied by spectral resolution of arbitrary 
unitary matrices in Hilbert space (cf., e.g., $ 6, of E. Hopf’s Hrgodentheorie, 
Ergebnisse der Math., vol. 5 (1987), no. 2), the restriction (18) corresponds 
to the replacement of the unitary group by its orthogonal subgrcup (cf. 
C. R. Putnam and A. Wintner, Amer. Jorn. of Math., vol. 74 (1952), pp. 
52-78, and the Johns Hopkins thesis of M. H. Martin referred to there). 
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VECTEURS ANALYTIQUES DANS LES REPRESENTATIONS DE 
GROUPES DE LIE.* 


par P. CARTIER et J. DIXMIER.? 


Introduction. Soit + une représentation continue? du groupe de Lie 
G dans l’espace de Banach §- Selon Harish-Chandra [1], on dit qu’un 
élément 6 € $ est un vecteur analytique pour la représentation r si l’applica- 
tion s—r(s)$ de G dans § est analytique. Les vecteurs analytiques de & 
forment un sous-espace vectoriel, non fermé en général, de §. Lorsque le 
groupe G est semi-simple et que la représentation + est “ permise,” Harish- 
Chandra a démontré dans [1] que les vecteurs analytiques sont partout denses 
dans ©; nous nous proposons de généraliser ce résultat au cas d’un groupe 
de Lie quelconque et d’une représentation bornée sur un certain sous-groupe 
discrét. Le résultat précis est énoncé dans le théorème du $6, qui est le 
résultat central de cet article. 

Nous suivrons une méthode de démonstration analogue à celle de Harish- 
Chandra: alors que Harish-Chandra démontrait d’abord que les vecteurs 
analytiques sont partout denses dans le cas d’une représentation d’un groupe 
quasi-nilpotent, nous commencerons par une étude approfondie du cas des 
groupes résolubles; une fois obtenu le résultat pour les groupes résolubles, 
la démonstration suivra de très près celle de Harish-Chandra. 


1. Notations, On désigne par N l’ensemble des entiers 20, par Z 
celui des entiers rationnels, par R le corps des nombres réels et par C le 
corps des nombres complexes. 

L’élément neutre d’un groupe sera toujours noté e. Sif est une fonction 
sur un groupe G, la translatée à gauche f (s€ G) est définie par f(s) = f{ss’). 
La translatée à droite fẹ est définie par f,(s’) =-f(s’s). Sur un groupe 
localement compact G, une mesure de Haar est une mesure = 0 non nulle 


* Received November 4, 1957. 

t Les numéros entre crochets renvoient à la Bibliographie située à la fin de l’article, 

3 La représentation m est dite continue si application (#,¢) > r(e) de GX G 
dans © est continue, ou, ce qui revient au même, si pour tout €, Vapplicetion 
z- r(æ)p de G dans § est continue. 
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4 


invariante à gauche; l’élément d’intégrale correspondant sera noté ds si s 
désigne l’élément générique de G. Une semi-norme sur G est une fonction 
semi-continue inférieurement p>0 vérifiant l'inégalité p(ss’) = p(s)p(s’) 
pour s,s’ € G; pour toute semi-norme p on notera L?¢(G,p) l’espace des fonc: 
tions numériques complexes sur G de puissance p° intégrable (p 1) pour la 


mesure p(s)ds, muni de la norme définie par || f |», = Cf | f(s) ?o(s) ds); 
G 


la représentation régulière + de G dans L%¢(G,p) est définie par æ(s)f = saf 
pour fE Zrc(G,p). 

Les espaces de Banach sont toujours supposés complexes ‘mais il wy 
aurait pratiquement rien de changé s’ils étaient supposés réels). 

Si $ est un espace de Banach, on désigne par (%6) l’espacz de Banach 
des endomorphismes continus de §. Si p est une semi-norme sur le groupe 
localement compact G et m une représentation continue de G@ dans l’espace de 
Banach § telle que | r(s)] = p(s) pour tout s€ G, on pose 


r()— [fonds € £8) 

pour fE L'e(G, p). | 

Tous les groupes de Lie envisagés sont supposés réels, sauf mention du 
contraire. | 

Soit Œ un groupe de Lie, d’algèbre de Lie g; on note exp l’application 
exponentielle de g dans G, et pour toute représentation continue m de G dans 
un espace vectoriel de dimension finie, on note dr la représentation correspon- 
dante de g. On a alors, pour tout S€ g 


(1) æ(exp S) —exp dr(S) 
où le second membre est défini comme d'habitude par exp => Len, 
n=z0 


Soient G, et G, des sous-groupes de G, on écrira GŒ = G `G si at seulement 
si les conditions suivantes sont remplies: 


1) G, et G, sont des sous-groupes analytiques de G; 


2) Vapplication. (s1, S2) — 5,5, de G, X G: dans G est un isomorphisme 
de la première variété analytique sur la seconde. 


2. Rappel de certains lemmes. 


LEMME 1. Soient E un espace localement compact, p une mesure = 0 
sur E, © l’espace de Banach des fonctions numériques complexes L-intégrables, 
V une variété analytique complexe et f une fonction numérique complexe 
continue sur VX E satisfaisant aux conditions suivantes: 
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(i) il existe une ‘fonction p-intégrable g Z 0 sur E telle que l'on att 
|f(z,2)| g(x) pour tout z€ V et tout vE E; 


(ii) pour tout xE E, la fonction 2— f(z,x) est holomorphe sur V. 


Si l’on note alors y (z2) € $ la fonction x — f(z, s), l'application 2 —> y(z) 
de V dans $ est holomorphe. 


C’est le lemme 23 de [1]. 


LEMME ©. Soient G un groupe de Lie réel, $ un espace de Banach, m 
une représentation continue de G dans § et y un élément de §. On suppose 
que l'application s—>a(s)w est analytique en e; alors le vecteur y est 
analytique pour la représentation m. 


Cf. [1], p. 209, lignes 7-11. 


LEMME 8. Soient G un groupe de Lie réel, § un espace de Banach, 
m une représentation continue de G dans &. Sow p une semi-norme sur G 
telle que | r(s)|| p(s) pour tout sE G. Alors, si les vecteurs de L*¢(G, p) 
analytiques pour la représentation régulière sont partout denses dans L*¢(G, p), 
les vecteurs de $ analytiques pour mw sont partout denses dans §. 


Soit À l’ensemble des éléments de L+¢(G,p) analytiques pour la repré- 
sentation régulière. Soit À l’ensemble des combinaisons linéaires de vecteurs 
r(f}t, où rE et fe À. Les éléments de À sont analytiques pour x ([1], 
lemme 24), et il suffit de prouver que & est partout dense dans Q, autrement 
dit, que si ¢ est une forme linéaire continue sur § nulle sur Q, on a d= 0. 
Or, pour toute f € A et tout € Š, on a i 


o=o (r(e) = f Aat l)ds= f 4 (o(s)%x(s)2)F(e) p(s) as, 


Puisque A est partout dense dans Lie(G, p), on en déduit que (p(s)x(s)z) 
== 0 localement presque partout sur G, done que 0==(r(e)z) —p(x) - 
puisque la fonction s— p(r(s)x) est continue. D’où notre assertion (cf. 
aussi [1], lemme 25). 


LEMME 4. Soient X et Y deux variétés analytiques réelles, Y étant - 
compacte, et f une application analytique de X X Y dans un espace de Banach 
G. Tout point de X possède alors un voisinage ouvert V ayant les propriétés 
suivantes : 


(i) «a existe un système de coordonnées analytiques (t'> +, tn) 
dans V; | 
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' (ii) a existe des applications analytiques fe de Y dans $ 
(e= (ex, © *, €a) E€ N") 
telles que pour xE V et y£ Y, on att: 
(2) f(y) = F Fe (h(E) > -ta (2) 
cette somme étant absolument et uniformément convergente dans V X Y. 


Il suffit de reprendre pratiquement sans changement, la démonstration 
de [1], de la ligne 20 le le p. 221 à la ligne 19 de la p. 222, en remplaçant 
partout G par X et K paz Y. | . 


3. Structure des grcupes résolubles. Soient H) une algèbre de Lie 
résoluble réelle et n un ideal nilpotent de } contenant [§,h]; on note k la : 
dimension de n et n celle de §. Comme toute algèbre de Lie résoluble contient 
un idéal de.codemnsion 1 et que tout sous-espace de b contenant n est un idéal ° 
de D, il existe une suite de sous-espaces D, de h ayant les propriétés suivantes : 


a) D est de dimension i pour 0Z1=<n; 


b) D est un idéal de ba, pour 0 S1 S n— l1; 


c) Din. 
La propriété a) nous permet de choisir une base (#,,- : :, #,) de D telle 
que (X,,- < +, Xı) soit une base de Iu. Ces données resteront fixées dans tout 


ce paragraphe. 


LemMME 5. Il existe -n groupe de Ine réel H ayant b pour algèbre de 
Ine et jouissant des propr-étés suivantes: 
n ; 
(i) l'application D: (t1,° - -,tn) —> [exp X: de R” dane H est un 
ist 
isomorphisme de variété aralytique ; 
(ii) soit h— (x (h),: + :,æ&.(h)) l'application réciproque ce œ et soit 
À l'algèbre complexe de fonctions sur H engendrée par 1, les ti (1=1<=n) 
et les expaz; (aE C,k < Sn); pour toute fonction FEA, il existe des 
fonctions fp, fp € À telles que l’on ait l'identité: 


(3) f(hh’) = À fo (h) fe (W). 


Nous raisonnerons pa? récurrence sur n, le cas n==0 étant trivial; 
nous supposerons donc n'>0 et nous poserons Y =bn n—nNt; la 
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dimension k’ de n’ est égale à n—-1 si n==þ, et est égale à k si n Cf; 
on peut alors construire un groupe de Lie réel H’, une application ¢’, une 
algèbre A’ ayant les propriétés (i) et (ii) de l’énoncé, où l’on doit remplacer 
n par n— 1 et k par K. ; | 


A) Pour toute fonction f€ A’, le sous-espace vectoriel de A’ engendré 
par les transletées à droite de f est de dimension finie sur € d’après la formule 
(3) ; par suite, A’ est réunion de ses sous-espaces de dimension finie invariants 
par les translations à droite. Soient V’ un tel sous-espace et n’ la repré- 
sentation de H’ dans V’ définie par (h) f= fr. 

Soit (f;):sjem une base de V’; d’après la condition (ii) de l’énoncé il 
existe des fonctions &;€ A’ telles que: 


(4) RO Say hh; ASIE m) ; 


mais, si À — exp tX; avec 1 Sisk’, la définition des z? montre que s; (h) — 0 
pour j > k et £ (h) —0;jt (indice de Kronecker) pour 1S7 SK. D’après 
la définition de A’, on voit que pour tout f € A’, f(exptX;) est un polynome 
en ¢ pour 11k’; d’après la formule (4), la matrice de a’ (exptX,) par 
rapport à la base (f;) est donc un polynome en f puisque ay € A’; mais d’après 
la formule (1), on a 


a’ (exp =X) = exp dr’ (tX;) = $, (dr (X;))'tr/r! 
rax0 


ce qui impose que dr’(X;) soit nilpotent pour 1Si= K. 

Soit (V’-)ospsm une suite de Jordan-Holder de V” pour la représentation 
x de H; d’après le théorème de Lie sur les groupes résolubles, les espaces 
V/V’ sont de dimension 1. Pour 11k’, l’opérateur nilpotent dx’ (.X;) 
induit un opérateur nul dans V,’/V’,., autrement dit applique V,’ dans 
V’p-1- Supposons la base (f;) adaptée à la suite (V,’), c’est-à-dire que Vp 
admet (fı, fa’ © *,f») pour base; alors la matrice représentant dx’ (Xi) est 
de diagonale nulle pour 1&1 5 W. Il en résulte que si Y (u) =X, + D u£; 

I 


(lsjsSk’; 1Sissn—1), la matrice qui représente dr’(Y(u)) est tri- 
angulaire et que ses termes non diagonaux sont linéaires en ui, * +, Up; Si 
11k’, ses termes diagonaux sont nuls.” Du lemme A de l’Appendice 
résulte que les coefficients de la matrice associée à l’opérateur a’ (exp tY (u)) 
= exp (tdr (Y (u))) sont de la forme 


(5) È Ea (t) Pa (Un j *, Ux’) 


^a On notera que dans vous les cas les termes diagonaux de dw’ (¥Y(u)) sont indé- 
pendants Uy, Jr 3 Uys. 
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où les Pa sont des polynomes et où les Hy sont des exponentielles-polynomes ® 
et même des polynomes ti Sisk’. 


m 
Or, de la formule (4) résulte f,(h) == Š ay(h)f;(e) et par suite, fı est 
j=l 


de la forme (5); comme A’ est réunion de sous-espaces analogues à V’, on 
voit que, pour tout f € A’, la fonction 


(Eu) > flexp (Xi + Z wX) 
est du type (5). i 


B) Soit D la dérivation Y —> [Xm Y] de h’ et soit o(v) lautomor- 
phisme exp vD de bh’; comme D applique h’ dans [8,5] NAY C nN Y =n, 
on a a{v)-F—YEn pour tout Y€, et les coefficients de oiv): Y — Y 
par rapport à la base (%,,- - <, Xx) de n’ sont des exponentielles-polynomes 
en v et même des polynomes si n==§.* De ce qu’on a démontré en A), il 
résulte alors que pour toute fonction f € A’, la fonction (t, v)— f(exp tio(v) - Xj) 
est de la forme: 


(6) E Ealt) Bel (v) 


où les Æ, sont des exponentielles-polynomes et même des pclynomes si 
1=i=F’, tandis que les Fa sont des exponentielles-polynomes et même des 
polynomes si n=}. l l 

Soit +(v) Pautomorphisme du groupe simplement connexe H’ associé 


Nel 
à Pautomorphisme oa(v) de D’; pour h== [[exp #44: on a: 
jat 


nel 
(7) T(V): h = [Texp tio(v) X. 
i=1 


De la définition de A’, de la formule (6) et de la formule analogue à la 
formule (3) pour n— 1 facteurs (que se déduit de (3) par récurrence immé- 
diate), on déduit finalement que, pour toute fonction fE A’, la fonction: 
(h,v) >f(r(v)-h) est de la forme: 


(8) 2 Ba(v)fa(h) 


OÙ fa € A’ et les Hy sont des exponentielles-polynomes. Si k—n ‘c’est-à-dire 
n= þh), les Ea sont même des polynomes. 


3 On appelle exponentielle-polynome à p variables u,,- ` : ,u, réelles cu complexes, 
une fonction de la forme: 3 P(t’ ' `, Up) exp S Quy où les P, sont des polynomes 
i j 


à coefficients complexes et les a,,, des constantes complexes. 
31 On notera que dans ce dernier cas, la dérivation D est nilpotente. 
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C) On peut maintenant former le produit semi-direct H de H’ et R 
au moyen du groupe à un paramètre r(v) d’automorphismes de H’. On 
rappelle que ce produit semi-direct est, en tant que variété, identique à 
H’ XR et que la loi de groupe est donnée par: 


(9) (hy) (K, v) = (hro) (h’), 0+ 0). 


Si Pon identifie XY, au générateur infinitésimal du groupe à un paramètre 
v— (e,v) de H, on voit immédiatement que § s'identifie à l’algèbre de Lie 
de H, H’ étant identifié au groupe des (h,e). 

On a alors: 


(ti a) tn) aii (p(t, ee in); e)(e, tn) = (p (tr es a tn-1), tn) 


ce qui prouve que œ est un isomorphisme de variété analytique. De plus, 
d’après la définition des z, on a: 


milh, v) =z (h), 1Si<n; Sq (hv) =v 


et par suite 4 est l’ensemble des fonctions de la forme (8) (où les Ea sont 
des exponentielles-polynomes en général, des polynomes si —n). La 
formule (3) pour fE À résulte alors immédiatement de la définition de la loi 
de composition dans H (cf. (9)) et de la conclusion de B).—c.q. f. d. 

Nous allons, en vue de besoins ultérieurs, déterminer la mesure de Haar 
sur le groupe H. L’automorphisme r(v) de H’ transforme une mesure de 
Haar u sur H’ en A(v)p, où A(v) est le déterminant de l’automorphisme 
contragrédient de o(v); on a done 


A(v) = (deto(v) )t == exp —vTr(D). 


Si v est la mesure de Haar usuelle sur R, la formule (9) montre que la 
translation à gauche par (h,v) transforme la mesure » en la mesure 
A(v)u@v; la mesure A(v) du(h)dv(v) est donc une mesure de Haar sur 
H. Raisonnant par récurrence sur n, on voit que la mesure de Haar sur H 
est EXP (Gent + e + EnEn) dt + - dr, en posant œ == — Tr (ad X;). 


4, Vecteurs analytiques. Cas des groupes résolubles. 


LEMME 6. Soit N un groupe de Lie réel résoluble, connexe et simple- 
ment connexe. Soit p une semi-norme sur N. Les vecteurs de L'c{N,p) 
analytiques pour la représentation régulière sont partout denses dans L'ciN, p). 


A) Comme deux groupes de Lie connexes et simplement connexes ayant 
des algèbres de Lie isomorphes sont isomorphes, on peut d’après le lemme 5 
trouver des fonctions æ,,: ` :,æ, sur N ayant les propriétés suivantes: 
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a) Vapplication h—> (2,(h),- + -,«.(h)) de N dans R est un iso- 
morphisme de variété analytique; 


b) il existe des exponentielles-polynomes P, telles que: 
(10) 9 a (hh’) = Pi(a(h),- + ah); 2 (h’),- - + tty (h’)) (1=i<n); 


c) la mesure de Haar sur est de la forme (exp X ati) day - dr. 
De plus, comme d’après (3) l’algèbre À du lemme 5 est réunion de ses sous- 
espaces de dimension finie invariants par les translations à gauche, on peut 
trouver des fonctions réelles y; et an, (1527,k 5m) sur N, s’exprimant 


comme exponentielles-polynomes en les z; et telles que: 
d) mn et t;—=7y; pour 1S] Sn; 


e) on ait les identités: 
(11) y;(hh’) = 2 dye (hyn Ch”). 


Comme les exponentielles-polynomes se prolongent en des fonctions en- 
tiéres de variables complexes, on peut d’aprés le principe du prolongement des 
identités, plonger N dans un groupe de Lie complexe N°, les fonctions t, y; 
et aj, se prolongeant en des foncticns holomorphes sur N° de sorte que les 2; 
forment un système de coordonnées complexes sur N° et que les identités (10) 
et (11} soient valables sur We. 

Enfin, pour achever ces préliminaires, notons que sur R, toute semi- 
norme est majorée par une exponentielle: p(z) = MexpA|a! (M,A€R) 
(cf. par exemple [2], chap. VI). Revenant à la définition des z; (lemme 5) 


n n 
et utilisant l’inégalité p( [] exp tXo = [] p(exp tX) on déduit la majoration: 
įst į=1 


(12) p(h) SMexpA S| a(h)|, (hEN) 


pour une constante réelle À convenable et M > 0. 


B) Soient Q° l’espace vectoriel complexe des formes quadratiques en 
des variables Y4,- - >, Ym à coefficients complexes, Q le sous-espace réel formé 
des formes quadratiques à coefficients réels et O* le cône ouvert də Q formé 
des formes quadratiques positives et non dégénérées. Nous définirons une 
représentation holomorphe du groupe opposé au groupe complexe N° dans 0° 
en posant: 


(13)  (r(A)F) (Fu, Pn) = PC 2 tr (h) Fr i > È 0mk(R) Vx) 
pour Fe O° et hE Nc, 
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Comme Q* est ouvert dans ©, pour k appartenant à un certain voisinage 
ouvert V de e dans N° et FE Ot, la forme R(r(h)F#) —4F appartient à Ot 
(R désignant la partie réelle). On en déduit, pour À € F, linégalité: 


RE (a(y:); ya (Ym)) ESF (Yu Um) 
d’où, si f—exp— y," + +, Ym): 
| af | —exp—RP(n(y1).° + *o r (Ym) ) E exp — SF (ys, + > Ym). 


Or, puisque F€ Ot, il existe une constante réelle «> 0 telle que la forme 
F(Y,,: + °,¥m)—a(V+-:-:-+Y,7) soit positive; pour hE V, on aura 
alors: 


(14) | af | Sexp—fal(ee+---+a,2). 


D’aprés la formule (12), la formule (14) et la forme de la mesure de 
Haar sur N, on a donc af € D'e(N,. p) pour kE V; de plus, pour A’ fixé dans 
N, 2f (h’) =f(hh’) dépend holomorphiquement de hE V. L’inégalité (14) 
et le lemme 1 montrent que Vapplication h->,f de V dans L'C(N,p) est. 
holomorphe, de sorte que f est un vecteur analytique de L*¢(N,p) pour la 
représentation réguliére (lemme 2). | 


C) Soit F l’ensemble des fonctions sur N de la forme exp — F' (415° * `, Ym} 
axec F € Q* et soit & l’ensemble des combinaisons linéaires complexes d’élé- 
ments de #. Pour démontrer le lemme, il reste à faire voir que § est. 
partout dense dans L'<(N,h), ce que nous ferons par une méthode un peu 
différente de celle de [1], pp. 218-220. Observons pour cela que la famille 
F a les propriétés suivantes: 


1) Les fonctions de ¥ sont continues, partout > 0 sur N, et nulles 
à l’infini d’après (14). 
2) Le produit de deux fonctions de F est dans F. 


‘ 


8) La famille ¥ est invariante par les translations à gauche, car si 
f—exp—F(y, ` +, Ym), On a af = exp — (r (A) F) (Yu' + +, Ym) 3 mais pour 
h€ N, la matrice | ax (hk)| est réelle et par suite r(h) FE Q* si FE Ot. 


4) + sépare les points de N: raisonnant par l’absurde, supposons qu’il 
existe ha, hı € N avec he et f(hoh:) —f(h) pour toute fE J; d’après la 
propriété précédente, on aurait pour fE F et hEN: 

f (hhi) = nnof (ohi) = aroaf (ho) = f (h) 


d’où f(A) =f(hhy™) pour toute fE F et tout entier m. Mais lorsque m tend 
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vers linfini, il en est de même de h;"#; comme f est nulle à 
N, on en déduit f= 0, ce qui est absurde. 

Alors, § est-une algèbre de fonctions continues complexes ‘sur N allés 
à l'infini, séparant les points et stable par conjugaison. D’après le théorème 
de Stcne-Weïerstrass, toute fonction complexe continue nulle à l’infini sur 
N est limite uniforme de fonctions de & ; soit alors f une fonction continue 
à support compact sur N; pour toute foe F et tout e > 0, il existe f, € $ 
telle que | ffot—filsseq Von fil f fofi | pdh Se f,,pfodh. Comme fof, 
appartient à $, on a montré que % est partout dense dans L'¢(N, p}. 


Vinfini sur 


5. Un lemme de transition. Nous considérerons dans ce paragraphe la 
situation suivante: 


G est un groupe de Lie connexe, K et N deux sous-groupes analytiques 
de G tels que G=K-N; enfin Z est un sous-groupe central de G contenu 
dans K tel que K*— K/Z soit compact. 


+ est une représentation continue de G dans un espace de Banach § 
mw est une représentation continue de K dans § telle que: 
a) quels que soient s€ K et # € G, on a (sja (t) —=a(s8’) p(s) 5 


b) Vapplication » de K dans (6) est analytique (au sens de la 
norme de £()); 


c) les restrictions de æ et y à Z sont identiques. 


Soit u—u* l’application canonique de K sur K*; d’après c), Vopérateur 
u(s) tr(s) est égal à 1 pour s€ Z, done il existe une représentation continue 
r” de K* dans § telle que n(s)"?r(s) =7*(s*) pour sé K. 
Ceci étant posé, on a le lemme suivant: 


LEMME 7. Soit f une fonction analytique sur K* et soit y un élément 
de §, vecteur analytique de § pour la représentation de N induite par m. 


Le vecteur == f f(u*)r*(u*)y du* est un vecteur analytique de § pour 
K* , 
la représentation m. 


Nous pouvons étendre sans difficulté les raisonnements de [1], pp. 221- 


‘Si hewN est différente de e, h™ tend vers linfini pour m -> œ: sinon, d’après [4], 
chap. VI, lemme 2, les À" seraient contenus dans un sous-groupe compact de G non 
réduit à ce; mais si œ; (A) 0 et 2,,,(h) => + += a,(h) = 0, la construction récurrente 
de H montre que l’on a æ;(h") =-ma@,(h), ce qui ne reste pas borné pour m -> ©, 


` 
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224. Pour sE G, on a: 
(be f flut)a(o)a* (u*)y dut. 


Posons, pour z€ G et ue K, £u = uss(£,U) où UsE K et s(z,u)EN. Si 
VEZ, on a T(UV) = Uss (T, U)V = (uv)s(z,u) puisque v est dans le centre 
de G. Donc (us)*, s(£,U) et Uus ne dépendent que de x et de u*. Nous 
noterons ces éléments u,*,s(x,u*) et y(æ,u*). Les applications (x, u*) — Un*, 
(2,u*) —» s(a,u*) et (2,u*) > y(2, u*) sont analytiques et l’on a: 


mt (u) = w(x) au)” Lr(u) = sai uy *r(wa)a(s(a, u)) 
= p(u) aue)r* (ua }r(s(r, U*)) = p(z, ut) ya" (ut) (se, u*)). 


Done: #(2)#— f F(u )u(y(z,u*) )x* (ut) (s(e; u*) Jy du 


Pour x fixé, les applications u — Us et u-> Uz sont des applications 
analytiques réciproques l’une de Pautre de K dans K. Donc les applications 
UË —> Us” et u*—u,1* sont des automorphismes réciproques de la variété 
analytique K*. Posons dus” = D(x,u*)du*, où D est une fonction analytique 
sur GX K*, On a: 


x(a) p— f° m (U*)D (17, wf (tas) ay (2, tt) Ja (8 (2 et) Jy du. 


Posons: y(x, u*) == D(a, u*) f (ue) u(y (2, Ur") )r(s(t, Ue) )#. D’après 
le choix de ¥,a(s(z,uga*))y dépend analytiquement de (a, u*); l’applica- 
tion (4, B,T,n) — aB(T'n) deRXK RX £(9)X § dans § est multilinéaire 
et continue et (z,u*)—>yuly(2,u,2*)) est une application analytique de 
GX K* dans £($). Il en résulte que y(z,u*) dépend analytiquement de 
(z,u*)E GX K*; comme K* est compact, il existe d’après le lemme 4 un 
voisinage V de e dans G et un système de coordonnées analytiques (4,::-:,6,) 
dans V tels que, pour (x,u*) € V X K*, on ait: 


px, u*) = Die(u*) i. (2) ` tae), e == (6, © *,en) EN” 


où les applications we de K* dans © sont continues; la somme précédente 
converge uniformément et-absolument dans V X K*. Alors: 


rte f (ur), y aus | 
S [nr (ut )pe (ut) dur) Ha (a): -tee (a) 


cette dernière famille de vecteurs étant encore sommable. Donc æ—r(æ)# 
est analytique dans V, ce qui, avec le lemme 2, achève la démonstration. 
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6. Vecteurs analytiques. Cas général. Nous commencerons par dé- 
montrer un lemme concernant la structure des groupes de Lie réels généraux. 
Ce lemme est contenu dans les résultats. d’'Iwasawa [3]. 


LEMME 8. Soi G un groupe de Lie réel connexe et simplement connexe. 
Il existe des sous-groupes fermés K et N de G, et un sous-groupe. discret Z 
du centre de G, avec les propriétés suivantes: 


(i) G=K-N; 
(ii) N est résoluble connexe et simplement connexe; 


(in) K est produit direct d’un groupe compact K’ et d'un groupe 
abélien connexe et simplement connexe À ; 


(iv) ZCA et A/Z est compact. 


Comme @ est simplement connexe, il est produit semi-direct d’un groupe 
de Lie semi-simple connexe et simplement connexe S et d’un groupe de Lie 
résoluble connexe et simplement connexe Æ (utiliser une décomvosition de 
Levi de l’algèbre de Lie de G et construire a priori un tel produit semi-direct, 
qui sera isomorphe à G, puisque Ceux groupes de Lie connexes et simplement - 
connexes ayant des algèbres de Lie isomorphes sont isomorphes). Les groupes 
S et À sont des sous-groupes fermés de G, et E est le radical de G. L’applica- 
tion (s,r) — sr est un isomorphisme de la variété analytique S X E sur la 
variété analytique G. 

Il existe d’autre part (cf. par exemple [1], p. 283) des sous-groupes 
fermés K et M de S et un sous-groupe discret Z° du centre de S, possédant 
les propriétés suivantes : 


a) S==K-M; 
b) M est résoluble connexe et simplement connexe; 


c) K est produit direct d’un groupe compact K’ et d’un groupe abélien 
connexe et simplement connexe A contenant Z°, avec A/Z? compact. 


Soit Z’ l’intersection des noyaux des représentations linéaires continues 
de dimension finie de $. On sait que 7” est contenu dans le centre de S, et 
que S/Z’ a un centre fini, de sorte que Z’ est d’indice fini dans le centre de 8. 
Done 4—2Z’ N Z° est d'indice fini dans Z° et par suite A/Z est compact. 
Soit p la représentation adjointe de G dans Valgébre de Lie g de G; sa 
restriction à S est une représentation linéaire continue de dimension finie 
de S; son noyau contient donc Z” et par suite, pour s€ Z, on a Ad,s==1; 
donc Z est contenu dans le centre de G. 
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Sor N —M-R; comme K est distingué dans G, N est un sous-groupe 
fermé de G. En outre N/R est isomorphe à M, donc résoluble, de sorte que: 
N est résoluble ; comme M et R sont simplement connexes et que N == M - R, 
N est simplement connexe. Enfin, comme G =S: R et que S—K'M,ona 
G==K-N.—c.q.f.d. 

‘Nous allons maintenant démontrer le résultat central de cet article. 


THEOREME. Sotent G un groupe de Lre réel, & un espace de Banach 
et r une représentation continue de G dans §. Les vecteurs de & analytiques 
pour r sont partout denses dans chacun des trois cas suivants: 


1) G est connexe et simplement connexe; si Z désigne le sous-groupe 
introduit dans le lemme 8, les opérateurs a(z) pour z€ Z sont scalaires. 


2) G est connexe et simplement connexe, et l’ensemble des opérateurs 
r(z) pour 2€ Z, est borné dans (9). 


3) La représentation m est bornée, c’est-à-dire que l'ensemble des 
opérateurs m(s) pour sE G, est borné dans £(S). 


Lorsque @ est résoluble connexe et simplement connexe, les vecteurs 
analytiques sont partout denses dans &, comme il résulte des lemmes 8 et 6. 
Supposons ( connexe et simplement connexe et introduisons les groupes 
K, À, N et Z du lemme 8; comme A est abélien connexe et simplement 
connexe, il est produit direct de deux sous-groupes A’ et A”, Z étant contenu 
dans A” et image de Z? par un isomorphisme ¢ de R? sur A” (p= dim 4”). 

Dans le cas 1), posons a(z) — (2): 1 pour 2€ Z; il est clair que l’homo- 
morphisme x de Z dans le groupe multiplicatif C* des nombres complexes 
se prolonge en un homomorphisme continu x’ de A” dans C*. Comme E est 
produit direct de K’, A’ et A”, on peut prolonger y’ en un homomorphisme 
x” de K dans C* égal à 1 sur K’ et A’; on-posera p(w) ==" (u)-1 et l’homo- 
morphisme x de K dans le groupe des opérateurs continus inversibles de §, 
est une application analytique de K dans ($). 

Dans le cas 2), l’expression p(s) = sup || r(sz)||, z€ Z, est finie pour 
tout s€ G et représente une semi-norme sur G telle que p{sz) = p(s) pour 
z€ Z et s€ G; introduisons la représentation régulière n” de G dans L’¢(G, p). 
Comme p est invariante par les translations par les éléments de Z, les opéra- 
teurs 7’(z) sont unitaires pour 2€ Z; posons: 


m (p(er °°, @p)) = Us - -Up (en + °, ep E Z) 


où les U; sont unitaires. On peut écrire U; — exp H; V ——1, où l'opérateur 
hermitien continu H; commute à tout opérateur commutant à U;; soit alors 
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p la représentation de A” dans § definie par: 
X 
m(p(t ` "s tp) ) = [l exp V—1 tH: (t1,° i SIER) 
i=1 


que nous prolongerons à K en posant u(k’a’a”) —u(a”) pour WEK, a’ € A’ 
et a” € A”. L'application u de K dans £(L’¢(G,p)) est alors analytique et 
les opérateurs p(w) commutent à tout opérateur commutant aux U, en 
particulier ils commutent aux 7’(s) (s€ G). On a enfin p(w) —m(u) pour 
u € Z. | | | 

On notera alors, que pour tout groupe compact, les fonctions analytiques 
sont partout denses dans l’espace des fonctions intégrables pour la mesure 
de Haar, puisqu'il en est ainsi des coefficients des représentations continues 
de dimension finie. Le lemme 7 et ce qu’on a vu des groupes résolubles 
montrent alors que, dans le cas 1) les vecteurs analytiques sont partout denses 
dans §, et dans le cas 2) les vecteurs analytiques pour la représentation v’ 
sont partout denses dans L?<((,p). D’autre part, l’application (f,g) — fg 
est une application bilinéaire continue de L?¢(G, p) X L’c(G,p) dans L*¢(G, p); 
donc les vecteurs de L'e(G, p) analytiques pour la représentation régulière 
sont partout denses dans [7¢(G,p). D’après le lemme 3, les vecteurs analy- 
tiques pour la représentation + sont done partout denses dans &, dans le 
cas 2). 

Dans le cas 3), soit Go la composante connexe de e dans G et soit G* 
le revêtement universel de G,; la représentation + de G définit de manière 
bien déterminée une représentation continue bornée r* de Go”. D’après 2), 
les vecteurs de § analytiques pour +* sont partout denses dans $ ; mais comme 
G)* est localement isomorphe à Go, un vecteur de §, analytique pour r* est 
analytique pour la restriction de + à G, et donc pour 7 (lemme 2).—c.q, f. d. 


Appendice. 


LEMME A. Soit U = | ui || une matrice à coefficients complexes, à n 
lignes et n colonnes; on suppose w,—0 pour i< j; on considère les uy = ti 
comme des constantes et Von note t une variable complexe. Dans ces condi- 
tions, les coefficients de la matrice exptU sont de la forme 


2 Ea (t) Pa (tor; Uzis * "5 Uraa) 


où les Pa sont des polynomes de degré < n et les Ea sont tous de la forme 


(15) Seuto,(t), 


4=1 


Q; étant un polynome de degré <n. 
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Soit V(t) =-expiU. On seit que dY (t)/dt =U- V(t), dot 
% # 
[I (d/dt —a,) V(t) = JI (U—a,-1)- V(t) =0 
ii i=1 


puisque, d’après le théorème de Hamilton-Cayley, on a JI (U—a-1) =0. 
i=1 

Les coefficients de V(t) sont donc, lorsque les ui; (è > 7) sont fixés, solutions 

de Véquation differentielle II (d/di—a;)f(t) —0, done de la forme (15). 

; 4=1 


Considérons maintenant £ comme fixé. On peut décomposer de manière 
unique U en somme d’une matrice diagonale D et d’une matrice N avec ny == 0 
pour 17 (et done ni; = ui; pour > 7). Soit (e} la base canonique de C”, 
et considérons D et N comme des endomorphismes de C”; si V; est le sous- 
espace ae C” de base (ei; enu’ © *,e,), on a D(P,)C Vi et N(Vi) C Vin, 
il en résulte que tout mondme (non commutatif) en D et N dont le degré en 
N est = n est nul; par suite, pour tout entier m, les coefficients de, (D + N)” 
sont, pour D fixé, des polynomes de degré < n en les uy (4 > 3) ; il en résulte 
que, pour ¢ et D fixés, les coefficients de exp¢( D+ N) = + t"(D-+ N)™/m! 
sont des polynomes de degré < n en les wij (1 > 7): i 

Ceci posé, le lemme A est une conséquence du lemme facile suivant, dont 
on laisse la démonstration au lecteur: 


LEMME B. Sovent X et Y deux ensembles, K un corps, V (resp. W) 
un espace vectoriel de dimension finie de fonctions sur X (resp. Y). Soit f 
une application de X X Y dans K telle que: 


a) pour tout c€ X, l'application y— f(x,y) est dans W; 
b) pour tout y€ Y, l’application x — f(x,y) est dans V. 


Alors f est de la forme f(x, y) = Siga(t)haly) avec ga€ V et ha € W. 
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THE PROBLEM OF MINIMAL MODELS IN THE THEORY OF 
ALGEBRAIC SURFACES.* | 


By Oscar ZARISKI.T 


Introduction. The non-singular varieties, in a given birational class of 
varieties (over an algebraically closed field k), form—in a well-<rown fashion 
—a partially ordered set 8. Any minimal element of @ is callac a relatively 
minimal model, and the lower bound of @ (if it exists) is called a minimal 
model (we identify biregularly equivalent varieties). The object of the present 
paper is to prove, for ground fields of arbitrary characteristic, the following 
classical result (known to the Italian geometers in ths classical case) :+ if a 
birational class B of non-singular surfaces contains no minimal model then 
B is the birational class of a ruled surface (§ 3, Fundamental Theorem A). 
We prove actually a stronger result. It can be proved that if oar birational 
class of non-singular surfaces contains no minimal model and if F is a 
relatively minimal model in the class (such models always exist even in the 
case of higher varieties, as long as our birational class contains non-singular 
models at all; see Corollary 1.8), then F carries an irreducible exceptional 
curve & of the second kind (Proposition-3.3, (a) and Proposition 2.6). It 
can also be shown that the self-intersection number (#7) of an irreducible 
exceptional curve Æ of the second kind (on a non-singular surface F) is 20 
(and that if Æ has singularities then (4?) > 0); see Proposition 2.7. Then 


* Received October 24, 1957. 

t This research was supported by the United States Air Force shrough the Air 
Office of Scientific Research of the Air Research and Development Ccmmand under 
Contract No. Al'18 (600) -1503. 

+See, for instance, F. Enriques [2], pp. 372-374. The proof in the classical case 
is due to Castelnuovo and Enriques, but that proof cannot be regarded as entirely 
rigorous. Furthermore, some steps of the proof, even those which could be accepted 
without objections in the classical case, would break down in the case of characteristic 
p x0. Our proof differs from the classical proof also in some of ils central ideas. 
Thus: (a) we do not have to presuppose that the Castelnuovo criterion of rationality 
Pa = Pa = 0 has already been established (and in fact, the validity of that criterion 
does not result from our proof, except in some special cases; see, however, the con- 
cluding remarks of our introduction?; (b) the crucial phases of the proof are based 
on specific properties of exceptional curves of the second kind. 
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what we actually prove is the following stronger result: if a non-singular 
surface F carries an irreducible exceptional curve E of the second kind, 
then F is birationally equivalent to a ruled surface, and that if, furthermore, 
(E°) is positive then F is a rational surface (Fundamental Theorem B, $3). 

A preliminary study of the problem of minimal models is contained in 
our monograph “Introduction to the problem of minimal models in the 
theory cf algebraic surfaces,” now in course of publication in the “ Publica- 
tions of the Mathematical Society of Japan.” In that monograph (based on 
a series of lectures given in Tokyo and Kyoto in the fall of 1956) we give 
an exposition of some background material concerning rational transforma- 
tions and linear systems, then develop the theory of exceptional curves on a 
non-singular surface, and finally give an outline of the contents of the present 
paper. This monograph will be referred to as IP. Frequent and explicit 
references to various propositions proved in IP will be made in the present 
paper, especially in regard to the theory of exceptional curves. 

In Section 1 we deal with varieties of any dimension and we prove that 
the class @ satisfies the descending chain condition (Proposition 1.5). Thus 
the existence of relatively minimal models as assured (as long as @ is non- 
empty; a question which is still open for varieties of dimension > 2 in the 
case of characteristic 540, and for varieties of dimension > 3 in the case 
of characteristic zero). This result is a rather straightforward consequence 
-of the theorem of Neron-Severi.2, In Section 2 we review some of the results 
concerning exceptional curves which have been obtained in IP, and we derive 
a few other properties of exceptional curves. In Section 3 we give various 
criteria of existence of minimal models. In partilular, we show that if there 
does not exist a minimal model then ‘we are dealing with surfaces all pluri- 
genera of which are zero (Proposition 2.9). This result (above all, the 
vanishing of the geometric genus p, and of the bigenus P,) is repeatedly 
used in the rest of the paper. In Section 4 we prove the fundamental 


3 In the case of surfaces it is possible (as was pointed out by Serre) to prove the 
descending chain condition by using sheaf theory. Namely, one observes that if FP < F, 
where # and F” are non-singular surfaces, then h?1(#) <h11(F"), where the notations 
are those of the theory of sheaves. This inequality is first proved directly in the case 
in which the birational transformation F -> F” is locally quadratic, and then one uses 
our factorization theorem for antiregular birational transformations of non-singular 
surfaces (see IP, Theorem II.1.2; or also our paper [12], Lemma on p. 538). 

A second proof (which we shall publish in the Mem. Col. Sci. of Kyoto University) 
is based on the consideration of the anticanonical system | — K | of an algebraic surface. 
It can be shown that if we have an infinite strictly descending chain F,>F,> - : " of 
non-singular algebraic surfaces, then dim |-—-K(F,)|— + ©, and this can be shown 
to lead to a contradiction. 


t 
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theorem B (stated in Section 3) under the assumption that (E?) =0 and 
also in the case in which Æ is non-singular. The conditions p(#) —0 and 
(E?) = 0 characterize the irreducible non-singular exceptional curves of the 
second kind (Proposition 2.8), and what we are actually proving in Section 4 
is that if a non-singular surface F carries an irreducible curve Æ such that 
p(E) =0 and (E°) = 0, then F is birationally equivalent to a uled surface. 

The remainder of the paper deals with the proof of the fundamental 
theorem B in the case (ZH?) >0. In this case it is the rationality of F 
that has to be proved. A first step in that direction is the proof of the 
vanishing of the arithmetic genus pa of F (Section 5). It will de noted that 
our present proof of the vanishing of », is much simpler than the proof 
which was outlined in IP (III, §3). We now make no use o? the concept 
of strongly minimal models (IP, Definition III. 3.1), and—what is more 
important—we do not use a local result which. was stated without proof in 
IP (Proposition III.3.4). The proof of this local result will be published 
elsewhere. What is common to both proofs is the recourse to Abelian varieties 
and the use of the equality g —=—p,, which holds on any surface of geometric 
genus zero. 

The proof of the fundamental theorem in the case (E°?) > 0 (and under 
the permissible assumption that F is a relatively minimal model; see remark 
at the end of Section 5) has to be divided into various cases, according to 
the value of (K*), where K is a canonical divisor on F. A very short proof, 
given in Section 6, settles the case (K?) =0. In Section 7 we develop some 
general properties of surfaces which satisfy the Castelnuovo criterion pa == P3 
= 0 and the inequality (K*)} >0. In Section 8 we prove the Castelnuovo 
criterion of rationality in the case (K?) = 3. This leaves us only with two 
cases for completing the proof of the fundamental theorem: (K) =1 and 
(K?) =-2. The proof in the case (K?) —1 (Section 9) is very short and 
simple. In the last section (Section 10) we deal with the case (K?) = 2, 
‘and here again, as in Section 8, we are proving not merely the fundamental 
theorem B but actually the Castelnuovo criterion of rationality Pa = P == 0 
in the case (K?) —2 (the latter implies the former once the vanishing of 
Pa has been established in Section 5). We first give a very simple proof, 
but unfortunately this proof does not work for characteristic 2. We then 
give a second (and much longer) proof which is valid for any characteristic. 
This second proof is constructive in the sense that we construzt the entire. 
family of algebraic surfaces with pg—P,==0 and (K?) ==2. We show thar 
the general member of this family is a rational surface, and we then prove the 
rationality of the given surface F by a specialization argument. 
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From the foregoing outline it is seen that the present investigation 
contains a proof of Castelnuovo’s criterion of rationality of a surface (“a 
surface is rational if pg==P,—0”) in the case (K*)=2. A proof of 
Castelnuovo’s criterion of rationality, in the classical case, was given by 
Kodaira in a lecture course at Princeton in 1956 (the existence of this proof, 
and the proof itself, because known to me in Paris through an exposé by 
Serre in a Bourbaki seminar in 1957). It appears clearly from that exposé 
that Kodaira’s proof, in the case (K?) <0, is algebraic in nature and is 
valid for any characteristic. [On the contrary, in the case 0 < (K?) $9, 
Kodaira’s proof uses topological considerations; our proof in the case (K?) = 3 
was presented in a Kyoto seminar in 1956 and is similar to, but somewhat 
simpler than, the proof of Kodaira in the case (K*) >9]. Thus the proof 
of Castelnuovo’s criterion of rationality in the abstract case is complete, 
except for the case (K?) — 1. We have a proof also in this case, but in order 
not to lengthen the present paper we do not include it here; it will be 
published elsewhere. 

We point out that the proof of the fundamental theorem in the case 
(K°) =0 which we gave in our Kyoto seminar was very long, while in the 
present paper the proof takes a few lines (Section 6). The reason for this 
is that in the Kyoto seminar we were essentially proving also the Castel- 
nuovo criterion of rationality in the case (K?) S0 (and not merely the 
fundamental theorem B). However, our Kyoto proof of Castelnuovo’s cri- 
terion of rationality in the case (K*) <0 was not as simple as Kodaira’s 
proof and is therefore superseded by the latter. 
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1. Minimal and relatively minimal models. Let k be an algebraically 
closed field and let 3 be a field of algebraic functions of r independent 
variables over #, i.e., a finitely generated extension of k, of transcendence 
degree r. By a progjective model of X/k we mean a pair (V,P), where V is 
a (projective) variety which is defined and irreducible over k, P is a general 
point of V/k, and 3=—k(P). In the sequel we shall often refer to V itself 
as a projective model of %/k and shall write V instead of (V,P) without 
fear of confusion. 

We shall denote by @* the totality of all normal projective models. of 
3/k, and by @ the totality of all non-singular projective models of 3/k. 

Given two projective models V==(V,P) and V’=(V’,P’) of 3/h, 
there is a unique birational transformation T of V onto V’ such that 
T(P) =P’. We shall say that V dominates V’, or in symbols: V > V’, if 
T is regular on V. The relation > defines a partial ordering of the birational 
class @*. As a rule we shall identify biregularly equivalent models; i.e., 
models V and V’ such that V > V’ and V’ >F. 

Let V, V’ be members of @* such that V >V’ and let T: V — V’ ‘be 
the regular transformation of V onto V’. To any irreducible subvariety IV/k 
of V/k there corresponds a unique irreducible subvariety W’/k of V’/k, and 
we have dim W’<dim W. We say that W is an exceptional variety of T 
if dim W’ < dim W. It is known (see IP, Corollary I. 2.4) that there exists 
a subvariety E of V, called the exceptional locus of T, having the following 
properties: 1) Æ is defined over k; 2) every irreducible component of E/k 
is an exceptional variety of 7'; 3) every exceptional variety of T is contained 
in Æ. The exceptional locus # of T is identional with the set of all points 
of V at which T is not biregular. 

Let © denote the group of divisorial cycles on V which i is generated by 
the prime divisorial cycles which are rational over k. Let ©’ have the similar 
meaning for the variety V’. We shall now associate with the regular trans- 
formation T: V — V’ a mapping, denoted by the same letter T, of © into G. 

If Z is a prime divisorial cycle on V, rational over k, and if the variety 
Z is not exceptional for T, then the corresponding variety on V’ is of the 
same dimension as Z and defines a prime divisorial cycle Z’, rational over k. 
We then set T(Z)=Z. If, however, Z is an exceptional variety.we set 
T(Z) = 0. We then extend the definition of the cycle transformatior Z — T(Z) 
to the whole group ©, by linearity. If we denote by G(T) the subgroup of 
@ generated by prime divisorial cycles which are exceptional for T, then the 
cycle transformation T is a homomorphism of Œ into @’, with kernel G(T). 
It is clear that T is a mapping of © onto ©’, for every (r— 1)-dimensional 
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irreducible subvariety W’/k of V’/k corresponds, under T, to at least one 
irreducible subvariety W/k of V/k. 

Let Œa (resp. &’,) be the subgroup of @ (resp. of ©’) which is generated 
by the cycles which are algebraically equivalent to zero. 


Proposirion 1.1. Denoting by €(T) + ©, the subgroup of © which 
is generated by the subgroups E (T) and Gg, we have 


T(E(T) EN Go) ie Ga 


Proof. We shall use notations and results from Weil’s paper [10]. 
Any cycle in G, is of the form Z(N)—Z(M), where Z is a divisorial cycle 
on the product V X C of V by a non-singular irreducible curve C/k and 
where M and N are points of C which are rational over k (Weil [10], Lemma 
10). Here the divisorial cycle Z may be assumed to be a “reduced” one, 
i.e., free from prime components of the form V X W or WXC (WETV, 
W C F}. As to the symbol Z (Q), where Q is a point of C, it is defined by 
the relation Z(Q) X Q@=Z-V XQ. Since Z is a reduced divisorial cycle ` 
and both V and C are normal, it is true for any point Q of C that all the 
prime components of the cycle Z- V X Q are proper intersections of the variety 
of the cycle Z with the variety V < Q, i.e., they are all of dimension r— 1 and 
are simple for V X C (and also for V X Q). They are therefore all of the 
form TX Q, where T is a prime divisorial cycle on V. Thus Z(Q) is a 
divisorial cycle on F. 

The birational transformation T*: V X CV’ C defined T*(A X B) 
=T(A)XB (A€V,BEC) is regular. By the preceding definition, we have 
an induced transformation, denoted by the same letter T*, of the group of 
divisorial cycles of V X C onto the group of divisorial cycles of V’ X C. We 
set Z’—=T"(Z). We now observe that if Q is a rational point of C, then 
the restriction to V X Q of the birational transformation T*: V X C—>V'X C 
is a birational transformation T,: F X Q — V’ X Q, defined over k, and it is 
Immediate that for any divisorial cycle T on V we have 


(1) TT XQ)=T(T)X Q. 
We have the following relation: 
(2) T*(Z)-V’ XQ=Te(Z(Q)X Q). 


In fact, let T be any prime divisorial cycle on V, rational over k. If T is 
not an exceptional variety of T, then T is biregular at a general point of T/k, 
T* is biregular at a general point of rX Q/k. In this case, the coefficient 
of TXQ in Z-VX@ is the same as the coefficient of T(T)X@ in 
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T#(Z)-V'XQ. On the other hand, the coefficient of TXQ in Z-VXQ 
is the same as the coefficient of T'(T) X Q in Te(Z-V X Q), by the definition 
of the cycle transformation Tg. Hence in this case, the cycle T(T) X Q occurs 
with the same coefficient-in both sides of (2). Now, assume taat T is an 
execptional variety of T. In that case, TX Q is also an exceptional variety 
of To [by (1)], and thus Ta (T X Q) ==0. Since any prime divisorial cycle 
of V x Q is the To-transform of a cycle of the form T X Q, where T is a 
non-exceptional prime divisor cycle of V, relation (2) is established. 

We now go back to our cycle Z(N) —Z(M) in Ga Let Z(M) = Dali, 
Z(N) = > bj;A;, where T; and A; are prime divisorial cycles on V, rational 
over k. We have 


ZVXM— Sat: X M), Z-VXN=Sd,(d;X N). 
Hence, by (2), 
Z'VXM=D&(T(TIXM), Z-V XN=TH(T(A) XN), 
where Z’ == T*(Z). Consequently 
(8) Z'(M)—Z(N) = T(Z(M) —Z(N)). 


This establishes the inclusion T(6,) C @’, and therefore also tae inclusion 
T(E(T)+ 64) C Gg, since €(T) is the kernel of T. The opposite inclusion 
Ga C T(G) follows from the fact that given any reduced divisorial cycle 
Z’ on V’ XC there exists a reduced divisorial cycle Z on V X © such that 
Z’ == T*(Z). This completes the proof of the proposition. 


COROLLARY 1.2. The group of Neron-Severi of the variety V’ (1. ¢., the 
group Y/G.) is isomorphic to G/(ECT) + Ge) and is therefore a homo- 
morphic image of the group of Neron-Severt of the variety V. 

COROLLARY 1.3. If the excevtional locus E of T has dimensional r— 1 


then the number of Picard p(V’) of V’(p(V’) = rank of @’/@’,) is less than 
the number of Picard p(V) of V. 


For under our assumption, there exists a prime divisorial evcle T on V 
such that 7 (1) — 0, and the corollary follows from the fact that no integral 
multiple nT of T (n0) can be algebraically equivalent to zero. 


COROLLARY 1.4. If V is either a non-singular variety or is a normal 
surface, and if the regular transformation T: V — V’ is not biregular, then 
p(V) > e(V’). | 


For in either case the exceptional locus # of T has dimension r—1 
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(van der Waerden, Algebraische Korrespondenzen und rationale Abbildungen, 
Math. Ann. 110, 1984, p. 154; Zariski, Foundations of a general theory of 
birational correspondences, Trans. Amer. Math. Soc., 58, 1943, p. 532, Corol- 
lary to Theorem 17). 

As a consequence of Corollary 1.4 and the finiteness of the number p 
of Picard we have 


Proposition 1.5. The birational class B of non-singular projective 
models of X/k satisfies the descending chain condition. If .r—2 then also 
the birational class BY (of normal projective models of X/k) satisfies the 
descending chain condition. 


Note that in this proposition it is tacitly assumed that biregularly 
equivalent varieties have been identified. 


DEFINITION 1.6. By a relatively minimal model of X/k we mean a 
minimal element o fthe ordered set B, i.e., a non-singular projective model 
V of S/k which does not dominate (in the strict sense) any other non-singular 
projective model of X/k. 


DEFINITION 1.7. By a minimal model of 3/k we mean a lower bound 
of the ordered set B, i.e, a non-singular projectwe model V of 3/k such. 
that V< V’ for all non-singular projective models V’ of X/k. 


COROLLARY 1.8. If a field 3/k of algebraic functions of r independent 
variables possesses at all non-singular projective models (in particular, if 
r= 2, or if r—8 and the characteristic of k is 0) then 3/k also possesses a 
relatively minimal model, and, in fact, given any non-singular projective 
model V of 3/k there exists a relatively minimal model V’ of X/k such 
that V’< FV. 


This follows from the descending chain condition in @ (Proposition 1.5). 

Ii there exists a minimal model of 3/k, then there is only one such 
model. On the other hand, it follows from Corollary 1.8 that if there does 
not exist a minimal model of S/k and if the class @ is not empty, then 
there exist at least two distinct relatively minimal models of Z/# (distinct 
— not biregularly equivalent). 


2. Exceptional curves of the Ist and 2nd kind. The problem of mini- 
mal models for algebraic surfaces requires a preliminary study of exceptional 
curves on an algebraic surface. This preliminary work has been carried out 
in Part IT of our paper IP and will be briefly reviewed here (without proofs). 
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DEFINITION 2.1. An algebraic curve E (reducible or not) on a normal 
surface F 1s said to be an exceptional curve of F if there exists a birational 
transformation T: F-> F of F onto a surface F such that E is the TOTAL 
T-E-transform of a SIMPLE point of F 


DEFINITION 2.2. An exceptional curve E of a normal surface F is said 
to be OF THE FIRST KIND tf there exists a birational transformation T satisfying 
the condition stated in the preceding definition and satisfying the further 
condition that tt be regular at each point of E. In the contrary case E is 
said to be an exceptional curve OF THE SECOND KIND. 


Given a curve # (on F) and a birational transformation T: F -> F’ 
such that Æ is the total T-1-transform of a normal point P’ of F", we shall 
say, for the sake of brevity, that T contracts E into the point P’. This 
expression, when used in this paper, will therefore always mean a -ittle more 
than what it actually says; it will mean that rot only does every point of Æ 
correspond to the point P’ in the hirational transformation T', but also that 
no point of # which lies outside the curve # corresponds to P’ (and it is also 
tacitly assumed that P’ is a normal point of F’). 


If a birational transformation T: F— Æ contracts a curve E into a 
(normal) point P’ of F then we shall say that P’ is a contraction of E. 
If, furthermore, T is regular at each point of Æ then we say that P’ is a 
regular contraction of E. 


An exceptional curve on a normal surface F is therefore a curve which 
admits a simple contraction (3.e., a contraction P’ which is a simple point), 
and an exceptional curve of the first kind is one which admits a simple 
regular contraction. On the other hand, if E is an exceptional curve of F, 
of the second kind, then any birational transformation T of F which contracts 
E to a simple point has necessarily at least one fundamental point on the 
curve E (since F is normal), and thus T “blows up” some points of # 
into a curve. 


-PROPOSITION 2.3. If P’ ts a. simple regular contraction of an escep- 
tional curve E, of the first kind, of a normal surface F, then PF’ is the only 
_regular contraction of E (in the biregular sense; i.e., if P” is any regular 
contraction of E then the local rings op and op» coincide). Simailarly, P” 
is the only simple contraction of E. The point P’ is thus uniquely determined 
by the curve E, being independent of the choice of the birational transforma- 
tion which contracts E into a simple point. The local ring op: is the inter- 
section of the local rings op, PEE (see IP, Theorem II. 2.3). 
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It can be shown by examples that an exceptional curve of the first kind 
has infinitely many non-regular (and therefore necessarily non-simple, by 
Proposition 2.3) contractions. As to exceptional curves of the second kind, 
it can be shown that any such curve has infinitely many simple contractions 
(IP, Corollary II. 5.15). 

Let # be an exceptional curve of the first kind on a non-singular surface 
F, and let T: F— F be a birational transformation of F which contracts 
E to a simple point P’. By Proposition 2.3, the birational transformation 
T is necessarily regular at each point of E, whence P’ is the (uniquely 
determined) simple regular contraction of #. Nothing in our definition of 
exceptional curves of the first kind specifies the behavior of T at points of F 
which are not on E. Thus T may have fundamental points outside of Æ; 
T may also contract into points other curves of # (such curves will neces- 
sarily have no point in common with E, since Æ is the total T-1-transform 
of P’ and since T is regular, hence single-valued, at each point of F; and 
the contractions of these curves will necessarily all be different from P’). 
However, it can be shown that there exists another birational transformation 
of F which contracts E to P’ and whioh is biregular on F— E (see TP, 
Theorem IL. 2.4, where a more general result is proved). We can formulate 
this result in the following fashion: 


We note first that F—Æ + F’ is easily seen to be an abstract surface 
` in the sense of Weil. Then the above result can be stated as follows: 


PROPOSITION 2.4. If E is an exceptional curve, of the first kind, on 
a non-singular surface, and if P’ is the (uniquely determined) simple (whence 
also regular) contraction of E, then the abstract surface F—H+P’ is a 
projective surface. 


By repeated applications of Proposition 2.4 we find the following 
generalization : 


PROPOSITION 2.5.° If Ei FE, > -,ÆE, are exceptional curves, of the 
first kind, on a non-singular surface F, such that no two of the curves E; 
have points in common, and if P’; is the simple contraction of E, then the 
abstract surface F— X Ei-+ DP is projective. 


The simplest exceptional curve of the first kind which has a preassigned 
contraction P’, where P’.is a simple point of a surface F”, is the total trans- 
form of P’ under a locally quadratic transformation of Æ with center P’. 
The exceptional curve # which is taus obtained is irreducible, rational, non- 
singular, and its numerical characters p(#) (arithmetic genus) and (Æ?) 


* 
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(virtual degree, or self-intersection number) are given by (see IP, Proposi- 
tion IT. 5. 9) 


(1) ‘p(E)=0, © (P) =—1. 


Conversely, every irreducible exceptional curve Æ of the first kind, on a non- 

singular surface, is the total quadratic transform of its simple construction P” 
(IP, Corollary II.3.2). A deeper result is the following: if an irreducible 
curve # on a non-singular surface is such that p(#) —0 and (E?) =— 1, 
then F is an exceptional curve of the first kind (see our Ergebnisse monograph 
“Algebraic surfaces” [11], pp. 71-72). 

In IP we have derived a number of properties of reducible exceptional 
curves, of the first kind, on a non-singular surface (IP, Section II.8), but 
we shall make no use of reducible exceptional curves of the first kind in 
the present paper. 

. Given a reducible exceptional curve Æ, of the first kind, on a non-singular 
surface F, it is possible to define a divisorial cycle € on F whose prime com- 
ponents are the irreducible components of Æ, counted to suitable (positive) 
multiplicities, in such way that relations similar to (1) be satisfied, i.e., so 
as to have p(E) —0 and (€?)=-—-1. For the definition and properties 
of these exceptional cycles of the first kind (which were not treated in IP) 
see our cited monograph [11], pp. 86-40; compare also our forthcoming 
note “ Exceptional cycles of the first kind on a non-singular surface and the 
descending chain condition in birational classes of non-singular surfaces ” 
in the Mem. Coll. Sci. Univ. Kyato. 

We terminate this section with listing a few properties of exceptional 
curves of the second kind, on a non-singular surface. 


Proposition 2.6. If a relatively minimal model carries an exceptional 
curve of the second kind, then it also carries an irreducible exceptional curve 
of the second kind. (IP, Corollary IT. 4.6) 


PROPOSITION 2.7. If E is an irreducible exception curve of the second 
kind, on a non-singular surface F, and tf 81,82," * +58 are the multiplicities 
of ds singular points (including tts infinitely near singular points; if E is 
‘non-singular we set m and all the s equal to zero), then there exists a non- 
negative integer n such that 


(2) (p(B) =$ si(s;—1)/2, 
(3) (E) =—1+3s?+n, n+m>0; nmo. 


It follows, in particular, that (E°) = 0 and that if E has singularities then 
(E?) >0. (IP, Corollary I. 5.14) 


THE PROBLEM OF MINIMAL MODELS. Lot 


We now prove the converse of Proposition 2.7: 


PROPOSITION 2.8. Let E be an irreducible curve on a non-singular 
surface F, and let Sı, Sz,’ + *,Sm be the multiplicities of its singular points 
(including its infinitely near singular points). If there exists an integer 
n=0 such that n+-m>0 and such that the numerical characters n(E) 
and (E°) of E are given by (2) and (3), then E is an exceptional curve of 
the second kind. 


Proof. We have only to show that there exists an antiregular birational 
transformation T: F— F” of F onto a non-singular surface #” (i.e., a trans- 
formation T such that T-* 1s regular) such that the proper transform. 
H’ =T|H] of E is an exceptional curve of the first kind. For assume that 
this has already been shown. Then, denoting by P” the simple contraction. 
of F’, the antiregularity of T shows immediately that the total transform of 
P” on F contains the curve E and no other curves. Since the proper trans- 
form of P” must be pure one-dimensional, it follows that Æ is the proper 
transform of P”, whence # is an exceptional curve. Since (E°) =0, by 
(3), # must be of the second kind. 


Now, to obtain T we apply to F successive quadratic transformations. 
whose centers are at the singular points of # and of the successive transforms. 
of E, until we obtain a non-singular proper transform # of E. From (2) 
and (3) we obtain easily that p(#) —0, (E?) =—-1-+ n. We then choose 
n distinct points of # and we apply n quadratic transformations with these 
points as centers. The proper transform of # is then an irreducible curve W’ 
such that p(#’) —0 and (#’)?——1, hence an exceptional curve of the 
first kind. Q.E.D. 


If K is a canonical divisor on a non-singular surface F and Z is any 
divisorial cycle on F we set 


(4) o(Z)=—(Z-K). 
It is known (see IP, II.5, formula (6)) that 
(5) o(Z) = (Z?) —2p(Z) +2. 


It follows from (2) and (3) that if # is an irreducible exceptional curve, 
of the second kind, on F, then 


(6) 6(8) =i at Dye’ 


Thus (#-K)<0. On the other hand, we have (4?) =0O and hence 
(E-Z) =0 for any divisorial cycle Z = 0. Consequently, if + is any integer 
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= 1 there cannot exist a divisorial cycle = 0 which is linearly equivalent 
to iK. In other words, the multicanonical systems [aK |, ¢—=1,2,8,°--, 
do not exist. We have therefore 


Proposition 2.9. Jf a non-singular surface F carries an irreducible 
exceptional curve E of the second kind, then all the plurigenera P; of F 
(11; Pı = py) are zero. l 


Remark. What matters in the proof of Proposition 2.9 is not that Æ is 
an exceptional curve of the second kind but the fact that # is an irreducible 
curve such that (E”) Z0 and o(#) > 0. Consequently, already the presence 
of such an irreducible curve Æ implies the vanishing of all the plurigenera. 


3. Preliminary criteria of existence of minimal models and state- 
ment of the main results. Let F be a member of our birational class @, 
i.e, F is a non-singular projective model of. the function geld 3/k. If F 
carries an exceptional curve E, cf the first kind, and if P’ is the simple 
contraction of Æ, then, by Proposition 2.4, the class @ contains the surface 
F— E + P which is strictly dominated by F, and hence F is not a relatively 
minimal model of 3/k. Conversely, if F is not a relatively minimal model 
of X/k, then exists a surface F in @ such that W < FA F", the birational 
transformation T': F’-—> F has then necessarily a fundamental point P’ on 
F’, and the total transform T'{P’} is an exception curve on F, of the first 
kind (since T-* is regular on F, and P’ is a simple point). We have therefore 


PROPOSITION 8.1. A necessary and sufficient condition that a surface 
F in the birational class B be a relatively minimal model of 3/k ws that F 
be free from exceptional curves of the first kind. 


We now prove 


PROPOSITION 3.2. A necessary and sufficient condition that a non- 
singular projective model F of 3/k be a minimal model of 3/k is that F be 
free from exceptional curves (of the first or of the second kind). 


Proof. The condition is obviously sufficient. Suppose now that F 
carries an exception curve E. Let T: F— F be a birational transformation 
of F which contracts E into a simple point P’. By the theorem of reduction 
of singularities there exists a non-singular projective model F” of 3/k such 
that F< F”. Since P’ is a simple point of F’ we can choose the resolving 
birational transformation F” —> F” of F” in such a way that it be biregular 
at P’. Then also the birational transformation F -> F” contracts E to the 
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point P’. Thus F< F”, and since F” € B, F is not a minimal model of X/K. 
This completes the proof. 

Let E., Fa be two exception curves, of the first kind, on a non-singular 
surface F, and let P’ and P” be the simple contractions of FE, and EF, 
respectively. If #, C Ea, then it follows from the last part of Proposition 
2.3 that op: D op». (Note that also the converse is true, for if op D op then 
every zero-dimensional valuation with center P’ has necessarily center P”, 
and thus the total transform Æ, of P’ on F is contained in the total transform 
E, of P”). It follows that the projective surface F— E, + P’ strictly 
dominates the projective surface F— E, + P” (we assume, of course, that | 
E,5&H,). By the descending chain condition in @ (Proposition 1.5) it 
follows therefore that F cannot carry a strictly ascending chain E, C Es 
C Es" >- of exceptional curves of the first kind. If, then, we call an 
exceptional curve Æ of the first kind maximal when Æ is not a proper subset 
of any other exceptional curve of the first kind, then we conclude that any 
exceptional curve, of the first kina, on a non-singular surface F is contained 
an at least one maximal exceptional curve. of the first kind. 


PROPOSITION 3.3. A necessary condition that the field 3/k have a 
minimal model is that every non-singular projective model F of 3/k have 
the following three properties: 


(a) F carries no exceptional curves of the second kind. 
(b) F has only a finite number of exceptional curves of the first kind. 


(c) Any two distinct maximal exceptional curves of the first kind 
have no points in common. 


À sufficient condition that 3/k have a minimal model is that there exist a 
non-singular projective model of S/k having properties (a), (b) and (e). 


Proof. Assume that X/k has a minimal model, say F*. Let F be any 
non-singular projective model of 3/k. We first show that F can carry only 
exceptional curves of the first kind. Let E be an exceptional curve on F and 
let T: FF" be a birational transformation of F which contracts # to a 
simple point P’ (P'e F’). Without loss of generality we may assume that 
F’ is a non-singular surface (see proof of Proposition 8.2). Let P be any 
point of #. Since P and P’ are corresponding points under T, there exists 
a zero-dimensional valuation v of 3/k having centers P and P’ on F and 
F” respectively. Let P* be the center of v on F*. Since F* is a minimal 
model we have F*< F and F*< F’, whence ops C op and op» C op. From 
these inclusions and from the fact that P,P’ are simple centers of one and 
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the same valuation it follows by a known result (see Zariski [12], Lemma 
on p. 538, or also IP, proof of Theorem IT.1.1) that either op C op or 
op Cop. The first inclusion is impossible since 7? is not regular at P’ 
(the point P’ is fundamental for 7+). Hence op Cop, and thus T is 
regular at P. Since P was any point of E, the curve E is exceptional of the 
first kind, by Definition 2.1. 

We have thus shown that F has property (a). Now let P,*, P.*,---,P,* 
be the fundamental points of the birational transformation f: F*— F and 
let Æ,—f{P;}. The s curves Æ; on F are exceptional of the first kind (we 
assume, of course, that #54 F*, and that therefore s= 1, for otherwise 
conditions (b) and (c) are trivially satisfied), and no two of these curves 
have points in common; both these assertions follow from the regularity of f. 
Let # be any exceptional curve on F. We know already that E is of the 
first kind. Let P’ be the simple contraction of Æ, let F = F — E + P and 
let P* be the point of #* which corresponds to P’ in the birational trans- 
formation #’—> F*, Since op. C op and P” is fundamental for the birational 
transformation F — F, it follows that a fortiori also P* is fundamental for 
f: F*— fF. Hence P* is one of the points P;*, say P*—P,*. Since 
Op» C op, it follows, by a remark made earlier, that the total transform E, 
of P* on F contains the total transform Æ of P’ on F. We have therefore 
shown that every exceptional curve F, of the first kind, on F is contained 
in one of the s exceptional curves E; Hence F carries exactly s maximal 
exceptional curves of the first kind, and this proves (b). Since no two of E; 
intersect, the necessity of the condition is established.’ 

Assume now that there exists a non-singular projective model F of 
3/k having properties (a), (b) and (c). Let #1, Ezt © -,H, be the maximal 
exceptional curves, of the first kind, on F and let P;* be the simple contrac- 
tion of #; Since no two of Æ; intersect, the abstract surface F* = F — Ù F: 
+ > P;* is projective (Proposition 2.5). We shall show that F’* is a minimal 
model of 3/k. 

Let Æ be any non-singular projective model of 3/k and let f: FF 
and f*: #’-»>#* be the birational transformations of F’ onto F and F* 
respectively. Let F’ be any point of F”. If f is regular at P’ then also f* 
is regular at P’ since F*< F. If f is not regular at P’, let E —f{P'} be 
the exceptional curve on F which is the total F-transform of the fundamental 


3 We observe that even if there does not exist a minimal model the following is true 
for any non-singular projective model F of Z/k: there does not exist on F an infinite 
set of exceptional curves of the first kind such that no two curves in the set intersect. 
This is a straightforward consequence of the descending chain condition in the class B. 
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point P’ of f. The exceptional curve Æ is of the first kind, since F has 
property (a), and E'is contained in one of the s maximal exceptional curves 
= E, say E CE. Since P’ and P,* are the simple contractions of E and F, 
respectively, it follows from E C F, that op D 0 ps. Thus also in this case 
the birational transformation f*: F -> F* is regular at the point P’. Since 
P’ is any point of F”, it follows that F >F*. Since F” is any non-singular 
projective model of X/k the assertion that F* is a minimal model of %//k is 
established. This completes the proof of the proposition. 


Our principal object in this paper is the characterization of those func- 
tion fields 3/k of transcendence degree 2 which have no minimal model. 
This characterization is given by the following theorem (due to the Italian 
geometers - Castelnuovo and Enriques in the classical case) : 


FUNDAMENTAL THEOREM A. If the field %/k does not possess a minimal 
model then Z is the field of rational functions of a ruled surface (or equtva- 
lently: % is a simple transcendental extension Q(t) of a field Q/k of algebraic 
functions of one variable). | 


The converse of the fundamental theorem A is also true, but is trivial. 
For, if 3—Q(t) and if C denotes a non-singular curve such that &(C) —Q, 
then the direct product C X L, where L is a projective line, is a non-singular 
projective model of %/k (the Segre variety of the pairs of points of C and L). 
The curves & on C X L, given by Q X L (Q€ C), are irreducible, non-singular, 
and we have p(Æ) = 0, (#?)=-0. Hence each FE is an exceptional curve of 
the second kind (Proposition 2.8), and therefore Q(t) has no minimal model 
(Proposition 3.3). 

We shall prove the fundamental theorem A in the following stronger 
form: | 


FUNDAMENTAL THEOREM B. If a non-singular surface F carries an 
irreducible exceptional curve E of the second kind, then F is birationally 
equivalent to a ruled surface, and if, furthermore, (E°) >0 (in particular, 
if E has singular points; see Proposition 2.7) then F is a rational surface. 


The remainder of this paper is devoted to the proof of this theorem. 
In regard to this theorem we point out at this stage that if the theorem is 
true under the additional assumption that F is a relatively minimal model 
then it is true in general. For assume that the theorem has already been 
proved under the assumption that F is a relatively minimal model and let F 
any non-singular surface satisfying the conditions of the fundamental theorem 
B. By the descending chain condition in the birational class @ of F, there 


a 
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exists a relatively minimal model #* in B such that F*< F. Let T: F—> F* 
be the (regular) birational transformation of F onto F*. We assert that E. 
is not an exceptional curve of T, i.e., that 7'{#} is not a point. For assume 
the contrary, and let T{E} be a point P* of F*. Let P’ be a simple con- 
traction of # and let F” be a non-singular surface which carries the point P”. 
From the regularity of T and from the fact that Æ is the total transform 
of P% it follows that P* is the only point of F* which corresponds to the 
point P’ in the birational transformation #’—> F*. Hence op» C op. Since 
we have also ops C op for ary point P of E, the argument developed in the 
first part of the proof of Proposition 3.3 shows that op C op. This being 
true for every point P of #, P’ is a simple regular contracticn of #, in 
contradiction with the fact that # is an exceptional curve of the second kind. 
[What we have proved here is that no irrecucible component of an excep- 
tional curve of the first kind (in the present case—of T-1{P*}) can be an 
exceptional curve of the second kind. | 

Let then T{E} == H*, where £* is an irreducible curve on F*. From the 
regularity of T and from the irreducibility of # it follows that also H* is 
an exceptional curve (every simple contraction of # is also a contraction of 
E*). The regularity of T implies that (#**) = (E?) (IP, IT 5, formula 
(12)). Since (F?) 20 it follows that also (#**) Z 0, and consequently 
E* is of the second kind. If, furthermore, (Æ?) >0 then also (**) > 0, 
F* is rational, and so is F. 

The proof of the fundamental theorem will be divided in several cases, 
according as (Æ?) is zero or positive, and in the latter case according to the 
value of (K*), where K is a canonical divisor. In view of what was just 
said above, we may assume, in anv given case, that F is a relativaly minimal 
model. In some cases this assumption will play a crucial role in the proof, 
while in other cases that assumption is not required and will in fact not 
be made. 


4. Case (E?) =0. Beginning with this section, and throughout the 
rest of the paper, we assume that the field 3/k has no minimal model. We 
fix a relatively minimal model F of 3/k. The surface F must then carry 
an irreducible exceptional curve H, of the second kind (Propositions 8.1, 3.2 
and 2.6). In this section we assume that F' carries an irreducible exceptional 
curve E, of the second kind, such that (E°?) —0. Then Æ is non-singular 
and p(H#) ==0 (Proposition 2.7), whence Æ is a non-singular rational curve. 

We proceed to prove that any non-singular surface F which carries an 
irreducible non-singular rational curve E such that (E?) = 0 (such a curve 
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is in fact exceptional of the second kind; see Proposition 2.8) is birationally 
equivalent to a ruled surface. 


We first consider the case (#7) ==0. By formula (5) of Section 2 
we have o( E) —2 and consequently o(n£) =-2n for any integer n. 


If Z is any divisorial cycle on F then by the Riemann-Roch theorem 


(1) dim | Z| = $[o(Z) + (2*)]+ pa—i(Z), 


where 1(Z) =1-+dim|K—Z| and p, is the arithmetic genus of F. If 
Z = 0 then 1(Z) = 0-since the canonical system dos not exist on our surface 
F (see Remark following Proposition 2.9). App_ying (1) to the cycle Z =nẸE 
we find 


(2) dim | nE | È n + pa, n= o0. 


For any integer n = 1 we have only the following two possibilities: (a) either 
E is a fixed component of | nE |, and in that case dim | nẸ | == dim |n —1)E , 
or (b) E is not a fixed component of |n#|, and in that case dim |nÆ | 
== | -+ dim | (n—1)ÆE |, since (E?) —0 and since therefore the trace of 
I nẸ | on E consists only of the zero-cycle on E. Hence in both cases we have 
OS dim | nE | — dim | (n—1)E | S1, and from this it follows, in view 
of (2) that for large n we have 


(3) dim | nE | =n + c, 
where ¢ is a constant, and 
(4) | dim | nE |—1+diml(n—1)£|. 


Since Æ is irreducible, it follows from (4) that for large n the system | n= | 
hes no fixed components. On the other hand, if n > 1 the system | n# | must 
= be reducible since any two cycles in | n£ | which pass through a given point 
of F must have a common component (the intersection number (nE -nE) 
being zero)). Therefore, for large n, the system |nẸ | is composite with a 
pencil, or else all the members of | nẸ | are the p-folds of other cycles, where 
p is the characteristic of k (Theorem of Bertini; see IP, Theorem I.6.3). 
The second alternative is to be excluded, for if n is large, then-also | (n —1)H | 
has no fixed components and thus | nE | contains a cycle of the form E + D, 
where D € |(n—1)#| and E is not a component of D, so that # is a simple 
component of that cycle. Therefore | nÆ | is composite with a pencil (not 
neecssarily linear) and thus it is also composite with a (uniquely deter- 
mined) irreducible pencil, say Ln. Since nÆE€E|nE |, some multiple of F, 
say s,f, belongs to L,. Then every cycle in |n#| which contains Æ as 
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component must contain # to multiplicity = sa Since we have just seen that 
if n is large, then there exist cycles in | nE | which contain F as a simple 
component, we conclude that Sn = 1, i.e., Æ itself is a member of the pencil 
La. Since # is irreducible and (E?) 0, # cannot belong to two distinct 
pencils. Hence L, does not depend on n, and the systems | nH |, n large, 
are composite with one and the same irreducible pencil L = La. 

We have thus found a pencil L on F one member of which, namely E, 
is a prime cycle whose arithmetic genus is zero. But then also the general 
cycle of L, over k, has arithmetic genus zero. By the theorem of Noether- 
Enriques (or as a consequence of the purely algebraic theorem of Tsen [8]),* 
it follows that Fis birationally equivalent to a ruled surface. 

The preceding proof is applicable also to the case (4?) >0 provided Æ 
is non-singular, and in that case the conclusion is that the surface F is rational. 
In fact, if (E?) = $ > 0, then after s quadratic transformations with center 
on E and the successive transforms of # we obtain a non-singular surface F” 
on which the proper transform of F is an irreducible, non-singular, rational 
surve Æ such that(#’)—9. By the preceding proof, E’ is a member 
of a pencil LZ’. The corresponding pencil L on F has s base points (s > 0) 
and is therefore a linear pencil (Schilling-Zariski [6]). Therefore also L’ 
is a linear pencil, and F is a rational surface (the field Q of footnote 4 is 
now a simple transcendental extension of k). 


5. Case (E ) > 0. The vanishing of pa(F). We now zssume that 
our relatively minimal model F carries an irreducible exceptional curve Æ, 
of the second kind, such that the self-intersection number (E>) of E is 
positive. Our object in the rest of the paper is to prove that F is a rational 
surfaces. In this section we shall carry out a first step of the proof, namely, 
we shall show that the arithmetic genus pa of F is zero. 


We shall need the following lemma: 


Lemma 5.1. Let T: GC be a rational regular transformation of a 
non-singular surface G onto a (not necessarily non-singular) veriety G’ of 


t The pencil L determines a subfield 2 of Z/k, of transcendence degree 1. The fact 
that the genera] member of L/k has arithmetic genus zero signifies that if Q is taken 
as ground field then 2—a field of algebraic functions of one variable over 2—has genus 
zero. Thus 2/2 has divisors of degree 2 (the anticanonical divisors of 2/2), and the 
Riemann-Roch theorem yields a projective model C of =/© which is a conic, defined over 
Q. Since k is algebraically closed, the theorem of Tsen guarantees the existence of a 
rational point of C, over Q, and consequently C is birationally equivalent, over Q, to a 
projective line. Hence = is a purely transcendental extension of Q. 
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positive dimension (whence @ is either a surface or a curve). If E is an 
irreducible curve on F such that T{E} is a point then (E°?) 0. 


Proof. Let L be the linear system on G, free from fixed components, 
which corresponds to the system of hyperplane sections of G’ (see IP, I.3 
and I.5). Since T is regular, L has no base points. Since Æ is exceptional 
for T, the linear system Tr£l has dimension zero, i.e., this linear system 
consists only of one divisor (on #). This divisor must be the null divisor, 
for L has no base points. Hence (D: L) — 0 for any cycle D in L. Further- 
more, if diml—m (where necessarily m = 1), then L contains a linear 
subsystem Lı, of dimension m— 1, having E as fixed component. Fix a 
cycle sE + A in Z;, where A20, s 2 1 and where we assume that E is not 
a component of A. Then (A-E) = 0, and since (sE + A-E) = 0, it follows 
that (E?) =0, as asserted." 

We now go back to our relatively minimal model F. 


Proposition 5.2. The irregularity q of F ts zero (q — dimension of 
the Albanese variety of F). 


Proof. Let A be the Albanese variety of F, let f be the cancnical 
mapping of F into A and let F =—=f(F). Since F is non-singular it follows, 
by a well-known property of Abelian varieties (A. Weil, [9], Th. 6, p. 27) 
that the rational transformation f of F onto F’ is regular. Since Æ is a 
rational curve and since A carries no rational curves, the transform F(E) of 
E. must be a point (for otherwise f(E) would be a curve, which—bv the 
theorem of Ltiroth—would then be rational). Since (F°) >0, it follows 
from the preceding lemma that F” cannot have positive dimension. Hence 
F is a point, and since F” generates A, also A is a point. Q.E.D. 

In the classical case, Severi has proved, by an essentially algebraic method, 
the completeness of the characteristic series of any ample complete con- 
tinuous system of curves on a surface F whose geometric genus py is zero 
(see Severi [7], Anhang F; see also our monograph [11], pp. 84-86, where 
the proof and references may be found). In other words, Severi has proved, 
in the classical case, the equality q—n,— Pa by algebraic methods, under 
the assumption p= 0. This equality, under the same assumption, has now 
been established also in the abstract case, and independent proofs have been 
given by Akizuki-Matsumura [1], Nakai [4], [5] and Matsumura-Nagata 


5 Note that if F’ is a surface then one can conclude that (#°) <0. For in that case 
we have m = 2, dim L,>0, and thus we can find a cycle sE + A in L, such that A>0. 
By the connectedness theorem (Zariski [13], Theorem 14, P. 77} it then follows that 
(A> H)>0, whence {E°} <0, 
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[3]. Since we know that for our surface F we have p,— 0 (Proposition 2.9), 
it follows from Proposition 5.2 that pg=:0. This completes the preliminary 
step of our proof of rationality of F. 

In view of the vanishing of p,, the Riemann-Roch inequality on the 
surface F is now as follows: 


(1) dim | Z| = $[o(Z) + (4?)]—i(4), 


where (Z) =1-+dim|K—Z| and o(Z)=—(Z-K) (Z, a divisorial 
cycle; K, a canonical cycle). Since »,—0 we have 1(Z) —0 if Z 20. 

We denote by Z’ any cycle which is linearly equivalent to Z + K, whence 
|Z’ | is the so-called adjoint system of |Z|. We set 


(2) (K?) =p. 
Then 
o(Z’) =a(Z)—v, (Z°) = (22) + v—20(Z), (Z) =1-+dim|—Z |. 


Hence, applying (1) to Z’ instead of to Z, and using the equality o(Z) 
= (Z?) —2p(Z) +2, we find 


(3) dim | Z’ | = p(Z) — dim | — Z | —2, 
and if | Z | contains positive cycles then 


(4) dim | Z’ | = p(Z) —1, Z>0. 


6. The case (E?) > 0, (K5 = 0. In this section we prove the funda- 
mental theorem B under the assumptions that (E2) > 0, (K?) S0 and that 
F is a relatively minimal model. 

We assert that the linear system |H-+nK| (the n-th adjcint system 
of | E |) does not exist if n is large. In fact, we have o(E) = 2 [see (6), § 2], 
i.e, (E: K) = —2, whence (¥+nKk-H) <0 if n is large. Hence, if the 
system | #-+ nk | exists for large n, then that system would have the curve 
E (which is irreducible) as fixed component, in contradiction with the non- 
existence of | nK | (Proposition 2.9). 

Let m be the smallest integer (m = 0) such that | EF + mK | exists and - 
|E + (m-+1)K] does not exist. Since (mK -mK) = m?(K?) S0 while 
(E?) > 0, we have FE + mK=£0. Hence the system | Z + mK | consists of 
positive cycles. Let Z be a positive cycle. in that system, and let D be any 
prime component of Z. Since | 7’ | does not exist, a fortiori | D’ | does not 
exist. Hence by (4), § 5, we must have p(D) —0. On the other aand, since 
c(Z)—0(£) —m(K*) > 0 we must have o(D) >O for at least one prime 
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component D of Z. For such a D we have therefore (D?) +2>0 (since 
p(D) —0). The case (D?) =—— 1 is excluded since F carries no exceptional 
curves of the first kind. Hence (D?) = 0, and thus F is birationally equivalent 
to a ruled surface ($4). Since pe(F) —0, F is rational. 


7. Some general properties of surfaces with pa = P, = 0 and (K?) > 0. 
In this section we consider a non-singular surface F for which the following 
conditions are satisfied: pp—P,—0 and (KE?) > 0. We shall derive some 
general properties of such a surface and we shall use these properties in the 
rest of the paper. 

We set (K?) = y and we denote by Ke any anticanonical cycle, i.e., any 
cycle of the form —-K. We note first of all that 


(1) | P(Ka) =1. 


This equality holds on any non-singular surface, for we have o(K) 
== — (Ka: K) = (K,”), and (1) follows from (5), 2. From o( K,i=y 
we find by (1), $5: 


(2) | dim | K,j=v21, 


since 1(K4) =-dim|2K|+1-=-0. Hence the anticanonical system | Kq| 
exists and has positive dimension. A fortiori, all the multi-anticanonical 
systems |nK,| (n> 0) exist and have positive dimension. Therefore none 
of the multicanonical systems |nK| (n> 0) exists, and thus all the plari- 
genera of F vanish. 

Let Z be any divisorial cycle on F and let n be an integer >0. Assume 
that the system |Z+nK | exists. Then if we fix a positive cycle Ka in 
| Ka |, the linear system | Z | will contain a cycle which is = nK.. Since, for 
a given Z, this is not possible if n is large, it follows that the system | Z + nK | 
does not eixst if n ts large. Thus the process of successive adjunctions, 
applied to a cycle Z, always terminates after a finite number of steps. 


Lemma 7.1. If D is an irreducible curve on F and | D’ | does not exist, 
then p(D) —0 (and hence D is a rational non-singular curve). 


Proof. By (4), §5, the non-existence of | D’| implies p(D) <0, and 
hence p(D) — 0 since D is an irreducible curve. 


Lemma 7.2. Let K, be a positive anticanonical cycle. If Ka is not 
a prime cycle, then every prime component of Ka has arithmetic genus zero. 


Proof. Let D be a prime component of K, and let Kz=D+A,A>0 
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We have | D’ | = | Ka— A +K | =|—4]|. Hence | D’| does not exist, and 
we can apply the preceding lemma. 


‘Proposition 7.3. If |Ka| contains a reducible linear subsystem L, 
of positwe dimension, then F is a rational surface. 


Proof. The system L may have fixed components. Let B be the maximal 
fixed component of L and let L, be the system obtained from L by deleting 
the fixed cycle B (so that L, is a linear system of positive dimension and 
free from fixed components). Let the cycle A be defined as follows: 1) If L, 
is irreducible then A is a general cycle of L,/k. .2) if L, is reducible, then 
L, is either composite with an irreducible pencil or the cycles of L, are all 
of the form pC, where C varies in an irreducible linear system M of positive 
dimension ; in the first case, A shall be a general cycle of that pencil, in the 
second case it shall be a general cycle of the linear system M/k. In all cases, 
A is a prime cycle and is a component of a positive anticanonical cycle 
which is not prime. Therefore, by Lemma 7.2, we have p(Ai—0. We 
have thus on F either an irreducible linear system of positive dimension, 
whose general cycle A has arithmetic genus zero, in which case F is a rational 
surface, by the theorem of Noether-Enriques; or a pencil whose general 
member A has arithmetic genus zero. In the latter case, F must be birationally 
equivalent to a ruled surface, again by the theorem of NoetherEnriques. 
But since pg==0, this ruled surface is of genus zero, and so again F is 
rational, | 


8. Proof of Castelnuovo’s criterion of rationality in the case 
(K?) = 8. We again assume that pa = P, — 0 and we consider first the case 
(K?)=vy= 4. We fix a rational point P of F, over k, and we cenote by L 
the linear cystem of all cycles in | Ke | which have at P a singular point 
(hence at least a double point). We have dim L = dim | K, | —3, whence, 
by (2), §7: dmLZ2v—38=1. If L is reducible, then F is rational 
(Proposition 7.8). Assume that ZL is irreducible. Since p(K,) —1 it 
follows that the general member of L/k is a rational curve (which, however, 
as a cycle has arithmetic genus 1). Let T: F—F be a quadratic trans- 
formation of F, with center P. For every cycle D in L we have T(D) 
= D + 2E, where Ë — T{P} is the irreducible exceptional curve of the first 
kind created by T and ‘where D is a positive cycle. As D varies in J, 
D varies in a linear system L, of positive dimension, and since p(D) —1 
it follows at once that p(D) —0. Thus À carries a linear system (of positive 
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dimension) of cycles having arithmetic genus zero, the general cycle of the 
system being prime. Hence À, and therefore also F, is rational. 


We consider now the case v==3. By Proposition 7.3 we may assume 
that | Ka] is irreducible (since dim | Ka | = 3). If r denotes the dimension 
of | K,|, the system | K,| defines a rational transformation T: F—> F of 
F onto an algebraic variety F” of positive dimension <2, immersed in a 
projective space of dimension 7, whose system of hyperplane sections corres- 
ponds to | Kel. Since | K,] is not composite with a pencil, W” is a surface 
(not a curve). Since the degree of | Ka! is the prime integer 3 and the 
dimension is = 3, the system | Ką | cannot be composite with any unramified 
involution. Hence, the function field 3 == k(F) either coincides with the 
function field &(#’) or is a purely inseparable extension of &(F”), of degree 
3. In the latter case, F would be a surface of order 1, i.e., a plane, which 
is impossible, since #” does not lie in a projective space of dimension < r, 
and r=3. Hence k(F)—k(#F"), and F is a surface of order = 3, 
birationally equivalent to F (it could be a surface of order < 3, for a priori 
| Ka! may have base points; see, however, Lemma 9.1 in the next section). 
If Æ” is a surface of order < 3, or if W is a cubic surface and r= 4, then 
E is rational [if r= 4 then a central projection of F’ transforms F” bi- 
rationally onto a quadratic surface; actually, it can be shown that r—3 
(see Lemma 9.1 in the next section) |. If F’ is a cubic surface in 8; (r= 3) 
then F” cannot be an elliptic. cubic cone since p,(#) ==0 and since F and F” 
are birationally equivalent. Hence Æ” is necessarily a rational surface. This 
completes the proof of Castelnuovo’s criterion in the case v= 3. 


9. Proof of the fundamental theorem B in the case (K?) = 1. In this 
case we shall use the following result: 


Proposition 9.1. Let F be a relatively minimal model of a field X/k 
of algebraic functions of two variables and assume that py==P,—0 and 
that (K?)==y>0. If there exists on F a divisorial cycle which is not 
linearly equivalent to an integral multiple of K, F is rational. 


Proof. We first show that F carries at least one irreducible curve having 
arithmetic genus zero. Assume the contrary. Since there exist on F divi- 
sorial cycles which are not linearly equivalent to an integral multiple of K, 
| there also exist positive divisorial cycles having this property. Fix one such 
positive cycle Z. Let D be a prime component of Z. Since, by assumption, 
p(D) 21, the adjoint system | D’| exists (Lemma 7.1). A fortiori, also 
the adjoint system | Z’| (=| D +Z—D |) exists. The system | Z’| must 
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contain positive cycles since Z>4—K. Obviously no cycle in |Z’ | can be 
linearly equivalent to an integral multiple of K. Therefore, replacing Z by 
a cycle belonging to | Z’ | and applying the same argument we deduce that 
also the second adjoint system |2”| (=|Z +K |) exists. Thus all the 
successive adjoint system |Z+nK|, n—1,2,: - -, exist, and this is in 
contradiction with what hes been shown in the beginning of Section 7. 


The proposition will be established if we show that either F is rational 
or F carries an irreducible curve Æ such that »(#) —0 and (E?) 20. For 
in the latter case F is birationally equivalent to a ruled surface (Section 4) 
and is therefore again rational, since pa = 0. 


Assume that for any irreducible curve # on F such that p(#) —0 we 
have necessarily (Æ?) < 0, ard therefore (4?) = —2 (since F— a relatively 
minimal model—carries no exceptional curves of the first kind (Proposition 
3.1)). We fix an irreducible curve Æ on F such that p(Æ) —0. Since 
(4?) =—2, we have o() = (H?)—2p(#) 4250, Le, (E-K,) S90. 
If (E-K«) <0, then F is a fixed component cf | K, |, thus | Ka | is reducible 
and F is rational (Proposition 7.3). We are trus led to the only remaining 
possibility: if Ẹ is any irreducible curve on F such that p(Æ)—0 then 
(E°?) —=—2, whence o(E) = (Ka: E) =0. If we fix such a curve E, it is 
a fundamental curve of | K,] (in view of (K.-H) =0). Thus there exist 
a cycle K, in |K,| which has # as component. For every irreducible com- 
ponent # of K, we have p(#) —0 (Lemma 7.2), whence o(E) —0. This 
is in contradiction with o(K,) —v>0 and with the additive property of 
the numerical character o. This completes the proof of the prcposition. 


Using the above proposition we shall now prove the fundamental theorem 
B in the case (K?) = 1 assuming—as we may—that F is a relatively minimal 
model. It will be sufficient to show that our (irreducible) exceptional curve 
E of the second kind cannot be linearly equivalent to an integral multiple 
of K. Assume the contrary: E = qK,, where q is necessarily a posicive integer 
since | Ka | contains positive cycles. Then (E?) =q? and o(Æ) =g. Using 
formulae (2) and (8) of Section 2 (Prop. 2.7) we find 


h k 
g =— 1+5 37, q=1 + È s, 
i=1 i=1 


where h> 0, &>0 (i—1,2, - :,h) and where, in the nctations of 
Proposition 2.7, we have set h=n- m and Smu = Sm =° 7 °= Sp =l. 


h R ` 
Hence (1+ Xs)? = £s — 1, or 1+ X ss; Ds; —0, which is impossible. 
i=1 4=1 i<j 
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10. Proof of Castelnuovo’s criterion of rationality in the case 
(K?)= 2. We shall need the following lemma which deals with the general 
case of a non-singular surface # for which pe == P: == 0 and v [= (K?)] is 
an arbitrary positive integer. 


LemMA 10.1. Let F be a non-singular surface such that Ppa == P; == 0 
and v= (K?) >0. Then either F is rational or the following is true: the 
linear system | Ka| is irreducible, dim | Ka | =v and, furthermore, if v= 2, 
then | K,| has no base points and no fundamental curves. 


Proof. If |Ka| is reducible, then F is rational (Proposition 7.8). 
Assume that | K, | is irreducible. We show that the assumption dim | K| >v 
leads to a contradiction, and that consequently dim | K| ==», by (2), §7. 
If dim | Ka | > y, then the characteristic series of | Ka | on a general member 
K of | K,|/k is a linear series of degree v and of dimension = y (hence 
necessarily of dimension », so that dim | Ka | =» +1). This implies that 
K, must have a singular point Q. But then the cycles of | K, | which pass 
through Q would cut out on K,° a linear series of degree S&S v-—32 and of 
dimension = y= 1, which is impossible. 

Assume now that v= 2 (and that | K,l is irreducible). If | K,| has. 
base points, then the characteristic series of | K,| on K,°, after the ‘fixed 
cycle at the base points has been deleted, would be a linear series L of 
degree <v and of dimension v—1. Thus again K,° would be of effective. 
genus zero and would have to have a singular point Q. The point Q cannot: 
be a base point, for in the contrary case the above series L would be actually 
of degree =yv—2 (and of dimension v-—1), which is impossible. This. 
being so, the cycles of | Ke| which pass through Q would cut out on K,°,. 
outside the fixed cycle at the base points and at Q, a series L, of degree 
<y— 3 and of dimension v— 2, which again is impossible (note that L; 
is defined, since v Z= 2 and since therefore dim | Ka | = 2, so that there exist: 
cycles in | K,|, different from K,°, which pass through Q). 

Assume now that | K,| has fundamental curves (always under the 
assumption that r= 2) and that | K,| is irreducible, and let T be an irre- 
ducible fundamental curve of | Kel. Then there exist cycles D in | Ka | which. 
contain T as component, and these cycles form a linear system of dimension 
v—1>0. Therefore F is rational (Proposition 7.3). This completes the 
proof of the lemma. 

The following is a generalization of the preceding lemma: 


Lemma 10.2. Under the same assumptions as those of Lemma 8.1, 
either F is rational, or for any integer n > 1 the following is true: the system. 


$ 


172 l OSCAR ZARISKI. 


| nK] is irreducible, has dimension $[vn(n-+1)], is free from base points, 
and furthermore it is also free from ondamena curves tf v= 2 or if F is 
a relaiwely minimal model. 


Proof. We may assume that | K,| is irreducible (otherwise F is 
rational). Applying the Riemann-Roch inequality (1), Section 5, to the 
cycle Z==-nK,, we find 


(1) inl oS as iI. 


From the irreducibility of | K,| and from the fact that dim | Ka | > 0, it 
follows that | nK, | can mave no fixed component. If» > 1 that dim | K,| = 2 
and hence |ni,| cannot be composite with a pencil. If »—1 then | Ka]. 
is a pencil, and this could be the only irreducible pencil with which |nK, | 
might be composite. But were | nK,| composite with the pencil | Ka |, then 
we would have diminK;|Æn, in contradiction with (1) which yields 
dim|nK,| 24[n(n+1)] >n if n>1. Hence |nK,| is not composite 
with a pencil. It is also clear that not all the cycles in |nK,| are p-folds 
of other cycles, for | nK, | contains sums of n distinct primes cycles belonging 
to |K,|. We therefore conclude that |nK,j| is irreducible. | 
| We shall now prove, by induction on n, that dim|nK,[=—vn(n+1)/2. 
Since this equality is valid for n==1 (by the above Lemma 10.1), we assume 
n==2. We denote by r the dimension of the linear series g = Treo | Ka l, 
~ where C is a general member of | K,|/k. Then g is a series o? degree ny, 
and we have dim|nK,|=1-+r-+dim|(n—1)K.|, whence, by induction 
hypothesis, dim|nK,| =1-+7+4[r(n—1)]. By (1) we must have 
+=yn—1. Were dim|nkK,| > 4[vn(n+-1)], we would have r=vn, and 
the linear series g would have degree yn and dimension yn. That would | 
imply that C has effective genus zero. Since p(C)—1 [see (1),§7], 
` C would have to have a double point Q. The linear series cut cut on C by 
the cycles of |nK,| passing through Q would then have degree =wn—2 
and dimension == mm — 1, which is impossible. This proves the equality 
dim | nKa | = vn(n-+1)/2. 

If v2==2, then | K,| has no base points or fundamental curves, and 
this implies that also |nK,| has this same property. In the case y—1 we 
use an indirect argument. Assume that |nK,| has a base point A (n= 2). 


€ Note that the cycles in |[nK,| which pass through the point Q form a linear 
system of dimension = vn (n + 1)/2— 1, while the cycles in |nK,| which contain O 
as component form a linear system of dimension »n(n—1})/2 If »2=2 the former 
dimension is greater than the latter, and thus there exist cycles in | nK, | which pass 
through Q and do not contain C as component. Therefore the linear series in question 
is defined. 
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Then A is also a base point of | Ka], AE C, and the series g = Tre | nKa |, 
outside of a fixed cycle at A, has degree & n— 1. Since the dimension r 
of g is n—1, C is of effective genus zero and must have a double poirt Q. 
The point Q is different from A, for otherwise the above series g, outside a 
fixed cycle at A, would have degree <n-—%? and dimension n— 1, which is 
impossible, The cycles of | nKe| passing through Q would cut out on O a 
series of degree = n—3 and of dimension »—-2, which is impossible. 

For any irreducible fundamental curve E of |nK,|, n>1, we must 
have (nK,:H) =0, since | nK,| has no base points. This implies that Æ 
is not linearly equivalent to any integral multiple of Kae. Hence if F is 
relatively minimal model, F is rational (Proposition 9.1). 

This completes the proof of the lemma. Note that Proposition 9.1 has 
been used only at the end of the proof, and hence only in the case v= 1, 
since in the case v= 2 the non-existence of fundamental curves of |nKa | 
has already been established in the earlier part of the proof. 

After these preliminaries we begin to treat the case v2. We assume 
that we have a surface F which is a relatively minimal model of 3/k and 
that we have p—P,=0, (K?) =—=2. We also assume that | K,| is irre- 
ducible (Proposition 7.3). Then | K,| has no base points and has dimen- 
sion 2 (see proof of Lemma 10.1). We may also assume that | Ke | has no 
fundamental curves, for otherwise F is rational (Lemma 10.1) and there is 
‘nothing to prove. 

Under these assumptions a very short proof of the rationality of F 
can be given, provided the characteristic p is different from 2. The proof is 
as follows: 

The irreducible net | K,| defines a rational transformation T: F— 8. 
of F onto a projective plane, the T-transform of | K,| being the net of lines 
in Se Since | K,| has no base points, 7 is regular on F. Since | K,| has 
degree 2, the functions field 3 (==%(/)) is an algebraic extension, of degree 
2, of the subfield Q==%(S,). Since | K,| has no fundamental curves, T-1 
has no fundamental points in S,. Since F is non-singular, it follows that F 
is the normalization of S, in the field 2 (F is a “double plane”). Since 
ps2, the quadratic extension 3/%(S2) is separable, and if z,y are affine 
coôrdinates in S, then the portion of F which lies over the affine (e, y)-olane 
is biregularly equivalent to a surface given by an equation of the form 
z? = f(x,y), where f(x,y) is a polynomial free from multiple factors. The 
curve f(t,y) —0 is the affine part of the branch curve A of the double 
plane F. It follows from the equation z*==f(2,y) that if 7 is a line in 8; 
and C is the corresponding cycle in | K,| then a singular point of C neces- 
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sarily corresponds to a multiple intersection of ? with A. It “ollows that 
the general cycle in | K, | is a non-singular curve and is therefore of effective 
genus 1 (since p(K,) ==1). Since in an elliptic function field any function 
of order 2 has 4 branch points {provided the characteristic p is #2), it 
follows that the branch curve A is of order 4. There exists et least one 
line fy in Sa which has no simple intersections with A (this is an elementary 
fact from the theory of plane quartic curves). Then the correspcnding cycle 
Co of | K,| will either have two double points or a tacnode (according as 1, 
has two distinct intersections with Co, both of multiplicity 2, or a single 
intersection of multiplicity 4); in both cases Ce has the “equivalent” of 
two double points and therefore degenerates, i.e., Co is not a prime cycle. 
A prime component of Co cannot be linearly equivalent to an integral multiple 
of Co, and therefore F is rational, by Proposition 9.1. 

The above proof is not applicable to the case p==2. We shall now give 
another proof which is valid for any characteristic. This second proof is 
“constructive,” for in it the surface F is explicitly constructed as a member 
of an algebraic system of surfaces having po==Pa==0 and (K*) —2. 

By Lemma 10.2 we have 


(2) dim|2K,|—6, dim |4K, | = 20. 


We fix a prime cycle C, in | Kal, defined over k. The functions é in 3 
such that (£) + Co œO form a vector space {over k) of dimension 3 (since' 
dim | K,|==2), and 1 is one such function. We fix two elemen:s x,y in X 
such that {1,z,y} is a basis of that vector space. From whet was said 
above in the course of the proof of rationality of F in the case p42, 3 is a 
quadratic extension of k(x, y), and z,y are affine codrdinates of ths projective 
plane S, of which F is the normalization (in 3). Clearly, 3 is a simple 
extension of k(z,y). We shall now introduce a particular primitive element 

The functions é in X such that (£) + 20, > 0 form a vector space 
(over k) of dimension 7 (since dim|?2K,|—6, by (2)). The 3 functions 
1,2, y,2?, xy, Y? belong to that space and are linearly independent over k. 
Let z be a function in that vector space which is linearly independent of 
the above 6 functions. We assert that z is a primitive element of 3/k(z,y). 

We first show that z is an integral function of x and y. For this purpose 
we have only to show that if p is any algebraic place of 3/k suck that p(z) 
and p(y) are both finite then also p(z) is finite. Let P be the center of p 
on F. It will be sufficient to show that Pé Ce, since C is the only polar 
prime divisor of the function z. Assume the contrary: PE€C,. Let 


ee 
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(£) =C,—Co, (y) =C.—Cy, where 0,0€ |Kal. Since p(x) oo, 
p(y) 400 and since PEC, P necessarily belongs to C, and Cy. Since 
Co, C1 C2 are three linearly independent cycles of the net | Ka |, P necessarily 
belongs to every cycle in | K,|, i.e., P is a base point of | K,|, in contra- 
diction with the fact that | K, | has no base points. 

To show that z is a primitive element of S/k(x,y) we have only to 
show that z ¢ &(x,y). Assume the contrary. Then z is a polynomial f(z, y) 
in %,y, since z is an integral function of z,y. Let n be the degree of the 
polynomial f. We shall show that n = 2, and this will produce the desired 
contradiction, since the 7 functions 1, x, y, x”, zy, y?,2 are linearly independent 
over k (by our choice of z). 

Assume n > 2 and let f,(2,y) be the sum of terms of f(x,y) which are 
of degree n. Since f(x,y) —fn(z,y) has order =—(n—1) on Cy and 
f(z,y) has order —2 on Co, the quotient f,(z,y)/c" must have positive 
order at the prime divisor Cy (since n > 2). Hence, if we denote by c the 
C-residue of y/x then f,(1,c) =, i.e., c is algebraic over k, and so c€ k 
(note that c540,co since both v and y have order — 1 on Co). The function 
y — cx does not, therefore, become infinite at the prime divisor C, and thus 
has no polar prime divisors at all. Hence y—cwé€k, in contradiction with 
the linear independence of 1, x, y over k. 

We have thus established that z is a primitive element of 3/k(z, y) 
(and, moreover, that it is an integral function of x,y). 

To find the irreducible equation for z over k(z,y) we consider the 22 
monomials s*y” (0S m+nS4), myrs (OS m+n=2) and z?, where 
m and n are non-negative integers. If w is any of these monomials then 
(o) +4C)>0. Since dim |4K,|==20 and since therefore the vector space 
of the functions é such that (€)-+4C,)>0 has dimension 21, it follows 
that the above 22 monomials are linearly dependent over k. The first 21 of 
those monomials (i.e, those which are different from z?) are linearly 
independent over k (since x and y are algebraically independent over k and 
since z € k(x,y)). Hence the relation of linear dependence between the above 
22 monomials has the following form: 


(3) + go(z,y)%+ gs(z,y) =0, 


where g, and g, are polynomials in z,y, of degree not greater than 2 and 4 
respectively. The equation (3) is irreducible (since z€ k(x,y)). We shall 
denote by g the polynomial on the left-hand side of (3) as well as the 
(projective) surface in S, defined by the equation (3). The surface g is 
birationally equivalent to F since 3 = k (x,y,z). We have therefore to prove 
the rationality of the surface g. 
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We shall now make thie remarks. 


Remark 1. We denote by ga the affine part of the surface, i.e., the set 
of points of g which are at Anite distance in the (x,y,2)-space. We assert 
that the affine surface g, 1s normal. To see this we have to show that 
_ ka, y, 2] is the integral closure of k[a, y] in & (= k (z, y,z)) ; or equivalently, 
that {1,2} form an integral basis, over k[z,y], of the integral closure of 
k[z,y] in k(x,y,z). Let w be any function in k(x,y,2) which is integral 
over k[z, y]. Since C, is the only polar curve of x and y on F, O, is also 
the only polar curve of w on F. Hence there exists an integer n = 1 such 
that (w) +nC)>=0 (on F). Now, we have diminK,|—n(n+1) [see 
(1)], and hence the vector space V of all functions œ in X such that 
(o) +)nC,22=0 (on F) has dimension n(n +1) +1. On the other hand, 
the functions { of the form f,(x,y) + 2f(x,y), where fe and fy. are poly- 
nomials in v, y, of degree not greater than n and n—2 respectively, belong 
to that vector space. Since z,y are algebraically independent and since 
2¢k(2,y), the dimension of the space of functions € is (n+1)(n +2)/2 
+ (n—1)n/2—n(n+1)-+1. Hence this vector space coincides with V. 
Thus œ has the above form f,(x, y) + zZfa-2 (£, 4), and this proves our assertion. 

Thus ga is the normalization of the affine (%,y)-plane in the field 3%. 
Since F is the normalization of the projective (x, y)-plane in 3%, it follows 
that—up to biregular equivalence—the affine surface g, can be identified 
= with the part of the surface F which consists of those points P at which x 
and y are both finite (i.e., the point P of F such that z,y€ op). Since 
(<x) =C — Co (y) = Co— CO, it follows that the part of F in question is 
F—(Q,. Thus gq can be identified with F— C. a 

If we now set v’ = 1/2, y’=y/2, 2 = 2/2’, then we find (x) =C)—C,, 
(y) =C,—C,, (7) +2C,>0. The three functions gv’, y’, zare connected 
by the equation | 


(3°) + g'al y e + 9’4(z’,y’) =9, 


where g’o(2’,y’) = 2ga (1/2, Y /2), Jal, y) —=2%g,(1/x,y//x). If we 
denote by g’ the (projective) surface defined by (8’) and by g'a the affine 
part of that surface (in the affine (z, y,z)-space), then we have, by a similar 
argument, that the affine surface g'a can be identified with F— Ci. 

Finally, if we set z” ==a/y, y” =1/y, #"—2/y°, then 2”, y",2”" are 
connected by the equation 


(3°) g/"2 + g” CE y") + g” (a, y”) a 0, 
where g”a(2”, y”) =y ga(a"/y,1/y"), g(a" y) = yga 1/47), 
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and the afine surface g”a defined by (3”) can be identified with FC: 
Since Co Cı, C2 have no common points, it follows that the three affine 
` Surfaces Ja, J'as Ja cover F. l 


Remark 2. The surface g is of order 4, unless g, is of degree <3 in 
which case g is of order & 3. In the latter case the surface g is certainly 
rational since it cannot be an elliptic cubic cone (the birationally equivalent 
surface F having arithmetic genus zero). If g is a quartic surface, the point 
O at infinity on the z-axis is a double point of g. The plane sections of g 
passing through O have a tacnode at O (i.e., they have a double point infinitely 
near the double point O). This is easily seen by a direct analysis of the 
. singular point O. [In the case of characteristic zero the general plane 
section of g through © is an elliptic quartic curve, since it corresponds bi- 
rationally to a general anticanonical curve K, on F. Since g has no singu- 
larities at finite distance (in view of the inclusion g, C F) the general 
plane section of F has no singular points outside of O, and this shows again 
that O must be a tacnode of the section.] In other words, O is a tacnodal 
point of the surface g. The plane at infinity is the tangent plane of g at O, 
and the section of g with that plane decomposes into 4 lines through O 
(these are obtained by equating to zero the highest degree homogeneous 
component gs, of the polynomial g4(x,y)). Conversely, it is easily seen 
that if a quartic surface in S; has a tacnodal point O then the equation of 
that surface takes the form (3) provided we take O as the point at infinity 
on the z-axis and take the tangent plane òf the surface at O as the plane at 
infinity. The proof developed in this section will therefore establish the 
fact that any quartic surface in a which has a tacnodal point is either 
rational or is birationally equivalent to the ruled surface of genus 1 (say, 
an elliptic cubic cone). 


Remark 3. The linear system L on F which corresponds to the system 
of plane sections of g is defined by the 4 functions 1,2z,y,z. Since we have 
on F: (x) =C,— Co, (y) =C2—C, and (z) = D—2C,, where DE | 2K, |, 
L is generated by the 4 (linearly independent) cycles 20, C1 + Co, Ca + Co, D. 
(Note that L has no fixed components, since the irreducible curve C, cannot 
be a component of D; otherwise D would be of the form C4 + Cs, where 
C:€|ÆK,|, and D would belong to the system generated by 2Co, Ci + Co, 
C2 + Co and this is not the case.) The base points of L are the 4 (generally 
distinct} intersections of C, and D. These intersections are the fundamental 
points of the birational transformation T: F—>g. To each of these points 
corresponds on g one of 4 lines in which the plane at infinity cuts g. The 


12 
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irreducible curve C, is a fundamental curve of L (since C, is a fixed com- 
ponent of the two-dimensicnal subsystem of L which is generated by the 
cycles 20o, C1 + Co, C2 + Co). This curve Cy is the only exceptional curve 
of T and to it corresponds on g the point O, which is thus a fundamental 
point of T-1. It is easily checked that O is the only fundamental point of 
T-t and that the intersections of C, with D are the only fundamental points 
of T. | | 
Note that the above considerations show that with our choice of C, 

(Co-irreducible) the surface g must be of order exactly 4 (and not less), 
for L—a subsystem of the system |2K,|, which has degree 8—has exactly 
4 base points (or the equivalent of 4 base points if C, and D have some 
multiple intersections). ‘The same conclusion holds true if C, is reducible, 
provided C, and D have no common components. Suppose, however, that 
C is reducible and that one of its irreducible components, say A, is also a 
component of D. Then A is a fixed component of L, and the defining linear 
system of the birational transformation T: F—>g is not L but the system 
L, obtained from L by deleting the fixed component A from all the cycles 
in L (we assume here, for simplicity, that L, has no fixed component). In 
this case it is easily found that L, has degree < 4, whence g is a surface 
of order = 3. In this case, then, the rationality of F' follows at once. We 
observe, however, that since we have assumed F to be a relatively minimal 
model, the rationality of F follows already, in view of Lemma 9.1, from the 
existence of a cycle Co € | Kae | which is not prime. (End of the remarks.) 

_ As was stated at the end of Remark 2, we propose to prove in this 
section the following proposition : . ; 


PROPOSITION 10.3. Every able ‘quartic surface g given by an 
equation of the form (2) ts birationally equivalent to a cubic surface in Ss 
(or to a surface of order <3). 


This will establish Castelnuovo’s criterion of rationality in the case 
(K*) —2, since every cubic surface, other than an elliptic cubic cone, is 
rational and since F—which has arithmetic genui zero—cannot be birationally 
equivalent to an elliptic cubic cone. | 

The intersection of the surface g with a plane is a cycle of degree 4. 
The proof of Proposition 10.3 will be based on the following lemma: 


Lemma 10.4. If there exists a plane x through the tacnodal point O 
of g different from the plane at infinity, such that the intersection g-x 
splits into two cycles of degree 2, both passing through O, then the surface g 
is birationally equivalent to a surface of order 3. 
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_ Proof. Let pi, Po, Ps, pa be the 4 lines in which the surface g is cut by 
the plane at infinity (the lines p; need not be distinct). Subject to an affine 
change of the nonhomogeneous codrdinates v and y, we may assume that r 
is the plane z—0. Setting g.(0,y) ==Ae(y), gs(0,y) =haly), we see that 
the intersection cycle g-m consists of the cycle T defined by the equation 


(4) 2 haly)e+ ha(y) =0 


and perhaps of one (and only one) of the line p; (counted to a suitable 
multiplicity). If A,(y) is of degree > 2 then equation (4) must be reducible, 
for otherwise T would be a prime cycle of degree = 3, and the intersection 
cycle gr could not split into two cycles of degree 2. Assume now that 
h,(y) is of degree = 2. Then T is a cycle of degree 2, and T does not pass 
through the point O (the point at infinity on the z-axis). The intersection 
cycle g:7 is then of the form T + 2p, (where p, is one of the lines p;). Since 
O €T, g'7 could not be a sum of two cycles of degree 2, both passing through 
O, unless T splits into two lines gı, Qa (in which case g-m has the desired 
decomposition (ga +- pi) + (qe + p:)). Hence also in this case equation 
(4) must be reducible. Let then 


2° + hey) + hay) = (2 +4(y)) +y (y)), 


where #(y) and y’(y) are polynomials of degree <= 2. We now replace z by 
the element z+ u(y) (this amounts to a birational transformation wv’ =a, 
y =y, 2—2+uy(y)).7. Then the equation (3) takes the form 


2+ Ga(a,y)e + fs (8, y) =0, 


where §.(2,y) and ÿs(x,y) are polynomials of degree at most 2 and 8 
respectively. Thus we may assume that in the original equation (3) the 
polynomial g(x,y) ts divisible by x. But then the birationally equivalent 
surface 97’ defined by equation (3°) (Remark 1) is a surface of degree = 8 
(since g’,(2’,y’) has now degree & 3). This establishes Lemma 10.4. 

The surface g belongs to an irreducible algebraic system N/k of quartic 
surfaces in Ss; whose general member @ is defined by an equation of the form 
similar to (38): 

G: 2+ G(x,y)2+ Gifs, y) =0, 


7 We observe—going back to the original surface #—that the conditions imposed 
on the element æ (i.e., the divisor of the function z to be a mutiple of — 20, and g 
to be linearly independent of the functions 1, a, y, 2, wy, y?) do not determine z uniquely. 
Any function of the form ce + ÿ(x,y), where 0 x eck and y(a,y) is any polynomial 
of degree = 2, will satisfy the same conditions. 
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where G.(z,y) and G,(z,y) are polynomials of degree 2 and 4 respectively, 
‘with coefficients which are algebraically independent over k. Note that 
dim Ñ == 21. 


We shall prove that there exists a plane o such that o and the inter- 
section cycle G-o satisfy the conditions of Lemma 10.4 (with g and r 
replaced by G and o). We assume for a moment that this assertion has 
already been proved and we show how Projosition 10.3 can be derived from 
this assertion. 


The surface g is a specialization of G, over k. Let (G,o) ss (g, r) be 


an extension of the specialization g g. Then ~ is a plane through O, 
and since G-o is a sum of two cycles of degree 2 passing through O, the 
same is true of the intersection cycle g-m (note that O is rational point 
over k). Ifa is not the plane at infinity, then Proposition 10.3 is established, 
in view of Lemma 10.4. If, however, m is the plane at infinity, then we 
replace both G and g by their birational transforms G’ and g’ under the 
transformation a == 1/r, y==y/x, # —=2/2?, Then also G is a general 
member of V/k. Furthermore, if the equation of o is at + by+c=0 we 
denote by o’ the plane a + by’ + ca’ — 0 (the transform of o under the trans- 
formation à’ = 1/x, y —y/x) and by wv’ the plane z ==0. It is clear that 
o and G” are in the same relationship to each other as are o and G (ï.e., 
the conditions of Lemma 10.4 are satisfied when g and + are replaced by 
G’ and o’) and that (g’,7’) is a specialization of (G’,o’) over k. Since +” 
is not the plane at infinity, g’—-and therefore also g—is birationally equiva- 
lent to a surface of order =38. This completes the proof of Propcsition 10. 3. 


We now proceed to the proof of the assertion that there exists a plane e 
such that o and the cycle G-o satisfy the conditions of Lemma 10.4 (with g 
and r replaced by G and ø respectively). i 


The algebraic system N, of which G is a general member over k, contains 
an irreducible subsystem N” whose general member over k is the surface H 
defined by | 


(5) H: [z+ 4e, y)]? + Ale, 9) Le + de, 9)] +4:(2, y)da(, y) = 0, 


where A,, Ao, A; and ġz are polyncmials in +, y, of degree 1,2,3 and 2 respec- 
tively, with coefficients which are algebraically independent quantities over #. 
We shall denote also by H the left-hand side of the equation (&). Then 


(6) = 2° + Ha (x, y) + H,(x,y), 
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(7) H(z, y) = A(T, Y) + 22 (2%, y), 
(8) Hy(a,y) —4:(x,y)43(x, y) + A(T, y)ba(z, y) + [e:t y) ]’, 


which shows that H is indeed a specialization of G over k and that conse- 
quently N” C N. Now, the surface H satisfies the conditions of Lemma 10. 4 
(with g replaced by H and ~ replaced by the plane A,(x,y) —0), for 
the intersection of H with the plane A(s, y) —0 splits into two cycles 
of degree 2, defined respectively by the equations z+ d,(x,y) —0 and 
z + hit, y) + A2(x, y) — 0, and both these cycles pass through the tacnodal 
point O. So everything will be proved if we show that also the surface H 
is (as well as G) a general member of N/k (and that therefore N’ actually 
coincides with N). 


From now on we shall denote by G* (resp., H*) the point, in the affine 
space of dimension 21, whose (non-homogeneous) codrdinates are the coeffi- 
cients of G.(z,y) and Gi(x,y) (resp., of H.(x,y) and H,(2,y)). We have 
dim G*/k == 21, and what we have to prove is that also 


(9) dim H*/k = 21. 


We shall denote by A* (resp., ¢*) the point in the affine space of 
dimension 25 (resp., of dimension 6) whose (non-homogeneous) codrdinates 
are the coefficients of the polynomials A(s, y), A,(x,y), As(,y), $2(2,y) 
(resp., of the polynomial ¢.(z,y)). We have dim A*/k ==25, and we also 
know, by (7) and (8), that the point H*’is ‘rational over the field ki A). 
Hence, in order to prove (9), we have to show that 


(10) dim A*/k(H*) == 4. 

Since we have at any rate dim H*/k = 21, it follows that dim A*/k(H*) = 4. 
So all we have to prove is that 

(11) dim A*/k(H*) <4. 


Let A,* denote the point, in the affine 3-space, whose (non-homogeneous) 
coordinates are the coefficients of the linear polynomial A,(z,y) (note that 
this point is also rational over k(A*)). We show first that 


(12) dim A*/k(H*, A,*) S38. 


We fix a (finite) specialization A* of A* over &(H*, A,*) which is algebraic 
over k(H*,A,*). The codrdinates of the point A* are the coefficients of 
certain polynomials A, (x,y), a(z, yY), As(x,y) and @(x,y) (of indicated 
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degrees). We have À,(x, y) — A, (z, y) since A* is a specialization of A* 
over k(A,*). By (7) and (8) we have 


H, (2, y)=A2(2,y) + TN 

(18) Hi(z,y)=4:(2y) i (2,9) + A9) 8 (2,9) + [8 (2) Ts 
whence upon setting | 
(14) qe (%,y) = (2,7) — de(s y), 
we find, again by (7) and (8): 
(15) A(T, y) =42(0,y) + 2q2(2,9), 
(16) A(x, y)A2(@, y) = Ai (a, y)Aa(a,y) + A(z, y)qo(z, y) + [g2(z, 9) ]?. 
From (16) it follows that g:(x,y) must satisfy the congruence 

| An(0,9) q2(@ y) + [q2(z,y) ]?==0 (mod Ai(z,y)). 


Since gz must be a polynomial of degree <2 this congruence has only two 
general solutions g.*; they are given by g2*(z,y) —A;(x,y)p:(x,y) and 
go* (2, y) =—A2(a,y) + A(z, y) p(z, y) respectively, where p,(x,y) is the 
general linear polynomial in x,y. Each of these solutions depends on three 
arbitrary parameters; more precisely, we have dim go* /k(H*, A,*) ==3 (note 
that the coefficients of A,(x,y) are algebraic over k(H*,A,*), by our choice 
of the specialiaztion A*). From (14), (15) and (16) we see that the 
coefficients of z, A, and Á, are rational over &(A*,g.*). Since A* is 
algebraic over k(H*, A,*), it follows that A* is algebraic over &k(H*, A,*,q.*). 
The inequality (12) now follows from the equality dim g.*/k(H*, « 1*) =38. 


In view of (12), the inequality (11) will be established if we show that 
(17) dim A,*/k(H*) 1. 


It will be sufficient to show that the number of planes A(z, y) —0 (in the 
ambient 3-space of the surface H} such that the A,(z,y) is a (finite) 
specialization (over &(H*), of the linear polynomial A,(2,y)), is finite. 
Now, any such plane shares with the plane A,(z,y) —0 the property 
that its intersection with the surface H splits into two cycles of degree 2, 
both passing through the tacnodal point 0 of H. Now, let A, (z,y) be such 
‘a plane. The quadratic polynomial H in z factors, mod 4,, into a product 
(z+)(z+W’), where ÿ and g’ are polynomials in z,y, of degree 2 (see 
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proof of Lemma 10.4). We have seen in the proof of Lemma 10.4 that 
the birational transformation | 


(18) . £ —t/À1, ÿ=Y/A, Z=—=2+u/A,? 
transforms H into the cubic surface 
C: z- C2(8,9)z +03 (4,9) = 0, 


where C, and Cs are polynomials of degree 2 and 3 réspectively. From the 
fact that 4, A2, A3 and &, are polynomials whose coefficients are algebraically 
independent over k it follows at once that C is the general cubic surface in Sa 
(referred to a special system of coddinates). Now, it is clear that in the 
birational. transformation (18) the system of plane section of H through O 
corresponds to the system of plane sections of C passing through the point 
at infinity on the Z-axis. If a plane m passing through O, different from 
the plane at infinity and the plane A,=-0, intersects H in a sum of 
two cycles, of degree 2, both passing through O, then the section of C with 
the corresponding plane a+ fy +y—0 is reducible and therefore con- 
tains a line of the cubic surface. Since the general cubic surface contains 
only a finite number of lines, the number of planes wx with the above indicated 
property is finite. This completes the proof. 


x 
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THE DETERMINATION OF PARACOMPACTNESS BY 
UNIFORMITIES.* : 


By H. H. Corson. 


1. Introduction. In the theory of paracompact spaces the global nature 
of the concept of paracompactness is emphasized by many theorems. It would 
seem then that some convenient formulation would be possible in terms of 
uniform structures. 


À possible solution to this problem was suggested by Kelley in [3, p. 208], 
where he conjectured that if X is topologically complete, plus another con- 
dition, then X is paracompact. This conjecture was shown by Isaac Namioka 
to be false. However, in the theorem proved below it will be seen that a 
property very similar to topological completeness is successful in this rôle. 
In fact X is paracompact if and only if XY admits a uniformity under which 
every filter satisfying a Cauchy-like condition has a cluster point. 


A well known open question which appears to be closely related to our 
theorem is this. If a topological space has the property that its product with 
every compact space is normal, is it paracompact? Dieudonné proved in [2] 
that every paracompact space Y has this property, and also that the set of 

all neighborhoods of the diagonal is a uniformity for X. Our theorem 
~ demonstrates that, together at least, these two properties are sufficient as well 
as necessary. 


However, since paracompact is a purely topological term, we give a 
formulation of our results in topological terminology. As might be expected 
from the theory of uniform structures, this last equivalence is between para- 
compact spaces and spaces on which enough continuous functions are defined, 
these functions taking values in metric spaces (metrizable spaces). 


The last section of the paper is devoted to relating our theorem with 
known results. Some shortcomings of our methods are pointed out, as well 
as some applications. An example of the latter is the use of our theorem to 


* Received September 5, 1957; revised December 12, 1957. 
* Written with the support of the National Foundation grant to Tulane University. 


185 


186 H. H. COESON. 


compare paracompact spaces with topclogical spaces which are Lindelöf 
spaces, Q, or topologically complete. 


2. The theorem. Before stating the theorem, we should first mention 
that the necessary termininology and theory of filters, uniform structures and 
paracompact spaces may be found either in Bourbaki [1] or Kelley [3]. 
We will also need to define the following property of a filter, which is slightly 
weaker than the Cauchy property. 


Definition. A filter F in a uniform space (X,U) is weakly Cauchy if 
for every U € U some filter stronger that # becomes U small. That is there 
is a filter Hy, F C Hy, and HXH CU for some HE Hy. All topological 
spaces will be assumed to be Hausdorff spaces. 


TEEOREM 1. For a topological space X the following are equivalent: 
(a) X is paracompact. 


(bì) The set of all neighborhoods of the diagonal is a uniformity for X, 
and the product of X with every compact space is normal. 


(c} There is a uniformity for X under which every weakly Cauchy 
filter has a cluster point. 


(d) If F isa filter in X such that the image of F has a cluster point 
in any metric space into which X is continuously mapped, then F has a 
cluster point imn À. ; 


Proof of (a) > (b). This follows f-om the theorem of Dieudonné [2]. 


Proof of (b) > (c). Assuming (b) we may choose a uniformity U for 
X where % is the set of all neighborhoods of the diagonal A. Suppose # is 
a filter which is weakly Cauchy under U and such that # has no cluster 
point in ¥. Let A be the cluster points of F in some compactification of X, 
say a(X). Then it is easily verified that A and A X X are disjoint closed 
sets in «( X) X X, and consequently by (b) there is a neighborhood U of A 
such that closure (U) does not intersect A X X. 


By our choice of U we have that UEU. Since F is assumed weakly 
Cauchy, there is a filter Y stronger than F with HEN and HXH con- 
tained in U. We now have this situation. 9 has a cluster point in a(Y), 
this cluster point is also a cluster point of F, and it clearly is not in A. 
This contradicts the assumpticn that A was the set of all cluster points of #. 
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Proof of (c) > (d). Let F be a filter whose image has a cluster point 
in every metric continuous image of X. We assume that ùU has the property 
stated in (c) and prove that F is weakly Cauchy with respect to U. 


If UE, then we must show there is an & stronger than ¥ such that 
& becomes U small. However, by the characterization of U in terms of 
écarts, it follows that there is a pseudo metric p with U’ = {(2, y): p(s, y) =1} 
contained in U. Furthermore, if J is the original topology for X, the 
identity map from (¥, J) to (X,p) is continuous; thus if Y is the metric 
space canonically associated with (X,p) then there is an induced map f from 
(X,7) to Y. 


From our assumptions on +, f(#) clusters in Y; therefore there is 
a filter &’ stronger than f(#) which converges in FY. It follows that 
A = sup {fI (X), F} is a filter which has the properties required. In fact 
since W’ is Cauchy in Y, there is a H’€ Y’ such that H’ X H’ is. contained 
in fxj7(U’). Thus for some HE Y, HCf1(H) and HXHCU' CU. 


Proof of (d) > (a). Suppose X were not paracompact under the con- 
ditions in (d), then there is an open covering @ of X with no locally finite 
open refinement. 


Suppose A is the collection of finite subsets of @, and for each Rœ € R 
let F(R) be the complement of (J{R: RE R}. Obviously no finite sub- 
collection of @ covers X, therefore {F(R ):R €R} is the base of a filter F; 
and, since @ is an open cover, 4 has no cluster point in X. 


By hypothesis there is a continuous mapping f of X into a metric space 
M such that f(#) has no cluster point in M. Let % be the open cover of . 
M defined by Y € U if and only if U is the interior of the complement of 
some f(F) with FE. Since by A. H. Stone’s theorem [6] each metric 
space is paracompact, there is a locally finite open refinement V of U. 


We now consider the cover Æ of X where = {f7(V): VE V}. 
£ is locally finite in X since 4 is locally finite in M. Moreover, Le £ 
implies Z is in the complement of some F (R), so R (L) —{LNR:RER) 
is a cover of L. 


Let us show that @ == U{& (L):LE Æ} is a locally finite open refine- 
ment of @. Æ@ is.obviously a cover of. X, and each DMN RE K(L) is 
contained in some member of. @. To show that @ is locally finite, fix 
€ X and a neighborhood U of x such that U intersects only a finite number 
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of members of Æ. Since each of these L is covered by,a finite number of 
LN R, we see that U intersects only a finite number of Ce @. This contra- 
diction completes the proof. 


3. Comments. 


I. A space X may be defined to be topologically complete rf it is com- 
plete under the strongest admissible uniformity U. Closely related to this 
(see [4] and [5]), X is Q if it is complete under the weakest uniformity 4 
such that all real valued continuous functions are uniformly. continuous. 
Since (c) of Theorem 1 may be stated in terms of U, the following question 
arises. Which are the spaces such that every filter ver Cauchy with 
respect to V has a cluster point? 


THEOREM 2. For a regular topological space X the following are 
equivalent: 


(a) X tw a Lindelöf space. 
(b) Every filter weakly Cauchy with respect to Y has a ciuster point. 


(c) Ifa filter Ẹ is such that its image has a cluster point in the reals 
under every real continuous image of X, then F has a cluster pcint in X. 


Proof of (a) > (b). Let & be a filter weakly Cauchy under UY. Since 
X is a regular Lindelöf and hence normal, there is a filter $f weaker than # 
such that (i) % has a base of sets of the form ah) {x: f(z) —0} and 
(ii) 9 has the same cluster points as #. 


Suppose F, and therefore X, has no cluster point. Then thə hypothesis 
that X is Lindelöf implies the existence of a countagle collection cf Z(f;) € & 
such that N Z(f;) is empty. Since we may also assume 0 <f,< 1, we have 


Le) ® 
that g == (2 2-*f,)-+ is a real continuous function defined on all of X. More- 


over, if V—{(x,y):|g(x) —g(y)| 1}, then no filter stronger than # 
can become V small. 


Proof of (b) > (e). The proof is entirely similar to that o? (e) > (d) 
in Theorem 1. 


Proof of (c) > (a). Let F be a filter with no cluster point. By (c) 
there is a real map f such that f() has no cluster point in the real numbers. 
Let F,€ F be chosen with the property |f(F,)| 222. Then NF, is void, 
and thus X is Lindelot. 
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IT. Theorem 1 may be considered an extension of this known theorem 
(see [3], Chap. 6, Prob. T, or [1], Chap. 2, Sect. 4, Prob. 10). A locally 
compact space X is paracompact if (and only if) there is an entourage U 
in the strongest uniformity for X such that U[x] is compact for every æ.) 
In fact, if a filter X, stronger than +, is eventually contained in- the compact 
subspace U [zx] for some x, then 9 and hence F has a cluster point. 

. However, the following criterion of Keliley’s should be mentioned in 
' this connection: X is paracompact if and only if (K) given an open cover 6 
of X there is a neighborhood D of A such that {D[x]:x€ X} is a refinement 
of O. One easily finds that (K) implies property (ce) of Theorem 1, but 
the converse is perhaps most easily proved by first proving our Theorem. 


III. It is obvious that every Cauchy filter is contained in a Cauchy 
ultrafilter, and from our theorem every filter weakly Cauchy under the 
strongest uniformity U on a paracompact space is contained in a weakly 
Cauchy ultrafilter. However, it is not even true in general that every weakly 
Cauchy filter is weaker than a maximal weakly Cauchy filter. The next 
theorem illustrates that it is precisely this failure which makes our result a 
theorem instead of a panacea. 

First let us notice that a maximal weakly Cauchy filter (under UW) is 
either eventually in a set or eventvally out of it, in fact it is an ultrafilter. 
Let A be a subset of X, F a maximal weakly Cauchy filter in Y, and suppose 
no FE F is contained in À or in its complement. Since F is maximal 
there is a U,€ U such that no filter stronger than F|A become U, small; 
and there is a U, having the same property with respect to ¥ restricted 
tc the complement of A. It follows that no filter stronger than + becomes 
U.N U: small, and thus a contradiction. 


THEOREM 3. A topologically complete space X is paracompact tf and 
only if every filter in X, weakly Cauchy with respect to U, is weaker than 
a maximal weakly Cauchy filter. 


The necessity is obvious, while the sufficiency follows from Theorem 1 
and the above remarks. In fact an ultrafilter is Cauchy if it is weakly 
Cauchy. 

We know from a theorem of Stone’s [6] that the product P of more 
than « countable number of non-compact, paracompact spaces is not para- 
compact, but P is topologically complete. Thus there is not necessarily a 
suprerium in a maximal tower of weakly Cauchy filters. 
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ON THE STRUCTURE OF ORTHOGONAL GROUPS.* 


By TsuNEOo TAMAGAwA. 


Let V be a vector space over a field k and Q a quadratic form defined 
on V whose associated bilinear form B(x,y) —=Q(x#+y) —Q(x)—Q(y) is 
nondegenerate. Let O(V) be the orthogonal group of Q and Q(V) the 
commutator group of O(V). If the dimension n of V is = 3 and the index y 
of Q is = 1, the factor group of Q(V) modulo its center is simple except in 
the following cases: 


(1) n=} and k is the field of three elements; (ii) n—4 and y —2. 


This theorem was proved by D. E. Dickson [3] in the case of finite 
ground field, then by J. Dieudonné [4] in the general case. In this paper 
we will give another proof of this theorem based on a principle given by 
K.-Iwasawa in his paper [6]. ‘The author wishes to express his hearty 
thanks to Professor Iwasawa who read the original manuscript and gave him 
several important suggestions. 

For our convenience, we will use the same terminology as in C. Chevalley ; 
The algebraic theory of spinors, Chapter I. We will define some notations 
we will use in this paper. The conjugate of a subspace U will be denoted 
by U’. If U is nonisotropic, the restriction Qy of Q to U is a quadratic 
form whose associated bilinear form is nondegenerate. We will denote the 
index of Qy (sometimes to be referred to as the index of U) by v(U), the 
orthogonal group of Qu by O(U) and the commutator group of O(U) by 
Q(U). Since every py € O(U) is extended uniquely to p€ O(V) which 
induces the identity transformation on U’, we can consider O(U) a subgroup 
of O(V). The subspace spanned by vectors z, * `, will be denoted by 
€, ` *,æy>. If u is a nonsingular vector, we denote the symmetry with 
respect to the hyperplane <u>’ by ocu». In the case of characteristic 2 the 
term “symmetry ” means “ transvection orthogonale ” defined by J. Dieuconné 


[4], p. 41. 


1. Subgroups Axx. 


Lemma 1.1 Let x be a singular vector and u a vector in <y. A linear 


* Received October 9, 1957. 
1 Orthogonal transformations of the type p. were introduced by M. Eichler in his 
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transformation pzu of <i>’ defined by pou(z) —2+B(z,u)z is a Q-iso- 
morphism of <x>’ onto itself which leaves x fixed, and can be extended uniquely 
to an orthogonal transformation of V. 


Proof. It is clear that p,4(t) =z and pz» is a linear isomorphism of 
<æ>” onto itself. Since Q(u<+cr) —Q{(u) for every we <y and cE k, 
it follows that pz, is a Q-isomorphism. Let y be a singular vector such that 
B(a,y) =1, and U the space <z,y>’. Then we have V==<z,y>+U and 
<a) = <a> + U. | 


For every u€ <z>’ there exists a w’€ U such that u—w’€ <s>. It is: 
clear that peu—pau because B(z,u) =B(z,u’) for every 2€ <x)’, so we 
may assume that u€ U. From Witts theorem, there exists an extension 


pEO(V) of pau Put p(y) =ar-+ by+v with a,bEk and vEU. From 
the relations 


B(p(c),p(y)) = B(2,y) =1; B(p(y),p(2)) —Bly,2) =0 for all z€ U, 


and Q(p(y))=@(y) —0, we have b—1, B(z,u)+B(z,v) —0 and 
a+t@Q(V)==0. Then we have p(y) —— Q(u)x + y— u, hence p is uniquely 
determined. | 


We denote the extension p of pau by the same notation. The following 
properties of pz, follow from the definition. 


(i) | Paupar = Pr, for u, v E€ <xy’. 
(ii) Pa,cu = Peru - for OAcEk, 
(iii) That À = Pr(x),r(u) | for TE O(Y). 
(iv) Pau == 1 if and only if ue (a). 


It follows that the mapping u—p., is an isomorphism of U into O(V), 
and the image group depends only on the subspace <s. We will denote the 
subgroup by Hes. From (iii), subgroups of this type are conjugate to each 
other. The minimum normal subgroup containing H«> will be denoted by 
_a,(V) (since 0,(V) is normal, the group contains all subgroups of the 
type Hs, and is generated by these subgroups). The same notation will be 
used for nonisotropic subspaces U with dim U 23 and »(U) 21. 


proof of our fundamental theorem (cf. M. Eichler [5]( Chap. I, §3). However, those 
transformations were already observed by C. L. Siegel to define the mass of representa- 
tion of 0 by an indefinite quadratic form (ef. C. L. Siegel [7], p. 408). 
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Let Ÿ be the n—1 dimensional projective space whose points are 1- 
dimensional subspaces of V, and C the quadric in Ÿ defined by the equation 
Q(x) =. For every subspace U of V we denote: the intersection of C 
with U by Cy where U is the linear subvariety in V defined by U. If Gis a 
group of linear transformations of V, we will denote the group of projective 
transformations induced by G by PG. For every nonsingular linear trans- 
formation + of V, we denote by 7 the projective transformation induced by r. 
If 7 is an orthogonal transformation, then 7 maps C onto itself. 


We will study the behavior of the group POQ,(V) as a transformation 
group of C. 


Lemma 2. Let p= <s> be a point on C, and Tp the hyperplane defined 
by <a>’, namely the tangential hyperplane of C at p. Let y be a singular 
vector such that B(x,y) —1, and U the conjugate of <z,y>. Then the 
variety K(p) =T NOC ws the projecting cone with the vertex p and a base 
variety Cy, and the group Ëp = PH <g> is a simply transitive transformation 
group of the set C — K (p). 


Proof. The first part is obvious because a vector z in <2)’ is singular 
if and only if z is a linear combination of x and a singular vector v in U. 

A point <2> on C is not on K(p) if and only if B(z, x) 0, so we can 
normalize z so that B(x,z) =-1. Then the mapping z— <z> is a one-to-one 
mapping of the set of all singular vectors z such that B(zx,z) —1 onto 
the set C—K (p). Put z=ar+ by+u with a,b¢k and we U. From 
B(x,z) —1 and Q(z) = 0, we have b=1 and a——Q{u), hence we have 
Z=po,u(y). The mapping u—> <p2,(y)> is a one-to-one (birational) corre- 
spondence of U onto C—-K(p), and from pzu(pz.o(y)) = paurv(Y), We can 
see that À, is a simply transitive transformation group of C—K(p). 


Remark. If v==1, K(p) consists of only one point p. 


Lemma 3. Let q and r be points on C; then there exists a point p 
on C such that both q and r do not lie on K(r). 


Proof. Let y and z be singular vectors such that q = <y> and r== <2). 
At first we assume that B(y,2) 540, so we may suppose that B(y,z) = 1. 
Let u be a nonsingular vector in ¢y,2>’. Put 2 = py.(z) = — O(u)y +z—u; 
then we have B(a,y) = 1, B(x,z) =—@(u), hence q and r do not lie on 
Ki¢a>). Next, we assume that B(y,z)—0. Then the space <y,z> is 
totally singular, and it is well known that there exists a singular vector x 
such that B(z,y) == B(2,z)==1. Hence we have proved our assertion. 


13 
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From Lemma 2 and Lemma 3, we have the following: 


Lemma 4. The group PQ,(Vy is a transitive transformation group 
of C 


Limma 5. Let p be a point on C and L, the group of all transformations 
in PQ (V) which leave p fixed. If n= 5 and vÆR, the group Ly acts 
transitively on K(p) — p. 


Proof. Let x,y be a pair of singular vectors such that p==<s> and 
B(x,y) = 1. Let U be the subspace <z,y>’. It is clear that the group Hp 
and the group PQ,(U) are contained in Lp Since K(p) is the projecting 
cone with the vertex p and a base variety Cy, every point on K(p) lies on a 
line pU s with s€ Cy. From the assumption, we have dim U =3 and 
v(U) = 1; hence, from Lemma 4, the group PQ,(U) acts transitively on Cy. 
Therefore if g and r are on K(p) — p, there exists a 7€ PQ,(U) which maps 
q onto a point on the line pU r. Suppose that p, q and r are on the same 
line. Put q= <y> and r= <z>. Then z is a linear combination ax + by 
of v and y with 6540. Let u be a vector in U such that B(y,u) —a/b. 
Then we have pzu(y) == bz and pru(q) =r. 


Lemma 6. Suppose that y= 2. If p and q are distinct points on OC, 
then there exists a point rp such that re K(p) and ré K(q). 


Proof. Put p= <x and q= <y>. If <2,y> is totally sicgular, then 
there exists a singular vector z such that B(x,z) —0 and B(y,z) =1. If 
<z, y> is nonisotropic, there exists a singular vector 2 in <z,y>’. Put 
z=% +7. The point r= ¿z> satisfies our conditions in both cases. 


Lemma 7%. The group PO,(V) is a primitive transformation group of 
C except in the case where n==4 and v=2. 


Proof. If »—1, then from Lemma 2 and Lemma 4, the group PQ,(V) 
is 2-fold transitive, hence primitive. Suppose that n = 5 andv=2. Let M 
be a subset of C with the following properties: 


(i) M contains at least two points p and g. 


(ii) For every 7€ PQ,(V), such that 7M NM &¢, 7M coincides 
with M. . 


We have only to show that M must be C itself. If the line pU q lies 
on C, then from Lemma 6, both K (p) and K (q) are contained in M. From 
Lemma 6, there exists a point g’ in K (q) such that g’é K(p). Hence we 
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may assume that pU q does not lie on C. Then from Lemma 2, we have 
MDC—K(p), C—K(q). From Lemma 6, there exists a. point re K(p) ` 
such that r4p and ré K(q). From Lemma 5, we have K(p) C M. Hence 
we have M =C. 


2. The commutator group S2(V). 


LemMa 8. The group Q,(V) is a subgroup of Q(V) except in the case 
where k== Fa, n==4 and y==2. 


Proof. Since Q,(V) is a normal subgroup of O(V), we have only to 
prove that H< is a subgroup of Q(V), where x is a singular vector. Let y 
be a singular vector with B(x,y}) —1, and U the space <z, y>’. If wu is a 
nonsingular vector in U, we have 


O Cut (tu) > <u> (z) = O Cu4Q (ui z> (z— b (u, z)u/Q (u) ) 
— z — B(u,z)u/Q(u) — Bu + Q(u)z, z — Blu, 2)u/Q(u))(u + Q(u)z)/Q(u) 
—1—B(u,z)u/Q{(u) + Blu,z) (u + Q(u)z)/Q(u) = pau(z) 


for every 2€ <z>’. From Lemma 1, we have pru =otwquu)>oew. Since 
Q(u) = Q (u + Q{(u)z), there exists a 7€ O(V) which maps u onto u + Q(u)r. 
Therefore we have pou — TocuT om € Q(V). Except in the case mentioned 
above, U is spanned by nonsingular vectors, so we have Hes CQ(V). 

The following two lemmas are well known, so we omit the proof. 


Lemma 9. Except in the case excluded in Lemma 8, the commutator 
group of the proper orthogonal group? Ot(V) is A(V). (Cf. Chevalley [2], 
Chapter II. 3. 9.) 


LEMMA 10. Except in the case excluded in Lemma 8, Q(V) is generated 
by commutators of symmetries, and the order of every element in O(V)/Q(V) 
is 2. (Cf. Artin [1], Chapter IV, Theorem 3. 23.) 


Now we will prove that Q(V) =-0,(V), except in a trivial case. 


Lemma 11. Let x and y be a pair of singular vectors such that B(zx,y) 
=]. Then we have O(V) =O(<z,y>)Q,(V). 


Proof. Let u be a nonsingular vector. Then there exists a w€ <r, y> 
such that Q(u) = Q(u’), hence there exists an orthogonal transformation r 
such that r(u’) =u. Put +(z)=—2 and r(y) —Y. From Lemma 2 and 
Lemma 4, there exists a 7 € Q, (V) such that v (<5) = <a’), T (<y>) = <y. 


? In the case of characteristic 2, a proper orthogonal transformation is defined as a 
produet of even number of symmetries. 
i 
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Since UE r(<r,y>) = <r, y>, u” =r (u) is contained in <z,y>. Hence 
we have 


d'en = Toy = oi (Cen T ownt) E OC <a, yd) (V). 


Since O(V) is generated by symmetries except in the case mentioned above, 
we have proved our assertion. 


LEMMA 12. Except in the case excluded in Lemma 8, Q (F) coincides 
with Q(V). 


Proof. It is obvious that 0,(V) is a subgroup of O*(V), hence, from 
Lemma 11, we have O*(V) = O*(<2,y5)0Q,(V) and 


O*(V)/Q,(V) = OF (<r, y>)/O* (<z, y>) N Q% (F). 


Since O+(<z,y>) is an abelian group, and from Lemma 9, we have 0,(V) 
D Q(V). Therefore from Lemma 8, we have O(V) =0,(V). 


Lemma 13. The commutator group of Q(V) coincides with Q(V) 
except in the following two cases: 


(i) n=3, kame I; (ji) n=4, v= 2, k= F, or Fy 


Proof. At first we suppose that k=<F., Fa. Then there exists a c€ k 
such that c?s40,1. Let x,y be a pair of singular vectors with B(z,y) —1, 
and r the orthogonal transformation of <æx,u> which maps x onto cx and y 
onto cty. From Lemma 10, we have 7r?7€Q(V) and 


t paat Der = pes, upr, u m Pr, (iyu (u = LÍT, yy) . 


Since c?-—1=40, we have Hen COQ(V)’, where Q(V)’ is the commutator 
group of O(V). From Lemma 12, we have 0(V)’=Q(V). 

Suppose that k = F, or Fy. Then we may assume that n= 5 or n—4 
and y==1. We have only to prove that He C O(V)’ as in the above treated 
case. 

At first assume that k== F}. Let u be a nonsingular vector in <s, yy. 
From the assumption, there exists a v € <a, y>’ such that B (u, v) =Q (v) =1. 
Then the space <u, vò is nonisotrepic and of index 0. Let + be the orthogonal 
transformation of <u,v> such that r(u) =v, r(v) =u-+-v. Then we have 
t? = 1; hence, from Lemma 10, we have 7€Q(V), and 


Tsat pao” sen Paeutopz,v ` = Bau EQ ( V) P 


Since <2, y5 is spanned by nonsingular vectors, we have Hs TO(V)’. 
Next, we suppose k== F, Let u be a nonsingular vector in <2, yy, 
then from the assumption we can find a tE <s, yy such that G(u) =Q(v) 
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and B(u,v)=0. Then the space <u,v> is nonisotropic and of index 0. 
Let + be an element of O(<u,v>) such that r(u) =—v, r(v) =u. From 
Lemma 10, we have 7?€Q(V) and 


2 ~2 -l1_ Zn 
T'Pa,uT Pau = Pr, upe, -u = Paz,ur 


Hence we have Hcp» CQ(V)’. 


8. The proof of the fundamental theorem. The following lemma is 
well known. 


Lemma 14. The group PO(V) is a faithful transformation group of C. 
(Cf. J. Dieudonné [4], p. 30 and E. Artin [1], Theorem 3.18. The proofs 
given loc. cit. are valid in the case of characteristic 2 by slight modification.) 


Now we can prove the simplicity of the group PQ(V). 
We exclude the following cases: 


(1) n—8 and k= F;; (ii) n= 4 and y— 2. 


Let N be a normal subgroup of PO(V) and p a point on C. From Lemma 7, 
the subgroup Lp defined in Lemma 5 is maximal, and from Lemma 14, the 
intersection of all conjugate subgroups of Lp is {1}. It follows that if 
N {1}, we have NL, = PA(V), hence N is transitive on C. Therefore 
the group NË, contains all conjugate subgroups of H,; hence, from Lemma 
12, we have NË, = PQ(V). Then we have PO(V)/N— Ë / Bp NN. Since 
the group H, is abelian, from Lemma 13 we have N == PQ(V). Therefore 
the group PQ(V) is simple. 
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ON THE ANALYTICITY’ OF THE SOLUTIONS OF ANALYTIC 
NON-LINEAR ELLIPTIC SYSTEMS OF PARTIAL 
DIFFERENTIAL EQUATIONS.* + 


By Cuarnzes B. Morrey, JR. 


PART I. Analyticity in the Interior. 


1. Introduction. In this part, we prove that any solution u == (ut. +, 
uN) in which each u* is of class Ot”, On <1, (for notations, etc., see 
below) of a non-linear analytic elliptic system 


(1.1) pj (2° . -,u*, Vut, * ag V attyk, > + +) = (), 
j=1,: . -N (z= (1, $ *,x')) 


of the type considered by Nirenberg and Douglis ([3], p. 532) is analytic 
at each interior point of its domain. The analyticity at the bcundary for 
non-linear strongly-elliptic systems [11] will be considered in Part IT. 

The analyticity of any solution u(z,y) of class (”” of a single non-linear 
analytic elliptic equation with y==2 was first proved in a famous memoir of 
S. Bernstein [1] in 1904. Other proofs of Bernstein’s theorem were given 
by M. Gevrey [5], T. Radó [13] and H. Lewy [8] and by Bernstein himself 
[2]. E. Hopf [6] proved the corresponding theorem for a single equation 
but with any value of v. Finally, Petrowskv [12] proved the theorem for 
systems which are almost as general as those considered here. Very recently, 
the analyticity of the solutions of linear elliptic systems in the interior and 
at the boundary has been proved by Morrey and Nirenberg [10]. Still more 
recently, after this paper had appeared as a report, Avner Friedman [4] 
extended these results and those of Part II to obtain corresponding results 
for quasi-analytic systems and more gereral systems in which tha ¢, belong 
to the M, classes of Mandebrojt [9]. H:s methods are entirely different from 
those in this paper and involve mainly bounds for the derivatives as in [10] 
and [5]. 

The proofs of Lewy, Hopf, and Petrowsky all involved extension to the 
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complex domain. Lewy used his theory of hyperbolic equations to carry out 
the extension and Hopfs method involved the extension of certain generalized 
potentials to the complex domain, an idea which had been used by E. E. 
Levi [7]. The present paper combines this idea with a simple type of 
implicit function theorem in a Banach space to yield a proof which is a great 
deal simpler than that of Petrowsky and somewhat simpler (for the interior) 
than the preceding proofs except for that of Lewy and the second proof of 
Bernstein [2]. Of the writers mentioned above, only Morrey and Nirenberg 
[10], Avner Friedman [4], and Gevrey [5], considered analyticity at the 
boundary. . 

In the systems (1.1) which we consider in this paper, it is assumed 
that there are integers $s,’ -,Sy and ty’ + -,éy such that only derivatives 
of order = s; + tx of u* occur in ¢; Furthermore, we assume (with Douglis 
and Nirenberg) that only derivatives of order = 0 occur. Since we may add 
the same integer to all the ¢; and subtract it from all the s,, we assume’ (as 
in [3]) that 
(1.2) MAX s; == Q. 


1SjEN 
As in [3], we say that the system (1.1) is elliptic along a vector u(x) if 
and only if the equations of variation 
Ly(a, D)o 
; d 
(1 3) = hfz, ; +, uk +. Auf, - à , Vott (uk + Av), ` “| hzo == 0 


form a linear elliptic system of the type in [3]. If £°,(2,D) denotes the 
terms of Ly,(z,D) of order exactly s; + ty (=0 if s; +t, <0), the system 
(1.3) is said to be elliptic if and only if the determinant 


(1.4) L(a,) = | L'a (z, A)| 40 for real A 0, 


Lx, À) being the characteristic polynomial of the operator L°,(x,D). 
It is to be noticed that this determinant is a homogeneous polynomial in À 
of degree 


N 
(1.5) nea tn) 9 


The functions ġ;, u*, and the coefficients in the Lj, may be complex-valued. 


We use the following notations: Repeated indices are summed unless 
otherwise noted. If ¢ is a vector or tensor with either real or complex-valued 
components, |p| denotes the square root of the sum of the squares of the 
components and || ¢ || denotes the square root of the sum of the squares of 
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the absolute values of the components; the absolute value of a single complex 
number z is denoted by |z|. The double bars will also denote norms in 
certain spaces to be introduced. À tensor will be of class C™#, 0<n< 1, 
in a closed domain D in real or complex space if and only if each component 
is of class C” on D and each of its n-th derivatives satisfies a uniform Holder 
condition with exponent » on D (and so can be extended to D, etc.). If the 
tensor u is of class C# on D, D being in the real space, we define 


hu (2) = sup | z — 0, |-* | w(v2) —u (z) || for all a, z, on D with 2,22; 


h*,(u) is defined correspondingly if D is in complex space. If w* is a vector, 
V?u* denotes the tensor U% a-a, the subscripts after the comma denoting 
patrial differentiation with respect to z%-- -2%; the definition extends to 
tensors u. B(xo,R) denotes the ball |x—az.|<R in real v-space and 
Br—B(0,R). Bar denotes the set of all complex vectors t == (x, > e”) 
== £, + 1%, in which 


Byr: [ml <BR, |2| <h(R— |e |). 


If condition (1.4) holds for all x on a closed domain D and L(z,à) is 
continuous it follows that 


m > 0, where m, ==min | L(z,à)| for se Ō, |a| =1. 


We let M denote a bound for the coefficients occurring in any of the Ly, 
operators used. The constants Ki, Ka, Kag, ete., and Zi, 22, - © will depend 
only on the numbers v, N, Su * -+,8x, tuy’ :,tx,m, and M unless the 
numbers # and A enter in which case we shall write Kı (p, h), ete. The K’s 
are permanent constants whereas the Z’s are used only in the course of a 
single proof, so that Z, may denote different constants in different proofs. 

We now outline our method of proof. Suppose we have a solution of 
{1.1) in which each u* is of class C%*#, 0 <p < 1, near some point zo By 
a translation of axes, we may assume Zo==0. Next, let Př) be that 
polynomial of degree tą such that 


(1.6) V?P#(0) = Vruk(0), 0ZpE tx. 


Making the substitution 
(1.7) UF == PR |. pK 


jn (1.1) we obtain new equations of the same type in which Yv*(0) = 0 
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for Opt. If we expand the new #; about the origin we may rewrite 
the new equations in the form 


(1.8) Lyo = Mp + py (a+ +) 0% + +, Within») 


where now the Z;,(D) are operators with constant coefficients containing 
the derivatives or order exactly s;+ tw the M,,(D) are operators with 
constant coefficients of order < s; + tk, and y; is the remainder term. Since 
Jj, contains derivatives of v* of order s; + {, and s; = 0, we may differentiate 
(1.8) (—s;) times with respect to the z*. Since all derivatives of v* up 
to the order tą vanish at the origin, we note that the Taylor expansion of y; 
begins with a homogeneous polynomial in x of degree 1— s; linear terms 
in the V%v* with coefficients homogenous and linear in x, and quadratic terms 
in the V%v* with constant coefficients. 
In Sections 2 and 3 we prove the following theorem: 


THEOREM A. For each R >O, there exists a linear transformation 
u = Pr(f) from the space of vectors f in which f; is of class C8, 0 <p <i, 
on Bg with V?f;(0) =0 for OS pS—-s; into the space of vectors u in 
which u® is of class Ctt on Br with Vruk(0) =0, OS p& ty such that 


(1.9) Leur =f; 
in which Liy 1s an operator of the type in (1.8). Moreover, 
(1.10) max hy(V *u*) = K, (u) 2 ae ax Ra (V UE 


12ZX<N 


In the space of vectors u described in this theorem, we introduce the 
norm 


(1.11) | u | = max hy( V tru") (z on Ppr). 
1SkSN 


The resulting space is clearly a Banach space which we denote by He. 
Clearly, if u€ Er, we see that 


| Veu (e) S ul es 
(1.12) | Veut (s)| S hul |z| a) > o pH e), 


We wish to replace (1.8) by an equation involving operators on Hz. To do 
this we write 


(1.13) v= Vr + Hr, Vr=— Pr(f), 


where f denotes the right side of (1.8). If v is given, as is assumed, Vx is 
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known and Hpg is known. Moreover, Hpg is a solution of the homogeneous 
equation (1.9) with f—0. We shall regard Hp as known and try to-find 
an equation for Vg. To do this we substitute (1.13) into the right side of 
(1.8) and define’ 


W pg = Pr{ MH R" + yha, j -, Hp,° : J 
(1. 14) Tre(Yr; Hp) 
== Pr{ MeV R + yle: | -Hrt Vg: ° )— y(r: | Hg: | oF 


Then (1.8) is equivalent to the operator equation 
(1.15) Fr—TgR(Vr; Hnr) == W pg, 
where Wp is, of course, known if Hp is. 


Now, of course, | v | = M, independently of & for our solution and so 
| Hei MM, for all RH, say. From (1.12), we see that if we restrict 
ourselves to elements Hpg and Ve with norms = Ma, then Wr and Tr( Va, He) 
are defined for sufficiently small R. By using (1.12), (1.14), the form of 
yp and that of the W;, (operator of lower order than Lj), it is straight- 
forward to verify that 


Tr(0;He)=0, | Tr( Viz; Hn) 
(1.16) | — Tr(Vor; Hr)| S e (E) || Viz— Ver | 
| WalSa(R), lma(R) —0, |A |, Vaal | Par | SMe 


Thus if RS R, say, there is a unique solution Vp of (1.15) for which 
Irl SM, for any given Hr with || He || = M. 

For given numbers R > 0 and h, 0 < h <1, let us introduce the space 
E*;r of vectors u in which u* is analytic in Bar, u* is of class Ct" on Baer, 
and Vruk(0) =0 for OS pt, in which we define ||u||* by (2.11) with 
h, replaced by h*,. We introduce the corresponding space f’*,p of vectors f. 
Obviously, if u € H*,2 for some A > 0, u€ Er and || ul|* = || ul]. In Section 
4, the following two theorems are proved: 


THEOREM B. There is a number ho ==ho(u, v, N, Si tj, m1, Mi > 0 such 
that if f€ F*ir with O < h & ho and u=Pr(f), then u can be extended to 
Byg so that u € E*;,r and 


(1.17) Fu SK: a) max bY. (Vs). 
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THEOREM C. Jf Hr€ ER», then Hp can be extended analytically to any 
Byr with 0 <h S h and the extended function € Er with 


(1.18) I Hp |* = Kahn) | Hr |. 


From Theorem B, it follows that the operator Tr(Vr,Hr) can be defined. 
fer functions Vpr and Hp in any Brg with O0 < ASA and 0 < RS R: and, 
moreover, that (1.16) holds with the norm ||ẹ || replaced by | b|* (and. 
different functions &(R)). | 

Now, let us revert to our given solution v, and let Vp and Hpg be defined 
as before. From Theorem C, we see that || Hr |“ = M, for 0 (RSA. From. 
the underlined results, we see that if R ts small enough, there are unique 
solutions Vz and Vrn in Er and E*,,p respectively, of (1.15) with || Vr || < M2 
and || Ver | = Mf, for our gwen Hr. Since E*;r C Ep, Vigor = Vp so Vr 
and hence v are analytic; in fact they can be extended analytically to Bur 
and their extensions € E™),,r. 


2. The particular solutions. In this section, we construct the par- 
ticular solutions of equations (1.9) which were mentioned in the introduction 
and prove Theorem A. For the moment, we shall merely asume that the f; 
are of class C#3: (0 <p < 1) and shall drop the requirements that V?;;(0) 
—0 for 0=p—s;. These developments are very similar to those of 
Nirenberg and Douglis [3]. 


We define 
(2.1) Gin(u) = (u"/n!) (log | u |— Ci), 
Ones) 41/24- - -+ 1/n, Gon (u) =u” |u |/ (n+ 1)! 
Then ' . 
(2. 2) G in (u) a Ginn(U), OS kk Sn, j = 1,2. 


Next, if m > 0, we define 


Cu f Gam(y-A)E(A)d3,, v even, 
JA]=1 


(2.3) J™(y) = 4 
Ca J Gam(y AJIA (A) a8, » odă, 
À |=1 ~ 
__ SAXPT*(y), v even, 
9 dE À Age Cu), v odd. 


Let.L be the scalar operator having L(A) as characteristic polynomial. Then 
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| Cry Í BoA) ad, v even, 
x1 
(2.5) LJ*(y) == M, (4) == | 
Cu f Go (y d À) dx, Y odd. 
zh 


Clearly J is homogeneous of degree m — vy unless v is even and m—y 0 in 
which case 


(2. 6) J (y) =J (y) log |y1+Je(y), 


where J, is a polynomial and J, and J, are homogeneous of degree m —rv; 
and 


(2.7) Ta a a 
Finally, for each 7 and a given R > 0, we define 


28) Fa) f J(@—ONO dE F(z) — f JD (Ode 


The constants C,, and Ca, are chosen so that 
(2.9)  A™=2M (y) =To(y), if v even, AMOOPM(y) =T, (y) if v odd, 
P.(y) =—(v—2)"|3 





Bee os v> 2, To= = log |y |, re 


where |3] is the (v—1)-measure of 0B(0,1); Ty) is just the elementary 
function for Laplace’s equation. 
It follows from (2.1)-(2.9) that 


(2.10) LFS (2)— f M(2—#fi(€) dé 


From the form of M, it follows that we may differentiate the right side of 
(2.10) (v—1) times under the integral sign. Thus from (2.9) and ordinary 
‘potential theory we see that 


(2.11) | mnie y fies» ea 

In the next section, we shall see that each F, is of class C”-8)+# on Br and that 
(2.12) MVP) S Ko hal Vf), Ko Kolur, N, m, M). 

As soon as that is shown, it will follow that 

(2.13) LF;(x) —=f;(x), sE Br (Bez by continuity). 


In case m—0, then L(A) is just a constant, L is a constant operator, we 
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define Fix) == 171f;(x), and (2.13) holds, of course, and the differentiability . 
properties of F; hold. 


Let us grant the statements above about the F, Let 
(2. 14) | 277 (A) = LRQ IT LA) 


and let L?7(D) be the corresponding operators; Lr? (D) ==0 or is an operator 
of order m—s;—t;=0. Let us define 


(2.15) U? (2) == LPF; (2) 
Then from (2.12) and (2.15), we see that U? is of class Ctrt# on Bp so that 
(2.16) Ly U* (s) = Ly LF) (2) = 85 LF, (£) = LF;(x) = f(z). 

Finally, suppose 
(2.17) V?f;(0) — 0, 0Sps—s, 
Let U be the solution (2.15) and let Q* be the polynomial of degree t such 
that (2.18) holds, and define u* by (2.18): 


(2.18)  VrQ#(0) = V?U*(0), 9S pSh, uke) = U+ (2) —Q*(2). 
Then 
(2.19) Lyu* (x) = f(x) — 9;(2), j=1,:--,N, ; 


where q; is a polynomial of degree — s; Differentiating (2.19) p times and 
setting z= 0, p==0,1, - *,— s; we see that g;(x)=0. Thus Theorem A 
will be completely proved as soon as the differentiability properties of F; are 
proved. 


3. The analyticity of J and J*; the differentiability of the F; We 
first prove the analyticity of J and J*. To this end, we prove: 


LEMMA 8.1. Suppose y, is a real vector and y5=5<0. Then there is a 
linear transformation i 


(3.1) | Àa = Aa (p, Y) = ho (y) pp 


which ts orthogonal for each real u near yo, in which the hai ly) are analytic 
and positwely homogeneous of degree 0 for all complex y near Yo, and for 
which 


f yp 
(3.2) Aay == pa |y |, where |y [= CZ (°) P. 
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Proof. Using a fixed crthogonal transformation, we easily reduce the 
problem to the case where | 


(3.3) Yo = | Yo | 0%. 


Since we may solve (3.1) for u, obtaining py==AgtAg we see that (3.2) 
implies that hat (y) =y*%/|y|. It is easy to see that there is a unique way 
to complete the matrix À to be orthogonal with all the minors in the upper 
left hand corner positive, and with h,?(y)==0 for a>; this is all for 
real y sufficiently near yo. The A, are analytic for complex y near yo. 


Lemma 3.2. J*(y) and J(y) are analytic for all real y 340. 
Proof. Suppose y, is real and yo340. From (2.3) we have 


OS f aO yI Ad = (y) log |y 
(3.4) 


+Cwly J... (ut) "/m 1) [log | pè | — Cn] E [A (a y) 14% 


for all real y near yo if v is even, J,* being a polynomial of degree m. The 
analyticity of J* follows in this case from (8.4) and that of J fcllows from 
(2.4). The proof for y odd is similar. 


ASSUMPTION. We assume hereafter that m > 0 since the differentiability 
properties of the F; are proved in the case m =Ù. 


Lemma 8.8. The functions F; of (2.8) are of class Css 1 on Bp 
and each component of V™*-1F; is of the form | 


(3. 5) Py ca am- Ba (T) E -f T ba- Ba (T —€)f;(é) dé’ p, 
—f T, 83- Bn (z —- £) fie (é) dé’ 2 as f T(x — E) fib Bas (£) dés, 
OBR 8Br 


+f rm (Ed n= s; 
Br 


(3.6) DY) = Juan: (Y) 3 
the function T is homogeneous of degree 1—v, analytic for y 340, and 
(3.7) T(—y)=—T (y) 


Proof. If —s;=n = 1, we see that 
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Fralz)— f Jaa ONH f TOI (eE) 0h] E) a 


=— | J@—OiOdnt S Ia—Ofis(é) a 
ôBR Br 


` The form (3.5) follows by repeating this argument and then differentiating 
with respect to g% > :,œûm4, That T is analytic for y5<0 and satisfies 
(8.7) follows from (3.6), Lemma 3.2, and (2.7). 

From Lemma 3.3, it follows that the desired differentiability results 
for the F; will be proved if we can show that if 


(3.8) U (2) = f re—ofea, Fe Ohe on Ëp, 


(3.9)  Wy(z) —— | TEONE fe Oru on Be q =0, 
then U is of class C**# on Br and W is of class C4 on Bp, and 
(3.10) hy(VU) S Ki(u)hatf}, ha (VIW) S Bsq(e) ha (VF) 


Assumption. In all the following lemmas, T is assumed to have the 
properties gwen in Lemma 3.3. 


To prove the statements above, we first prove the following well-known 
lemma which is hard to find in the literature (but cf. [6]). 


Lemma 3.4. Suppose T satisfies the conditions of Lemma 3.3. Then 


To: R 


(3.11) f I(Éé—x)d£, = Í OL LES f T(n dEn, xE Bla, À). 
0B( ) ðB (0,1) aB (0,1) 


Proof. If w==%, the result is obvious from the homogeneity. If 
2€ B(x,R) but TÆ zo and if |y |==1, we define £ and À by 
É— To == (T — To) Hàn, R? = r? + Raw: g) +A’, 
(3.12) w = (£ — 20)/| £1 — t |, r= |£— a l, 
À = — r cos y + (R? — r? sin? y)4, cos y = w+ 9. 
Then 
(3.13) |é—z |=), dé, = [ (E — 20) /R] dE = [ (ÉY — 207) /R] 27 
sec X di, 


where XY is the angle between the vectors vé and té, and 


(3.14) sec X = 2 RA/(R? + X — 7?) = R/ (R — r sin? y) 
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from (3.12). Substituting (8.13) and (3.14) in (8.11) and using the 
properties of T, we obtain 


f réa, S rG)-@7—a0)/R-R/(R re sin? yds 
 8B(&0R) 8B(0,1) 


= f TO ds, 
ðB (0,1) 
+ È TO) Lea) + 10-9) q"]/ (R — r sin? y)i dSn 
dB(0,1) 


and the last integral is zero on account of (3.7). 
As an immediate consequence of Lemma 3.4, we obtain 


LEMMA 8.5. There are constants C ape which depend on T but whose 
magnitudes depend only on v, N, S; t M, and M such that 


-Í, Dasan (@— E) + (E — ahs) - + (EPa — in) dé, 
OB (za R) 
; = C Biv Bs „wE B(x, B), 


Es Tu, (T— É) ‘ (éf: — zh) Ms (Er — cr) dé == 0, p < NA, 
0B(zoR) | . 


zE B(to,R), 
J, Dayan (€ — é) > (Er — ahr) > +: (£ — zh) dé =0, p<n, 
9B(zoR)-B(x:,p) 
TE B(a1,p)C B(x, B). 


Lemma 3.6. Suppose Wy is given by (8.9), where fE CUE on Bp. 
Then WE CV on Br and hy(VIWy) S Esq(p) hal V4). 


Proof. Differentiating (8.9), g—+1 times and using Lemma 8.5, 
we obtain 


(3.18) yew —— f PTE) TE —E Vif(a)- (—2)4/j Ide’, 2 € B, 


where the sum in the bracket denotes the Taylor expansion of f out to the 
terms of order q. Taking magnitudes, we obtain — 


| VEW) E Ean hal VI) | e — E |? de SZ. ha Ve) (B— | 2 [Ye 


Since any two points in Bp can be joined by an arc æ—x(s), OS 3551 (s are 
length} such that | 


t 
Í, (R— | g(s) De ds £ 3p | a, —a |A, 
o 


the result follows. 
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Lemma 8.7. Suppose U is given by (3.8), where fE C# on Br. Then 
U is of class C+# on Br and 


(3.16)  Ua(z) = Caf (€) + Í, Tala — HO — HE) 


OBR 
Moreover, (VU) S Kulp) half). 


Proof. Let us extend f to be of class C” on Bag with the same Holder 
condition. Then | 


(3.17)  U=U,—U, Us(2)— f refed, 


Ù= f FeO) Oa 


We have 
Usale)— | Tale — Ofe 
(3.18) © | = f. Talz—E [FE —f(a)ldé 2e Be 


Unale) = f Taola — EFE — iE) 


using Lemma 3.5 and the fact that T «a(z — é) ——0T(r—#)/0Ë6 From 
the second equation in (3.18) we see that | 


(3. 19) | V7U2(2)| S Zai (u) half) (R—| z |) 
As in the proof of Lemma 3.6, it follows from (3.19) that 


(3. 20) hu(VU2) S Za(u)ha(f). 
We let | 


(3.21)  Uxp(a) =f T(e—8)f (db 2 Be 0 <p < R. 


8 2p) 
Then for such z and p, 


Upal) = U apalT) + U spala) 
Tsala) =— S were UE IOa + Caf(e) 
Ca = — J re dy’ a 


Dula) = fete S rate — ONO — ede 


14 
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Clearly, as p—> 0, Uspa(T) and Ugpa(x) converge uniformly on Br to 


(8.22) Draft) = Cof(t), Usa = f Tae — DIE) — fa) ae. 

In fact, 

(3.23) | Uspa(t) — Usa(t)| SZs(w)ha(f): p®, Zs = Zs (u,v, N, $, t, mi, M). 
But now, if z, £3, 2, Br, 


Tiasa) =— f woh OU fa) ae’ 


p) 


(3. 24) + f, Tee (He) —f@) lag 


(wp) 


| V Uspa(2)| S Zalu) half) PET, | U spalt) — UÜipa(t1)| 
SZ (uy): half): pt, | 21 — 22 | =F. 


Assuming %,%2€ Br and setting |[æ—|—)#, we see from (3.22) and 
(3.23) that 
(3.25) Ra (Uio) S Zs (u) hu), ha (Uso) S Zn) * ha(F). 


The lemma follows. 


4. Proofs of Theorems B and C. Jn this section we prove Theorems 
B and C as stated in the introduction. We observe first: 


Lemma 4.1. There is an ho(v, N, Sp tp ma, M) >0 such that, if 


0<h=h, then J(y) is analytic for all compler y = y, + iy: £0 for which 
|y2| hl y|; J satisfies (2.7) and, either 





(4.1) J (ky) =k» (y), k real, k > 0, 


or else J has the form (2.6) where J, is a polynomial of degree m — v (Z 0) 
and J, satisfies (4.1). 


This follows directly from the homogenaity properties of J and Lemma 
3.2. 


GENERAL AssuMPTION. We shall assume that h is a fixed positiwe 
number such that 0 < h S ho. 


We wish to show that if the f;(x) are analytic for æ € Bar and f€ Css 
on Byr, then the F(x) as defined in (2.8) are analytic in Br and F,€ Om-sst# 
on B R- 
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Remark. If m= 0, these statements about the F; are obvious, (2.13) 
holds and Theorem B follows. In this case, if w is a solution of (1.9) with 
f; = 0, we see that each term on the left in (1.9) is of class C#-8s, and hence, 
- the operators L?f may be applied to yield 

LAP == 0 or wW —=0 
since L is a constant 40 and those £97540 are of order — s;— tp = 0, 
Thus Theorem C holds. Accordingly we assume m > 0 for the remainder 
of this section. 


Now, we shall extend the functions F;(z) to the domains Bar by a 
device used by E. E. Levi [5] and E. Hopf [4]. Let s= z, + ta € Brr 
For such x, define d, as the distance of « from Bar (in 2v-space) and pe as 
- the sup. of numbers p > 0 such that all points zı + s -+ iz, with [s| <p 
belong to Bar. Then, clearly 


(4.2) pa = [ (1 +R) Jde. 
For such x, we define the v-dimensional cone S(s) by 
(4.3) Sc): E= st-+2(1—A)a.", A= A(S, r), 0OSAZI, 

(R? — | z |7) — Ram: (s—-2,) — | s— z |== 0, s€ Br (s real). 
We note that S(s) has a 1-1 projection on Bpr, that À is the ratio 
| s— z, |/| 8— zı | where S is the intersection of the ray s,s with 8B», 
that A is real-analytic in (s,2,) for s€ Br, tE Bre, ws, and that the 


derivatives of A are uniformly bounded if ss42,, s, € Br, A’ < E. Also, we 
note that 


à [aa | (ea |/18— |) [a | 
(4. 4) <= (| s—a,|/| S—a,|)-h- (R— |z |) Shla—s 
(1—A)| r| S (1—A)h(R—|a,|) Sh(R— |s|), 
(Lu A Serbe 





The second of these follows since the maximum of |(1—A)zi-+A8 | for all 


S on @Bp and a given À, 0 <A < 1, is taken on for S the nearest point to ti.. 


Thus, for any S32, with s€ Bg, we see that é (as defined in (4.3)) € Bar 
and that [#,--s-+7Az,] belongs to the set where J is analytic. Thus, we 
may define 
Pyle) = f TEONE d 
(4.5) 
=f JUs) + ides] “fils + i(1—a) aa] i(s, 2) ds, 


1 
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where (s,s) = 8 (E, - -,&}/0(s*,+ + + P) = 1 ait A, TE Brg 
Next, let us define 


Àp (8; 21) = À (S, 2) [| s—2i|—p]/[ 





$s — T, |—pA(8, £1) |; T1, S E Br, 8 Æ 21; 
O0<p<k—|a, |. 

We see that Ap is real analytic for these values of (sx), Ap—=0O for 

| 8— 2 | == p, Ap==1 for s on GB, and the derivatives of Ap are uniformly 


bounded for x, € Br, W < R, where they converge uniformly to those of A as 
p—0. Finally we see, as above, that 


(4. 6) Ap | 2 | Sh) a,—s |, (1—Xp) |e. |S A(R—|s)), 
S€Br—B(x%,0), 0 < p < Pa 


\ 


Accordingly, if we define Sp (x) by 
(4.7) Sp (T) . EO == 9% +-4(1—Ap) T22, S E€ Br— B (2p), 0 <p < Pa 


then the points of S,(x) € Bar tf x does. Thus, if f; is analytic in Bar, 
we may define 


Fo;(x) = Í, K (x — £) fi(£) dé 
(4.8) a 
= Soo LG 1— s) + Ape ]fj[s + 11 — rp) %2] jp(s, 21) ds, 
TE Bir, Pa > Pp» 


Lemma 4.2. Suppose zE Brr, 0 <o < pz, and is analytic in a 
neighborhood of Sp(a). Then 


DO f(s) dte— Í h(s + iza) ds". 


B(ayp) 
Proof. For the reader may verify that 


pals + 1(1—Ap) #2] jo (8, 21) = (0/ds*) d[ 8 + 4(1—Ap) £2 | 
— itf { (0/08) (rp, 9@) — (0/08) (pAp,s#) }, 
Ap, 2 AS o — Ap, 92S’ p === 0, SE OBp, SE OB (41, p) . 


Lemma 4.3. If the f; are analytic in Bin and F; and Fp; are defined 
as in (4.5) and (4.8), then F; and Fp; are analytic on their respective 
domains of definition and F,;(x) converges uniformly to F;(x) on any 
compact subset of Brg as p—0. Moreover, the components of WV 8:1F; are 
given by (3.5), except that the last integral over the ball Bp is to be 
replaced by 
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(4.9) J, POD fin (84e Gus), 


the integral in (4.9) being given by (4.5) with J replaced by T. Moreover, 
T satisfies the conditions of Lemma 3.3 for the complex y in Lemma 4.1. 


Proof. Since m > 0, we see from Lemma 4.1 and the discussion of A 
and Ap that the #’p;(2) converge uniformly to F; on any compact subset of Bur. 
Moreover, if m > 1, the derivatives of Fp; with respect to z% and x2* converge 
similarly to those of F. We wish to show that F; and Fp; are analytic on 
Bre. It is clear that we may approximate f; and its derivatives of order 
< — s; uniformly by functions f(x) ==f;[(1—n*)x] which are analytic 
on Brr. | i 

Differentiating (4.8), we see that (if m > 1) 


Fes (21 +i) = f° Tasty jo ds 


, Br-B(21p) 
(4. 10) | 
+ Lap) foo fie fi) ordi ee 
Br-B (ys P) 
F pzas (Ti + Wy) = — Jfijpdsa + L of jp ds 
ÖB (sup) Br-B{sip} 
(4.11) 


— iP {jp Apne (J fie — Tef) + Tf srp, sta} ds, 
Br-B(x%1:p) 


where the arguments in the functions are those in (4.8); here we have 


assumed that the f; are analytic on Bag. The reader may verify that 
{ 


— ita { jp" Age (Jfi8 —d'pfs) + Jfao same} = (0/089) (— x PT pme) 
(4. 12) t{(1 —Ap)ip (J fia afi) — Ap,sdf;} == (0/08) [41 — Ap) JF] 
+ (8/88) [2P — Ap)Ap, eI fi] — (0/08°) LP (1 —Ap) Ap, ed fi]. 


Using the facts that Ap(s, %1) = 0 on 0B(x:,p}, Ap(S,%1) — 1 for s on 0Br, 
so that Ap,ae—0 for s on Bpr, and the relations (4.10)-(4.12), we obtain 


Poise (s+ its) = S Tafiieds—i f Ji 
dB (21,p) 


Br-B (gas £} 


(4.13) 
| F pzas (ti F tate) = J J afijo ds — Tf; ds'a. 


Br-B(a1p) OB (ays) 


In obtaining these relations, we used the facts, implied by the fact that 
`o (S, %1) == 0 for all z, € Br) and all s on @B(2,,p), that 
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(4. 14) Àp,z,° (s, Ti) EE Xp, «5 (Ss, Ti), Àp,s° ds’ g — Ap, 58 ds’ == 0, : 
S € 05 (24, p) * 
The result (4.13) shows that the Fp; are analytic and that 
(4.15) Foja(z) = f. J a(z — é) fi (£) dé — J (a1 —8)fi(8 + ta) ds as 
Sole) 0B(æu8) 


all provided that the f; are analytic on Bar. 
In case the f; are analytic on Bar, we wish to show that 


(£16) Foala) =— ff J(e—s)f(9 da + S Lhe Mal dE 


But (4.16) follows from (4.15) and Lemma 4.2. The restriction that f; be 
be analytic on Bar is easily replaced by the restrictions as stated. As in 
Lemma 3.3, the process may be repeated. Finally we may let p— 0. 

As in Section 3, our desired results concerning the F; will follow from 
our study of the functions U and Wy defined by 


(4.17) Ge f T(x—é)f(E dé, fE Co on Bra, 
S(z) 
i LE Bar 
(4.18) Maes f T(r—s)f(s)ds., fE Cu on Brr, 
dBr 
where f is analytic on Brr in both vases and T satisfies 


Condition A. T(y) is analytic for all complex y = y + i2320 in 
which [y |<khly| and T satisfies (3.7) and 


(4.19) (ky) = kT (y), k real, k > 0, 
for such y. 


Lemma 4.4. The first two results of Lemma 3.5 hold for x € B,(%o, R), 
the set of all w=, 4- ise such that |zı—zoz| S h(R— |T — to l), 
To == Loi F ion. The third result is replaced by 


f P a aal — E) (E — ghi) - + + (Er — gh) dé — 0, p <n, xE Bar. 
Sp(z) 


LEMMA 4.5. Suppose T satisfies Condition A, FE CH» for real x on 
Bir and W., is defined by (4.18). Then W,(x) is analytic on Brg and 
Wy € CU on Bur and 


Ra (VW) SS Kea (h p) ha (VF). $ 
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Proof. It is obvious that Wy is analytic on Bar. Differentiating q +1 
times and using Lemma 4.4, we obtain 


VWa) = | verr(a—é)[F(6) — È Vim): (a) 4/5 den 
x = %1 + it, € Brr. 
From Condition À, we see that 
| Vry) ZAR) Wyle for (y| EA] yl, yO. 

Since | z| S hA(R— |z|), we see that 

|é—m |S] é—2] = [limn |? +] me PBS H Ea |. 
The remainder of the proof of Lemma 3. 6 may now be carried over. 

Lemma 4.6. If f ts analytic on Brr and fE C* on Bur, then 

| VEE) | SK haf) dor, | VF (E)! S Kah”, (f) dat, € Ban, 

where K, and Ks depend only on v and h. 


Proof. Clearly there is a constant x, 0 <x < 1, which depends only 
on v and À that the polyeylinder | état | < kda, a —1,: © -,», lies in Brr 
Since f € C#, we have 


a= (Qt) 7 be ae oe dét- + - dér/ (E — r) + - (E — r), 
Ha) = (B> S o f PO - ae 2). (Pa) 
(y: | é—a| = kdz) 
lefa (a) = (2i)? f -+ 
Y 
Í, C1 F(E) — f(a) dë : i dE /[(€ — x): : - (Æ — z”) (ée — 2°) | 
for any complex ¢*. The result follows from the fact that 
[CES — a) TETE (eda). 
The second result is proved similarly. 


Lemma 4.7. If f satisfies the conditions of Lemma 4.6 and U is 
defined by (4.17), then U is analytic on Brr and U € Ct on Bip with 


(420)  Uq(2) = Caf (2) + Í Tee — 8 (E) — Fe) Jd, 
(4.21) (VU) £ Ko (h, w)h*a(f). 
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Proof. Define U,(x) = Í. T(z—£)f(é)dé. Then, we may proceed 
pía) 


as in the proof of Lemma 4.3 to obtain 


Deal) = f Tate — DO — Jan, POH + ian) 


38( 
(422) = f Pele—A ENE Cafe) 
— I(x, — s) [f(s + its) — f(a, + ive) ds'a. 
OB (af) 


(4.20) follows from the second line of (4.22) by letting p—> ú. 
Let V,(x) denote the integral in (4.20) and let 


Voola)— f TIFON f° Palo — 6) (8) ab 


we have seen that Vpg(z) — Vale) for xE Barn. Now let o==p9/8, 0 < p < ©. 
Then, differentiating as above and using Cauchy’s integral theorem, we 
obtain 


Vecsey uf Tap, —8)[F(s + iza) — f(y + iza) 
B(2410)-B (a4; p) (s z nf nie 
M . 


(4.28) + fo Eples) + ior Ts + (1 —ao)es] — fe) jols, 29de 
= ii Dalt: — S) [f(s + ta) — fila, + iza) — (8Y —27)f, (x) | ds’p 
+ OV apf» (2) . 
Since f is analytic in Bar, we may let p— 0 to obtain 
Val) —=Crephin(z) + f Basle —s) 
Bayo) i 
(4.24) X [F(s + #2) — fes + is) — (8Y — 21”) fF (a) ] ds 
+f, Dele E —1@) 146 


where the last integral in (4.24) is the middle one in (4.23). 
Now, for s€ B(a,,0), àg = da/2 where é= s + iz} Hence 
i f(s -H iza) —f (x) — (8Y — 27) fy (2) | S pK 02? Ad | s — a |’, 


using Lemma 4.6. Hence, since | #,-—s| S | «—é||S (1+) |e — s], 
we see that 
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(4.25) | VV a(x) | S Za (h, p) h” u (f) dat. 


The desired Hölder continuity of Va on Bar follows from the fact that any 
two points y and z in Bar can be joined by an arc c—2(s), OSs], such 
that | 


i 
S bords SZ) PE 
0 


The result (4.21) follows. 
We now prove Theorem C. 


THEOREM C. Suppose u* is of class Ct for x real and on Brr and 
satisfies (1.9) there with f;,—=0. Then u* can be extended to be analytic 
on Biz and of class Ott on Bag with 


h¥ (VUE) S Ka (h, why CV uk). 


Proof. Let us define oe) = f. J (z — juž (¿)dé, x€ Br. Then 
BR 


U* is of class C™+ts+# on BA and satisfies LU” (s) —uk(x) there. Let us 
define F;(x) = LU” (£), s€ Br. Then if m > 1, we obtain 


Ua (x) = f Je EJU” (E) dé =— fv (8/02) J (a — £) dé 


—— f T(z — Ej (E de f J (xw—&) uk a(é)dé; 
BR Br 


one obtains the same result if m == 1 by approximating by Up, ete., as in the 
proof of Lemma 3.7. By repeating this process, we see (since Lyyu* = 0) 
that F;(z) is a sum of terms of the form 


o f. J aan (E — É) UF p, p, (E) Ey, n+p+1=8; by 
OBR 


{there are no terms with s;+4,—0). Now if the LY are defined as near 
(2.14), then u(x) = LUÜF;(x) and ut is a sum of terms of the form 


cf. J aola — Ejup -p (E) dEn n+ pm + ir—t— l, nent 
R 


If n=m—1, the result follows from Lemma 4.5; if n < m— 1, one can 
differentiate m — 1 ——n times and then apply Lemma 4.5. 
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ON THE ANALYTICITY OF THE SOLUTIONS OF ANALYTIC 
NON-LINEAR ELLIPTIC SYSTEMS OF PARTIAL - 
DIFFERENTIAL EQUATIONS.* : | 


By CHARLES B. Morrny, JR. 


PART II. Analyticity at the Boundary. 


5. Introduction; strongly elliptic systems; outline of the proof. In 
this part, we shall show that a solution of a strongly elliptic (in the sense 
of Nirenberg, [5]) analytic system, which possesses Dirichlet data which are 
analytic along an analytic portion of the boundary of its domain of definition, 
can be extended analytically across that portion of the boundary. 

The analyticity of the solutions of general analytic elliptic systems on 
the interior of their domains of definition has been proved in Part I [4] 
where a more extensive introduction and bibliography are given. We number 
the sections of Part II serially after those of Part I. Avner Friedman [1] 
has recently extended the results of Parts J and II to obtain corresponding 
results for quasi-analytic systems and the still more general systems in which 
the ¢; belong to the M, classes of Mandelbrojt [3]. 

Since such a system remains analytic and strongly elliptic under an 
analytic transformation of the independent variables, we may choose any 
point on our portion of the boundary and transform the part of the domain 
and its boundary analytically onto that part of the hemisphere 


(5.1) Gr Ar <— Ry SU retire hral ee > 


in such a way that the given point corresponds to the origin. Throughout 
this chapter, we shall let XX be the part of the boundary @Gr of Gr for which 
y > 0 and or denote that part for which y=0. At times we shall let 
A= (x,y), Xl = 24, assy, AV — y. 

The system (1.1) is said to be strongly elliptic at the vector function 
U(X) if and only if the corresponding equations of variation form a strongly 
elliptic linear system as defined by Nirenberg in [5]: 


* Received September 30, 1957. 
1 The research reported in this paper was partially supported by Contract Nonr- 
222(37) with the Office of Naval Research. 
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(5.2) La (X, DJ =f; “fk +N. 


Here Lix is an operator of order = s; -+ tk, where we now assume, with Niren- 
berg, that 8;—1,=0, 7—1,---+,N and assume that there is an m2 > 0 
such that 


N 
(5.3) Re[ Ly, (X, AEE] = ms >| A |? | &[?, ms > 0 
j=l 


for all real A = (A1,- > -,A”7) and all complex é; the coefficients in L may 
be complex; 0°;,(X,D) is the part of Lj, which is of order exactly: s; + sx. 
The condition (5.3) guarantees that each operator L;; is strongly elliptic of 
order 2s; In case some s;—0, one may clearly solve the j-th equation of 
the non-linear system for uf in terms of the others and the remaining system 
is easily seen-to be strongly elliptic. Thus we shall assume that each s; > 0 
and shall define 


(5. 4) s= MaX S; So=Mins; (0< ss). 


Now, suppose P, is a given point of our boundary and u is a given 
solution of (1.1) in which w* is of class C#*#*4 (0 un 1) near Py up to 
the boundary and such that 


(5.5) Vruk(P)=g(P), 0<pSs,—1, 


where the g?*(P) are analytic along the boundary near Po. As in the first 
paragraph, we may assume P, —0, or, to be the given portion of the boundary 
and Gr, U or, to be the given neighborhood of Py. By subtracting off an 
analytic function of x only, we may assume that 


(5.6) Dpu(x,0) =0, 0S pS s], k=l, --,N, 


Definition. A vector u satisfying (5.6) will be said to possess 0 Dirichlet 
data along on. 


Next, we write 
(5. 7) u* (x,y) = Q*(a,y) + 0" (x, y) (k=1,:::,N), 


where Q*¥ is that polynomial of degree s + są which possesses 0 Dirichlet data 
along or, and such that 


(5.8) V?0%(0,0) = V2u*(0, 0), OSE ps- Sk 


Then, as in Section 1, we make the substitution (5.7) ia the system (1.1) 
and rewrite the system in the form 


(5.9) Louve = M jvt + xilt, Yy, ° 0 Vo’, : ` eg Wy eeu ° oF 
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where now Lj, is the operator of order exactly s; + s, with coefficients evaluated 
at (0,0), Mj, contains the lower order terms with constant coefficients, and x; 
is what remains. Since 


(5.10) Vra (0, 0) = 0, OSpSst+ sry 


we may differentiate the j-th equation in (5.9) s—s, times with respect to 
the X* and conclude that the Taylor expansion of y; begins with a homo- 
geneous polynomial in X of degree s—s;+1, linear terms in the Vv" 
with coefficients homogeneous and linear in X, and quadratic terms in the 
Vrot with constant coefficients. 

In addition to the notations of Part I, we shall use the following: As 
in (5.1), we often consider functions (or tensors) u(z,y), s= (x, + *,æ), 
y being a single variable. Then D?u and Du will denote any p-th partial 
derivative or any such involving only differentiation with respect to the 2°; 
such a derivative may also be dencted by Ua- ap; W?scu shall denote the tensor 
Vous For 0<h < 1, we let Gaz denote the set of all (x,y) such that y 
is real with 0<y<R and g= zq, -ttz is complex and s€ Bre with 
R'= yV (R? — 4°). 

The remainder of the proof is very similar to that in Section 1. In 
Section 7, we introduce a Green’s function for the half-space #* where y = 0, 
_ for the system 


(5.11) Dit = fi; 


which enables us to prove the analogs, Theorems A’, B’, and C’, of the 
Theorems A, B, and C of Part I. We define the space Ex and || as in 
Section 1 with Bz replaced by Gz and ty replaced by s-+ sy and Er as the 
subset of those u in Hp which possess 0 Dirichlet data on cr. We also define 
the space Fp of vectors f; € C%-8s*# with V?f,(0,0) =0 for 0S pSs—s, and 
| f | = sup; 2o(V*f;). We next define the spaces E*,r and E*aro as the 
subsets of Hr and ER, respectively, in which each u* (x,y) is analytic in x for 
(x, y) € Gar and už € Cest in (x,y) on Gar with |u ||*, = sup, h*,(V*u*) ; 
the space F#,2 is defined analogously. 
The analogs of Theorems A, B, and C become: 


THEOREM A’, For each R >O, there exists a bounded linear operator 
Pro(f) with bound = K,(x) from Fr to Egy such that, if u = Pro(f), then 
u ts a solution of (5.11) on Gr. 


THeorem BY. There is a number h,= h, (v, N, Sp ma M) > 0 such 
that, if FE Far with O<h& h, and u= Pro(f), then u can be extended 
to € Hiro on Giz and | Pro(f) Nr & Kio(, 2) f h*n 
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Turorem C. If Hr€ Er on Gr and Hp is a solution of the homo- 
geneous equations (5.11) on Gp, then HA can be extended to € E*;po on 
any Grp with O <h Sh, with | He l*r S Kuh, p) | Hel. 


The operator Tx(Vzr; Hz») can then be defined as in Section 1 and is 
seen to have the corresponding properties to (1.16) in the spaces Ex and 
E*;ro Thus, as in Section 1, we conclude that any solution v in Ex on Gp 
of (549) € Eiro on Gaz for any Ah. But this implies that 


(5.12) | VD, Puk| SA(DR+*)"!, n—0,1,2,---,0SpSst+5, 


for all real (x,y) with |z| S R/2 and OSySR/2. Since u is analytic 
for y > 0 by Part I, the proof of the Cauchy-Kowalewski theorem shows that 
corresponding bounds to (5.12) hold for all the derivatives including those 
with respect to y. 


6. Certain systems of ordinary differential equations. In this section, 
we study certain solutions of systems of ordinary differential equations of 
the form 


N ajtak | ; 
(6.1) 2 Dip? (— 1) r Drut (y) =f;(y), =l, F 
kel ` g=0 
on the interval [0,c0). The coefficients are required to satisfy 
N 838% | N : 
Re > | 2 baron? | EE > m, D (1+ pw?) E l, Me > 0, 
dt p=0 4=1 
(6. 2) N gts 
S| On PSM’, 
j,k=i p=0 


for any real » and any complex é; the coefficients may be complex. 
We define H, as the set of all vectors u in which uf is of class Oer- 
with Dtu* absolutely continuous and 


(6.3) Douk(0)—=0, 0SpS%—1, 
and for which the norm || w || (220) defined by 


co N g; 
(6.4) fut f $ ÈO” | Deut |? dy <o. 
ae 0 j=l p=0 


Clearly H, isa Hilbert space. For u and v having finite norm (not necessarily 
in Ho), we define 


o N 8k 
B(u,v) = f S (GS ba (— i) Dak 
QO j.k=1 p=0 
(6.5) on 
+ È pep —i)”(— 1) Duk Drea} dy. 
p=8r+i 
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We also define Ba? (u,v) in the same way with [0,% ) replaced by [a,b]. 


LEMMA 6.1. Any solution of the homogeneous equations (6.1) is the 
sum of exponential functions with possible polynomial coefficients. If uisa 
vector in which u¥ is of class C+ on the interval [a,b] with D**u* absolutely 
continuous with Dru in £, there and if Bœ (u,v) —0 for every v of the 
same type with Druk(a) = Devt (b) ==0 for OS pSs,—l1, then u is a 
solution of the homogeneous equations (6.1). 


Precf. The first statement is easily proved by restricting u to an arbitrary 
interval [a,b] and then taking Fourier transforms. ‘To prove the second, 
we note that a function v of the type required is uniquely determined by a 
vector w in Æ, on [a,b] in which 


((b-—y)#/p Ys (y) dy = 0 for p—0,- + +, —1, 
(6.6) . y 
oly) = | as) Dw (mn) dr 


By inserting vi as defined by (6.6) in Ba’ (u,v) and interchanging order of 
integration and the letters y and n, we obtain 


b N 
J, 2 A;(y) 0; (y) dy — 0 


for all w satisfying (6.6), A;(y) being defined in (6.7). It follows that 
there are constants d; such that 


N 
As(y) = È (biaa (i) Dy) 


Š% b 
+ bio(—i)? f ((n—y)*4/(s;—1) !) Dru (m) d 


85482-1 


(5.7) + D brp 4)? (— 1)? 
P=ex+l 
b 
x J ((y— y) -Py (s; + Sr — 1 — p) !) Deru (4) dy} 


8371 
= 2 l(b —y)?/pl. 
pao 


From (6.2), it follows that the determinant of the coefficients Djx,sj+5, 18 not 
. zero, so the D*u*(y) can be expressed in terms of the other terms. Since 
these are all continuous we see first that the Dsru* are continuous and then 
that all the derivatives are continuous. Differentiating the j-th equation in 
(6.7) s times, j==1,---,N, we see that u satisfies the homogeneous 
equations (6.1). 
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THEOREM 6.1. Suppose that the f;(y) are of class CS-8: on [0,00) and 
suppose f;(y) —0 for y= Y (>0). Then there is a unique solution uk of 
class Cs*s» of (6.1) in which uc Ho. Also u*® varies analytically with the 
coefficients bip over the convex set defined by (6.2). 


Proof. Now, suppose u and v€ Hy. Introducing the Fourier transforms 


U+ (2) = (2m) f“eeuh(y)dy, VIe) — (En) 3 f “evi (y) dy, 
0 0 
we see that 
an N 83+8x 
(6.8) B(u,v) = f 3 Drape? | UP de. 
-%9 3,k=1 p=0 


From (6.8) and (6.2) we see that 


© N 
(6.9) ReB(u,v) = m | S (14 290 | Di |? de me ful? 
Ja 


Now, let Tu and w be defined in terms of u and f by 
(6.10) (Tu, v) = B (u, ò), (w, v) = f fe dy, v€ Hy. 
ü 


From (6.2), it follows that T is a bounded linear operator. From a lemma 
of Lax and Milgram ([2], p. 169), it follows that 7 has an inverse and 
that | T- | =m; Now the equations Tu =v and 


(6.11) B(u,v) = Í, fDi dy for all v€ H, 
6 


are equivalent. Accordingly there is a unique solution u in H, of (6.11). 
Since T is analytic (linear, in fact) in the ccefficients b,3,, it follows that u 
is for each fixed f. 


Finally, if we write the equations (6.1) in the form 1,,u* == f; let 1(,) 
be the determinant of the l(a), let F; be a solution of 1(D)F;-=f, and 
set w,% == XR, where (Fu) is the cofactor of l(a); then u, is a solution 
of (6.1) with the stated differentiability properties. Obviously, this solution 
satisfies (6.11) with the interval [0,0) replaced by [0,¥ | for any F. 
Clearly the difference u— u, satisfies BoY (u—wui,v) —0 for all v as in 
Lemma 6.1 so that u——u, is a solution of the homogeneous equations (6.1) 
Thus u has the differentiability properties as stated. 


THEOREM 6.2. There exist unique vector solutions Um (= Um*1) of the 
homogeneous equations (6.1), each having finite norm as defined in (6.4) 
and satisfying the initial conditions 
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(6. 12) Deum (0) = 8,582, k, m=, N, 0S pSs,—l, 
i 0=¢Ss5,—l1. 


These soiutions depend analytically on the coefficients birp on the convex set 
Of Dip satisfying (6.2). 


Proof. For, let tom? be any vector class C” vanishing for y= 1 and 
satisfying the given initial conditions; we assume that ,,2 is independent 
of the bp From Theorem 6.1, it follows that there exists a unique 
solution tin? in H, of equations (6.1) with ff = Lytton. The vector 
Um? = Uom? — Uim? satisfies the given conditions. If Usm? were another such, 
then Uzm? — Um? would satisfy the homogeneous equations (6.1) and would 
belong to H, and would therefore vanish by Theorem 6.1. | 


Lemma 6.2. There are rectangles Rt, Rit, Ro, and Ry with Rt U OR 
in the upper half-plane, with R- U6R- symmetrically located in the lower 
half-plane, with Ry* U0R,* interior to R* and symmetrically placed, which 
depend only on v, N, Sp Ma, and M, such that for any set of coefficients 

satisfying (6.2), all the roots of L(z) — 0 (see below) with positive imaginary 
parts lie in R,* and all those with negative imaginary parts le in Ry, there 
being s,-+- +--+ sx roots of each type. 


Proof. This is obvious since the set of all complex coefficients satisfying 
(6.2) is compact and convex, the roots of L(z) —0 vary continuously with 
the coefficients, no root is real, and the set contains the particular array of 
coefficients | 

Dj; og == Cost, B inp == 0 otherwise. 


Now, let us define the functions 
(6. 13) | Ümta (2) = (Br) f iatu) eiuz du, À (2) <e, 
Gn“2(z) being defined wherever possible by analytic extension, and let 
(6.14) iO S bat, 
L! be the cofactor of Ly, and 
(6.15) L(2) = det | La(z) |), M* (z) = Lt (2) LE (2). 


Then we have the following results: 


THECREM 6.3. The 4,2 are rational functions of z which are analytic 


15 
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for z outside R,* and whose coefficients vary analytically with the coefficients 
Dixp over the set (6.2). We have 


(6. 16} Unt (uu) == f eUn T(z) dz, ud, 
ðR+ 
(6.17) Lig (2) tm* (2) = Pint (2), 


(6.18) f, (ie )P@ nt (2) de = Ppt if 1Sk,m<N, 0Sp< sy, 
önt ; 
“i : 0 S < Sing 
(6.19) (PM) — SS aus) (E) (£) de — P™ (2), 
m=i g=0 3R+ 


where the P;,2 are polynomials (or ==0) and the PP are rational functions 
which are analytic outside of Ry. 


Proof. The first statement follows from the form of the u»*¢ and 
their analytic dependence on the coefficients and (6.13). (6.16) also 
follows by writing out what umt? is explicitly. To prove (6.17), we use the 
facts that the Um”?! are solutions of the homegeneous equations (6.1) and 
the &»*¢ are rational functions. (6.18) follows from (6.16) and (6.12). 
To prove (6.19), let P?tt denote the left side of (6.19) and define 


(6. 20) vu) =f etua MY*t(2) dz, uaiu) = f etue Pkt (z) de, 
aR+ | R+ 


We see that the vector v? and all of its derivatives are solutions of finite 
norm of the homogeneous equations (6.1) and then that | 


N 8ml f 
(6.21) Uri (u) = Drt (u) — 5 È Unt (u) Drum (0), 
m=1 q=0 


so that the vectors U?! are also solutions of finite norm of the homogeneous 
equations (6.1). Also 
N 8m- 
DrU (0) = Droi (0) — S © Druta (0) Drami (0) =0, OST < Sr 


mal g=0 


by virtue of (6.12). Hence the U?*' (a) ==0 from which the result follows. 


7. The Green’s matrix; proof of Theorems A’, B’, and C’. In this 
section, we define the Green’s matrix alluded to in Section 5 and prove 
Theorems A’, B’, and C.. We may write the operator 

S3+8k% 


(7.1) Lym S 3 ang" D ren. - - Dis 


p=0 © 
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and we define the. operator 
(7.2) L* jy == (1); 


If u* and vi are sufficiently smooth on a sufficiently smooth domain D, we 
see that 


N Ai 
(7.3) f S Loi Lu —ukL* pu! dady = f S Be (u, v) ng dS, 
D fikat g-i 
where each B*(u,v) is a sum of terms of the iorm 
(7.4) cDrukDavi, where p+ q = s; 4+- 8,—1; 


the Ba are not unique but we select particular ones. 
We define the functions um**(z,o), Dy,(z,0), LE (z,o), M**(z,0) and 
L(z,o) by (6.3) through (6.15) with the b;xp replaced by 


(7. 5) bixp(o) = Dan Mo ' "Tan n = 8; + Sk — P, o == (o1; i >Op). 
a a 


For any o with |e |== 1, we see that 


N 8448k gmt N — 
Re © | © Ojp(o) py? | EF — Re X, Lilo, w) gg 
jk=1 p=9 Jokl 


(7.6) N 
= ma à (+) | & |?, me > 0 


by virtue of the strong ellipticity condition (5.3). Thus (6.2) holds for 


A 


all such o and we see that all the 4,K2(z,0) are also analytic in o near o real 
with | ol—1, 
Next, we define the functions J,(w) by 


| Salim), h>0 
CN In(w) =} ( (iw) i (h —1) D [—log(—iw) + Cal, à <0 
Co—=0, Cpl +i/e+---+i/t if t21, 


where for the log, we cut the w plane along the negative imaginary axis and 
taxe the principal log. We note that 


(7.8) DoJ (w) == PT nip (w). 
Now, let us define 
Tkt(x, y) = 0 f (E f ME (2, o) y-s,-8, (0° £ + yz) dr} dSo 
S` aRt 


(7.9) 
Cite (Rar) Pig terse, g: | ci—=1, y0, 


the sign being that of y (defining I¥*'(z,0) by continuity), 
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HE (x, 4,9) = Om f dx ri fH éo) 


X d ysyt (o a + yz — 16) dé, 
N mel 
Ne (z, É, o) +, 2 > Um (2, co) (16) am (£, o), 
mel g=0 


(7.11) GE (x, y, 1) = I4 (g, y — q) + HE (x, 4,7), 


(7.10) 


(7.12) J*(a,y) = (—1)8*? (2r) Í. {= J (+8) PE (20) 
X Jy-as-2p (0 & + yz) dz} dž, 

(7.13) M (a, y) =LJ* (2,4), 
(7.14) a (x, y) = LAIT (a, y), 
where, in (7.12), P is taken so large that » + ee ey < — 1 for all k,l. 

Remark. The case y==1 is special in the sense that 3 consists of the 
two points e — + 1 and we interpret f f(s, + *)dS in this cas: as simply 

ae 


f(i,- + -)+f(—1,---) in (7.9), (7.10), and (7.18). In what follows, 
we shall treat only the case v > 1 leaving the case » == 1 to the reader. 


Definition. A function f(x) is said to be essentially homogeneous of 
degree p if and only if p <0 implies that f is positively homogeneous of 
degree p and p= 0 implies that 


(7.15) F(X) = fo(X)log | X | + f(X), 


where f, is positively homogeneous of degree p and fẹ, is a homogeneous 
polynemial of degree p (or ==0). 


THEOREM 7.1. There is an ha(v, N, Spm M) >0 such that J*(X) 
is analytic for all complex X=X,+iX,~0 for which | X| S h| X, l. 
For such X, J is essentially homogeneous of degree RS + 3P —y—1. 
Furthermore 


(7.16) AP-AM(X) =T,(X), APM(X) =0, 


(7.17) APT*k{ X) = TX), X40 
(7.18) LL (X) = Dal (X) = 8M (XK), 


Proof. The essential homogeneity of J* is obvious. If y-<0, we may 


replace + f by f in (7.18). By introducing new variabes + on the 
+" OR= — 0 
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unit sphere S in (v-+ 1) space by 

T == gl + 2?) -, ett = (1 + x) à 
and noting that dedS = (1 + 2?)%/* d8, we see that we may write J* in 
the form | 


J*(X) =( ri)" Í. L-4(x) + ( (4+ XP- /(28 + 2P —y—1)!) 


X [Casey + log(1— (7**)2)? — log (— ir: X) ] dSr. 


The first two terms in the bracket in (7.19) yield homogeneous polynomials 
in X of the desired degree. The analyticity of /* follows as in Section 3. 
Using (7.12) and (7.14), we see that 


(7.19) 


(3.20) P#(p,y) = (—1) PO," Í (= f G+2)PM (0) 
i Z oR* 
X J y-s,~81-2P (0 ‘E+ yz) dz}dž, 
from which (7.17) follows easily. Next, 


DL l(a, y) = Z, J. {+ f (14 2) PEI ass -ep(o E + y2)dz} ds 
k z aR* 
= 8 M (x,y), Zi = (—1) Pie (2a), | 
Likewise 
2 LL (x, y) = 8M (2, y) 
k 
Mle, 9) = (=P) f fe f+ AYP are + ya)de} as 
z aRt 
(7.21) — (Rri) Í ((r- X)*P-4/(2P—y—1)}) 
S 
X [Cr-v + log V [1 — (°°)? ] — log(— ir: X) | dS; 
To prove (7.16), we first consider the case v= 2k. Then 
APM (X) — (Zrii) f am) 
Js 
X [1+ logy [1 — (7"*")?] — log (— îr: X) 1484. 
In order to evaluate this, we set 7: X == | X | cosġ and the integral becomes 
— (2ai) vip, | X | f "sin* 6 cos @ log(— À cos $) dé, 
Jo 
Den). 


(7.22) 


In (7.82), we may replace the segment from 0 to r by any path with the 
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same endpoints for which à cosp=0 and >0 when Rcosb—0. Then, 
integrating by parts, ete., (7.22) becomes 


— (Rat) ** (2h yn*/k le (—mi/8k) | |Y | = (— 1) 9-2-1 Ji 1) Pa 
Thus 

APM (X) =— 3t kl 1.8: + + (Re — 38) r/r Eh! ae D(X) 

(P9(X) =— (P(e + 3/2)/ (88 —2) (Bk 1) 7) | X |, see (2.9) 


in this case, The case atone: v= 2k + 1 is treated similarly. 


Lemma 7.1. The function 
F'orn (2, É, 0; A) -=Í éb: - 5 EBr dé 
Ba 


(7.23) : 
x f i Mee Comte E er a ere ere a 


is uniformly bounded for all z on 8R*, £ on OR-, | o| =1, and real AZO 
and tends to zero as A -> Lo for each set of (z,£,0) as described. 


Proof. Since &(z—oa-é) >0 and A (£) < 0, we see that 


f PI neo (— 0: E +a — nt) dy = Za (t) (e o E) ae, 
To evaluate 
| (7. 24) . f Ebi- ra ébr (2g E dé 

Ba 

for a given o with |o|=—1, first make a rotation of axes from é to ‘£ so 
that o: &==’ and then set |é| == |’é| = p, = p coso and the integral in 
(7.24) becomes a sum of terms of the form 

T À 
e(o) f sin’-**8 & cos’? b de f pes 

9 0 

X (— pcos + 2)” ¥?* dp, 


In each of the terms in (7.25), we may replace the segment from 0 to x 
by a path y such that —-cos¢ describes the upper half circle from —1 to 1. 
Then (7.25) becomes 


0, (a) 2th?” f tan’-**8 ¢ sec? o 
à — A cos 
x LY, PP (r 41) de | dg, 


Since Fr k = v +1, the result follows from the form (7.26). 


(7.25) 


(7.26) 
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THEOREM 7.2. There is an Mr, N,s,m,, M) with O < hi S ha such 
that T*#(x,y) is analytic for all compler X =-X,+iX.~0 with |X| 
< h| X| and H! (x,y, q) is analytic for all complex 

(£ + Wa, Yr + Wo, 1 + ina) ffs (0, 0, 0) 
such that yı È 0, m = 0, and 
(| ao |? yo? + 07) Shi? (| où |? + ys? +m’). ' 


IT! and H"! are essentially homogeneous of degree s,+-s,—v—1 in their 
argumenis on the domain above. We also have the formulas 


(7.27) Li (XI (XL) = Lie (LX) A(X, Z) = 0; 
(7. 28) L#;,(E)TY (X —*#) == L*,;,(E) HU (X, B) = 0; 





(7.29) DpG™ (a, 0,9) = Dy G= (x, y, 0) =0, 7 > 0,y > 0, Sp < Sk, 
0 = T < 81. 
(7.30) f D'Djo(— & y, njn éh: - -Brdédn—0 for h4+rS0+1, 
Et 
hr = 0, where o = Deer (H,¥ +. HF). 


Finally, if f; € Ost on G, and u is a solution of (5.11) in which uk € Cs+sxtk 
on Ga then 


(7.81) w(X)—f GU(X, 2) (md f BelG'(X, =), u(H) Ime d8. 
Ge 0Ga 


Proof. The analyticity of TE? follows from Theorem 7.1. The analyticity 
of Ft for real (x, y, n) = (0,0,0) with yÈ 0, „n= 0, yty> 0 is obvious 
from (7.10). To remove the restriction y or 7>0 with zÆ0, let 2,340 
and make a rotation o=o(7,é), €=<2/|«|, from ø to r which is analytic 
in æ for s near 2 so that «-æ—|x|7t, then let 


T! == COS D, T+ == wt sin d, | o | = 1, 
N,* (2,6, 6, €) == sin’? ġ f NEIT 2, E, o (cos ¢, w sin o, é) Jd8a; 
lw =i 


the expression for H*! then becomes 


(7.82) Oye f “dd sll? S Na (bbs 6) Traa (|E | 008 d + yz — nb) dt. 


The segment [0,7] in (7.32) may be replaced by a nearby path y on which 
À cosg > 0 except at the endpoints, N, being analytic in its arguments. 
The essential homogeneity is obvious. 
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The first of the formulas in (7.27) and (7.28) follow from Theorem 7.1. 
Since 49840, = 181-81 (2r) and 


Lx (z, o) N= (z, G; o) j >> (1g) am? (é, o) Pin (& a) 
Mq 


we see that the second formula of (7.27) holds. Now 


I*a (69) H4 (an) = (2r) f as f dr 


x f Lis(&o) N" (z, £, o)J vasi (0 * 2 + yz— nl) df= 0, 
oR~ . 


8x1 
since Lin (e, o) NH (z, g, a) dé 2 üx (2, o) (1) 4. 
qg=0 
Now, the first of (7.29) follows easily since 


f (1z)PNE (z, €, o) dz 
éR+ 
ns: > (2g) ade (£, o) Í, (12) Pm" (z, o) dz == (2f) M(E, o) 
Mq éRt 


using (7.10) and (6.18). The second result in (7.29) follows from (7.10) 
and (6.19) with p =r since | 


f (ENE (a, 6 o) dt = — f (E)N (2,4, o) dt 
oR- Rt 


on account of the restrictions on q and r and the degrees of the rational 
functions involved. 


To prove (7.30), we note that 
D’ Do (— EY; 7) 
=- f as f dg if p (2, 6,0) IS vrzo (— o: E + yz — né) dé, 
2 ent «/ aR- 


where ¢ is a polynomial in (z,o) times N*!. On account of the homo- 
geneity, we may assume y==1; and the integral in (7.80) is absolutely 
convergent so that it may be written in the form 


lim (as {de f dataan ee 
2 AR+ dR- 


A? © 
by Lemma 7.1. 
To prove (7.31), we first notice that all the derivatives occurring in 
Lx(X)T*U(X —E) are continuous at $ == X on account of our choice of P 
in (7.12) and we may apply (7.8) with D = G, and vi =T*¥ +o obtain 
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(1.838) [ue (ma | TH (X 2) fi(E) a 
Ga g . 


— f BIT (X —2), u (2) Jna Sz 
dGa i 
since 
L¥y (ZTE (LE) = La (X) 1*0 (X — #2) = & M (X — #2). 


By operating on both sides of (7.33) with AF (X ), we obtain 
(7.84) WD) = f ZEAE 


sf Beprt(X — 2), u (E) ]na d8=. 
Applying (7.8) with D = Ga and vi == H", we obtain 


(7.35) Om f HU(X—#)f (Ed f Be[HUX,#),u(E) |e d8z. 
Ga Ga 
The result follows by adding (7.34) and (7.35). 


THEOREM 7.3. Suppose f;(x,y) € Cere on E* and vanishes outside 
Ga and suppose that 


(7.36) (ay) = f G(2—é,yyn)filEn)dédy for y > 0, 


Then uk € (sts on Ht, u is a solution of (5.11) for y > 0, u has 0 Dirichlet 
data on y =Q and 


up hu (VU) S Kile) eup ha (Vi). 


If, also, f(z, y) ts analytic in x for (1,4) € Gir and € C88 on Gar for 
some R with 0< Ra and h with 0 < h Sh, then u* can be extended to 
be analytic in x on Grr and of class Cs-***# on Grip and 


ee h* CVS) S Kais (h, p) sup h*a (Vee fi)on Gar. 
l 


Proof. From the essential homogeneity of IX! and H*!, it follows that 
we can differentiate (7.36) p times (0S yp s,—1) with respect to y and 
‘set y = 0 under the integral sign; that u¥ has 0 Dirichlet data then follows 
from (7.29). 


Next choose (£o Yo) and p with 0 <p<1 Yo and let uk (x, y) == 0" (2, y) 
-+ we (x,y), where | 


wzy) = f (e—$ y— a) filé, n) dédn 


°7 B{TosYo: 0) 
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It is easy to see that v is ana:ytic inside B (£o, Yop) and is a soluzion of the 
homogeneous equations (5.11) there and that 


(7.37) w*(X) =D APIP (X), F(X) = Í, J* (X —2)fı(Z) dz. 
l B(Xop) 


Using the methods of Part I, one easily establishes that F€ C?P+#5+s-sitm 
(S— 8, +: +--+ sy) so that w€ Ceres, From (7.37), the essential homo- 
geneity, and Theorem 7.1, we see that 


Lant (X) = DAP [Lye LP (X)] = APLF;(X) 
FA 
=4P f  M(X—E)f;(E) d= f(X). 
B{Xvp) 


Thus u* € Ossa and u is asolution of (5.11Y for y > 0. 

To show that uf € Cstse# for y = 0, we differentiate each term (7 fixed) 
of (7.36) s-+-s,—1 times. We note that as long as ¢ is differentiable, we 
may write 


Da [sé yele mdédn—— f Deg déd 


== fee Ë, UE nm) Deo (é, n)dËdn 
(7.38) 


Dy f G6 dkdn— È [OMG + GD yp (60) dear, 
OF — D, Gt +- Dy Gt! = DRM + DHL 


So by first applying the devices of (7.38) s— s, times to the I-th term of 
(7.36). we see that any D***-1u* is a sum of terms of the form 


g(a—é yn) (én) ded or | Dyro(2—&ysn)y (é n) dédn, 
Et E+ 


(7.39) | 
pe C4, W € Cotita, g = Dersrigki 


and œ is given by (7.30) and ġ =Q outside Ge 
First, we note that any second derivative of a term of the second type 
in (7.39) is of the form 


f, DDr (x — é Yn) LY (é 1) —E V”y(s, 0) - (2— X) ”/w !]dédy 
won [Dy Ba 8, (2, 0) i 
X S. ¿bi - NE éBry DD Pw (— É, Y, n) dédn]/ir + h) ! 


and all the last terms vanish on account of (7.30). The first term in (7.39) 
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can be written in the form 


Í, A a n)dédn— f. y(2—& y— 0) o*(E n)dédn 
Ba A 


(7.40) | 
+ f Aaiye (Em dédy =I, + le + Ls 


where Pp*(Ë 7) = ġ (én) if Z0 and p*(é 1) == ġ (é — 1) if 70 and Y 
and À are corresponding derivatives of G*' and HI, respectively. The first 
term 7, in (7.40) is of class C*** on B, with desired Hélder bounds on its 
first derivatives by Lemma 3.7. Next, any second derivative of J, in (7.40) 
involving at least one differentiation with respect to an 4% can be written 
in the form 


f_DDey(2—& yn) 18" (én) — 9" (a9) db 
so that 
(7. 41) | DDI | = Z: (u, F, N, Sj, Mo, M) . hale) š yet, 


In like manner, we see that 
(7. 42) | DD,I; | SZ, CB; F, N, Sj, Mo, M) i hale) l ye, 
Thus we see that any derivative D,Ds*tu*¢ Ou for y 20 with 


(7.43) hu( Do DS Mu) E Lou, v, N, Si me, M) sup a, (VSsf;). 
j 


But u is a solution.of (5.11) for y>0. The ellipticity of (5.11) allows 
us to differentiate the j-th equation of (5.11) s— s; times with respect to y 
and then solve for D,**#*u* in terms of the other derivatives so that such 
derivatives also € C# and bounds like those in (7.48) hold for those deriva- 
tives also. 

Now, if each f; can also be extended to be analytic in s for (x,y) in 
Gp, With f,€ C84 in Ga, O< RSa, 0< hh, then the w* can also be 
extended to be analytic in s for (z,y) on Gr, by merely replacing the part. 
of the range of integration on (€,7) for which (é,7) € Ge by the manifold 
Spral, y): n real with 0 <y< R and é on the cone with vertex at x and 
outer boundary @Br with R == (R?— °)? as described in Section 4 Then, 
for (x,y) € Gar, the analysis of the last two paragraphs can be repeated with 
the range of integration changed as indicated. Clearly the functions ¢ and 
w of (7.89) are analytic in æ for (x,y) in Gar and belong to their respective 
classes on Gr and the function ¢* of (7.40) has the same property on the 
union of Grr, its reflection in y ==0, and the set y=0, x€ Bar. Thus the 
second part of Theorem 7.3 follows. 
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We can now prove Theorem <A’ as stated in Section 5. We construct 
Pro(f) as follows: Letting (r,a) be polar coordinates, OS rS A and o on 
the upper unit hemisphere, we define f*;(r, o) —f;(r;,o) on the renge above, 
f*;(7,0) == 0 for r 0, and 


3~ 


stl 
[*i(t, o) = 2 Cana LR —g(r—R) ], C2 R, 
g= 
where the C’s are determined by the conditicns that 
h+1 ; 
2 Una (— 9)? =I, Spk. 
q= 
Then f*,€ C#-8:*+# on #* and vanishes outside Gar with || f* ler = Z1Qu, s;) - || f |. 
We let Up be defined by (7.36) with fı replaced by f*;, let Cp* be the 


polynomial of degree s-+-s, such that W?P,*(0,0) = VPUR(0,0) for 
0Z<p<s+s,, and let 


Pro(f) = Ur where wrt == Un — PR. 


Then, clearly u E Ero | ul = Kalu) Fih and it is seen as in Part I that 
u is a solution of (5.11). Thecrem B’ follows from the second part of 
Theorem 7.3. | 

To prove Theorem ©’, let He€ Hr, on Gr and be a solution of the 
homogeneous equations (5.11) on Ge. Let H*g be its extension as above, 
let 


f” jr = Lie, O* r= Pro(f*r), Y p = H* p— U* pg. 
Then U*p, H*p, and Hr€ Bory With 
| U*r lor & 22 | Erler Xr ller S4: || Hrer | H*g ler S Z4 || Hr |r 


and pr is a solution of the homogeneous equations (5.11) on Gr. By 
applying (7.31) with u —= Wp, a—2R, we obtain 


(7.44) Hri (X) =— Í, BGHZ, E), Yr(E)]nad8z XE Gor 


since Yg (2) and G4 (X, =) both have 0 Dirichlet data on y == 0 (see (7.29)). 
Clearly Xr! (X) can be extended analytically in s (X in fat) to any 
Gnor D Gar With 0 <h Sh, Now any derivative Dstsi#1@ p'(X) for X € Gre, 
0 <h h is seen to be a linear combination of terms of the form 


(7.45) [= Dz DP GU (X, 2) DAH RE (E) na dS =, 
e/ Ler 
p+g=s;+s5,—1. 
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The term (7.45) may be written in the form 
š h 
I= J GCE, D (6) —È ve) Xs) */w lng 5 


k 
+S Ve (2) f 0,2) (E— X) "na dS /w}, 
w=0 Z 
(h=s—s;+1+9p), X =X, +1iX:€ Gre, 





where it is clear what G and œ stand for. Now, by using only the facts 
(derivable from homogeneity, etc. and rE Horo) that 


[AA E)]S ZA NEA rer, RE]E—X|<|E-X|; 


| Vb (X1)| S | He or Bessette, 
we find that 


| Vas Yh nl (X)| = Za(h, by N, $j, Mo, M) ° | Hr |p: Be, X E Gir 


from which Theorem C’ follows easily since || H*g [*r is also = Zs || Hr |x 
by Theorem 7.3 since f*—0 on Gp. 
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REMARKS ON MY PAPER “THE JACOBIAN VARIETY OF AN 
ALGEBRAIC CURVE.” * 


By Wei-LrAnc CHOW. 


We should like to make two remarks on this paper, which was published 
in vol. 76 (1954), pp. 453-76, of this Journal. 


(1) In section 5, at the bottom of p. 469, we have stated taat if $ is 
a divisor class of degree n > 2g, rational over an extension K of k, and if 
(z*),- - +, (@") are the n points contained in a generic positive divisor p of 
P over K, then all the n points (2'),- - -, (4°) are generic points of © over 
K, distinct from each other, and any n— g of these n points are independent 
with respect to each other over K and determine the remaining g points 
uniquely. On the basis of this statement it can be easily deduced that there 
is an automorphism of the field K((xt},: - +, (æ*)) over the field K which 
carries any set of n—g of the n points (xt),- «+, (#") into any other such 
set; furtherrnore, it is clear that such an automorphism over K is also an 
automorphism over K((p)), so that the Galois group of K((2")),- - -, (#")) 
over K((p)) is (n-—g)-fold transitive. Professor J. Igusa ñas kindly 
pointed out to us that it is by no means obvious that any n— g points among 
the n points (2*),-- :,(x") are independent with respect to each other over 
K, and that a formal proof of this statement is desirable, alttough it is 
sufficient for the purpose we had there to prove this for the special case 
where b is a generic positive divisor of degree n over k in ©, in which case 
the proof follows easily from the fact that the Galois group of k((2"),- : -, (x)) 
over &{(p)) is the entire symmetric group of permutations of the n points 
(xt), - -,(2"). We shall give here a simple proof of our statement as 
follows. 

For any point (7) in ©, we denote by @"(7) the subset in ©” consisting 
of all points which represent positive divisors of degree n in © having the 
point (7) as a component. It is clear that €*(y) is a subvariety of dimen- 
sion n—1 in ©", defined over &((y)); in fact, if (q) is the point in Cr 
which represents the divisor consisting of the point (7) and n—1 inde- 
pendent genaric points of © over k(()), then ©*() is the lozus of (q) 


* Receivec December 1, 1957. 
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over k((n)). Furthermore, it is easily seen that if (x) is a generic point of 
© over k, then €% (q) is the unique specialization of ©” (s) over the specializa- 
tion (x) — (7) over k. In order to prove our statement, it is sufficient to 
show that if the n— g points (zt), © -, (£"9) in p are independent generic 
points of © over K, then the same is true for the n— g points (1), ::, 
(27-91), (x°), for any choice of the point (2*) among the remaining g points 
in p (always under the assumption n > Rg). To show this, we shall assume 
that it is possible to choose the point (x) so that it is algebraic over K ( (æt), 
"++, (x791) ), and we shall show that this leads to a contradiction. Since 
(xt), - -, (@*9+) are independent generic points of © over K, the set of all 


n~g-1 
positive divisor in the residual class of $ with respect to the divisor D (st) 
i=1 


is a complete linear system of dimension 1, rational over Æ{((xt),: - +, (æ®-9-1)), 
and hence is represented in Œ% by a subvariety € of dimension 1, defined over 
K((2*),- + +, (a%9+)). The assumption that (xs) is algebraic over K((¢*), 

- +, (£92) ) implies that (xs) is a fixed point of this complete linear 
system, so that we have the relation € C @%*(z*). Consider now the simul- 
taneous specialization (2+) — (a**"), for t= 1,: < :,n—g— i1, over K, 
and let €” and (£) be specializations of the positive 1-cycle Œ and the point 
(z$) over this specialization over K ; then every component ©,’ in €’ is a sub- 
variety of dimension 1 and we have the relation ©,’ C @1(é). If (g) is 
any point in ©,’ and q is the positive divisor in © represented by (q), then 


n—g-1 
the positive divisor q-+ © (æ"-i#) is a specialization over K of a positive 
i=1 


divisor in $ and hence is contained in $ ; it follows that every such positive 


divisor q is an element in the residual class of $$ with respect to the divisor 
n-g-i 
> (z%-5#1), Now, the set of all positive divisors in this last mentioned 


residual class is the complete linear system determined by the positive divisor 


g+1 

> (z?) and since n—g=g+1, the points (æi,: - -, (#") are indepen- 

i=i gti 

dent generic points of © over K, and hence the civisor >) (xt) is a generic 
4=1 

positive divisor of degree g + 1 over K in ©. This implies in particular that 

this complete linear system has the dimension 1 and hence is represented in 

G1 by a subvariety ©” of dimension 1; since ©,’ C ©” and both varieties 

have the same dimension, we conclude that ©)’ — €” and hence ©” C G@9**(&). 

This means that the complete linear system determined by the generic positive 


g+1 

divisor > (a?) of degree g+ 1 over K in © has a fixed point, which is evi- 
i=1 

dently impossible. | 
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(2) In the last paragraph ‘of our paper, on p. 475, we have given a 
proof of the statement that it the curve © contains a rational divisor o over 
k of degree 1, then every rationally defined divisor class over anv extension 
K of k is also rational over K. Dr. P. Roquette has kindly called our atten- 
tion to the fact that the proof given there holds only for the case where o 
is a positive divisor, or rather a prime divisor, so that there is in this sense 
a gap in our proof. However, this gap can be easily remedied as follows. 
In fact, it is sufficient to prove the following statement: If © contains a 
rational positive divisor o cver & of degree s and if $ is a rationally defined 
divisor class over K, then zhe divisor class s} is rational over K. Now, if 
(2"),: - -, (xt) are the s points (which need not be distinct) contained in 


E o, then, by what we have. proved there, there exists a rational divisor b; over 


' 8 
K((xt)) in P for each i=1,: : -,s; the divisor È p; is eviden-ly rational 
over K and is contained in sP. o LS 
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SPHERICAL FUNCTIONS ON A SEMISIMPLE LIE GROUP, I.* 


By HarisH-CHANDRA.* 


1, Introduction. Let G be a connected semisimple Lie group with 
finite center and K a maximal compact subgroup of G. A complex-valued 
function f on G is called a spherical function if f(kixk,) — f(x) for kı, ka € K 
and r€ G. Let dk denote the normalized Haar measure of K. A spherical 
function f <0 is said to be elementary (see Godement [4, p. 497]) if it is 
continuous and if 


J f(zky) die 40) f(y) 


for z,y in G. It can be shown that every such function is analytic and, 
in fact, it is possible to give an alternative characterization of elementary 
spherical functions as follows. Let %§ be the algebra of all differential 
operators on G which are invariant under left translations by elements of 
G and right translations by elements of K. Then a spherical function f of. 
class Č” is elementary if and only if f(1) ==1 and f is an eigenfunction of 
every differential operator in %. Finally, there exists a simple integral 
formula (see [5(d), Theorem 5]) for any such function. 

tt follows from the Plancherel formula for the factor space G/K (see 
[5(m), p. 204]) that an “arbitrary” spherical function can be “expanded ” 
in terms cf the elementary ones. However the fundamental measure appearing 
in this formula had, so far, not been satisfactorily related to the group 
structure of G. If we agree to ignore certain technical complications, the 
situation may roughly be described as follows. A certain class of elementary 
spherical functions (of positive-definite type) can be parameterized by a 
space H/W. Here E is a finite-dimensional real Euclidean space, W is a 
finite group of linear transformations in Ẹ and Æ£/W denotes the quotient 
space obtained by identifying points in Æ which are congruent under W. Let 
$, denote the elementary spherical function which corresponds to a point 
À € E so that ba == px (s€ W). For any continuous spherical function f with 
compact support, put 


PA= f f()er(o*) da 


* Received July 16, 1957. 
1 John Simon Guggenheim Fellow. 
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where dz is the Haar measure of G. Then the Plancherel formula asserts? 
the existence of a unique positive measure du on Æ (which is invariant 
under W) such that 


f p= [rare 


for all such f. The problem is to determine this measure du. Let dà denote 
the Euclidean measure on Æ. In this paper we shall give an asymptotic 
expansion for ġa on G. The leading terms of this expansion involve a certain 
coefficient e(A), which, considered as a function of A, is analytic on # 
except on certain hyperplanes (see Lemmas 37 and 52). In any case, the 
reciprocal e is analytic on Æ and it will be shown in another paper that * 
du==|e(dA)|-* dà (if dx and dà are suitably normalized). On the other hand 
the Fourier transform? of e is a distribution on Æ which is given by a simple 
formula in which the group structure of G enters in a very direct manner 
(see Theorem 5). | 

The above outline shows that our problem can be divided into three 
more or less distinct parts: (1) the asymptotic formula for px, (2) the inves- 
tigation of the function e and (3} the proof of the relation du = | e(A) |"? da. 
Only the first two of these questions will be taken up in this paper. For 
(1) we consider the system of differential equations Dd, = x (D)¢ (DES) 
where y,(P) is the eigenvalue corresponding to the operator D. Actually 
the equation wga = x,(w)¢,, corresponding to the Casimir operator w, plays — 
a predominant role in this discussion. In fact, this single equation, together 
with some general properties of à, permits us to derive the asymptotic 
formula for x. 

Now in order to obtain more information about e, we have to investigate 
x as a function of A, in the neighborhood of infinity on G. It turns out 
that one can select a polynomial function + on # such that b rce is every- 
where analytic on H. Moreover every derivative of b is majorized on # 
by a suitable polynomial function. We shall see in another paper that 
| b(sA)| =' B(A)| for se W. 

The contents of this paper are as follows. In Section 2 we collect 
some elementary facts which are obtained by considering the finite-dimen- 
sional representations of G. Section 8 is devoted to deriving the consequences 
of two unpublished lemmas of Chevalley. These results, which are of an 


2 This is a simplified version of the true picture and therefore is not entirely 
accurate. 

3 This is reminiscent of a result of Weyl [8(a), p. 266] on ordinary differential 
equations. | 
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algebraic nature, will be used constantly during this and the next paper of 
this series. In Section 4 we define a homomorphism y of % onto the algebra 
J consisting of those polynomial functions on # which are invariant under W. 
Let l be the rank of symmetric Riemannian space G/K. Then it is possible 
to select a connected abelian Lie subgroup Ay of G of dimension 7 such that 
G= KA K. Obviously a spherical function f is completely determined by 
its restriction f on Ay. In Sections 5 and 6 we investigate the relationship * 
between Df and fforany DES. It turns out that one can define a differential 
operator 8’(D) on an open dense subset Ay’ of 4, such that Df == 8’ (D)j 
on Ay. Moreover there is an intimate connection between & (D) and y(D) 
and this permits us to prove (see the corollary of Theorem 2) that if w_is 
the order of the group W, there cannot exist more than w linearly independent 
analytic functions on any open connected subset of Ay’, which are all eigen- 
functions of &(D) with the same eigenvalues, for every DE x3. Therefore 
if we could somehow find w such functions, corresponding to the eigenvalues 
x\ (D), on a connected component 4,* of Ay’, ¢, would be expressible on 
Ay* as a linear combination of these. In order to do this we compute the 
operator &(w) and, starting from the equation %(w)d==x,(w)¢, give a 
method of constructing the required functions ¢ (1lsisiw). The 
asymptotic behaviour of the ¢, is obvious from their construction and so 
in this way, we get an asymptotic formula for ¢, on Ápt. 

In order to make further progress, it is necessary to make a closer study 
of the function ¢ọ corresponding to A=0. Theorem 8 contains the main 
result on ġo. It is possible to derive from this certain important consequences 
(see Lemma 45 and Theorems 4 and 5) and actually to obtain explicit 
formulae for e and its Fourier transform. Section 12 is devoted to a deeper 
study of the function e and the principal result is given in Lemma 52. In 
Section 13, we give some explicit calculations for the case /==1. These will 
be required in the next paper of this series. The case when G is complex 
is especially simple and therefore it is discussed separately in Section 14. 
Certain simple lemmas in analysis, which are often needed during this paper, 
are collected together in the Appendix (§ 15). 

Some of the results of this paper have been announced in a short note 


[5(n)]. | 


2. Preliminary lemmas. Let R and C be the fields of real and complex 
numbers respectively and G a connected semisimple Lie group and g, its Lie 
algebra over À. Define f, and p as usual (see [5(c), p. 187]) and let K be 


4 The results of Sections 5 and 6 should be compared with Theorem 1 of [5(k)]. 
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the analytic subgroup of G corresponding to fs. Since K contains the center 
of G (see [7]) and since we shall be concerned in this paper primarily with 
functions on G/K, G can be replaced by any connected group locally iso- 
morphic to it. Let Go be a simply connected complex-analytic group corre- 
sponding to the complexification g of go. Then we may assume that G is 
the real ana`ytie subgroup of Gg which corresponds to go. This permits us 
to identify the finite-dimensional representations of G with those of g and 
thus also with the complex representations of Go and g. If x is such a 
representation on a vector space F, one can always introduce the structure 
of a Hilbert space in V in such a way that (X) becomes skew-Hermitian 
for Y€u=f, + (—1)3p.. We shall always tacitly assume that such a 
structure has been defined. Also observe that K is now compact. 

Let hy, °e a maximal abelian subspace of po and Do a Cartan subalgebra 
of go containing Jp, Then Hop + Hr where Dr == Bo NE. Complexity 
fo Po Bor Dyo Dr, to É p, D, Dp, Dr respectively in g and introduce compatible 
orders (see [4(1),$2]) in the spaces of real-valued linear functions on 
Dp + (—1)r and En. Let P denote the set of all positive roots of g 
(with respect to h) under this order. Consider the set 3 of all linear func- 
tions A540 on by which are restrictions of some g in P. Then every element 
in = is positive under the above order. 


Lema 1. Let x be an irreducible finite-dimensional representation of 
g such that the zero representation of ¥ occurs in the reduction? of a with 
respect tof. Then if À is the highest weight of r, À is 1dentically zero on pr. 


Let Yo5=0 be a vector in the representation space V belonging to the 
weight À For any root a, define Xa as usual (see [5(c), p. 188]) and put 


n== > CX, where P, is the set of those roots 4 € P whose restriction on y 
a EP, 


is not zero. Let Ay and N be the analytic subgroups of G corresponding 
to Dp, and no =n N go respectively. Then G == KA,N (see Iwasawa [6]). It 
is clear that r(n)do—=# for n€ N and therefore the vector space Cy, is 
invariant under ær(4,N). Hence V is spanned by vectors of the form x(k) yo 


(k€ K). Put Hm f a(k)dk where dk is the normalized Haar measure 
K 


of K. Then it follows that HV — CA. Now we can, by hypothesis, select 
a unit vector # in V which is invariant under K. Then y == Ey = chy 
where c€ 0. But r(X)E = Fr(X)=0 if X€F and therefore A(H)Ey 
= Er(H)yo—0 for HE. Since y0, this implies that A(H) — 0. 


ë It follows from Lemmas 2 and 3 of [5(c)] that w(f) is fully reducible. 
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It is well known that the exponential mapping is univalent and regular 
on Po. Hence À, is simply connected and, for any x € G, there exists a unique 
element H(x)€ hy, such that xE K(expH(x))N (see [6]). Moreover 
x- H(x) is an analytic mapping of G into hy, (see [5{c), Lemma 261). 

Let o denotes the set of all linear functions A of hy with the property 
that there exists a representation x of g satisfying the conditions of Lemma 1, 
whose highest weight coincides on Dp with A. 


LEMMA 2. Let A be the highest weight of any irreducible finite-dimen- 
sional representation w of g and let À denote the restriction of A on by. 
Then 2AE Bo. 


Select a unit vector y in the representation space V belonging to the 
weight A and put® 


(2) = f lan (ak) y |? dk (£e G). 
K 
Since (k) is unitary (k € K) and r(n)y =y (n€ N), it-is clear that | r(x)y | 
== 4H (a), Hence (x) = f ede. Also it follows from its definition 
K 


that ¢ is spherical, that is, (k zka) ==d(2) (k:,kEK;xeG). Let a, 
(y= G) denote the right translate of by y so that ¢,(v) = (ary) (£E ff). 
Select an orthonormal base yo = y, d,* * * ,d, for Vand letr(z)i— À yale) 


(0121) where ay are analytic functions on G. Then ad 
a (xk) = È yji (ck) = Lyc) (x) 
J Jit 
where &=4@3. Therefore 
| + (vk) y F2 | Say (x) a, (k) |? 
and? 
p(z) = È ai (@) (con am (x) ) Cim (zE G) 


0Si,j, mer 
where Cim are certain constants. Let U’ be the linear space spanned over C 
by the (r+ 1)” functions $ a,(con] €m) (0Æ=1,m%r). Then it is clear 
O=fir 


that $€ U’. Let U be the subspace of U’ spanned by all 4, (y€ G). We 
define a representation r of Œ on U as follows. If ¢’€ U, z(y) is the 
function r— ¢’/(zy) on G. It is clear that r(k)d—dy—¢ (KEK). More- 
over ¢5<0 since (1) —1 and therefore the trivial representation of K 


e We denote the scalar product of two elements ¢,,¢, in V in the usual way by 
($v %2). Similarly | ¢,| denotes the norm of ¢,. 
7 conj c denotes the conjugate of a complex number c. 
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occurs in the reduction of r. Also as we shall see below (corollary to Lemma 
8), 7 is irreducible. 

Now we may obviously assume that each y; belongs to a weight A; 
(OZi< Tr, Ao==A) ofa. Then a;(zexp H) —a;(x)e*« (HE Gy). More-. 
over the weights being real® linear functions, 


2 aj(th)conj a;n(th) = 2 an(t)(con] aime) jexp{ AH) + An(H)} 


where h==expH (x€ G, H Ep). Let p be the highest weight of r. Then 
we conclude from the above formula that x coincides on hy, with A; + Am 
for some 4 and m. Since A; Am = 2A)—2A, it follows from the com- 
patibility of our orders that n £2, where a is the restriction of p on Jy. 
On the other hand ° 


(a) — f | (ck)y |? ak 
= Saeco) Í. aO aaa 


0€, Mm£r 
Now? ag(expH) = pet (HE Dp). Hence (exp H) = 2, eA e, 
where oe, 


a= f (yor (M4) |? dk 20. 


Let fo, f1,° * +, fp be a base for U over C such that each f; belongs to a weight 
p; Of the representation r and pọo== u. Then d= woe Ph (b € C) and there- 
fore 

t(expH p= 2 benti, (He ay 


0SiSp 


This shows that d(expH) = Di o7i(1)e#), Let x; denote the restriction 
i 


of p: on By. Then if we note that 


com f payaa 


and recall that the exponentials of distinct linear functions on hy are 
linearly independent over © (see [5(b), Lemma 41]), it follows from a 
comparison of the above two formulas for exp H) that 2A = g; for some +. 
But p= m and therefore a = m= 2A. However we have seen above that 
AZRA and so A—28ÀA This proves Lemma 2. 


8 A linear function on ý or hp is said to be real, if it takes only real values on 
Hha + (—1)#5% or Hpo respectively. 

® As usual ĝ,; = 1 or 0 according as i = ĵ or not. Sometimes it will be convenient 
to write 6,7 instead of Gus. 
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Let 8 be the universal enveloping algebra of g. We regard elements 
of 8 as left-invariant differential. operators on G (see [5(g),§4]). From 
new on we shall make use of the notational conventions described in Toot- 
note 1 of [5(k)]. Define n== $ CX, as before and let &, be the sub- 


aé Py 


algebra of @ generated by (1,Hy). We denote the centralizer of £ in B 
by I Qs : 


LEMMA 3. For any bE D, there exists a unique element uE &, such 
that b—u, E€ B+ Bn. The degree of u, does not exceed that of b. More- 
over tf v is any linear function on by and 


g(x) = f eH (ak) dhe (zE G), 
ž 


then qg == xv(Uq)g for QE la Here x, is the homomorphism of Sp inio C 
such that y,(1) =1 and y,(H)=v(H) (HE by). 


In order to prove the first statement, it is sufficient to show that B is 
the direct sum of y and ÉB + Bn. Let X and Mt be the subalgebras of B 
generated by (1,f) and (1,n) respectively. Consider the linear mapping 
of the tensor product EX G XM into B which maps eXhXn onto shn 
(LEX, RE Sp, ne 9). Then our first two assertions follow immediately 
from Lemma 12 of [5(c)] if we recall that g is the direct sum of f, hy and n. 

Now it is obvious from the definition of H(z) that H (en) =H (x) 
(ne N) and! H(ch) =H (xr) +logh (hE Ay). Therefore if F(x) = e H0) 
(z€ G), it follows that F(x;b) = 0 for bE Bn and F(z;u) —y,(u) (ec) 
(u€ Sy). Now putt F(x:k)==F(zk) (we G,ke K). Then if q€, it 
is clear that F(x;q:k) =F (ak;q). Hence 


g(esg)— J P(2;q:k)dk— f F(wk;q)dk, 

K K | | 
But g == b, + ba + ug where b, € £8 and b,€ Bn. Hence 
F (ak; q) = F (zk; b1) + xo (ua) F (ak). 


However if b € B, it is obvious that f F(ækk, ; b)dk is actually independent 
of k € K. ina | F (ale; b’ ) dk — 0 for any 6’ € {B and hence 


seo) = Je Paks pat we) f Fa dem oad). 


10 log h denotes the unique element H € Hpo such that exp H = h. 
11 Here we follow the mode of writing introduced in [5(k), § 2]. 


248 | HARISH-CHANDRA, 


COROLLARY. The representation r defined during the proof of Lemma 2 
is irreducible. 


We denote the correspending representation of 8 on U also by r. 
Then it is clear that r(b)#—b# for any ¢’€U and b€%. Hence U 
consists of functions of the form bọ (bE). Let # denote the projection 


f -(E)dk. Then EU—Er(B)é. However since r(k)p—o (KEK), it 
K 


follows that Ebo == qf where *? a f. bt dkE Ia (BEB). But 
K 


jo f AH Jf 
a= f 


and therefore EU == Cd from Lemma 3. Hence the trivial representation 
of K occurs exactly once in the reduction of U under r(K). Now let U, 
be any subspace of U which is invariant and irreducible under r and such 
that EU, {0}. (It is obvious that such a space exists.) Then ġ € EU, C U, 
and therefore U=r(B) CU, This proves that U,==U and therefore 
U is irreducible. : 


LEMMA 4. Suppose u is an element in Qy such that ya(u) == 0 for all 
AE Bo Then u =Q. 


Let L= dim}. Then (see [5(b), Theorem 1]) there exist L linearly 
independent linear functions A,,-:-,Az, on D with the property that 
mA, +--+ ++ mzAz is the highest weight of en irreducible finite-dimensional 
representation of g whenever m,’ - *,mr are nonnegative integers. Let À; 
denote the restriction of 2A; on by. Then if J == dim By, it is obvious that we 
can choose } linearly independent elements, say À,,: * -, À, among Àn © *, Az. 
Then if ma, > -,m, are nonnegative integers, it follows from Lemma 2 that 


Mary treet mA E Xo. Our assertion is now an immediate consequence of 
Lemma 32 of [5(b) ]. 


Lemma 5. Let x be an irreducible revresentation of G on a finite- 
dimensional vector space V. Suppose d is a unit vector in V such that 
a(k)db=—d for all ke K. Then 


(rte) = [aura pis 
where À 1s the highest weight of x. 


13 For any v€ G., b> b? (6 €%) denotes the automorphism of 8 which coincides 
with Ad(æ) on g. 
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Let y be a unit vector in V belonging to the weight À Since G = KAN, 
it is clear that V is spanned by vectors of the form r(k)y (kE K). Put 


se f „(k)dk. Then Er(k)ġ—Ey and therefore EV =CEy. But 
K m 


p =EpE HV and so ġ = cEy for some cE C. It is obvious that Ẹ is self- 
adjoint and Z? = E. Hence 


(¢, (2) b) = | c |? (y, Ex (x) By) GE). 


Now let ke K and zE G. Then zk== k (exp H(xk)}n where k’€ K and 
ne N. Hence 


En (ak) == OE) Er (k by == 62H08) Ey. 
Therefore 


Ea (£) By = Í. Ex(2k)y dk = Í NE dk Ey. 


Since | ¢|?| By |?=— | ġ |*= 1, this implies that 
(4,4()$) =| ¢|*(¥, Er (2) By) — f edp, 
K 


3. Some results of Chevalley and their consequences. Let M be the 
centralizer and M’ the normalizer of Yp, in K. Then W == W/M is a finite 
group (see [5(j), p. 619]) which operates as a group of linear transforma- 
tions on hy in the obvious way. This linear representation of W being 
faithful, we can identify W with the corresponding linear group. We shall 
call W the little Weyl group of g with respect to*® Dp, 

Put B(X, Y) =—sp(adXadY) (X,Y €g) where X —>ad X denotes the 
adjoint representation of g. Then the quadratic form B(X, X) is positive- 
definite on po. Therefore it defines a Euclidean metric on Po and hence also 
on fy, Define 3 as in the beginning of Section 2. Then for each a€ 3, 
there exists a unique element H,€ Dp, such that B(H,H.)=«(H) for 
every He hy. Let Sa denote the linear transformation in hy, which corre- 
sponds to the reflexion in the hyperplane g=0. Then Sa is given by 
SH = H —2{a(H)/a(He)}H, (HE hy). It is known (see Cartan [2]) 
that s,€ W. The following lemma has heen proved by Chevalley.** 


Lemma 6 (Chevalley). Let H, be any element in hy and W’ the sub- 


18 It is seen without difficulty that M'A, and MA, respectively are the normalizer 
and centralizer of hp in G. Hence W = M’A,/MA, is independent of our choice of f, 
so long as hp, remains fixed. 

14 em grateful to Professor Chevalley for showing me his unpublished results. 
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group consisting of those elements sE W which leave Ho fixed. Then W’ 
is generated by the reflexions s, corresponding to those a€ X for which 
64 (H o) — 0, 


COROLLARY. W is generated by Sa (QE X3). 


This follows by taking H,~=0. (This corollary had been verified by 
Cartan [2] in the case of classical Lie algebras.) 

Let S(p) and S(hp) denote the symmetric algebras over p and by 
respectively. Then S(p)D S(Ņp) and we can identify them with the 
algebras of polynomial functions on p and D, respectively by means of the 
non-degenerate bilinear form B(X, Y) (see [5(k), p. 93]). Moreover 
Ad(k)p==p (ke K) and therefore K operates on p and therefore also on 
S(p). Similarly W operates on S(ÿ,). Let I(p) and I(Ņp) be the sub- 
algebras consisting of those elements of S(p) and S(b,) which are invariant 
under K and W respectively. 


Lemma Ÿ (Chevalley**). For any pEI(p) let p denote the restriction 
of the polynomial function p on by. Then pEI(b,) and p— p is an iso- 
morphism of I(p) onto I (p). 

Now fix an element Ho in Ņp and define W’ as in Lemma 6. Put 


J = I (ġ,) and let J’ denote the algebra of those elements in 8 (bp) which 
are invariant under W”. 


LEMMA 8. Let r= |[W:W]. Then there exist r homogeneous elements 
vı =], Va," * *,v, in J such that J == X, Jv, Moreover v,,: *', p are 


t=isSr 


linearly independent over the quotient field of J. 


Put S = 8 (Ņy) and let CUS), C(J’) and C(J) denote the quotient fields 
of S, J’ and J respectively. Then C(S)/C(J) is normal and its Galois 
group is W (see Chevalley [8(b), p. 781]). By the same argument W’ is 
the Galois group of C(S)/C(J’). Hence [C(J’):C(J)] = [W: W] =r. 
Let Sa denote the space of homogeneous elements in S of degree d. Then it 
is obvious that J = SJ, and J’ = S Ji where Ja = Sa N J and Jd == DaN J’. 

d=0 d==0 
Put J,== Sida Jt =» Jÿ. We claim that J’ON(SJ,) =dJ’J,. For if 

dal dl 
u= Dd pated’ (me Sue J,), it is obvious that 
isism 
u = US = ÿ PU (s € Ww’) 
n 
and therefore u = >) qau € J’J, where q=w 3) pis and w’ is the order 
i ew’ 

of W. Hence ‘ 


15 [W: W’] stands for the index of W’ in W. 
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8/8, D (JL BI) /8I,. 2 T/T A 8I = I/II, 


Moreover Chevalley has shown [3(b), Theorem (B)] that dimS/SJ,—w 
(where w is the order of W) and the natural representation of W on S/SJ, 
is equivalent to the regular representation of W. Hence in the reduction 
of this representation with respect to W’, the trivial representation of W’ 
occurs exactly r= [W: W’] times. Let 8’ be the set of those elements u € S 
whose residue class mod SJ, is left fixed by W’. Then dim S’/SJ,==r. More- 


over u—uee SJ, for any we g’ and se W’ and therefore u==w’ Ð, ut 
sen” 


mod SJ, This shows that S’==-J’+ SJ, and hence $/SJ,=J'/JJ,. 
Therefore dim J’/J'J,—7r and so we can select r homogeneous elements 


v=], V <, in J’ such that their residue classes modJ’J, form a 
base for J’/J’J, over C. Let V = X Cv. We shall prove that J'— JW. 
1£i£r 


It is clear that J’ == V +J,” and from this it follows by induction that 
J =J yY + J,"]" for any integer m= 1. In particular Jf C JIV + TJ 
for any d=0. But then by choosing m > d, it is obvious that J,’ C JV and 
therefore J’== 2, Jd CJV. This proves that J’—JV. Moreover since 


C(J)/C(J) wa ne algebraic extension, it is clear that C(J’) =C(J) J’ 
=(C(J)V. Therefore since [C(J’):C(J) | =T, v1,- * -,v, must be linearly 
independent over C(J): | 

The above proof depended only on the fact that W and W’ are finite 
groups generated by reflexions. Hence if we replace (W,W’) by (W,1) 
and (W’,1) respectively, we get the following corollary. 

COROLLARY. There exist homogeneous elements u, = 1, Us, * `, te and 
Uy! == 1, Us, © +, Uy’ in K such that 

S= > Ju, S= > Juj. 
1S=isw 1Sj=w' 

Moreover (t1,°**;U.) are linearly independent over C(J) and (Us, >t, ue”) 
over C(J’). 

Let m denote the centralizer of Dp in g and p(H) the determinant of 
the linear transformation on g/m defined by adH (HE). Then pe S 
and it is obvious that p’==p (s€ W). Moreover p(H) = + i} a (H)?. 

ge Ly eo i 


Hence if BEX and se W, it follows that either s8 or — s£ lies in 3. Put 
<H, HE’ = B(H, H’) (H,H’€ p) and identify ÿy with its dual by means 
of the bilinear-form B. We shall say that two nonzero linear functions A, u 
on Dp are equivalent, if they are linearly dependent. Then if « and B are 
equivalent elements in 3%, @==ca where c is a positive real number.’® 


18 Actually it is known (see Cartan [2]) that c= 4, 1 or 2. 
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Let {— dim bp. Then we can select (see [5(1), Lemma 1]) 7 linearly 


independent elements @,° + * ,4€ X such that every « in X can be written 
in the form a= m,%, +: <+ me where m; are nonnegative integers. 
Let q be the number of distinct equivalence classes in 3. Extend (a, `+, @;) 
to a maximal set (ao, + -,%,) of inequivalent elements in $ and put 


w= XA" AEN. Since pf—p (s€ W), it is obvious that r°—e(s)r 
where <(s) is a real number. But the mapping s—e(s) is obviously a homo- 
morphism of the finite group W into the multiplicative group of nonzero real 
numbers and therefore e(s) = + 1. We shall see presently that <(s,) == — 1 
for a € 3. | 

Put 5,=s,, 1=1< 1 


Lemma 9 W is generated by (Sı: - -,8). Moreover for any a€ 3%, 
we can choose s€ W and an index i (1Æ=1Æ<l) such that « is equivalent 
to Sa; 


Let W, be the subgroup of W generated by (81,° + ‘,8) and g a given 
element in 3% Then g&== ma, +: - -4 ma where m'm, are non- 
negative integers. Put m(a)—m,—+:::}m, We shall prove by induc- 
tion on m(a) that a = csa; for some s€ W,, some 4 (171551) and a suitable 
. positive number c. This is obvious if m(a«)=-1. So now suppose that 
ma) = 2 and a is not equivalent to any @ (1&1 1). Since <a, a> is 
positive, <a, æ; is positive for some 7. Moreover since « is not equivalent to 
a Mi > 0 for some tj. But sj == a— 2{<a, a>/<a;, a> }a; and — sja can- 
not lie in 3 since m;>0. Hence sja€ 3 and ma) > m(s;a). Our assertion 
now follows by applying the induction hypothesis to sje. Now if « = csa; it is 
clear that Sa == sss >E W,. Since sy («€ 3) generate W, this proves that 
W =W. 


LEMMA 10. e(Sa) ser for a€ X. 
We first claim that rt! == -—r (111). It is sufficient to prove this 
for ¿== 1, Obviously s10,81@,- - *,Sıæq are all inequivalent and therefore 


s18; = Ga (17 q) where «;— a; is a permutation of the set (a, &2,° * +, &y) 
and c; are nonzero real numbers. Now suppose 741. Then if a; = Ma; + 
-H May mx > 0 for some k41. On the other hand sia; = a; +- ma, 
for some integer m. Hence — sa; cannot lie in X. Therefore s,a;€ X and 


c;>0. However s,%ı ==—&, and so this proves that e(s;) == J] c; < 0. 
1=jsq 
Hence <(s,) ==—-1. Now let «€ SX. Then, as we have seen during the proof 


of Lemma 9, 3a = ss;s 1 for some s€ W and some 1 (1Æ<i<7). Therefore 
€(8q) = €(S;) == — |, 


Le 
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We shall call an element u€ $ skew (or skew-invariant) if. ut = e(s)u 
for sE W. | | 


COROLLARY. Jr is exactly the set of all skew-invariants in S. 


Let S’ be the set of all skew elements in § . It is obvious that Jr C S. 
Now suppose u€ S’. Then w%——u (a€ 3%) and therefore the polynomial 
function u vanishes identically on the hyperplane «0 in hy. But this 
implies that à divides u in S. This being true for every a € 3, we conclude 
that u= rv for some v€ 8. But since both u and + are skew, it is clear 
that v € J and therefore u € Jr. 

For any rE C(8), let spsyt denote the relative trace of « from C(S) 
to C(J). Let Dg,z be the set of those elements ve C(89) which have the 
property that spg,yzy € J for every y in S. | 


Lexma 11. Let x be an element in O(S). Then tgu C 8 if and 
only if tE Sr. 


Let y be any element in 8. Since W is the Galois group of C(S)/C(J), 
it is clear that spsy(y/r) = X, (y/r}° = yo/r where yom= X efs)ys. But 
| sew. sew 


Ye 1s obviously a skew-invariant and therefore, from the corollary to Lemma 
10, it lies in Jo. This proves that 71€ Dg/y. Hence if v is an element in 
C(S) such that Dg; C 8, it follows that 271€ S and therefore x € Sy. 
The proof of the converse is however more complicated. 


Select u,ES 1S1 w as in the corollary to Lemma 8 and let wi 
1=1=w denote the dual base of C(S)/C(J) so that? spg,;(ujus) —5;i 
(lSi,j=w). Then it is easy to verify that Dyu == $, Jut. Hence in 


šis 

order to complete the proof of our lemma, it is sufficient to show that mut E § 
(1<i<w). Fix an element «in X. In view of Lemma 9, we may assume 
that a is equivalent to sa, for some s€ W. Let 8.,- >, By be all the elements 
among (@:,°°",@4) which are equivalent to ta for some te W. Put 
Ta = B1B2 * Br. Then it is clear that re—c(s)r, where c(s) — +1 
(s€ W). By the argument used in the proof of Lemma 10, we deduce easily 
that c(s,) —-—1 and therefore c(sg) ——-1 for B= BB, Ba- *, Bu. Now 
suppose 4€ JM Sa Then z—ya for some yES and z= Za = (ya) % 
== — yg, This shows that yè: == — y and therefore œ divides y in S. But 
then a? divides z (in 8). However 2€ J and therefore (sa)? divides z for: 
every s€ W. This shows that z E€ Sr. Therefore since ma? € J, we conclude, 
‘from the definition of J, that 22€ SOC(J)=J. This proves that 
J N Ia = dry. 
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Let S, denote the set of all elements in C(S) of the form a/b (a,b€ 8) 
where b and ra are relatively prime in S. It is obvious that b°! and ma are 
also relatively prime for every s€ W. Hence if b= [J b! and b, —b,/b, 

sew 


it follows that a/b = ab,/bo. Notice that b, lies in J but not in Jra. 
Moreover Sa is obviously a prime ideal in § and therefore J N Sa == Jra? is 
a prime ideal in J: Hence if J, denotes the quotient ring of J with respect 
to Jma, bo? lies in J, and this proves that S, — SJ, Finally if a/b is in 
C (J), it is obvious that ab, € J. Therefore S, N C(J) =J. 

By a result of Chevalley [3(b), Theorem (A)], we can select w,,° °°, 
wE J such that J =C [o:> *,%]. Then w;,' > :,w, are algebraically inde- 
pendent (over C). Obviously r,° is also transcendental over C and therefore 
we may assume that (7,”,we," © ‘,w,) are algebraically Independent so that 
C (J) is algebraic over O (ra, wa **,@r). Moreover since ma € J, it can be 
expressed as a polynomial in o,,2,- œ, with coefficient in C. œ, must 
actually appear in this polynomial because otherwise ma, wo," + *,@, would 
be algebraically dependent. Therefore ma? cannot divide (in J) any nonzero 
element in C[ws,- - *,a]. Hence the field Cı = 0 (wz * +,o;) is contained 
in the local ring Jı. | 


Now we regard C(J)/C, and C(S8)/C, as fields of algebraic functions 
of one variable (see Chevalley [8(a)]). It is obvious that ~a? is a prime 
element of J and therefore J, is a valuation ring in C(J). Let p he the 
corresponding place of C(/)/Cy. For any j (157554) and zE sS, let v;(x) 
denote the highest integer m= 0 such that 8" divides v in S. (If æ—0 
we put v;(t) = œ.) Then it is seen without difficulty that v; can be extended 
(uniquely) to a valuation of C(S). Obviously J, is contained in the valuation 
ring of v; and therefore v; defines a place g; of C(S) lying above p. Since 
C(S) is normal over C(J), every place of O(S) lying above p is conjugate 
to g, under W (see (see [3(a), p. 54]). But since s8, (s€ W) is equivalent 
to 8; for some 7, it follows that qi, ga,* * >, ax are all the distinct places of 
CCS) above p. It is obvious thet S, is exactly the set of those elements 
in C(S) which are integral at g; for every 5 (1Z7<k). Moreover 
Si = JS = SY Ju, Since v;(ra°) —%, it follows that the ramification 


1six=w 
index of g; with respect to C(/J) is 2. Therefore we conclude from Theorem 
7 of [8(a), p. 69] that the differential exponent of q; is 1. Let D, be the 
set of all s€ C(S) such that sps,;28, C J,. Then obviously D,— Ð Jui. 
1Sizw 
Hence it follows from Lemma 4 of [3(a), 0. 73] that min niui) =—1. 


lSiSw 


Let d be a nonzero element in S of the lowest possible degree such that 
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dwe S iSiSw. Then the above result shows that ra divides d in § and 
. ra and 4/r, are relatively prime in §. But since œ was an arbitrary element 
in 3, this implies that d == d/x lies in S and it is relatively prime to m. In 
order to complete our proof, it only remains to show that d €C. 

We shall now introduce some notation which will also be useful later. 
For any H € Dp, let Sx denote the set of all polynomial functions in S which 
vanish at H and put Jy =J N Su. Obviously Sy and Jy are prime ideals 
in S and J respectively and Jix—Jx (s€ W). Now suppose x(H) <0. 
Then from Lemma 6, the w elements sH (s€ W) are all distinct. Hence 
there exist w distinct prime ideals Sy in S lying above Jy. On the other 
hand J == O -+- Jy and therefore S= > Ju $, Cu;tSJy. This proves 


isi=w Lsisw 
that dim S/SJx<w. But in view of what we have said above, the associative 
algebra S== S/SJzx has w distinct non-trivial homomorphisms into C. There- 


fore it must be semisimple and of dimension w and [] Sym SJm. Let 
sew 


w—> ü denote the natural homomorphism of S on $ and let spa denote the 
trace of & in the regular representation of $. Then clearly spt = © u(sH) 
sew 


(w€ 8). Moreover since $ is semisimple, we can conclude that 7—0 if 
spūü=0 (lSisw). | 

Now put gy=spsys(wmj) 1S j&w and g= det(gis)1<:,jsu. Then 
g0. Let (g*4)1s:,j0 denote the inverse of the matrix (giisije It is 
obvious that u? == > g‘/u; and therefore d divides g in S. We claim g(H) 0. 


3 
For otherwise we could choose complex numbers ¢,,° - -,c,, not all zero, 
such that 2 3u(H)}c;—0 (S&S w). Put U= X a Then. 2 ijc; 


= SPy,J T ee 2 (ua)? Hence sp aii = 2, ui(sH We ) — 0. But, as 
8 


we have seen above, this implies that ü = 0. ‘On the other hand ü’ - - ,ü, 

span S$ and so they must be linearly independent over C. Therefore 

ü= >) cjü,<0 and we get a contradiction. Hence g(H) ~0 .whenever 
j 


r(H) 0 (HEH,). This means that every prime factor of g divides v. 
But we know that + divides d and d divides g. Therefore z, d and g have 
exactly the same prime factors and this implies d’€C. The proof of 
Lemma 11 is now complete. 

Define W’ and J’ as before. We recall that r= @a - x. Let + 
denote the product of those elements among @,,° - +, which vanish at Hp. 
Define spsyyræ (xE C(S)) to be the relative trace from C(S) to C(J’). 


COROLLARY. Select u; and w; (l1Sisw,1SjSw’) as in the corollary 
io Lemma 8 and define ui and w’? in C(S) by the relations sps/r(u'ux) + 
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(Zik Sw) and sps (W Wm) =bn (1Sj,mSw’) respectively. Then - 
rut and nw? are in 8. Moreover if d and d are any two elements in S such 
that dut and d'u’ (isisuvisjsw’) are all in S, then x divides d 
and n° divides d'in 8. | 


We have already seen this for uf. The proof for w is entirely similar. 
Choose v,’ >+, as in Lemma 8 and let spryr (ŒE C(J’)) denote. 
the relative trace of æ from C(J’) to C(J). 


Lemma 12. Define vie C(J’) isisr by the conditions sps ys (utv) 
= ĝi (1=:,1<r). Then an Res LED is divisible by w/a’ in 8 if 
and only of seS 11570. 


Let D be a nonzero element in S of the least possible degree such that 
Dvie S. Then the highest common factor (h.c. f. 1 of Dot, + +, Dor (in 8) 
is 1. Define «w as above. Then 


SPs (W VIW Um) = spy aSpayr(u'iu vins) = k Spy (Vm) = Òr Sm j 


(1 Si, ks <w,1<j,m£r). Since S= $, > Jon’, it follows from 
LSkSw! 1SmEr 


the corollary to Lemma 11 that nuv? € S. Since the h.c. f. of Doi 1575 < r) 
is 1, this implies that Dru’ € S. Therefore we conclude from the same 
corollary that 7/Dx’ is in 8. Conversely ’u’*Dvi € § and therefore r divides 
xD again by the same corollary. Hence #/D/r lies in C and the lemma 
follows. 
Put Jg =J N Sy for H € by. 


Lamma 18. dimJ’/J’Jy—=[W:W’'], dimS/SJy—=w and dim S/SJ x 
=w” for every H € by. 


We prove only the first statement since the proofs of the other two are 
parallel. Suppose 2 cwm € IT x (GE C). Then since JJ y= Jyt, it 
4 


1£=i£r 


follows from the linear independence of v,,- + +, Up over C(J) (see Lemma 7) 
that ¢,€ Jy. But obviously this implies that &—0 1=:]s27r. Hence the 
residue classes of v, + °,v,modd’Jy form a base for J’/J’J and blererore 
dim J’/J’Jy =r = [W : W]. 

Put ot = rut 1S i & w. We have seen above that ot€ 8. 


Lemma 14. For any H € by, let e= vane Then 
(1) nen==p(H)exmod SJx for any oe 
(2) D e(s)en=r(H) mod SJ yz, 

seWw 
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(3) sx (4H) = «(s)r(sH) or zero according as s =t or not (s,t€ W). 
We know that 
j = Spss (utu;) = Z (u'u)? =a D e(s) (otu;)* 
| sew > sew 
Therefore $, e(s) (otu) =a} (1S1,7 Sw). Now suppose sy, 82,° + +, Sy 
sew 


are all the distinct elements of W and +(H) 40. Then this result implies 
that 
à €(8,) 04 (SH )u;(s,H ) —7r(H)ô;i. 


= Therefore if we regard 


A == {o° (sH) }isirse and B= {uj (8H) /7 (H) jise jew ` 


as w Xw matrices, it is clear that they are reciprocals of each other and 
therefore BA is also the unit matrix. Hence?’ 


S¢(si)o! (sul) uy (S4H) =r (E) Be 


This proves that esn (8,/7) == die (s:)a(H ) and therefore eg€ Say if s1. 

Since +(H) £0, we know (see the last part of the proof of Lemma 11) that 

SJa== f) Sen. Therefore exSy C SJ and hence pey =p(H)en mod SJ u 
seW 


for pES. Moreover it follows from the relation obtained above that 
> e(s)en(tH) =7(H) for te W. Therefore D e(s)eyp—r(H)€ [) Six 
W tew 


sew 8€ 
== ŚJ y. Thus all the statements of the lemma have been proved under the 


assumption that (HZ) 0. . 
Now we come to the general case. Select z;f € J such that wy, = >) tifiur. 
k 


Then enu;= X ot (H yuu = X (Hye ur== > (Heyt (H yur mod SJ u. 
i ij ik 


But we know from Lemma 18 that w,,---+,u, are linearly independent 
mod S/y. Therefore it is clear that the first statement of the lemma holds 
if and only zf (H) =0 (1Sj,4 Sw) where z} = D otr —o*u;, But then 


it follows from the above proof that z# (H) — 0 whenever (H) 40. There- 

fore since z; are polynomial functions on ýp, we conclude that they are all 

zero. In the same way the second statement of the lemma is seen to be 

equivalent to the relations 2 <(s)o'(sH) —r(H)ôt 1Sisw). Again 
BE 

since these equations hold when +(H) 560, they hold in general. The proof 

of (3) is entirely similar. | 


COROLLARY 1. If (1H) 540 then esu (s€ W) are linearly independent 
mod SJ x. 


2 
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This is an immediate consequence of the third statement of the above 
lemma. 


COROLLARY 2. Let p be an element in S and let HE hy. Consider the 
linear transformation L in S/SJx corresponding to multiplication by p.: 
Then det(tl—L) = I] (t—p(sH)) where t ts an indeterminate and I 

sew 


is the wdenitty mapping of S/SJ x. 
Select a EJ such that pu, = È uzgun (1S 1S w). Then it is obvious 
that pu; = 2 gj (H )ujmod EJ x. Put 
Q (t) = det (di; — Qi) 154, jsw- 


Then Q(t) is a polynomial in ¢ with coefficients in J. Obviously it is 
sufficient to prove that Q(t) = JI (¢— p°). Let qm and pm denote the coeffi- 
sew 


cients of t in Q(t) and JI (t— p!) respectively. Put Q(t: H) = Dq™(A)t. . 
sew m=z0 


If r(H) 0, esx (s€ W) form a base for S mod S/x by Corollary 1 above 
and therefore it follows from the first statement of Lemma 14 that 


Q(t: H) = det (tI — L) = JI (t—p(sH)). 


This shows that qm(H) = p,(H) for every m, if r(H) 0. But since gm. 
and Pm are polynomial functions on Hyp, this implies that qm = Pm. 


Now put D =xr/r', tt = Dv 1S1=r and select elements s,,- * -,5; 
in W such that W == |) W's (We recall that r= [W : W’].) 
| 1SiSr 
Lemma 15. Put fn— > ri(H)v, for HE by. Then 
1SiZSr 


(1) rfu=p(H)fnmodSJx for ped’, 
(2) 2 (Si) 0 (Si ) fe = 7 (FH) mod SJ x, 


(3) fou (ssH) = yD (H) (14,71). 
Finally, for, © *,f.n are linearly independent mod Sdn tf 7(H) 0. 
The proof is similar to that of Lemma 14. Put tp =s (lSkSr). 
Since C(J’) is the subfield of O(S) consisting exactly of those elements 
which are left fixed by W’, we conclude from Galois theory that t, © -,¢, 


define all the distinct isomcrphisms of C(J’)/C(J) into C(S). Therefore 
spr yu = X, vh for ve C(J’). This shows that . 


i<i< 
dj = spy ys (wtw) = > (riv;/D}fr, 
1Lk2=r 


SEMISIMPLE LIE GROUPS, I. | . 259 


Multiplying this equation by 7, we get 


S elte) (mrin) = rò; (1SijSn). 


1SkSr 
But this implies that 
2 € (sx) m (sH) rt (sx) Vj (sH) = r(H) 8;'. 


Now first assume that +(H) 540. Then the rX r matrices 
A == {e(sx)r' (Srt yri (sr) hisser and B = {v; (Sr) /7 (H) } asx, jer 
are reciprocals of each other and therefore BA is also the unit matrix. Hence 


2 e(s)r (H) (s:H) vy, ( sj) —r(H)ôy 


and thie proves that fen (s;H) =8yD(s,7) 1<i,j<r. (By continuity this 
relation remains valid even when r(H)—0.) Since r(H) 0, it is clear 
that D{sH)=40 for any s€ W. Therefore the linear independence of 
fam,’ © “fa. MO SJy is obvious. Furthermore 


2 (sdr (6H) fan (9H) =e(s)) (GH) D(H) =1(E) (Sir). 


M 


On the other hand fin € J” and therefore fsa (SsH) = fan(s;H) if 8€ Ws; 
Hence if we put g = X e(s}r’/(sH)fsn—#(H), it follows that g(sH) —0 
LA + 


Sisr 


for all se W. But this implies that g€ [] Ssaa—SJy and so we get the 
se Ww 


second statement of the lemma. Now suppose p € J’. Then p(sH) =p(H) 
for sc W’ and therefore p—p(H)€ [) Sen. On the other hand we have 
seen above that fy(sH) —0 if sé w. | Therefore (p—p(H)}fn€ 1) Ssu 
== SJy and this proves that pfa=p(H)fx mod SJ'x. = 
In order to extend our results to the general case, we use the same 


method as before. For example, let us prove the first statement. It is 


enough to show that ufx=v,(H)famodSJy1SiSr. Since wu— X v 
ac wW’ 


for vE J'N(SJx), it follows that J’N(SJx) =J Jy. Select y#E J such 
that vw = > yif'v,. Then due to Lemma 13, the required relations hold if 
x 3 


and only if Sr (H)y#(H)—0(H)rt(H) (1<i,k<&r). The remaining 
j 
argument is now the same as in the proof of Lemma 14. 


COROLLARY. Let p be an element in J’ and let H€ by. Consider the 
linear transformation L’ in J'/¥ Ju corresponding to multiplication by p. 
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Then det(t]’—L’) = IT (¢—p(s,H)) where t is an indeterminate and I’ 
1 š 


Siztr 


as the identity mapping of J’/J’ Ju. 


This is proved in the same way as Corollary 2 to Lemma 14. 

Define J, as in the proof of Lemma 8 and let dr and d; denote the 
degrees of + and u, (1&i& w) respectively. Then the following result is 
of some interest, although it is not strictly necessary for our purpose. There- 
fore we state it here without proof. 

Lemmas 16. Suppose dy = max dı Then dy=dxr and di < dr for 

1 


Siz=w 


11S. Moreover u,= cn mod SJ, where cis a nonzero complex number. 


4, The homomorphism y. We now return to the notation-of Section 
2 and for any q€ JI, define ug€ p as in Lemma 3. Put pb—+4 > & where 


, ue P4 
a denotes tke restriction of « on Ņp. Also let u — ‘x denote the automorphism 


of Sp such that ‘H —H—p(H) (H€ hy). We identify S(b5) with 6, under 
the isomorphism which preserves every element of hy. Then J= I (bp) 
becomes a subalgebra of Sy. Put y(g)—"'u (qE) | 


THEOREM 1. y is a homomorphism of I; onto I(b,) and its kernel is 


In order to show that y is a homomorphism, it is enough to verify 
that Ugg ™= Ua for 9g:1,g2€Ig. Now ge2—u€ f+ Bun. Therefore 
Q1(92—Uq; E B+ Bn since qf =fq. But qus = (qi— tg) Uae + Ugg 
and (qı — Ug ) Ugo € ($B + Bn)u,, C (B+ Bn since [n, hy] Cn. Therefore 
Qaa — Ug Me, € B+ Bn and this proves that Ugga = Ugtae 

Now fix q in J,. Then it follows from Lemma 4 that y(q) —0 if and 
only if x»(u,) = 0 for every v€ ĝo. Define m and ¢ as in Lemma 5 and put 
g(x) = (¢,7(z)¢) for se G. Then if v denotes the restriction on hy of 
the highest weight of r, it follows from Lemma 3 that g(x;q) —x,(u,)g(2). 
Since g(1) == 1, this shows that y,(uqg) =g(1;q). But since g is spherical, 
it is clear that g(1;q) = 0 if q€ {8+ Bt. Hence Z N(B + BE) is con- 
tained in the kernel of y. On the other hand y(qg) — 0 implies that g(x; q) 
— (¢,r(t)z(q)¢) —0. Since this holds for every æ in G and since v is 
irreducible, it follows that r(q)S—0. ‘Therefore by applying Lemma 1 of 
[5(d)] to 9 = Xf, we conclude that ge Bf. Combining this with the above 
result, we deduce that J, Bf is exactly the kernel of y and therefore 
I OBEDIO. Now consider the anti-automorphism b — &* of B such 
that X*=-—-X for every X€g. Jt is obvious that J,*—J,. Hence 
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(I, N BE) * =I; N iB D (NB) = NBE. This proves that INBE 
= l N fÐ. | 

In order to prove that y maps J, into J we need some additional facts. 
For any k€ Ay and s€ W, put A= exp (sH) where H —logh and let dn 
denote the Haar measure on N. | 


Lemma 17. Put 
| 
F,(h) = entos) f f(hn)'dn (he Ay) 
N i 


for any junction f in Ce (G) such that! f (kek) —f(x) (€G, ke K). 
Then F,(ht) == F;(h) for se W and he À, 


Let æ—x* denote the natural mapping of G on the factor space 
G* =— G/Ay. Put D(h) == JT {e92 — ge?) and At =— eha> (hE Ay, 


; a EP 
zE G) where H ==logh. Denote the invariant measure on G* by dzx* and 


consider the set Ay’ of those elements h€ Ap where D(h) 40. Then** the 


| 
t 
ł 


integral f g(h®")dx* is convergent for gE C.(G) and kE A,’. Moreover 
zi a 


the measure dn can be so normalized hat 


| D(h)| f g(h®") da* = grozn f g (khnk>) dkdn (hE Ay’). 
G" KXN 


Let s be an element in W and select k in Æ such that khk == hs for h€ Ay. 
Then for any <€ G, the coset (zk)}* depends only on 2* and s and we denote 
it by z*s. Since W is a finite group, it follows without difficulty that the 
measure dz* is invariant under these operations of W on G*. Therefore | 


| 
J, OO [ g (he) da* 
G* on 


for g€C,(G@) and RE Ay’. If we apply this to f and make use of the fact 
that | Dih?)| =| D(h)|, it follows that F,(h*) —F,(h) for LE Ay’. How- 
ever it is obvious from its definition that F€ C." (Ap). Therefore F,(hs) 
= F,(h) for all h€ Ay. : 


CoroLLAry. For any linear function À on Dp, put 
| 


: 
dal(a) = f exp((—14A(H (2k) ) -p (E (ek) }dk (we G). 


Then ġa = da for s€ W. 


18 The facts stated here are quite well known. In any case their proofs offer no 


17 See footnote L of [5(k)] for notation. | 
m. 
difficulty (see [5(f}, p. 5081). | 
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Obviously à is a spherical function of class C®°. Hence if dæ is the 
Haar meaure on G, it would be enough to show that for a fixed s, 


Jf ex(at(z)dem | da(of(a)an 


for every spherical function f in Ce” (G). Let dh denote the Haar measure 
on Ay. Then it is possible (see [5(c), Lemma 35]) to normalize it in such 
a way that dr = ele dkdhdn if a=khn (kE K,h€ Ayn € N). Therefore 


J alei@ae— f exp{(—1) AH (2) —e(H(@)) jf (2) de 
- f exp((—1)#A(log h) + p (log h) }f (hn) dhdn 


= È expt (— 1A Qog h) }F,(h) dh. 


Our assertion now follows immediately from the above lemma. . 

Now suppose q€ I, Then y(q), being an element of S(b,), can be 
regarded as a polynomial function on hy. We denote by y(g:H) the value 
of this function at H € hy. Also let us recall that h, has been identified with 
its dual under the bilinear form B. Hence the following result is an imme- 
diate consequence of Lemma 3 and the definition of y(q). 


Lemma 18. ¢)(@3¢) =y(q: (—1)3A)¢,(e) for qe Ig, TEG and any 
linear function À on Hy. 


It is obvious from this lemma and the corollary to Lemma 17 that 
y(q:H) = y(q:sH) for sc W and HE, Hence y(q) —y(q)* and this 
proves that y(q) € J. 

We still have to show that y maps I, onto J. Le A denote the canonical 
mapping (see [5(c), p. 192]) of1t S(g) onto B and put B—A(S(p)) and 
Pa—A(Salp)) where Sz(p) is the set of all homogeneous elements in S(p) 
of degree d. Since g is the direct sum of f and p, it follows [5(c), Lemma 12] 
that B= XG and therefore B=} +- İB, the sum being direct. Moreover 
if X € Ë it is obvious that both % and ES are invariant under the. mapping 1° 
b—[X,b] (bE B) of B. Hence J, =I NOP + NIB and so it is su- 
cient to prove the following lemma. 


LEMMA 19. y defines a linear isomorphism of INP onto J. 


Since I, #8 is the kernel of y and PANI — {0}, it is clear that y 
is univalent on INP. Also it follows from Lemma 11 of [5(c)] that 


19 [a,b] = ab — ba for a,d€B. 
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I N P=A(I(p)) (in the notation of Lemma 7). Let u be a homogeneous 

element in J of degree d. We shall prove by induction on d that there exists 

an element qE X IN Pe such that y(q) =u. This is obvious if d—0. 
e=d 


So suppose d= 1. Let p denote the restriction on D, of any polynomial 
function pE S(g). By Lemma 7%, we can select a homogeneous element 
Po € I (pì of degree d such that po = u. Put qo =A(po)- Then qo lies in 
IOP. We shall prove that w—y(qo) is of degree lower than d and hence, 
by induction hypothesis, we can choose q€ 1, NP of degree <d such that 
uU—y(doi =y(g1). Then u—y(qg) where q = qo “+ qı and this would prove 
the lemma. 

We know that g is the direct sum of f, hy and n. Hence" S(q) 
—=S(f)S(bp)S(n). Now by is orthogonal to f-+-n under the bilinear form 
B(X,Y) (X,Y €g). Hence if pE S(qg), it is obvious that p— pE ES(g) 
+ S(g)n (the products being taken in S(g)). Therefore it is clear that 
Po —U € ESai(g) + Sei(g)n, where Selg) denotes the space of homogeneous 
elements in S(q) of degree e. But then 


qo—u € A(ESe+(g) + Saa(g)n). 


On the other hand if fı € S,(g), f2€ Selg), we know (see [5(a), p. 9021) 
that | 


A (172) —ACfr)ACfa2) € Z A(Se(g)): 
Therefore — | 
Jo — u € EB + Bn + 2 M(Se(g) ). 
Hence it follows from Lemma 3 and the definition of y that y(go)— u is of 
degree <d. The proof of Thecrem 1 is now complete.?° 
Tke following result, which we note here for later use, has been obtained 
during the above proof. 


LEMMA 20. Let À denote the canonical mapping of S(g) onto B. Then 
tf p is any homogeneous element of degree d in I(p), y(A(p)) —5 is of : 
degree <d. (Here p denotes tke restriction of p on by.) 


5. The mapping 3. Put A(H) = IT (ee) (He Gy) and 


aé Py 


. A(h) =A(logh) (hE Ay). We call a point h in Ay singular or regular 
according as A(h) —0 cr not. Let Ay denote the set of regular points in Ay. 
We regerd g as a Hilbert space under the positive-definite Hermitian form 


# Although our definition of y makes use of an order in the space of rea] linear 
functions on hp, it can be shown that y is actually independent of the choice of this 
order (cf. [5(g), Lemma 2)]). 
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—B(X,6(X)) (X€gq) where ÿ denotes the conjugation of g with respect 
to its compact real form u = f, + (—1)4p>o. Let m be the centralizer of Dp 
in g and q the orthogonal complement of m in g. Then mN p= 
(because Dp is maximal abelian in p) and q = qr +- qy where qq —qN# and 
Gp =q O p. 


Lemma 21. Suppose RE Ay’. Then g= Ad(h>)qr + Dy HË where the 
sum 1s direct. 


It is known [5(c), Lemma 4] that dim q= dimqp. On the other 
hand ding=dimf+dimf and p is the orthogonal sum of §y and Qp 
Hence dima = dim f -+ dim §, + dim qp = dim Ë + dim}, + dim qy. There- 
fore it is sufficient to prove that Ad(h-t)q N (Dp + É) = {0}. Let X be an 
element of qy such that Ad(Ak-*)X¢€h,-+£ and put Y = (ad H)’ X where: 
H is some element in fy, Then Yet and Ad(k*)Y cf. Therefore 
Ad(h)¥ =6(Ad(h+)Y) =Ad(h“)Y where 6 is defined as usual (see 
[5(c), p. 187]). But since h€ Ay’, m is the centralizer of À? in g and 
therefore Yem. This means that (adH)*Y¥ = (adH)Y—0. However 
ad H is a self-adjoint operator on g and so we conclude that [ H, X] == 0. 
This being true for every H E by, it follows that Xem. But mN q= {0}, 
and therefore X ==0. This proves the lemma. 

Let OQ; be the image of? S(qy) in B under the canonical mapping. 


COROLLARY 1. The mapping? qXvyXr— qh ve (qe QureE Dy, TEX) 
defines a linear isomorphism of the tensor product QX ES XX onto B if 
h € Ay’. 


This is an immediate consequence of the above result and Lemma 12 
of [5(c) |. 

Put m= n N £ and let My be the subalgebra of Y generated by (1, mp). 
Since {= m -- qy, it follows from Lemma 12 of [5(c)] that E= OM. 
Let Qy dencte the set of those elements in Qr whose homogeneous com- 
ponent?! of degree zero is zero. Since [myr qr] C qr, it follows without 
difficulty that 

KE = Í$ == OV -+ CVs. 


Hence in particular 1; C OV + QM. Moreover B= (Qr) Gp. 
from the above corollary and therefore (Ad(A*)f)B == (Qr) SE. Since 
[m, $y] = {0:, this implies that 


21 Define À and Salg) as during the proof of Lemma 19. Then $ is the direct 
sum of A(Sa(g)) (d@20) and an element be is homogeneous of degree d if 


b €A(Sa(g))- 
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PB CON) QE + Bt 
and therefore 


PB + BE (Or) GX + (Qr) GE. 
Combining this with Corollary 1 above, we get the following result. 
COROLLARY 2. B is the direct sum of Sy and PB -+ BË if h€ Ay. 
But this obviously implies the lemma below. 


Lexma 22. Let h be an element in Ay’. Then for any bE there 
exists a unique element x (b) € Sp such that 


b— 8,’ (b) € PUB + BE. 
The significance of 8 (b) is given by the following lemma.” 


Lemma 23. Let $ be a spherical function on G of class C®. Then™ 


(3b) =p (h; (b) 
for bEB and hE Ay’. 


Since ¢ is spherical, it is obvious that #(h; 6’) —0 for b’ E B + BE. 
Therefore our assertion follows from the definition of 8,’(b). | 

Now we regard Ay’ as an open submanifold (see [5(g), p. 110]) of 
the Lie group Ap. Then if b€ B, we intend to show that there exists a 
differential operator 8’(b) on A,’ whose local expression (see [5(g), p. 112]) 
at any point k€ A,’ coincides with 8» (b). 

Define + as in Lemma 11 and let Dp, be the set of those points H € Yp, 
where r(H)540. It is obvious that y’ is mapped onto Ay’ under the 
exponential mapping. Let be the ring of analytic functions on Ay’ 
generated? (over C) by the functions gg (BE P,) defined by 


ga(exp H) = (PPD — 12 (HE by). 


Note that Hgg——28(H)(gs-+ 9") for HE, and therefore N is stable 
under the action of any differential operator in &,. Let Ba denote the 
space of all elements in 8 of degree = d. 


LEMMA 24. Let b be an element in Ba. . Then we can choose u € Sy N Ba 
and a finite set of elements vE $y N Bai and ge (1SStSr) such that 


=? On account of our identification of Hp with S(hp), elements of Øp can appear in 
two different roles, either as differential operators on @ (or Ap) or as polynomial 
functions on hp. They should always be interpreted as differential operators unless 
some qualification to the contrary is made. 

% Note that the constant function 1 is not included among the generators of {t. 
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b—u— $, gi(h)v E BEL ETS 
1SiSr 
for all he Ay’. 


We shall use induction on d, Since g—f-+by+é@(n) and the sum is 

direct, it follows from [5(c), Lemma 12] that 
Be De ASCO Cn) ) )ACSa(Bp) JACS.) ) 
where A is the canonical mapping of S(g) onto 8 and S; refers to the space 
of homogeneous elements of degree t. Hence we can select uE $,M Bg and 
bg € Ba such that 
b—u— > 6(Xg) bp € BE. 
BeP+ 


Now let Xg — Ysg + Zg (F3€b,Z8€t). Then if LE Ay’ and H — log, 


Ad(h*)Zp== 3 (Ad (h) Xp + 6(Ad(h) Xp) ) 
== — 4 (e8 — ¢- BD) Vg 4+ (6800 4. 6 BUN) Zp. 


Hence Yg==(1-+ 29g(h))Zgmodf*". Therefore since 6(Xs) =— Yg + Zz, 
we get the following result which will be useful later on. 


LEMMA 25. For any BE P, let Xg—YV,+Zp where YgE p and ZgEt. 
Then 6(Xg) =— 2gg(h)Zgmod f"" for he Ay’. 


\ 
} 


This means that 
b=u—R © gp(h) (Zp, bg] mod (BE -+ P B) / 
BeP. l 


for all hE A. But [Zg, bg] € Ba and so the assertion of Lemma 24 follows 
immediately by induction hypothesis. 
Now it is obvious from the definition of 8,/(b) that 8/(b)—u + E gi(h)v: 
1£i£r 


for hE Ay’, in the notation of Lemma 24. Therefore since g; are analytic 


functions on Ay’, à (b) =u- Ð, gw is an analytic differential operator on 
1SiSr 


A,’ whose lccal expression at A is 8,’(b). 


6. The relation between y and S. Let u be a linear function on hy. 
Then e# is a holomorphic function on the complex Euclidean space Jy. 
We agree to denote the function h— eros on Ay also by et. Now put*# 
S(b) = 0/8'(b) oe? (bE B) where p is defined as in Section 4. The following 
lemma establishes a connection between 8(q) and y(q) for q€ 


*4 Whenever it is necessary to avoid confusion we denote the operator product of 
two differential operators D, D’ hy D © D’. Since a function f of class CT can also be 
regarded as a differential operator, one has to distinguish between Df and D ° f. 
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Lemma 26. Let q be an element in I, of degree d. Then we can 
select a finite number of elements v: € Qy N Ba. and gE R (1=1i£r) such 
that 

8(q) =y) + D girs 
1£iSr 
on Ay’. 


We have seen in Section 4 that I=, NPI NBE. Moreover it is 
easy to see that B is the direct sum of P and Sf and 


Ba = (BaN P) + (Ba N BE). 


Therefore if qı, qa are the components of q in 1, N P and I, N BË respectively, 
they are both of degree =d. Also 8(q2.) 0, y{g2) —0 and every homo- 
geneous component of q, lies in J, $. Hence it would clearly be sufficient 
to consider the case when gE I, NS. 

Let b—>b* denote the anti-automorphism of 8 given by X*——X 
(X€q). Then if p is a homogeneous polynomial in S(q) of degree r and 
À the canonical mapping of S(q) into %, it is clear that A(p)* = (—-1)"A(p). 
But X* ==6(X) for X€ p. Hence if we extend 0 to an automorphism of %, 
it follows that 6(p) = p* for pe P. Let y (q) denote the element in p such 
that q— y (q) € Bn + B (see Lemma 3). Then g*— (y (q))* € nB + BE 
and therefore 


q—y (g) =9(q*) —9(y'(q)*) € O(n) B + BE. 
Therefore we can select bg € Bz. such that 
g— 7 (1) — 3 0(Xp)bp € BE 
But then from Lemma 25, : 
a= (0) — X gp(h)bp’ moa (BE + PB) 


for k€ Ay’ where bg’ ==32|Zg, bg] EBa-ı Therefore by Lemma 24 we can 
select a finite number of elements vé € p N Ba. and HER (111) such 
that | 

q=y (9) + F g:(h)v mod (BE+ PB) (RE Ay’). 


But this means that 8’(g) =y (q) + $ gwi and therefore 
4 
8(q)=y(q) + È gwi 
1sisr 


where 7? m; = env; o eP. Since it is obvious that v; € Sp, our assertion is proved. 
Now select homogeneous elements u, = 1, t2,- * *, Uw in Sy in accordance 
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with the corollary of Lemma 8, so that = 2 Ju; where J = I (Hp). We 
know from Theorem 1 that y(J,) = iia 


THEOREM 2. Letu be an element in Dy and select qe I, (1SisSw) 
such that u— © y(q)ui Then we can choose a finite number of elements 
1$iSw 


913 ER and QE ls (=i<w,1£j<r) such that 


u = 2 mo) + >, pa Jiho BA Gas) 


Siw 
on Ay’. 

We shall use induction on the degree d of u. Obviously u can be 
assumed to be homogeneous. Put Ip =I, "M. If we replace each q; by its 
component in Jy (with respect to the direct sum 8 = $ + SE), neither y(q;) 
nor 8(q;) is affected. Hence we can suppose that 4€ Ip. Let d; denote the 
degree of u; Then it follows from our assumptions (see the corollary of 
Lemma 8) that y{g:) is homogeneous of degree d— di if d= d; and y(q;) —0 
if d;>d. Now fix i and first suppose d = d Then by Lemma 20, q: is of 
degree d— d; and y(qi)ui= Ui°3(gi) —u;o (8(qi) —y(q@)) on Ay’. Since 
R is stable under the operations of Oy», it follows from Lemma 26 that 
wo (8(g:) —y(qi)) = 2 Ji where gER and vE pN Bai On the 


other hand if d < d; Aa ) ==() and therefore g;==0 by Lemma 19. Hence 
y (qi) us; =u, °8(g;) —0 in this case. This shows that we can select a finite 
set of elements g;€ St and v;€ p N Ba. (1738) such that 


u=  uz,°8(qi) + È gi; 
1$4£w 1£j£8 


on Ay’. The statement of the theorem now follows immediately by applying 
the induction hypothesis to vj. 


The following consequence of this theorem will be important for our 
applications. 


COROLLARY. Let U be a nonempty open connected subset of Ay’ and y 
a homomorphism of I, into C. Let Ex denote the space of all analytic func- 
tions & on U which satisfy the system of differential equations 8(q)¢—=x(q)¢ 
(qéI,). Then the dimension of Ex over © cannot exceed w. 


Choose a point ha in U. If dim Ex > w, we can obviously find a function 
6540 in Ex such that d(ho3ui) —0 (1S1Sw). But then it follows from 
the above theorem that (hu) = 0 for every u€ p. However since U is 
connected and œ is analytic, this implies that @=-0 and so we get a contra- 
diction. Hence dim Ex = w. 
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7. The operator 0’(w). The Casimir operator w of g is an element 
lying in the center of B which is defined as follows. Let 4,,: ©, Xa be a 
base for g and put gy = B(X £; 1Si,jsn. Then the matrix (gi) as, jen 
is nonsingular and if (gas; denotes its inverse, w= D giX,X;. (It 


1Si,j£n 
is easy to check that w does not Cepend on the choice of the base used im its 
definition.) We intend to compute 8’ (w). 

For any linear function p on by, let H, denote the unique element in by 
such that B(H,H,) =p (H) for all HE hy. Also put y (q) =e y(q) oe 
for q € Iq. . 

LEMMA 27. d'(w) —y(w) +2 2 (e —1) Ha where & denotes the 
acP, 


restriction of a on by. 


For each root «, select Xa as before and normalize it in such a way 
that B(X,, X-a) =1 for any «€ P. Then [Xa X-a] = Ha where Ha is the 
element in } such that B(H,H,)—a(H) for every HE. Choose bases 
Hı ee, Hi and His, c, Hm for D, and y respectively such that?’ 
B( Hy, H; =; AS14j7sm). Then H, °, Hm together with Xa, X-u 
(«€ P), form a base for g and therefore it is clear that 


o = H? +: | + in? + > (X Xe + XaXa) 
acP 


= Hy? +: ‘+ Hin? +2 > Sata + > Ha 
acP 


aeP 


= H, +. 7 ‘+ AP + 2H, +2 > AX -aX mod {B N BE, 
QEP, 


since Xo £-a and Ha lie in É if «œ vanishes identically on by. This 
shows that o= H: +; -+ Hf -+ 2Hpmod (EB + Bn) and hence y (o) 
H/’+---+H?+2H». Now for any root «, which is not identically zero 
on by, let Xa = Ya + Za (Fa Ep, Za€Ť) and put ga(exp H) = (e0 —1)-4 
(H €p). We have seen in Section 5 that Ya== (1 + 2galh))Za mod fF" 
for k€ Ay’. Hence 


Lada Kg Vg == 2(1 + Ja (h) )ZaF -a 
==2(1+- 9.(h))[Za, Y-a] mod (EB + BE). 
If we apply the automorphism @ to this congruence, we get 
6(XyX_«) == — 2(1 + gal(h)) (4a, F-a] mod (PB + Bf). 
Replacing a and h by —a@ and A respectively, we find that 


0 (Zaka) =—2(1 + ga(h)) [Z-a Yu] mod (PB + BE). 
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This shows that 
H{XoX-.+(X-oFe)} 
= (1+ Jah) [Zo Y-a] — [Ze Pal} mod (PB + BE). 
But [Xa X-a] =H, and therefore | 
[Za Ya] + [Pa Z-a] Eu 3 (Ha —0(Ha) ) = Ha 
This proves that 
{Lota + 0(Xade)}= (1 + ga (4) ) Ha mod (PB + BF) 
for hE Ay’. On the other hand it is easy to verify that 6(w) =-w. Therefore 
w = f {v + Ao)} 
= (HY-+-+-+H?)+4 2 {Æod-a + L-aXa 
+ OZ Xa + X_~Xa)} mod BE. 
But in view of the above result, this implies that 
wos (7P+---+APi+ DX (1+2g(h))Hamod (B + BF) 
ae Py 
since Ja — J-a = 1 -+ 29a. Hence 
w==y (w) +2 È ga(h)Agmod (PB + BF) 
| acP, 
for k€ A,’ and this proves the lemma. 


CoRoLLARY 1. Let H.,- - -,H, be any base for hy and let (94) isi js: 

denote the inverse of the matria g5—B(H;,H;) (S&I S. Then 
Slo) At X gti, o Ad; 
151,81 

It is easy to check that the right side is actually independent of the 
choice of the base H,,---,H; Hence it is sufficient to consider the base 
used in the proof of the above lemma. But then one finds by direct calcu- 
lation that 

at © gil oAHj= (HE: + HA) +B {C6 et) 
181,731 acP4 


=y (o) +2 X (e—1) "Ha 
QE y 


and this proves our assertion. 


Let @ denote the restriction on Hp of the Casimir polynomial of g (see 
[5(k), p. 9€]). 
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COEOLLARY 2. yle) =G—<p,p>. 


We keep to the notation of the proof of Lemma 27. Since y(w) 
= (H+: -+ Hê) + 2H, it is clear that 


y(w) = (H? +++ ++} HP) —2 © (Hs) Hs + <p, p> + 2 (Hp — <p>) 
= (H+: LHE)— pp} 


On the other hand 5 = H,2+::-1 Hê and so our assertion is obvious. 


_ 8. Some consequences of Lemma 27. Select æ,:°:,@,€ 3% as in Sec- 
tion 3 and let L denote the set of all linear functions on Hp of the form 
Ma +- +--+ ma, where m,’ > +, m, are nonnegative integers. Given two 
linear functions A,’ on hy, we write A<<N (or N>>A) if AN and 
AX —AE L. It is clear that for any two linear functions às, Àz on Hy, there 
exist only a finite number of À such that A < <A << àe Define 8S = S (by) 
as in Section 3 and let Q = Q (bp) denote the quotient field of S. Then Q 
is the field of rational functions on hy. Introduce the scalar product <p, q> 
for p,géS as in [5(k), p. 90] and put m(A)=—m,+-+ -+m for 
À = Ma + > --+ mae Ll. Now for each AE L, we define an element 
T,€ © by induction on m(A) as follows. ‘Ty =-1 and” 

{<A, A— 2p — RA FD =2 S 3S ‘Ty-2na{<A— Rha, a> — a}, 

acP, ket | | 
where & denotes the restriction of «a on §, and k runs over all positive 
Integers such that A—2kae L. Let I” denote the set of all elements À£ 0 
in L. Consider the hyperplane oy (X€ L’) consisting of those points H € by 
where 2A(H) = <dA,A—2p>. It is clear that any compact subset of by 
meets ox for only a finite number of À in L’. Let by” denote the com- 
plement of YU ox in by. Then hy,” is an open, connected, dense subset 

oe 


of hy. It is obvious that the rational function ‘T, (A€ L) takes a well- 
defined value at any point H E€ h,”. We denote this value by `N (H). 


Lemma 28. Let U be a compact subset of hy”. Then there exasis a 
real number c= 1 such that |‘T,(H)|Sc™™ for AEL and HEU. 


Select positive numbers c, and c such that 


| <A, & —a(H)| Sc,(m(a) +1), | <A, A— 2p) — 2A(H)| = com (A)? 


88 As will become apparent during the proof of Lemma 29, the motivation for this 
definition comes from Lemma 27. 


fr 
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/ 
for every ACL, a€ P, and HEU. Obviously this is possible.. Now if 
X << (VEL), it is clear that m(A’) < m(A) and therefore 


| —a(H)| | <A, A—2p>—2A(H) [47 Soo/m(a)  (HEU) 
where C3;==2¢,/¢.. Hence it follows that 


A| S 2 (MATE S| Trms(Z)| (eTe). 


Let r be the number of roots in P, and put c == max{rcs, 1}. We shall prove 
by inducticn on m(A) that |‘T,(H)|Sc™™ for HEU and AEL. IfvA=—0, 
this is true. So now suppose 150. Since A—Ê2ka E L, it is obvious that 
k= 3m(A). Hence it follows by induction hypothesis that 


2. Tire (H) | <= 4m (A) om)-1 
ne + 
and therefore 

| Ty (H ) | = car cm1 < om) 


For ary number M = 0, let þp(M) denote the set of those points HE, 
where the real part of a;(H) is greater than M for every 4 (111). 


COROLLARY 1. We can choose M = 0 such that the series 
S| TA) | | 
A€L 
converges uniformly for H€ Hy (M) and H'E U. 
Obviously it is sufficient to choose Af so large that c < e™. 


COROLLARY 2. Let U’ be an.open subset of hy” whose closure (in Yy”) 
is compact. Then if M is sufficiently large, the function ¢’(H’:H) (H'E U”, 
H € hy (M)) defined by the series 

g (BE) =e I T (H) eA 
AEL 

is holomorphic on U’ X by (M). 

This is an immediate consequence of Corollary 1. 

We keep to the notation of Corollary 2 above and denote by Ap(M) the 
set of those points he A, for which logh€ h,(M/). Also put æ(H’:h) 
=f (H’:legh) (HEURE Ap (M)). Then & is an analytic function on 
U’ X Ay(M). The following lemma provides the justification for the above: 
construction. 

Lemma 29. Let q be an element in Ig. Then™ 

(T :h;ë (g) =y (q A’) 0’ (Hh) (H'€U, hE A (M)) 

where y'(q:H’) denotes the value of the polynomial function ® y (q) at H’. 


26 We recall that y’(q) = e-ry(q)° er. 
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For otherwise suppose our assertion is false. Then from Lemma 26, 
(q) =y q) + À gw; Where HER and v,€ Sy. For any vE S(hy), let 
8(v) denote the corresponding differential operator on ýy (see [5(k), §2]). 
Then if y is a holomorphic function on hy(M) and #(h) —y(logh) 
(h€ Ay(M)), it is obvious that Y(h;v) —y(logh;0(v)) for vE Gp. There- 
fore in particular 


Y(h; À gwi) = 2 glh)y (log h39(v) ). 


1S¢Sr 


But ga(exp H) = (e10 — 1) = $, eo) for a€ P, and HEY (M). 


1EkLo 
Hence it is obvious that we can select an element v,€ $, for each AE L’, 


such that 
(exp H)y(H36(%)) = Bey (H 3:00) (HE Bp (HE) 
for any holomorphic function y on hy(Af). Hence in particular 
® (Hh 38'(q)) —y (1: E) (H :h) =p (H':logh) (h€ 4y(M)) 
where 
p(H:H)=p(H:H;8(y(g)) —7' (9: 2’)) H 2 Ce A Hal) ) 
for H’ € U’ and H€ (M). Now put ġo (H: H) = eE h (H: H). Then 
it follows from our hypothesis that ¢.540. On the other hand it is obvious 
. that 
b'(H':H;6(v))—e EE DS T(H')v(H’ —H,)e 
AEL 7 
(H € U’, H € Dp (M) ) 
for v€ Hp. (Here v( H’—H,) denotes the value of the polynomial function 
v and W — Hy) Hence 
go (H: H) = Z T(E) Ay (q: B — H) —y (4: H’)} 
€ ; 
-+ > > TH) ea y, CH’ — Hy) 
AL peL 
unes >> e"XH)ç\ (M) 
i “EL 
where 
(4) = TAE HY a: E — Ay) —y'(q: BY} 


+ 3 Ty(A’)%.(A’— Ha). 
LLULLA 


Obviously ¢, is a rational function on ýp and since ġo540, we can choose 
ào € L such that c £0. We shall now show that this is actually impossible. 


3 
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Let x be an irreducible representation of g on a finite-dimensional space 
Vs. We assume that there exists a unit vector é in V, such that r(f)£— {0}. 
As usual, we denote the corresponding representation of G, also by m and put 
Et) = (ér(z)é) (z€ G,). Then = is a holomorphic function on Ge Let 
Ay’ > Ad’ >+ + +> A,’ be all the weights of x and A = A, > Ag >: -'> A, 
all the linear functions on hy obtained by taking the restrictions of these 
weights on hy. Then we know from [5(h), Lemma 2] that A; << A 
(2=isr). Let V; be the subspace consisting of those elements y€ Vo for 
which r(H)n= A;(H}n (HE hy) and let #; denote the orthogonal projection 
of V, on Vy Then since r(H) is self-adjoint for H in Dp, it follows that 


V;,: - +, Vp are mutually orthogonal and therefore 
E(expH) = $ | BE |? eh) (H € hy). 
1Si£r 


On the other hand put r= m(k)de and let n be a unit vector in Fo 
K 


belonging to the highest weight A,’. ‘Then we have seen during the proof 
' of Lemma 5 that £— cn where € is a nonzero complex number. This 
shows that (é,7) = (Eé, n) = (6, En) —c? 340. But „€ V, and therefore 
(£ n) = (£, Ein) = (Eié,n). Hence Fé 40 and so 

E(expH) = > aed) (HE Dp) 


1S$£r 
where ar == | H,é(?>.0 and af =| Fé|?20 (R<i<r). 

Let Z, denote the restriction of = on G. Then #, is a spherical function 
and therefore Zo (h; b) ==, (h; (b)) (bE BRE Ay’) by Lemma 23. More- 
over if bET, it follows from Lemmas 8 and 5 that b2, = y (b: Ha) %o. 
Therefore 

Fo (h 58’ (b)) —ÿ(b: Ha) Eo(h) == 0 (DE Ig, h E Ay’). 
Now put =, (H) = (a) >et (exp H) and 27 (H) —E(expH) (H Ep). 
Then =, can be written in the form 


Z(H) =1 + 2 mea (H € hy) 


where a, are real numbers which are zero for all À in L’ except a finite 
number. Then by applying the above relation for b==w and making use 
of Lemma 27, we find that 
By (H3A(y’(o))) +22 2 ee (3 0( Ha) ) 
ace P, 1&k o 
= y lw: Ha) Ey’ (M) (H € hy (ML) ). 
Hence if &—1, 
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S ayy’ (o: Ha— Ay) e942 D S etka 2 e-May¢a, À — A> 
rAEL € 


acP, 1Sk<Cœ 


=y (v: Ha) E een | (H € by (AZ) ). 


But y(w: 4) = <H,HS + 2p(H) (H€ by) from Corollary 2 to Lemma 27. 
Therefore if H(A) stands for the set of all points H¢€};(2d2) where” 
Rea(H} > 4la(H)| (181,751), it follows by applying the corollary 
of Lemma 5% of the Appendix ($15) to V== (M1) that we can equate the 
coefficients of e on both sides of the above equation and obtain 

. GA — À, A—A+2p> + 2 2 = Aeka lä, À — À + RKGY 


1 
— aA, À + p> (ACL). 


Here the sum is to be taken over those positive integers & for which 
4—2ka€e L. This proves that 


(A A — 2p> — 2A( Ha) Far 
=2 E Y ay na{<a—2hé, äp — G(Ha)}. 


ae P, k=1l 
By comparing this with the recurrence relation for ‘Ta, it is obvious that 
aax = Th (Ha) provided Haga,’ for any pE I such that A—pE L. On the 
other hand it is clear from Lemma 4 that + can be selected in such a way that 
(1) Ha€o,’ for p= à or p << ào (pE L’) and (2) the rational function 
ex, (which is then obviously defined at Ha) does not take the value zero 
at Ha. However the relation 


Ho (h; (g)) —Y (9: Ha) Zo (h) — 0 (RE Ay’) 
implies that 


2 me y (q :Ha— H) —y (q: Ha)} 


+ = E neno-ainy (Ha H)) =0 


for À € hy, (A) = by, O (M). Again by applying the corollary of Lemma 
57 to V =} MEÆE(M), we can equate the coefficient of e-* in the above 
expression, to zero. But it is obvious that this coefficient is c,(Ha) for à = ào 
OT À An (ACL). Hence c,(Ha) =0 and so we get a contradiction. 
This completes the proof of Lemma 29. 

Let + denote the mapping of Yy into itself given by 


T4) =—(— 1} (H + Hp) (H € By). 


"t For any complex number ec, Ree and Ime denote the real parts of c and 
—(—-1)%e respectively. 
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Then +? (H) = (—1)$H — Hp. For any polynomial p € & (by), let p7 denote 
the function whose value at H € hy is p(7*(H)). Then the mapping p— p" 
can be extended to an automorphism of Q (bẹ). It is clear that a rational 
function p€ Q(b,) is defined at a point Æ if and only if p7 is defined at 
7(H) and if this is so, p(H) —p'(r(H})}). Put oy=r(ox) (1€ L’) and 
‘Bp==7(by"). Then ox consists of those points HE, where <A,A> 
= 2(——1)3\(H). This shows that D, CD Put D= (Ti)T (ACD), 
U =7(U’) end 


(Ho: H) = ep (71 (Hy): H) = C0 Ho S N (Hy) eA 
XEL 

for H€ U and H€ (M) (in the notation of Corollary 2 to Lemma 28). 
Moreover let 

(H th) = elep (74 (HH) th) (HEU,RE Ay(M)). 
Then Lemma 29 can be restated gs follows. 

Lemma 30. For any q in Iy 
&(H:h38(q)) =y(q: (—1)H)(H:h) 

if HEU and he A (M). 


Now put & (Ho: H) = exp{ (—1)#<Ho, H> —A (H) }T,(Ho) for Ho € by, 

H € p and A€ L. Then if u€ S(b;), it follows from the uniform convergence 

(see Corollary 1 to Lemma 28) of the series À | & (Hy: #)| on any compact 
AEL À 


subset Q of U X Yy(M), that the series 3 &(Ho;0(u):H) also con- 
ACL 


verges uniformly on Q to ¢(H,;4(u):H) (see Lemma 58 of the Appendix). 
Define E (M) as above to be the set of all points H€},(241) such that 
Rea(H) >4la;(H)| (11,71). Then if M is sufficiently large we 
have the fol.owing lemma. 


Lemma 81. Let U, be a compact subset of U. Then for any linear 
function u on Hy and we S(hy), the series 


= |é (Ha; ô (u) : 1) en) 
ACL 
converges uniformly for H,€ U, and HE F(M). 


In view of Lemma 58 of the Appendix, it is sufficient to show that 
the series X, | é& (Ho: H)e0D| converges uniformly for H, € U and H € E(M). 
NEL | 


Since the closure of U is compact, we can find a real number y such that 


| exp{(—1)Ho, H> +u(H)} Sexp{yRe(a(H) +: : + a(H))) 
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for all H, € U and H € E(M). Let B(H)— min Rea(H). Then if H € BOD, 
1SiSl 


Re(a,(H) +: -+ a,(H)) <218(H) and ReA(H) = m(a)8(H) (AEL). 
Hence | & (Ho: H)e*™| = | (H0) | exp{(2xl—m(A))2M}. Therefore if 
m (À) = Avi, 

| & (Ho: H) et] S | T (Ho) | exp(—m (a) M) 


and our assertion follows from Lemma 28. 

“Now fix an element H,€ U. We now use the notation of Section 3 
and define W and J’ corresponding to the element Hy. Let Vy, denote 
the subspace consisting of those elements v€ S which satisfy the condition 
that p(H,,0(v)) —0 for every polynomial function pE SJy,’. Also lat J,’ 
be the subspace spanned by homogeneous elements in J’ of positive degree. 


LEMMA 82. S=Vy,+ SJ,’ and dim Vy, = w’. 


Put V = Vy, and let p-> p° (pE &) denote the automorphism of S 
defined by p(H)—p(H+H,) (HE). Since Hy is left fixed by W’, 
it is clear that (J)e =J’. Moreover p vanishes at M, if and only if p° 
vanishes at zero. Hence (Jud) =J. Also it is obvious that (@(H)p)* 
—=O0(H)p? (H Ee by, pe g) and therefore (d(u)p)?=A(ujp? (ueg). This 
shows that V is exactly the set of those elements v€ S which satisfy the 
condition <v,p>—0 for all pe SJ,’. For any pE, let py, denote- the 
polynomial function on ), given by p.(H)—conj p(H) (HE pp). Then > 
<P, Px» is a positive-definite Hermitian. form on S (see [5(k), p. 110]) 
and since J,’ is invariant under the mapping p— p, V is the orthogonal 
complement of SJ,’ in S under this form. Henge VN SJ = {0}. More- 
over if Sz denotes the space of homogeneous elements in S of degree d, 
it is clear that V N Sz is the orthogonal complement of San SJ,’ in Su. 
Therefore since dim Sa is finite, it follows that Sa == V N Sa + SaN SJ,’ and 
so S= V SJ. But then dim V — dim S/S/,’ = w’ from Lemma 138. 


CoRoLLARY. Suppose vE Vy, and GEI, Tren 
& (Hy30(v) :h38(q)) = (q: (—1)*Ho)® (Ho; 8(v) zh) 
for h€ A,(M). 


Let p denote the polynomial function H-+y(q:(—1)#H) on by and 
let (8(v) op) denote the local expression (see [5(k), p. 90]) at HE Dy 
of the differential operator ** 6(v) op on hy. We know from Lemma 30 that 


&(H:h:8(q)) =p(H)®(H:h) (H€U,h€ A,(M)) 


and therefore it is obvious that 


f 
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(H;0(v) :%33(g)) = (H; (8(v) op) th) 


Hence it would be sufficient to prove that (0(v) o p)am, = p(Ho)ð (v). So let 
us suppose that D == (0(v) °p)y,—p(H.)a(v) +0. Then we can choose 
pi€ S such that p,(H,.;D)A0. Put p—(p—p(Hi))ps Then p(H,;D) | 
= p.(H,;0(e)). On the other hand p¢J and therefore p—p(H,) € dx 
and pa € SJy,’. But since v € Fu, this implies that p.(Ho;0(v)) —0. Hence 
we get a contradiction and so the corollary.is proved. ee 
Put r=[W:W’] and select s,—1,5.,---,s, in W such that W 
— |J W’. Then the points H;—sH, (1Sis1r) are all distinct. We 


iSisSr 
assume that H:€ D, 1Z=1i<r and (—1)i(H;—H;), regarded as a linear 
function on by, does not lie in Z for any pair of indices 1j (1=<1,j=r). 
Put Vi= Va, 1Sissr and for any ve Vi, let w,(® denote the function 
h— (Hı; lv) :h) on Ay(M) for M sufficiently large. 


Lemma 33. Select nonzero elements vE Vi (1<i<r). Then the 
functions Wy, 1Sissr are linearly independent over C. 
It is clear that for fixed H’€ ‘hy, AE L and ve S, 
é,(H";0(v) : )exp{—(—1)*<B’, H + A(H)} 


is obviously a polynomial function of H. We denote by p,“* this polynomial 
corresponding to H’ = H; and v==v; Then if He #(Af), | 


p(l) H) = Z pr (H) expt (—1)* Hy Hy —A()}. 
Now suppose ¢,,- ' °,¢, are complex numbers such that 
2: Cp (Hi; ê (v): H) —0 (HEE(M)). 
4 


Then 
2 È GPA? (H)exp{ (—1)3<Hi, H>—A(H)}—0 


and it follows from Lemma 31, the corollary to Lemma 57 (815) and our 
assumption that (—1)3(H,—H,;) € L for ij, that cp, = 0 for every i 
and every AE L. On the other hand it is obvious that po“ (H) = v,((—1)i) 
(H€%h,). Therefore since 7,540, it follows that Po z0 and so c==0. 
This proves the lemma. 

It follows from the corollary to Lemma 382 that 


8(q) yo =y (q: (—1) 4H) po (ve Vi gel, 1 SS r). 


Moreover dim V; =w’ by Lemma 29. Hence if vy 17s w is a base for 
V; we conclude from Lemma 33, that the w functions Wu, ® (LSissr, 
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1=j=w’) are linearly independent and 8(q)Wyj—y(q: (—1)?Aa) Wy 
(g€i,). Therefore in view of Lemmas 18 and 23, we get the following 
result from the corollary of Theorem 2. 


Lemma 34. Under the above assumplions there exist unique complex 
numbers cz such that 


een È exp{ (—1)¥ Ho, H{hk)> — p(H (hk) )}dk 
= À 2 Cyyylh) 


1£i£r 1£j<4w" 


for all RE Ay(M). 


In particular let us consider the case when H,—0O. Then W’== W and 
V =F, is the set of all v€ S(b,) such that <r, p> =0 for p< 8J, More- 
over since hy, C ‘Hy, all the required conditions for H, hold in this case. 
Therefore we obtain the following corollary. 


COROLLARY. There exists an element vE V and a number M = 0 such 
that 


ep(log h) f e PAM) dk = &(0;0(v) :h) 
K 
for all àE Ay(M). 


9. An important inequality. Define 8 as in Section 5 and put | X |? 
=-— B(¥,9(X)) (X€g). As before, we regard g as a Hilbert space under 
the norm || X |. Let Dpt be the set of those points H € hy, where «(H) > 0 
for every «€ 3. We put Ayt==exph,,*. Our main object in this section 
is to prove the following result which will play an important role later. 


THEOREM 3. There exists an integer d=0 and a positive number a 
such that 





‘ de-p(log à) 


f Pade < a(l + || logh 
K 





for all h € À}. 
For the proof we need some auxiliary results. Let Dp, denote the set 


of all H € p, such that <H, H’ = 0 for every H” in Dyp. Also let Cl(Ay*) 
denote the closure of Ay* in Ay. — 


Lemma 85. Define % as in Lemma 2. An element H’ E hy, lies in “hy, 
if and only if d(H’) 20 for every AE Bo. Moreover Vpt C Hp, and 
logh — H (hk) € *hy, for hE CI(A,*) and ke K. 
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Select 2, -,&€X as in Section 3 and choose H,€}y, such that? 
alH) 8; (S&S). Then it is obvious that Ņp* consists of all 
elements of she form t,H,-+-- > --L tH where t,,: : +, t are positive numbers. 


Therefore H’ lies in thy, if and only if <H’, H> Z0 for every + For any 
B € P define Hg as during the proof of Lemma 27 and, for a fixed 1, consider 
the linear function u on h given by ni(H) —B(H;,,H) (HEDH). It is clear 
that pi( Hs) —B(H;) 20 for BE P. Since B(Hg) are positive rational 
numbers, we can choose a positive integer m such that 2mp;(Hg)/8(Hg) 
is an integer for every BE P and every 4 (111). Let À; denote the 
restriction of 2mp; on by. Then it follows from Theorem 1 of [5(b) ] and 
Lemma 2 that A;€ %o Now suppose H’ E Yp, Then (E) =2m<H’, H 
and <A, a> = 2ma,(H;) = 2md,. Therefore if A is any linear function on Bp, 
A== > cA; where c= CÀ, %D/2m. But AZ SX if ACB and so me; 


== (A, > 20. Hence <H, Ho Z0 (1151) if and only if A(R’) 20 
for every A€ o. This proves the first statement of the lemma. 

Now let m be an irreducible representation of g on a finite-dimensional 
space V and let @ be a unit vector in V belonging to the highest weight A 
of m. Then (see [5(h), Lemma 2]) every other weight of + is of the 
form A— (m,8,-+:--+m™,8,-) where B,,- - -,B,€ P and m,’ m, are 
positive integers. Hence if H€ hy,*, it follows that A(H) 2A’(H) for 
every weight A’ of +. But since r{H) is a self-adjoint operator of trace zero, 
this implies that A(H) 20. Similarly if hE C1(4,+), eAGosh) is the largest 
eigenvalue of the self-adjoint operator (A). Therefore 


a(hk)¢ | = eA(log h) | a(k)d — g(log À) 


for k€ K. However it is obvious that |[a(hk)¢|—eA#O) and so 
A(logh-—H(hk)) 20. This shows in particular that A(H)Æ0 and 
A(logh—H(hk)) 20 for AE Bo. Therefore by the criterion established 
above, H and logh—H (hk) lie in *hy,. Thus the lemma is proved. 


Corozzary 1. Let H and H’ be two elements in Jyt. Then <H’, H> 
> <H’,sH> for sA1 in W. 


Fix an element s=£1 in W and select ke K such that Ad(k)H =sH. 
Then wr(sH) —a(k)a(H)x(k*) in the above notation. Therefore since 
A(H) is the greatest eigenvalue of w(H), it follows that A(sH) & A(H). 
But in view of Lemma 35, this implies that H — sH € tpe Now À: --,A 
are linearly independent and by Lemma 6 H=4sH since H E pt. Therefore 
u(H—sH) 340 for some +. Moreover we have seen that if À is any linear 
function on by, À = 2 Gi where c; == <A,a@)>/2m. Therefore <H’, H —sH> 
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= (2m)? S a(H)A(H—sH). But from Lemma 85, M(H — sH) are non- 
Isis 


negative and a;(H') > 0 (1=i<l) since H’ €hy,*. Therefore <H’, H —s H> 
> 0. 

From [5(j), Lemma 37] we can choose so € W such that sop = — y,*. 
Put H%=— 5H for any H € by. It is obvious that the mapping a —> — soa 
(«€ 3) is a permutation on & and therefore p(H*) = p(H). 


COROLLARY 2. (logh)*+ H(hk) € *h,, for RE Cl(Ap*) and kEK. 


Fix h and k and let hk =k’ exp H (hejn (kE Kne N). Then H (hk) 
——H(h tk) (see [5(c), Lemma 36]). Now select koc K such that 
Ad(ko)H"== sH’ for every H’ in Yp, Then if h*—exp(logh)*, it is obvious 
that h* =k hk. and therefore H(h*k,k’) = H (hk) = — H (hk). But 
from Lemma 35, ‘this implies that 


log h* + H (hk) = log h* — H (h*kok’) € *Oy,. 
CORCLLARY 3. p(logh) =| p(H(hk))| for h€ CHA) and kEK. 
It follows from the definition of p that Sap < p and therefore <p, a > 0 
for any «€ 3. Hence Hp € hy,*. Moreover p(logh*) = p(log ^) as we have 


seen above. Hence our assertion follows from the fact that logh — H (hk) 
and logh*-}- H (hk) are both in *b,,. 


Now put y(h) — gros) f eH OM) dk (RE Ay). 
K 


Lemma 36. y(h) =w(hh:) for h€ Ay and h, € CI(4;*). 


Fix h and h, and for any k€ K, let k’ denote the unique element in K 
. such that hike KAN. Then k-k is a homeomorphism of K, H(kh.k) 
= A(hk’) + H(h;k) and dk’ = e rH Vaid (see [5(c), pp. 240-241]). Hence 


ji eA Hk) dk — f eA RK')) AY — f exp{— p(A (hk’)) —2p(H (hik) ) dk 
K K K 


ae f exp{— p (H (hhik)) —p(H (hik) )}dk = ertr) f en EX) fe 
K JE 


from Corollary 3 to Lemma 35. This implies that y (h) Sw(hh,). 

Now we come to the proof of Theorem 3. Select H,€h,,t such that 
a(Hy)==1 (111) and put F(f{)—y(expiH,) (tE R). Then in the 
notation of Section 8, F(t) —¢(0;6(v}:tH,) for t> M, where v and M 
are defined as in the corollary to Lemma 34. Let d be the degree of v. © 
Then it follows from Lemma 31 that 


F(t) =D p(t) et (> M), 
AEL oi 
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where p, are polynomials of degree =d and the series > | p(t) e t™Ho | 
ACL 


converges uniformly for t> M (if M is chosen sufficiently large). Hence 
we can find a finite number of distinct elements A, = 0, An: * -A,€ L such that 


EE 2 ON RE 
dEiSr 


for t> M. But since A(H,) == m(A) (in the notation of Lemma 28), it is 
obvious that 
Lim $ ppu (tjet) — 0, 


teto 15748 
Therefore F(t) S2 -+ po(t) for all sufficiently large positive values of t. 
Since the degree of po is Sd, this means that we can select a positive 
constant a such that F(t) =a(1-+2)¢ for all (20. 
Let Cl(6y,*) denote the closure of §p,* in bp, and put B(H) —maxa;(H) 
1SiSt 


for HEY, Then it is obvious that B(H)H,—HECl(h,,*). Hence it 
follows’ from Lemma 36 that y(expH) = F(B(H)) £<a(1+B8(H))4 for 
H € Cl(bs*). On the other hand } H |? = sp(ad H)? = 2 «(H)° = B(H)?. 
Therefore ie 

w(expH) Sa(1+ |H p? 


and this proves the theorem. 


Remark. Let dr denote the degree of the polynomial function + of 
Section 3 and define V as in the corollary to Lemma 34. Then it follows 
from Lemma 16 that no nonzero element in V can have a degree greater 
than dr. This shows that d = dr. | 


10. The function c. For any À€ L’ define ap (as in Section 8) to be 
_ the hyperplane consisting of those points H € hy where <A, A> == 2(—1)4A(#) 
and let 7,(s, t) (s, t€ W) denote the set of all H € hp for which (— 1)4(sH — tH) 
== Ha. Then if © is the collection of all hyperplanes of the form so, or 
na(s.) (ste W;A€ L’), it is obvious that any compact subset of Hp meets 
only a finite number of hyperplanes in ©. Let “Hh, be the complement (in by) 
of the union of all hyperplanes in ©. Then *§y is an open, connected and 
dense subset of by. Moreover it follows from its definition that *h, is 
invariant under W. Define + as in Lemma 11 and let *b,’ be the set of 
those H € *Hp where r(H) 540. Since the zeros of m consist of a finite number 
of hyperplanes, *H,’ is also connected. We shall now use the notation of 
Section 8. 


Lemma 37. There exists a holomerphic function e on *Hy’ with the 
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` p f 
following property. For any compact subset U of *hy, we can select a 
number M = 0 such that 


green f exp{(—1)i<Ho H (lik) —p(H (hk) }dk 
= X c({sHo)®(sHMo:h) 
sew 


for HE UN *hy’ and hE Ay(M). (Here ® has the same meaning as in 
Lemma 30.) | 


Put 
U( Hoth) = enttoz®) f exp{ (—1)x Ho H (hk) —p(H (hk) ) }dk 
K 


for H,€h, and AE Ay. It is obvious that for fixed he À, and?” we Spy, 
y(Ho:h;u) is a holomorphic function of Hy. Moreover if He € *hy', the w 
elements sH, (s€ W) are all distinct. Therefore it follows from Lemma 34: 
that there exist unique complex numbers e,(H,) such that 


W(Ho:h) = À ¢3(Ho)®(sHo:h) ; 
sew 


for hE Ay(M) provided M is sufficiently large! In view of Corollary 1 of ` 
Lemma 28, it is sufficient to show that €, (s€ W), regarded as functions 
of Hə, are holomorphic on *“hy’ and e,(H5) =c, (sH) (Ho€ *by'). 

Let U, be a nonempty open set in *h, which is invariant under W. We 
assume that the closure of U, in *hy is compact. Select M so large that for 
any He U,,6(H:h) is defined for k€ Ap(M) and choose ti, * +, Ue € Op 
as in the corollary to Lemma 8. Also put Uy == Uo N *by’. 


Lemma 38. Let 8,8,:°-°,8, be all the elements of W. Then 
det {@ (s;Ho:ho3 Uj) }asijsw 72 0 for any H.E U’ and ho € A (M). 


For otherwise we can select complex numbers a, (s€ W), not all zero, 


such that S'a®(sHo:ho;u;) =0 (1<j<w). Put f(h) = E a,@(sHo:h) . 
acw sew 


for hE A (M). Then f is an analytic function on A,(M) and it follows 
from Lemma 30 that 8(q¢)f=y(q: (—1)4H.)f for q€, Therefore since 
f(Ro3uj) = 0 (1Sjw), we conclude from Theorem 2 that f(ho;w) =0 
for every UE y. But since f is analytic and A,(1f) is connected, this 
implies that f—0. However this contradicts Lemma 33 since W’ == {1} in 
the present case. 

Now in order to complete the proof of Lemma 37, fix k€ A íM). 
Then by Lemma 38 there exist holomorphic functions ay on Us (s€ W, 
11 w) such that ; > Gg (H)@(s'H: ho; ui) — 1 or 0 according as s—# 

=imw 
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or not (s,s°€ W,HEU,’}. Therefore ¢,(H) = 3) aa(H)y(H: ho; uw) 


Siw 
(s€ W,HEU,) and this proves that c, is holomorphic on U,’. On the 
other hand we know from the corollary to Lemma 17 that (sH : ho) =y(H : ho) 
for s€ W and H€ by. This implies that e,(H)=—ec(sH) (sEW,HEU,) 
where e=c,. Hence Lemma 3? is now proved completely. 


11. A formula for e. We shall now derive an explicit formula for € 
which will be valid on a suitable subdomain of *hy’. For any root a€ P, 


define Xa and Xa as in Section 7 and put nt= D CXan = X CX a 
acP acP 


Let Nt, Ne and A, denote the complex-analytic subgroups of Ge corre- 
sponding to n*, n and § respectively and put G,’—N,A,N,*. Since g is 
the direct sum of n, b and n*, it follows easily that G,’ is open in Ge We 
regard G,’ as an open submanifold of G,. Then (see [5(i), Lemma 1]) the 
mapping (ni, Q, Nna) > mane. (NMEN, aE Ayne€ Nt) is a one-one holo- 
morphic mapping of No X A,X N,* onto G,’ which is regular everywhere. 
For any z€G,’, let a(z) denote the unique element in A, such that 
2€N,-a(z)N,*. Then z— a(z) is a holomorphic mapping of G’ onto Ae 


LEMMA 39. Let nr, dy, 1, (7 =21) he three sequences in No, A, and Net 
respectively such that a, and nrar, converge in Ge Then n, and n, are 
also convergent. 


Obviously it would be enough to prove that n, is convergent. Since A, 
is closed in Ge, a, converges to an element a,€ Áe Let m be an irreducible 
representation of g (and therefore also of G,) on a finite-dimensional vector 
space V and € a unit vector belonging to the highest weight A of m. For 
any root a define Ha as in Section 7. Then by choosing ~ suitably, we can 
assume (see [5(b), Theorem 1]) that A(H,) >0 for every «€ P. Let x 
denote the character of A, such that r(a)f=—y(a)é for a€ A... Then if 
nan converges to z in G,, it is clear that 


a(n,’ )E= xy ar! ve (ne anr) É — x (Qo) ar (2) &. 


Since n° is g nilpotent Lie algebra, we can select Y, € n such that exp Y, == ny. 
Then it would be sufficient to prove that Y, converges in m. Thus it remains 
to prove the following result. 


Lemma 40. Suppose Y varies in w in such a way that r(exp F)é 
converges in V. Then Y itself converges in w. 


Let Bı < 82 <> -< Br be all the roots in P. Then Y = X, t,(V)X_,, 
1Si£r 


4 
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(t:(Y) €C) and it would be sufficient to prove that &4(Ÿ) converges in C 
for every 4. Hence suppose that this is false and let 7 be the least index 
such that ¢;(Y) does not converge. Let F; be the subspace of V consisting 
of all vectors belonging to the weight A—- 8; and let #; denote the orthogonal 
projection of V on V; Then 


E m (exp Y) é == 2 Ege (¥™)E/m l 


But if Y’= S 4(¥)X-,,, it is obvious that Bar(Y®)é=— Eyn(Y'")£ for 
1Isi<j 


m>1l. Moreover Hy (Y’)E—0 while Hyr(¥ )é==1;(V)a(X¢,)€ Hence 
Hye (exp Y)§ = (F )a(X_g,)E + Hyr(exp YE. 


On the other hand, in view of our hypothesis and the definition of 7, both 
a(expY)é and (exp Y’) converge in V. Therefore the same holds for 
bj(Y¥)r(X_¢,)é. But r(X_g,)E40 since A(H8,) > 0 (see [5(h), Lemma 1]). 
Hence {;(F) also converges in C. As this contradicts the definition of 7, our ° 
assertion follows. 


COROLLARY 1. Let z be an element in Ge Then 2€ Go tf and only 


if (£7(2)é) 0. 


Put f(z) = (é r(z)é) and let G,” be the set of all z€ Ge where f(z) +0. 
Since f is a holomorphic function on G, and f(1) —1, its set of zeros is 
a complex subvariety of Ge of one complex dimension less. Therefore G,” 
is an open connected subset of Ge Moreover if 2€ Gg, it is obvious that 
f(z) = x(a(z))540. Therefore G! CG”. Hence it would be sufficient 
to show that G’ is closed in Ge”. Let z, (r = 1) be a sequence in G,’ which 
converges to z€ Ge”. Suppose 2-—= 1, arr (nr € Nar € Ac, nr E Nt). Then 
x (ar) =f (zr) > f(z) <0 and therefore «(n,’)é== y(art)r(zr jé — f(z) ae. 
But then by the above lemma, n,’ converges to an element n’ in Ne. How- 
ever this implies that apn, = n, z> nz. On the other hand A,N,* is 
closed in G, and hence n’*z¢€ ANo. This proves that z€ Gg and therefore 
G is closed in G”. 


COROLLARY 2. Put K'=KNG. Then K’ is an open dense subset 
of K whose complement (in K) is of measure zero with respect to the Haar 
measure of K. 


Let g be the restriction on K of the function f defined above. Then g` 
is an analytic function which is not identically zero since g(1)}==-1. More- 
over K’ is the set of all points ke K where g(k)~A0. From this our 
statement follows immediately. 
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Since Ge is simply connected, we can extend # to an automorphism of Ge. 
Put n== X, CX, and nh=—é(n)= > CX, and let Ne We denote the 


acP, acP, 
complex analytic subgroups of Ge corresponding to n, n respectively. Also 


let =, and 3 denote the centralizers of D, in Ge and g respectively. Since 
nt +, C n+, it follows easily that MEN, D NAN t == Gy’. 


LEMMA 41. Suppose Y €n and exp(adY) maps n into itself. Then, 
Y = 0. 


Otherwise suppose that Y 540. Let By < Ba <° `: < B, be all the roots 
in P, Then Y= > &X.p, where c€ C. Let k be the least integer such 
i 


that c,54C. Then it is obvious that exp (ad Y) Xg, — Xp, = — cH p, mod w. 
Therefore since the sum b + n* + m is direct, it follows that exp(ad Y) Xg, 
does not lie in n‘+n. But this contradicts our hypothesis that exp(ad F) 
maps n inio itself. Hence the lemma. 


COROLLARY. V, N(ZN.) = {1} and Ze N Ne= {1}. 


Suppose yE Ñe N (ZN). Then y= exp Y for some Y€n and Ad(y) 
leaves n invariant. Hence Y — 9 and so y—1. Now suppose vE EN Ne 
Then z ==exp X for some X €En. Put Y—O(X). Since sE Z, Ad(x) leaves 
fi invariant and therefore exp(ad Y) leaves n invariant. Hence Y =0. 
This proves that & — 1. 

Define N as in Section 2 and let M be the centralizer of Áp in K. Put 
S==MA,N. Obviously S is a subgroup of G. 


Lemmas 42. GAN(NEN,) =NS where N=6(N). 


Suppose sE GO(N.=,N.). Then t= ñin (AE NÉE By n€ No). Let 
„n denote the conjugation oz g with respect to go. We extend it to a real 
automorphism of Ge Then g= n(x) =n(ñ)(£)n(n). Since y maps n 
and tt into themselves, it follows from the corollary to Lemma 41 that 
n(ñ) —À and y(n) ==n. Choose XEn and FE such that exp X =n, 
exp Y =ñ. Since the exponential mapping is univalent on both n and i, we 
conclude that X and Y are left fixed by n. Hence YEnM go, YENN go and 
therefore nE N, AEN and EGNE, This shows that GN(NEN.) 
= N(GNE)N. But since MA, is the centralizer # of Ay in G, it follows 
that GO 2,== MA, and therefore G A(N.) = NS. 


COROLLARY. Put K;—KMN{NS). Then K, D K’. 


We have seen above that NECN, D G,’ and therefore Kı = KN(NEN,) 
DKNnG/— KR. 
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Lemma 43. Let ñE Ñ and h€ Cl(AÀ;*). Then both H(ñ) and Æ(%) 
— H(hñk=) lie in by, 


Let r be an irreducible representation of g on a finite-dimensional space 
and let ¢ be a unit vector belonging to the highest weight A of m. Then 
| (ti) p | = e4#™), Moreover since à € C1(4,+), e4008% is the greatest eigen- 
value of the self-adjoint operator r(h) (see the proof of Lemma 35). Hence 


eACH aA) — | a(hih) D | < eA (og h) | r(ñh 1) | 2 | a(t) d | free eA) | 


This proves that A(H(%))—A(H(hñhkt)) 20. Now choose Y€ħ such 
that ñ —exp Y. Then r(exp Y)¢-— ¢ is obviously a sum of vectors belonging 
to weights lower than A. Hence @ and r(ñ)p—+ are mutually ortho- 
gonal and therefore | r(A) P=] |?-+ | 2(#)¢—¢ |? 21. This shows that 
A(H(n)) 20 and the required statements now follow from Lemma 35. 


COROLLARY. p(H(ñ)) =20 for vEN. 


Since Hp € by,*, this is an immediate consequence of the above lemma. 

. For any ĀE Ñ, let &(7) denote the unique element in K such that 

RE K(A)ALN. We denote by C(K) the space of continuous functions on K 
and. by dm the normalized Haar measure on M. 


Lemma 44. The Haar measure di on N can be so normalized that 


Í. f(k) dk = f BCO 


for any FEC(K). This normalization is characterized by the condition that 


f e 20H) dà — 1. 
N 


Put So—AyN and let. ds, denote the left-invariant measure on Qo. 
Similarly let ds denote the left-invariant measure on S== A/S). We may 
assume that ds = dmds, (s—ms,,m € M, S€ So). Let dx denote the Haar 
measure on G and D(s) (s€ 8) the absolute value of the determinant of the 
restriction of Ad(s) on 3+n. Since G=KSo, a simple calculation (see 
[5(c), Lemma 35]) shows that 


f F (v) de = f F (kso) D (so) dkdso (FE OG) / 
G KXS8o 


provided dx is suitably normalized. Now NS—K,S, and therefore we 
conclude from Corollary 2 to Lemma 40 and the corollary to Lemma 42 
, that the complement of NS in G@ is of measure zero. On the other hand the 


1. 
“ae 
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mapping (ñ,s)—>ñs of NX S into G is univalent from the corollary to 
Lemma 41. Put no=nN go and 3—3Ngo Then go—#0(n0) +3 and 
from this it follows easily that the above mapping is everywhere regular. 
Moreover a straightforward calculation shows that de = D(s)dnds (x = ñs). 
Therefore 


f F (kso) D(s)dkds = f P (ñs) D (s) dads. 
KX S | xs 


Now ñ= k(ñ)s(ñ) where s(ñ) € S. Therefore it follows from the left- 
invariance of ds that 


f F (ñs) D (s)dñds = f F (k(ñ)s)D(s)D(s(ñ))* dads. 
RXS N*XS 
But D(s(ñ)) =e), Hence | 
f FH) D (8) dledey = f F (k(ñà)mso) D (so) 2E dmditds, 
KX So 
because D(m) = 1. Now select a function!" gé€C,(S8,) such that 


EOLO 


and define F by F(ks) —f(k)g(s) (k€ K, So€ So) where f is a given 
function in C(K). Then 


f F (ks) D (so) dkdso = f iak 
while 


ie F(k(ñ)mss)D(s)e 2H) dmditds, — f f (le (i) m) 9H dädm. 


But for a fixed m € M, the measure dñ is invariant under the transformation — 
i> =m üm and k(n)—m'k(ñ)m, H(#)—H{(ñ). Therefore | 


CCM EC ON 
K S ; 


In particular if we take f ==1, we get the relation f PED dif == 1. 


COROLLARY 1. Let yv be a linear function on by and put v, ==v + p; 
v-=v—p. Then 


Í. exp{r(H (hk) ) —p(A (hk) )}dk 


— ¢?-008?) Í.  exp{v-(H (hitht)) —v (H (ñ))}dā 
N 
for h € Ay. : 
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Let #(h) denote the left side. Then it follows from the above lemma 
that 


i= f exp{r_(H(hmk(ñ)) —2p(H (ñ) ) }dmda. 


But m commutes with A and therefore H(hmk(ñ)) =H (hi(ñ)). Also 
ñEk(ñ)expH(A)N and therefore hnexp(—H(n))¢hk(n)N. But this 
implies that H(hk(ñ)) =H (ht) —H (nh) —logh-+ H (häh) —H (ñ). 
Therefore 


y(h) — e-z) f abao na 


COROLLARY 2. 


eplor 1) Í, pr HCE) dk — f | exp{—p(H (hth) ) —p(H (ñ) )}dä 
N 
for h € Ay. 


This follows by putting v—0 in Corollary 1. 
The following lemma is of decisive significance for our purpose. 


LEMMA 45. Let e be a positive number and d the integer of Theorem 3. 
Then 


f | AH (1 + p (H(i) ) JH dà < o. 
N 


Select an element HoE Dp” and put h:==exptH, (tE R). Then it 
follows from Theorem 3 and Corollary 2 above that 


J oE hah) EAS E0) 


for a suitable positive number ce. Put A=4 X, « and let o denote thé 
ueP 


irreducible finite-dimensional representation of g on a space V with the 
highest weight #8 A. Choose a unit vector œ in V belonging to the weight A. 
Then ; | 

| o (hA) po |? == exp 2p (H (hrih-*) ) 


for hE Ap and AE Ñ. Let do, ds, * t, Op be an orthonormal bese for V such 
that œ; belongs to the weight A; (AA). Then it is obvious that 
a(%)do—o is orthogonal to ¢, and therefore 


| o (hth) po |? = 1 + 2 exp{2A,(log h) — 2A(log h)} | (pur (A) bo) |. 
tsp 
28 Tt is known (see Weyl [8(c)]) that such a representation exists. 


4 
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Let B:,° °,Bq be all the distinct roots in P, and select X € tip ==0 (no) 
such that ñ—expX. Then r(ñ)ho—do— D o(AT)#/rl and if 1540, 


Ti 
(pi, r(ñ)ho) —0 unless there exist nonnegative integers Ma, + :,m,, not 
all zero, such that A= A— (m8, +: Mb) on by. Hence if 
a= min £;(H,), it follows that 


1£=1<q 


| o (hiña) bo |? = Ir 2 | (by (7%) bo) |? 


— 7 


t= 


S14 ot | (A) po |? = 1+ exp(2p(H(a))—2at} (#20). 
This proves that 
exp{2p(H (hth:*) )} S1 + exp{2p(H (ñ)) — Rai} 


and therefore 
f e PHAI +4. eat -i di = c(1 + t)¢ (ÉZ 0). 


Now for any integer r= 0, let W, denote the set of all points % € Ñ where 
p(H(%)) = 2". It is obvious from its definition that a is positive. Therefore 
if ¢==27/a and AE N,, it is clear that estee HG) = 1 and therefore 


f PH) 2-4 dn E e(1 + a2) 


Hence 


f eH) dA << g" (r= 0) 
5 


where c = e(1 +a)". Let N,,.—N, denote the complement of Ñ, in 
Nra. Then if «> 0, 


PEI + p (H(A) ) yi dt S Bw f eoa d= care 


N r417 Nr N r+l 


where c, == 24c,. Therefore 


f en) {1 + p(H(A)) y di Sco BOE Lo. 
N-No T0 

Hence in order to complete the proof, it would be sufficient to verify that Ño 
is compact. But this is an immediate consequence of Lemma 40. 


COROLLARY. Let e be a positive number. Then 


f exp{—(1 1 e)p (H (ñ))}dà <%. 
N 
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This is obvious because et (1 + #)4-1 remains bounded for ¢= 0. 
For any H€ p we denote by ReH and Im H the elements H,, H, 
respectively in p, such that H—H,+(—1)57,. 


THEOREM 4. Define the function c as in Lemma 37 and normalize the 
Haar measure di on N by the condition 


J o gA — 1. 
N 


Then 1j H is an element in Dg such that — Im H’ € Dpt, we have the 
relation 


(a) = f exp (DKE, Ha)» — eE) a 


Put v(H) = (—1)5<#’, HS for He by. Then it follows from Lemma 
37 and Corollary 1 of Lemma 44 that 


> c(sA'}e-rtost)p(sH":h) = f exp{v (H (hiih*) ) —v,(H(ñ)) pda, 
se W N 


for hE Ay(M). Select a point Hy€ Dot and put hy==exptH, (¢=0). 
Then it follows from Corollary 1 of Lemma 85 that the real part of 
(—1)*<sH’ — H’,H,> is negative if s41 (s€ W}. Therefore it is obvious 
from Lemma 31 that Lim e*(40@(sH’:h;) —1 or 0 according as s—1 


+ 
or not. Hence 


ee f exp{v_(H ih D =A A a. 
tta N 


On the other hand we can evidently choose a positive number «<1 
such that —-Im H’ —- Hp E bp. Put y ==y—ep. Then v. =y — (1 — e)p, 
v =y ++ (14e), and Rey (H) 20 for HE +h, On the other hand 


v(H (hytihy*)) — v,(H(n)) =v (H hih) — H(n)) — (1 —e)o(H(hñhset)) 
—_(1+ (HR). 
Therefore it follows from Lemma 43 that 
Re{v (H (hufth,*) ) —v, (H (it) )} S—(1 + e)p (H (à) ) 


for $= 0. Hence we conclude from the corollary of Lemma 45 that 
e(H’) — f Lim exp{v_(H(hyfthy+)) —n (H (#)) }an. 
N tro 


Now for a fixed ñE N, select XY €n such that exp X =ñ. Then hth; 
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=-exp(Ad(h:)X) and if ae agX_g {ag€C), it is obvious that 
€ Py 
Ad (hi) X = Si aget H) Y g. Since B(H,) >0 for every BEP, it follows 
B | | 
that hiñh; 1 1 as {> Lx and therefore 


c(H^ = f _ exp{—v.(H (a) ) }da. 
on 
This proves the theorem. 
We recall that by,’ is the set of those points H€h,, where «(H) 340 
for every a € P,. We have seen in Section 10 that By,’ C *Hp and therefore 
c is defined on by’. 


COROLLARY. Let H, be any point in Dy. Then 


e(H,) = Lim Í. exp{— (—1)<Ho H(A)» — (1 + 9p(A())}dû (e> 0). 


Put He = H,— (—1)%H» where e is a positive number. It is obvious 
that H:€*Ħ*py and — Im H:.€ Ñp* if e is sufficiently small. Moreover 
c(H,) =Lime(H,) since e is holomorphic at H, Hence the corollary 

e~+0 ‘ 


follows immediately from Theorern 4. 

We shall now give another interpretation of the above corollary. Let 
(Hp) be the algebra of all polynomial differential operators [5(k), $2] 
on by and let @(%,,) denote the space of all functions on hy, of class C® 
‘such that Da remains bounded on hy, for every DE D(hy,). We topologize 
6 (Dp) in tne usual way and consider a @-distribution r on Bho (see [5(k), 
§2]). Let dH denote the regular Euclidean measure [5(k), p. 91] on By, 
and for any a € @(Hy,), put 


(Ho) = f exp{— (—1) {Ho Hja (H) aH (Ho € bro). 


Then the Fourier transform cf r is the -distribution 7 given by 7 (a) ==7(a’) 
(a€ 8 (Bio) i. 

THEOREM 5. Let = denote the Fourier transform of the distribution + 
defined by 


(a) = | a(H (aer aa (a€ 6 (Bp.)): 
- | 


Then = coincides on D, with the analytic function ce. 


We know from Lemma 45 that 


i Í e PHAD 4- p(H(A))}” di <o, 
Ñ 


if r is a suitable positive integer. Hence 
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J ie GR) eo deo sup |A + (A) (H)| (2€ 6 (by) 
and therefore r is a 4-distribution. Moreover this inequality implies that 
z(a) = Lim f aE eon an («> 6). 
PIN 
Now fix an element a€ C.” (Dp). Then 


z(a) = Lim Í a! (H (ñ) Je ONEA) di, 
e->0 N 
On the other hand 


f a’ (HR) e EA di 


N 


_ f pont) di f exp{— (—1)H (à), H>}a(H) dH 
N po 


and it follows from the corollary of Lemma 45 that 


f oE di f a (H) | dE <o. 
N bo 


Therefore by Fubini’s Theorem 
z(a) == Lim | a(H) di f exp{— (— 1) Hf’), Hy — (1 + e)p(H(R))}dn. 
60 Bpo N 


Hence if H= H — (—1)%eHp», we can conclude from Theorem 4 that 


+(a) = Lim f a(H}c(H.)dH. 
i €~>0 Bye 


Now let Q denote the carrier of a. Then © is a compact subset of hy,’ and 
therefore c is holomorphic on some complex neighborhood of Q in hy. Hence 
it is obvious that 


z(a) -=f a(H)e(H)dH. 
Dbo 
This proves that 7 coincides with c on Dys. 
12. Further study of the function ce. We shall now investigate the 


function c a little more closely on Dp. Let % be the space of all linear 
functions * on by and egr be the subspace (over À) consisting of the real § 


*° Although % and hp have been identified under the bilinear form B, it is some- 
times convenient to distinguish between the two. 
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functions. For any À € %, let Ag and A; denote the real and imaginary parts 
of À so that A= àr + (—1)8A7 (Ar Ar€ Gr). Then the following lemma 
establishes an important inequality. 


LEMMA 46. Put 


y(A:2) = exp{(—1)ia(H (ak) ) —p(H (zk) )}dk 


for AEF and «eG. Then for any bE B, we can select an integer d= 0 and 
a positive constant a such that °° 


| y(Az@3b)| Saa + Aly ((—1)rxr:2) 
for all xE G and AE §. 

Let Bı- +,8, be a fundamental system of roots in P. Select linear 
functions A, © +, A, on b such that? Ai(Hg,) = 26;(H2,)3; (154751) 
where, for any root 8, Hg is defined in the same way as in Section 7. Then, 
by Theorem 1 of [5(b)], there exists an irreducible representation m; of g 
on à finite-dimensional space V, with the highest weight A; Select a unit 


vector €& in V; belonging to A4 Extend À and p to linear functions on § 
by defining them to be zero on hy Then A= $ AA and p= 2: pi^; Where 


sir 1EiSr 


MEC and p€ R. First we shall prove the following result. p 


Lemma 47. Suppose X€% and cE G. Then 


pais) =y mf IL In(etk)é | dk 
where n= (— l nta lSisr. 


For any k€ K, let ke denote the unique element in K such that 
zk E krAyN. Then k— ks is a topological mapping of K onto itself and 
dk = exp{2p(H(ak))}dk, (see [5(c), p. 241]). Hence 


RQ va) = |i exp((—1)A(H (2k) ) + p (H (ak) ) Jak 


Replacing k by ke- in this integral and making use of the relation H(xk,-) 
= — H (xk) (see [5 (c), Lemma 36]), we get 


p:a) = f expt—(— HAH (2k) ) —p(H (1k) ) jde = y (air). 


30 In view of the identification of % and hy, || À || is well-defined (A e%). 
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But | (27k) é | =exp{4 (H (1tk))}. Hence 


y(—Atat) = J, IL Lmtetk)é |" dk. 


Now we come to the proof of Lemma 46. Select a base X,,° © +, Xa for 
go over k and for any sE G and t= (1,,: --,%,) € A", put s; = zg exp (hX, 
+: te): For any ordered set Af = (m, * -,m,) of nonnegative 
integers, we write | M | = Ma H me, EM tm + fs and denote by 
X(M) the coefficient (in B) of t in (( M| DE (42X,4+---44,¥,) Ml. 
Also put |#/—max|é,| and M -4 W= (m +m’, c, M Hm) if 

1£iSn 
M’ = (mx, ©, Mg). Let F; be the space of all endomorphisms of V; 
(isjssr). For any TEE, put |T |= up | To| (ve V;). Then #; is a 
vlr 


Banach space under this norm and 


mi lexp{— (häi t: i + tnd’n) }) DM TA (M) ), 


the series converging absolutely and uniformly in F; (see [5(¢), §5]) pro- 
vided | ¿| remains bounded. Define 4 as in Section 5 and let b> b* (b€ B) 
be the anti-automorphism of 8 over Æ which coincides with —§ on g. Then 
it is clear that r;(b*) is the adjoint of r;(b) (in the sense of Hilbert space 
theory). Put 

bu— © (1) (X(t) *X (Me) 


My+Me=M 


for any M. Then it is obvious that 
| ajay The) E; |? = ra h)és |? + oo (mila k)én wi Oar) (ah )és) 
for all k, z and t (175517). Put 
Vase) = | m (2) é; |7 (r(e) É m (Oar) 43) &)) (zE G). 


Then | ¥y,;(¢)|Slaj(bu|. Hence Vy; is a bounded analytic. function 


on G and 
| ajay )E; |? = | rek); |? (1 te ae E R 


Obviously this series converges uniformly with respect to x, k and ¢ provided 
æ varies within a compact subset of G and |t| remains bounded. Therefore 
by the binomial theorem, 


exp{— (— DAC (a+) — p(H (@i*#))} — JL. mar) | 
= exp{— (DA (x) — pH (2k))} D eM Gr( ae: À) 
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provides |{| is sufficiently small. Here Yxy(x:A) is a function on GX § 
which can be written as a polynomial in y; and Way; (Sj Sr MW’ |S) M1) 
with constant coefficients. Therefore it is clear that there exists a positive 
number ax and an integer dy == © such that 


| War(@:A)| Sani + fa be (ze G, AE). 


Moreover it is obvious that for a fixed x, the above series converges uniformly 
with respect to k and ¢ provided |¢| is sufficiently small. Therefore by inte- 
grating over K, we get an expansion of y(—Aà:sr1) —=w(A: a) in powers 
of t,,:--,&. This shows that if M == (m,,:- -,m,), 


YA ig: X(M)) ee (M: fe... Mn pvr {gmat - “Mn /QL,™ nah in”) YCA : Te) }t=0 


= Í. Palak : exp {— (—1)8a(H(a-*k)) — p(H (atk) } dk 
Hence 


[YArs X (M))| S au + [fa ly ((— 1) arr: 2) 


and the assertion of the lemma follows from the fact that the elements 
A (M) form a base for $. 


The following result will be needed in another paper. 


Lemma 48. Let Q be a compact set in G. Then we can select a positive 
number c such that p(0:cy) Sew(0:2) for all xE G and YER. 


It is clear that 


goH (y 2 x) e TI | mily ta tk) é; |-P3 
15jSr 
and 
Er) | me kE S | ary EE (y) | ratk); |. 
Therefore if we put 
c= sup [I {m)l + | ma}, 
yER 1&jSr 
it follows that 
en PH ER) << ce H( TK) 
for y€ Q. In view of Lemma 47 our assertion is now obvious. 


Now for any positive number e, let e denote the open neighborhood of 
Tr in % consisting of those points À € for which?” |Im),;|<«/2 (Sj £r). 
Then it follows from Lemmas 2 and 35 and Corollary 2 of Lemma 35 that 


SEMISIMPLE LIE GROUPS, I. 297 
| (H hk))| S St. 2. | Ay CH (RE))] 


Ste 5 A;(log h + log h*) = ep (log h) (hE Cl(Ay*)), 


Er 
da A j=} 2, B and pe ‘) == p (log h). Therefore we get the 


following result. 
LEMMA 49. Suppose A€ Se and hE Cl(Apt). Then 
y((— 1): h) ger tshy(0: h). 
Lemmas 46 and 49, together with Theorem 83, give us an estimate for 
y(A:h;b) which will be of greet value in the discussion below. 
Select Ua © *, Uw € Gy as in the corollary of Lemma 8 and put 
(ALT) == My (A: exp H; w) (ACS, HER, 1 StS w) 
where u;’==eu,oe?, Fix an element H,€ by, and let w(Aa:t) (FEF) 


denote the one-column matrix y; (à: A) 1S t& w. Let us consider db/dt. 
Choose gi; € J, such that Hou; = A wla) (1=<j£&w). Then if hi = exp tH, 


(4€ E), it follows from Theòrem 2 and Lemmas 18 and 23 that 
Mix iHo)/dt= 2 Wi(A: CH) y (qu: CI) +) Z1) 


where 
OCA: h) m À. Jahl: log h}y(qix: (— LA) (AEJ, AE Ait), l 


Gr € R, Qur € Ta and s is a positive integer. Put @(H,»—=mine(H,). Then 
ae P4 . 


it is obvious that for any g€ ft, there exists a positive number c such that 
| g(h | SS cett E) (t=1). Let @(A:¢) denote the one-column matrix 
6:(A:ky) 1SiS w and put [a per = > dagl )2 for any m X n matrix 


sism 15S 
a = (ay) with complex coefficients. Then it follows from Lemmas 46 and 49 
and Theorem 3 that 


| O(Art) | S es exp{etp (Ho) —2t8 (Ho) } (1 + [A |) 20% 
for {= 1 and AE e Here € is a positive number and d. a nonnegative 


integer. Let (A) denote the w X w matrix given by By(A) —y(gu:(—1)#à) 


St Put A=4 3 8. Then 2A(Hg,) =8;(H8;) for l=jxr (see Weyl [8(c)1). 
PE 
Hence A= A,+ va Ay. 
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(11,7). Then the above equation can be written in matrix notation 
as follows: 


av (A:t)/dt = E(A)¥(A:t) + O(a: 2) (hea 7); 
Now put Wo(A: t) == exp(— tR(A}) BA: t) and ©,(A: t) = exp(— tE) O(A: t). 
Then it is clear that 
AV) (A:t) /dt == @)(A: t) (¢=21). 
We shall now estimate | @,(A:7)||. It is obvious from the definition of Æ(À) 


that 
Hot;== Dd Ej(A)u mod SJ). 


1ISiz=w 


in the notation of Section 3, if we put A*— (—1)4,. Hence we conclude 

from Corollary 2 of Lemma 14 that A*(sH,) (s€ W) are all the eigenvalues 

of H(A). Put r(A) == 2w max |As(sH,)|. Then it follows from Lemma 60 
eW 


. of the Appendix that 
| exp(— tZ (A) ) | Set Qui Z 4 B(A) | (> 0). 
OEK<Cw 


Therefore since | @)(A:¢)] = | exp(—1É(a))| | ©(:24)], it is obvious that 
there exists £& positive number cz and an integer d = 0 such that 


| Oo (A: t) | SS co(1 + || A ||) ot exp{r(A)t + etp (Ho) — 248 (Ho) } 


for AE % and t= 1. Moreover by choosing e sufficiently small, we can 
obviously arrange that B(H,) =7(A) +ep(H,) for all AE e Then in 
this case 


| Oo (A: t) SS (1 + | A | tema Peo) (t 2 1,X€ Be). 


This shows that the integral f | @,(A:t) | dé converges uniformly with 
1 


respect to À as À varies in a compact subset of e Moreover there exists 
a positive number €; such that 


flea: LETENNI (AE Be). 


But since d¥)(A:¢)/dt==@)(A:t), this implies that Y(A:é) tends to a 
limit as {-—>-+ co. If we denote this limit by (A: ), we have the relation 


Qc) = Wo(Azt) + fe (a: tdi (NE Be). 
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In view of the uniform convergence of the integral, it is clear that 
Yo(A:co) is a holomorphic (matrix-) function of A on e Moreover since 
IEA I) S lexp(— EG) )} | #(:1)], it follows without difficulty (by 
making use of Lemmas 46 and 49 and the above estimate for || exp(— Æ(A))|) 
that || %(A:1)]) & ce, (1 + || A |])% for suitable positive numbers cs, dy. There- 
fore | ¥(A:co} | = es(1 +] Al)% (AE Xe) for an appropriate choice of cs, ds. 
Hence if we apply Lemma 58 of the Appendix to V = Wee, we get the 
following result. 


Lemma 50. If e is sufficiently small, there exists an nteger d= 0 
with ihe following property. For any u € S(by), the function 


(LH AU) SCA; Ou) : 00 ) | 
remains bounded as À varies in Be. 


Now define + as in Lemma 11 and let %,’ denote the set of those 
elements À € e where (A) 540. We may assume that e is so small that 
Ar || < || A|//2 for any AE e and AE L’ (see Section 8 for the definition 
of L’). Then it follows without difficulty that e C “D, and therefore 
ise C “by. Hence if AC He, we conclude from Lemma 37 that 


(x: tH) = X (sd) b(sr2 hy 3 14) (iSisw,t>M) 
sew : 


where Af is a suitable positive number. Define esm € S(b,) (s€ W, H € by) 
as in Lemma 14 and put e== es. Moreover define the w X w matrix E (s) 
as follows: 
eue >) Hi;(s)u;mod SJ,. (Bis) € CO). 
1SjSsw 


Then it follows from Lemma 14 that À e(s)#(s) =a(A*)i where J is 
sew 
the unit matrix. Moreover es, = He, == X*(s 1H, )e, mod S/)+ by the same 
lemma and therefore | 
E(s)B(A) = B(A) (8) —X*(s1H)E(s). 


Hence 
a (XrA*) Bo (A: t) = 2° (s) H(s)exp(— iZ (A)) ¥(A: t) 
= 2 <(s)exp{— N* (s1 Ho) tE (s) (A: t). 


Now put £(u:h)—exp{u*(logh)} (pE, AE Ay) where p* = (—1)in. 
Then it is obvious that £(u:h;u) —u(u*)£(u:k) for u€ Sy and therefore 
É(uih;u) —=0 for we SJy Also 
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D Hij(s) uj = ety == tu (sÀ) e mod SJ,. (l1sSisw) 


1=j=w 





from Lemma 14. Therefore 


p> Eyl ESA: hyuj) == Uy (SA*) ey (AFELA: À) (ss E W). 


15j<w 


Hence it follows from the third statement of Lemma 14 that 


0 if sg 


S ER h gi) o T if s=. 


Let wos(A:00) (1&7 Sw) denote the coefficients of the one-column matrix 
Yo(A:co). Then 
mA )Woi(äico)— Lim $ Ye(s)é(sa:h;t)E;;(s)e(sA)b(s A: h;u;). 
to 8,9 2 W fj 
But since 3(Ho) 2r{A) +ep(H,), it follows that | Ar(sH,)|—B(Ho) 
=—ep(H,) for se W. Therefore it is obvious that 


Lim | (SA: hy; uj) — ECA: hi; uy) | =0 (se W) 
and hence i | 
mA" )yor\A 200) = Lim ow 2 e(s)É(SA: hi) Ealse AEC A : he; u;) 
= r(À*) Lim & ECs: het)e(sA)u(SAF)É(SA : h) 


== r(A*) $, W(sA*)c(sÀ) 
sew 


in view of what we have said above. Thus we have obtained the following 
result. 


LEMMA 51. Wulà:o) = $, ui(sr*)e(sa) for any AE Fe. 
sew 
Define c? (1221 w) as in Lemma 14. 
COROLLARY. © ot (A* |W (Ato) == w(A*)e(a) for vac Hé. 
1EiSw 
This follows immediately from the above lemma and the third state- 
ment of Lemma 14. 
We have seen that Y(à:œ) is a holomorphic function of A on Be 


Therefore in view of the above HOT and Lemma 50, we have the 
following result. 


LEMMA 52. Suppose e ts sufficiently small. Then there exists a holo- 
morphic function b on e such that B(A) —r(A)c(A) for NE Be. Moreover 
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we can select an integer dZ0 with the property that for any u€ S(b;), 
(1+ Al) El b(A;0(u))| remains bounded as À varies in Fe. 


Define the §-distributions + and 7 on Jy, as in Theorem 5. 


COROLLARY. The distribution az coincides on Hy, with b. 


We use the notation of the proof of Theorem 5. It is sufficient to 
show that 


+ (xa) = f, b(H)a(H) aH 


for any a€ C.” (Dp). Put He= H — (—1)tHp (H€by,) where e is a 
positive number. Then it is obvious that m(He) 40. Hence if e is suff- 
ciently small, H€ *hy’ and therefore e(He) is well-defined for all H € by. 
Moreover if we use the method of proof of Theorem 5, it follows without 
diffculty that 


(a) = Lim f a(E)a (E) e(a. 


On the other hand it is obvious that [a(H)|=]|a(H,)| for «€ S and 
H € by, and therefore | +(H)e(H,.)| =| b(H,)|. Let Q be the carrier of a. 
Then since Q is compact and since b is holomorphic on a complex neighbor- 
hood of hy, in hy, it is obvious that | b(H,)| remains uniformly bounded 
for all sufficiently small values of «e as H varies in Q. Hence we conclude that 


z (xa) =Í. Lim (a(H)»(H)e(H.) }aH. 


But it is obvious that Limr(H)c(H.) =b(H) if r(H)-<0. Therefore 
e>0 . 


= (nt) =Í, a(H)b(H)dH 
' Do 


and this proves the corollary. 


13. The case!—1. We assume in this section that’? dim py — 1. 
Then *® we can select «€ S such that 2a is the only other possible element 
in X. Let p and q denote the number of roots in P, which coincide on hy 
with œ and £a respectively. Then p=4(p-+2q)a. Let H be the element in 
hp such that «(H)—1. Then Cot A BU ROS This 

€ Ps | 


82 A special case of this type has been discussed by Bargmann [1]. We follow the 
same method. 
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implies that Ha =—= (2p + 8q)"1H and Hp=4(p+2q)H,. Hence it follows 
from Lemma 27 that 


2(p + 49)? (0) = H? + (p + 2q)H + {pe —1)7 + 4g(eis —1)} A. 


Put t(h) =a(logh) for h€ Ay. Then ¢ can be regarded as the coordinate 
function on the one-dimensional Lie group Ay and so it is clear that 


2(p + 4q)0'(w) = d?/dt? + {p coth t + 2q coth 2¢}d/dt 
— d/dt? + { (p + q)cotht + qg tanh t}d/dt, 


since coth 2t==%(cotht+tanht). Now put z= —(sinhż)?.. Then the 
above relation becomes 


2(P + 4g)?’ (o) = e(z — 1) dl /da? + 3{(p + 2q + 2)z — (p + q + 1)}d/dz. 


On the other hand if À is any linear function on Jy, we know from Corollary 
2 of Lemma 27 that 


OI) == — <A, A> — <p, p> = — bp + 49) AH) +p’). 


Therefore if we put (2) =w(A:h) (hE Ap), it follows from Lemma 18 
that | 


“(2 —1)d?o)/dz? 
+ 4{(p + 2g + 2)2— (p + q + 1)}dpx/de + HAH) + (4p + 9) *} oy = 0. 
Now let 
a= {p + 2g +RA*(H)}/4 b= t + 2q —RA*(H)}/4, c= (p +g -+ 1)/2 
where À*=(—1*41 Then the above equation becomes 
2(2—1)d'bx/de? + {(a + b 4 1)z—c}dg/dz + abo, = 0. 


Now z can be regarded as a coordinate function on Ay*. Therefore 4, = g (2) 
sth g is analytic function on the interval —o<2z2<0. Moreover 

= {1,s} where sH ——H. Therefore $,(h) —¢)(h*) = pa (h>) (hE Ay) 
ue so x can be expanded in powers of $? in the neighborhood of the point 
h==1. But this implies that g is actually analytic also at z—0. Moreover 
g(0) ==¢,(1)==-1. Therefore since € > 0, it follows by a direct substitution 
of the power series for g around the origin, in the above differential equation, 
that g(z) is the hypergeometric function F (a, b,c, BE But it is known (see 
Bargmann [1, p. 627]) that 
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F(a, b, c, 2) =| z| T(r —a){T(6)T (ce —a)} F(a, 1 + a—e,1+a—b,z*) 
+ | 2 [°L(c)P(a — b) {1(b) (e — b)} 4 F(b, 1+ b— 0, 1+ b—a, 2) 
(2 <0) 


provided a--b==A*(H) is not an integer. (Here T denotes the classical 
Gamma function.) Therefore if À is real, it is clear that 


Lim | erp (exp VH) — e(t N — e(— jet | = 0 


t’+>+4 00 
where 


e(A) =T(E(p + qg+1))T(A(H)) 
X {T(47(p + 2g + RAF (1) )) E({p + 2 + 2a" (H)))FT. 


Moreover in the present case x — «a and therefore 


TA) =A(Ha) = (Rp + 8g) AH). 
Hence | 


(—-1)8b (À) = (2p + 8q)2T((p+q+1)/2)T(1-+*(H)) 
| X {T((p+ 2g +24 (H))/4)T((p+2+2A*(H))/4)}%, 


and by analytic continuation this formula holds for all À € e if e is suff- 
ciently small. Moreover if A€ Sr, it is obvious that | b(—A)|—=| b(A)|. 
Hence we have obtained the following result. 


Lemma 53. If ets sufficiently small, b is never zero on e Moreover 
| b(s’d)| == | b(à)| for SE W and 1€ Sr. | 


We shall see in another paper that a similar result holds when / > 1. 


14 The complex case.** In this section we assume that G is a complex 
group. Then it follows easily (see [5(f), p. 513]) that no root «€ P can 
vanish identically either on hy or on fr. Moreover the restrictions on Hp of two 
distinct roots «, BE P, are linearly independent unless 8 =—— 0a. Hence 
P = P, and we can select a subset Q of P such that exactly one of the two 
roots æ,—@x lies in Q for any «a€ P. Put d(H) = if (eat) — gD) 

at 


(H €p). Itis obvious that (H) — J] «(#) and therefore d(sH) = e(s)(H) 
acQ 
3s After this paper had been written, two recent notes of F. A. Beresin (Doklady 


Akad, Nauk. SSSR N.S., vol. 107 (1956), pp. 9-12, vol. 110 (1956), pp. 897-900) came 
to my attention. The results of this section are also contained in these. notes. 
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(s€ W). Moreover p(H) —+ X o(H) = 3 a(H). Hence it follows by 
ac? ac Q 
elementary considerations of divisibility (see Weyl [8(b)]) that 
d(H) = J, e(s) eno (HE By). 
sew 


Now put D(h)—d(logh) for hE Ay and let us use the notation of 
Section 7. Then it is obvious”? that oD == <p,pẹ\ D. If we take this fact 
and Lemma 27 into account, a simple calculation gives the following result. 


LEMMA 54. Ô'(w) == Dty(w) o D in the present case. 
Fix H’€, and consider the function 
F(H’:h) = D(h) exp {p(logh) + <H’, log h>} 


(RE Ap) on À,*. In view of the above lemma, F is an eigenfunction of the 

operator & (w) and the corresponding eigenvalue is y’(w:H’). Moreover 

D(h)~*e°@oe™ xe TT {1 —e-#aloe)}-1_ Therefore it follows easily from the 
aig 


reasoning of Section 8 that & = F in the notation of Lemma 29. Now put 


x(t) = J exp{(—1)iA(H (zk) —p(H(zk))}dk (z€ G,A€8) 
and fix A€ ÿr =D). Then it follows from Lemma 37 that + 
D(h)o(h) = 2 (sr) exp {sr* (log h) } (h € Ay(M)) 


. where A* == (—-1)4\. However since both sides are analytic functions on Ay 
this equation must hold for all k€ Ay. On the other hand ¢)(h*?) = ph) 
while D(h*) =e(s)D(h). Therefore since the points sà (s€ W) are all 
distinct, it follows (see [5(b), Lemma 41]) that c(sA) == e(s)e(A). Hence 


D(A) x(k) —=e(A) 2 els) exp {sd* (logh) } (hE Ap). 


Now r, being an element in $y», can be considered as a differential operator 
on Ay. In view of the expression for D obtained earlier, it is clear that 
D(13;7) = wr(p) where w is the order of W. Hence if we apply the operator 
a to the above equation and put À — 1, we get 


wa (p) = we(A)n(A*) 
since (1) —1. Hence 


r(A)D(h)p\(h) | 
= (0) Aro) X e(s) exp {((—Dtsa(logh)} (hE A), 


54 su{H) denotes the value of su at H (se W,ue%,H € hp). 


1 
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where g is the number of roots in Q. However both sides are holomorphic 

functions of A on % and so the above equation must hold for all AE à. 

Thus we have obtained another proof of an earlier result (see [5(e), Theorem 

71). Also B(A) = (—1)-%*r(p). This shows that b is a constant in this 
case. í 


It is interesting to note that from the above results one can deduce the 
following extension of Lemma 54, which we state here without proof.55 


Lemma 55. (qg) —D-y(q)0D for every qe Jy. 


15. Appendix. Lemma 56. Let t be a real variable and ki - -,k, 
distinct real numbers. Then 


Lim sup | 2 exp { (—1)ikt} | = {= KABE 


T+ 


for any complex numbers ti, > +, Cr. 


Put f(t) => cexp {(—1)4k¢}. Then it follows by direct computation 
4 
that 


T 
Lim T+ {| f(t) Id E| al 


On the other hand if a= Lim sup | f(t) |, it is obvious that 
+ 


T 
Lim rf KOZETA 
T— + 0 
Therefore a? Y |a |”. 
i 


COROLLARY. Let kı: - -,k, be nonzero complex numbers and Po, Pp’ * * > 
pr polynomials in t with complex coeficients. Suppose 


Lim sup | po(t) +P(A H Hp] Sa 
for some real number a. Then p, is a constant and | po| Sa. 


Let l4; denote the real part of k If 4 <0, it is obvious that 
Lim |pi(t)ekit| —0. Therefore if we suppose that hÆ 0 for l=iss 
$->+o 


while h < 0 for i> s, it follows that 
Lim sup | po(t) + Z pii) | Sa. 
t-->+ 00 1=iSs 
85 Cf. Theorem 2 of [5(g) | 


5 


306 HARISH-CHANDRA, 


Hence without loss of generality we may assume that s—r and ka: -,k, | 

are distinct and p40 (O17). We shall now first show that L = l, 

==: ‘-+==l,==0. For otherwise suppose. ł —max(l,,:--,l,) > 0. We may 

assume that l = l, =: * -= l;=l] while h<1 for +> 7. Let n be the 

highest among the degrees of p:,° > «p; and put c/== Lim p:(t)/t”. Then 
t+ 


C1’, + +, Cf cannot all be zero and it is clear that 
0 = Lim sup trett | po (t) + p (E) +: + pr (4) et 
> + 00 


= Lim sup | ¢/e@r Dt + oc e@e Dt 1. - - 4. eel De |, 
t+ 09 





But since k;—I (11527) are distinct pure imaginary numbers, we get 
a contradiction with Lemma 56. This proves that (= 0. | 

Now let m be the maximum of the degrees of Po, P1,' +, pr We claim 
m==0. For otherwise since 4—0 1Z<42<r, it follows that 


Lim t” | p(t) + E pmithert|—0, 
t-> +00 1Si£r 
This implies that 


Lim |o X cet | =0 
t->+00 1SiSr 
where ©; Lim p,(t)/i™ (OSiSr). But in view of the definition of 
t—>+ 0 


m, Coy --,¢, cannot all be zero and so again we get a contradiction with 
the above lemma. This shows that m—0 and hence po: °, Pr are all 
constants. Therefore again by the above lemma, | po| Sa. 

Let E be a vector space over R of finite dimension. We shall say that | 
a subset F of E is full if tH €F whenever H € F andt=1 (t€ B). 


LEMMA 57. Let ky 0 (lsicr) bea finite set of linear functions * 
and Po,’ >` *,?r polynomial functions on E. Suppose V is a nonempty, 
open and full subset of H and aa real number such that 3 


| p(B) + p (H) + En (H)#D | Sa 
for all HEV. Then po is a constant and | p.| Sa. 


Let m be the degree of po. Since V is open, we can select H,€ V in 
such a way that k(Ho) 0 1317) and qot) = (tH) is a polynomial 
of degree m in the real variable ¢t. Put q(t) —p,(tH,) and k? = ki(H5) 
istar. Then since tH,€ V for t= 1, it follows that 


(g(t) + qi (tet? o -+q,(t)e*t| Sa (= 1). 


#8 We permit linear or polynomial functions on Æ to take complex values. 
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- Hence we conclude from the corollary of Lemma 56 that qo is a constant 
and [g|<a This proves that m—0 and therefore | p.|—=|q0.|Sa. 


COROLLARY. Let ky (4221) be a sequence of distinct linear functions 
and pı (t=21) a sequence of polynomial functions on E and V g nonempty, 
open and full subset of E. Suppose the following two conditions hold. 


(1) For each linear function k on E the series 
È |r:(H)exp(k(H) +k(H))] 
Isic 
converges uniformly for HE V. 


(2) 2, P(e — 0 for HEFT. 


isi< 


Then p;—0 for every i. 


For otherwise select an index 7 such that p;,-£<0. For a given e > 0, 
choose an integer N Æ} such that 


2 | P:(H)exp(k(H) —kj(H))| Se 
i>N 


for all He V. This is possible by condition (1). Moreover it is obvious 
from condition (2) that 


| 2 yt Hemp (h(E) — k (H) |S ` (HEY). 


On the other hand k,—;540 for 1347 and so we conclude from the above 
lemma that p; is a constant and | py | Se But e being arbitrary, this 
implies that p;—0, As this contradicts the choice of jf, our assertion is 
proved. 


Let (zıt - -,2:) denote the Cartesian coordinates of a point z in the. 
- complex Euclidean space C? of dimension J. We regard C? as a vector space 
over C in the usual way and put |z] = max | |. The distance between two 


sets U and V in O? is defined to be ler | (z€ U,£E V). 


Lemma 58. Let U be an open set in C! and V a subset of U and let e 
denote the distance between V and the complement of U in C Then if & 
is any holomorphic function on U, 


sup | (dat +H /0z, M. - + Gah) E(2) | 
zeV 
SS kilka- + + Tey! (2ar/e) th sup | £(2) | 
we 


for any integers kat - +, = 0. 
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We may obviously assume that e>0. Let < be any positive number 
less than e Then if z€ V and |z—£|<é, it follows that £¢ U. Hence 
(dt ie ki à *Oah)E (2) 


. Br (— 18 nf. $ OUa ny D m Hiiie De 
X dér: + "dés 


where ; ‘denotes complex integration with respect to & on the circle 


|2i—& | =g. . Thereforé it is obvious that 
(Gita Gast + Oum )é(e)| E kal + + Ft sup [&(Q)| (2m) 
l feu 


where k==ki+--:-+h, This being true for every € <e, our assertion 
now follows immediately. 
The following lemma and its corollary will be needed in another paper. 


Lemma 59. Suppose.e ws positive in Lemma 57 and né. Then 
if sup (1+}21)4{n(z)l <% for some integer d 0, we can conclude 


that sup (+121) 41 &(2)| <o. 
Select a positive number € < min(1/6,e/3) and let V’ be the set of 


those points z€ F where |z,| <. Obviously it would be enough to verify 
that sup (1+ ]2|)-*|&(z)| <œ. Now fix a point 2° = (2°, 22°,- > -,2:°) 
i zey” ; 


in V’, Then 
E(2°) = (Br (—1)5) 2 O ay 79 (a1, 220, + + 2°) (a — 2,9) da 


where $ denotes complex integration over the circle | z,|—2e’ in the 


z,-plane. Now let 2’ == (41, 22°,: + +, 2°) where | z,|==2e’. Then it is clear 
that É 


1+/2121+])71—-3/2i(1+]7)),. 
Hence it follows that 
(1+ IS DATÉE (7e) sup G + J 2 Do) 
This proves the lemma. 


Corozrary. Let p be a polynomial function on CT which can be written 
as a product of linear factors. Then the above lemma also holds if y= pé. 


This follows by an easy induction on. the degree of p. 
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For any mX m matrix A = (Ai) sci jem (with complex coefficients) put 


pA T= (2 | ày |?) 


Lemma 60. Let A be an mX m matriz and let À, + *, Àm denote all 
the eigenvalues of A. Put y= max | Rezi]. Then 
1 


Sim 


fej Smiter S LAL. 
Skam 


It is well known that we can find a unitary matrix U such that 
, à’ = UAU has zeros everywhere below the diegonal. Since A and A’ 
have the same eigenvalues and | A’ || =| Al, le% || =|] eA ||, we may replace 
A by A’ in our problem. Therefore we can assume that A — 4 + N where 
A is a diagonal and N a supertriangular ** matrix. Now consider et == et(4+N) 
(tE R) and put n(t) —e-tdet4iN), Then it is clear that 


dn (t) /dt =g tA (— A) et(A+N) + eta (A + N) et(A+N) 
== CAN CHAN) woe griANetAn(i). 


This differential equation can be solved by the method of iteration and ane 
finds that 


n(t) = 1 + > ag Y(t) N (tea) Pras N (11) dri’ re dr, 


hea / 0S1yStoS + Sx 


for {= 0. Here 1 stands for the unit matrix and N (7) =e74Ne™4 (rE R). 
But since N(r) is also supertriangular, the product N (7x): © -N (+1) is zero 
if k2m. Moreover A == A, + (—1)!A, where 4:, A. are both diagonal 
and real. Then since e1)'742 js unitary, it follows that 


| V(r) || = || eraser | (re R). 


But the diagonal elements of A are exactly the eigenvalues of A. Therefore 
if |r| <1, no coefficient of e74: can exceed e” in absolutee value. Hence 
| V(r) || Se || N | for |r|Æ1. This shows that 


j | N (r) e N (a1) dri: + de S || N te 
Sna Erst 
/ 
for OStSlandk21. Therefore 
In) Sul) E IN ye. 
1EKk<mM 


57 This means that all the coefficients of N on or below the diagonal are zero. 
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But e4 == e4n(1) and so || e4 | =e” | n(1)]. Moreover | A |?—|] A |]? -+ IN |]? 
= || N |7. Therefore 
Jo Selas me Z NI 


Smem X |A 
Ekm 
since | 1 | = mà, 
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INTERSECTION MULTIPLICITIES OF MAXIMAL CONNECTED 
BUNCHES.* | 


By J. P. MURRE. 


~ 


Introduction. It is possible to use the connectedness of the total trans- 
form of a simple point for a birational transformation as a starting point 
for the theory of intersection multiplicities. As explained in [VI] page 249, 
it is then possible to attach an integer, not only to a proper component of 
intersection, but also to every maximal connected ** bunch in the intersection 
of two varieties of complementary dimensions on a complete ambient variety 
(subject to some restrictions on this ambient variety). In this paper such 
an integer is defined, provided the ambient variety is projective and every 
point of the bunch under consideration is simple on the ambient variety. 

The technique used to derive from the zonnectedness theorem ([IT], 
[VIII] and [IX]) the theory of intersection multiplicities is essentially the 
method of Severi [IV] and van cer Waerden [V].t). The elimination of 
all the arbitrary elements entering into this method is based upon a certain 
commutativity argument (see §2) which is, essentially, also contained in [V] 
(ef. page 639). It is assumed that the multiplicity for proper components 
is already defined (we proceed by induction on the excess of the bunch, 
see § 2). 

The terminology and notations are from [VI]: 


1.’ Preparations. Let A* be a variety in projective N-space PY, defined 
over a field k. Let tj, 7==0,1,:--,N, be (NW + 1)? independent transcen- 
dentals over k. Consider the projective transformation of PN, the matrix 
of which is T = (ty). Since the ä; are independent transcendentals over k, 
we shall say that this projective transformation is generic over k. Let (x) 
be a generic point of A over k(t), consider the locus A? of the point 
(y) == T-1(a) over k(t) (this locus exists since k(t,y)/k(t) = k(t, x) /k(t) 


* Received December 15, 1956; revised January 20, 1958. a 
** For the meaning of the term “connected ” we refer to [II], No. 1 or we take the 
usual definition in topology for the Zariski topology. 
y+ Mr. J. de Boer has kindly informed me that W. L. Chow has also defined and 
studied the intersection multipilicty for maximal connected bunches by methods similar 
to those of Severi and van der Waerden. | 
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is regular). It is easily checked that if F(X) == 0, i= 1,2, : - is a system 
of equations for A over k, then F(TX) —0, 1=1,2,--- is a system of 
equations for AT over k(t); hence if a point Q € AT then TQ € A, and con- 
versely. Clearly AT is the transform of A by T> (hence, in particular, 
deg. A? = deg, A =g}. In [V], §2, it is shown that there exists a (singular) 


matrix T” such that A? specializes (as a cycle) to Sh over the specialization 
q=1 


T —> T with reference to k, where every L; is an a-dimensional linear space 
generic over k, £,54 L; for +544, and a L; is an (a—1)-dimensional linear 


space generic over k. From this, one bii by the theory of Deer 
of cycles (cf. [III], page 104, $ 7), the following lemma: 


Lexma 1. Let A* and B® be varieties in projective N-space (N = a + b), 
defined over a fied k. Let T be a projective transformation generic over k. 
Then 


i. AT-B is defined and AT: B= iC; with C;<0; for ix] [i.e 
i(AT-B,C;; PN) =1]. 


li. A generic point of Ci over a field of definition for Ci is generic on 
B over k. i 


If A = Sin; is a projective cycle, rational over k, and if T 5 a pro- 
jective transformation, generic over k, then we define AT =} nA 


Lemma 2. Let At and B® be k-prime rational cycles in projective N- 
space (N Sa- b), with reduced expressions A == >, A; and B=, B; (i.e. 
the coefficients arz 1). Let T be a projective transformation generic over k. 
Then we have AT: B == SiC, CyAC; for 1547, and SiC; is k(t)-prime 
rational. Furthermore, a generic point of C over a field of definition for 
O; is generic on B over k. | 


Proof. It follows by Lemma li. that AT-B is defined. Consider first 
A; B; == Sy Cyn. Assume now that Cino = Can. It follows from Lemma 
lii. that jo = jı. Let U be the inverse transformation of T; clearly U is generic 
over k. From cur preceding remarks, it follows that 4: BU == Èn Cint. 
Again by Lemma lii., it follows that 4, = t; then by Lemma li., hy == hy. 
"Therefore AT- B= Xi 0n Ci AC; for ij. Clearly $40; is &(t)-rational; 
hence we only ne2d show that the C, are conjugate to each other over k(t). 
Consider (cf. [V], page 627) the cycle W in PY X PN X PN#N, which is 
the locus of (P,@,S) over k, where P and Q are independent generic points 
of A and B over & and where P = SQ (S is interpreted as an (N + 1)-square 
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matrix, hence as a projective transformation in PY). Let X, resp. X’, 
(i=0,--:,N) be corresponding projective coordinates in the first and 
second projective space PN and let Yy (t,j7=0,--:-,N) be projective 
coordinates in PV#N, The following equations are among the equations 
for W 


N N 
(1) Xil D Yox’) —Ao(2 YX’) = 0, iles, NW, 
3=0 = 


If P = (%,° +‘, pw) and Q= (qo,- * °, gy), then we can assume that p,~0 
and g,7<0. It follows easily that the s;; with 7540 and so, can be taken as 
independent transcendentals over k(P,Q), the sio(t540) being then uniquely- 
determined by (1). It follows in particular that dim. W =a +b + N°? +N. 
Let R; be a generic point of C; over the algebraic closure of k(t); it can be 
assumed that the X,-coordinate of the R; and the TR; are different from zero 
for alli. TR; being in A, it follows that (P,Q) — (TER, K;) over k, and then 
by the equations (1), (P, Q, 8) 2 (TR, 2, T) over k (as follows from the 
preceding remarks about the s;;). Since À; has the dimension a -+ b—N 
over k(t), it follows for dimension reasons that the specialization is generic. 
Hence R;— R; over k(t), and conversely. ‘This completes the proof since 
the assertion on the generic points follows from Lemma lii. 

Again, let A* be a variety in projective N-space, defined over k. Let Lt 
be a linear variety such that Lt N A==¢. We will denote the projecting cone 
through A with Lt as center of projection by PFa, The letter r will be 
reserved for varieties of this type. If k’ is a field of definition for A and J, 
then Tiam is the locus over &’ of a point T which is on the line 7,7, generic 
over the field k’(7;,T2), where T, and T, are independent generic points 
of A and L over k’. In [I], page 154, Taz) is called the cross-join of A 
and L. In the following, we assume L generic over k and t<N-—a. We 
will use the following two properties, the proofs of which are omitted (see 
[I], page 154, Lemma 1): a. Tam) is a variety of dimension a+#+1; 
b. if S is a simple point on A such that L is still generic over &(S), then 
S is simple on T'{4,1, and the tangent space to l'y rx, at S is spanned by the 
tangent space to À at S and Z. Furthermore, we note that (as follows from 
the definition of Tea z) if T” is a point on Tya, and if 7’ ¢ A, then there 
is a point 7”, € À such that the line 7’7’, meets L. 

The following lemma is essentially well-known (cf. [I], page 170, 
Lemmas IV and V). 


LEMMA 3. Let A® be a simple subvariety of a variety V” in projective 
N-space, let A and V be defined over a field k. Let EN be a linear space 
generic over k. Then we have (if T =T an): 
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á i C-V=A + Dn MÅN and Every Ay 48 simple on V. 


ii. if Bis any simple subvariety defined over k, then every component 
C of AN B, not contained in AN B, is proper, and a generic 
point of C over a field of definition for C is generic on B over k. 


iii. if C is any simple subvariety of V, algebraic over k, then there is 
a point of C not in any Ay (this implies that, if D is a component 
of A, OB, contained in a component C of ANB simple on ve 
then D is strictly contained in C). 


Proof. Let K be the compositum of the smallest field of definition for 
L and k. Let A, be a component of rN V of dimension a’, we shall show 
a <a. Assume % > a. Let MN-*" be a linear space generic over K, let Ky. 
be the algebraic closure of the smallest field of definition for M containing k. 
By [VII], Lemma 1, W-V—V,"e, where V, is a variety. Furthermore, 
M N Á == ġ for dimension reasons (hence V, N A==¢). Let À; and R, be 
independent generic points of V, and A over K,, let K be a point on the 
line RR, generic over the field K (Ex 22). Let X be the locus of R over 
K, (X is the cross-join of A and V;, see [I], page 154). Clearly dim. X =n. 
Since dim. A, > a, it follows that there is a point À”, € A, N M, hence R’, € F, 
and f’,¢ A. Now R’,€T, R’.6 A, hence there is a point R’ € A such that 
the line RR’ meets the linear variety LN-"*, However, WR’ is on X, 
hence XN LAq. X is a variety of dimension not greater than n, defined 
over a field K,, and LN-*-" is generic over K,; hence XN L==¢. Contra- 
- diction. Hence dim. Ay S&a. By [VI], Chap. VI, Cor. 1 of Th. 1 it follows 
that dim.A,==a. Hence dim.A,=a@. It follows that A is a component 
of TN V; &(T-V,A;P¥) =1 follows by applying [VI], Chap. VI, Th. 6 
to T and V and to the tangent spaces to T and V at a generic point of A 
over K; those tangent spaces have the tangent space to A at this point as 
intersection (by b.), and therefore they are transversal. This completes part 
of the proof of i 

Next, let Bt be any simple subvariety of V, defined over k. Let S be-a 
generic point over the algebraic closure of K of a component C of A, NB. 
Let S¢ A. Theze is a point S'E A such that SE Tisz. Let H be a hyper- 
plane, containing L and not going through S and S’, let k, be the smallest 
field of definition for H containing k. The Sete in P being 


H,X,:::,Xx; Lis defined by the equations H = 0, Dux ;—=0 (G—1,"::,n), 


v4 independent transcendentals over ky. ue the affine space SAN 
== PN — H. Consider in Sy X Sy the variety A’ X B’, where A’ and B’ 


\ 
) 
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are the affine varieties corresponding to A and B respectively, and the linear 
N | 

variety A?N-n defined by the equations € vy(¥;— z) —0, i=1,: -,n, 

-= gu 


where 9’ = (1,2, tn) Let S= (1,2%, > ‘,æx). Then since S38’, 
there is a 7 such that 2’;542;; let 2’; Aa. Let k, be the field obtained by 
adjoining to k, all the vy except the v,; (for all 7). Then K = k, (v) —k;(v) 
is contained in &,(2,2’); in fact, we have the following inclusions: 
kCk,Ckh,C K Ch.(2,2’). Since SX S¢A’X B’ and dim. (£ X B’) 
— à + b, we have dim, k,(¢,2’) a+b; furthermore, by [VI], Chap. V, 
Prop. 1, dim.r K(a,2’) 2a+b—n. Combining, we obtain 


a+ b = dim. ka (£, 2°) = dim.,, K + dim.x K (a, 2’) =n+ (a+b—n). 


Therefore dim.zų, ka (£, 2’) ==a +b; hence dim, #k,(x) =b, ie, S= (zx) is 
generic on B over k, (so a foritori over k). Furthermore, dim.x K (z, x’) 
— a+ b—n; hence dim.x K (s) (which by [VI], Chap. VI, Cor. 1 of Th. 1 
is at least a -+ b-—n, since S is simple on V) is a+ b—n, Le, C Ra 
proper component of AN B on V. This completes the proof of ii., and if 
we take for B the variety V itself, then also the remaining part of i. is proved. 

Next let C be any simple subvariety of V, algebraic over k. Let Q be 
a point of C, simple on V and algebraic over x. We will show Q £ Ad. 
Let QEA, Let Q, be a generic point of A, over K, Qı ¢ A; hence there is 
a point PE A such that the line PQ, meets L, i.e PET n OV. Since 
L is generic over k(Q), it follows that (if we app y i. to V, A = Q, and L) 


h 
Tien) V =Q HP HEQ with AQ, for i1. Since Dour) = Tir, D) 
į=2 2 
it follows that Q, is algebraic over K (P); hence L is generic over k (P), i.e. 
h 
ren V—=P+L Q with QP (again by ib. Let (Q P)—> (Q, P) 
iat 


over K. Then we still have that QET n NV (by [III], page 53g). 
Assume first that QP’. Again let H be a hyperplane, containing L, but not 
going through Q and P’. Write Q == (1, Yat- <, yyy and P= (1, y, +, y'n). 
Since we can assume that A is different from V (if A == V then there is no 
Ax), we have dim, 4,(P’) <n (the notations are as above). However, since 
Q is algebraic over k C k, it follows that the n equations (for Fier) 


N 
> vy (X;— ys) =0, i= 1," + -,n, cannot be fulfilled by Q since the vy are 
j=l 


independent transcendentals over kı. Next assume Q==P’. The tangent 


¥ 
ra'o is then defined by the equations $ 2,,(X%,—a,’/H) =0, i=1],:::,n, 
hence J x SEA. j=1 
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spaces to V at Q==P’ and Iion) are transversal (their intersection is the 
point Q, for otherwise the tangent space to V at Q which is of dimension n and 
algebraic over k would meet the linear space LY-"-* which.is generic over k). 
From this, it follows by [VI], Chap. VI, Th. 6 that Q=—P’ is a proper 
component of multiplicity 1 of reenn NV. On the other hand, consider a 


h h 
specialization (P, X Q) > (P’,@0+290%) over K. Consider the variety V 
il 4=2 


and the linear varieties Ip z) and Firre It follows easily by [VI], Chap. V, 
Cor. 1 of Th. 3 that the proper component P’== Q of Tiem N V has a multi- 
plicity greater than 1. Contradiction. Hence Q € A). 

The followirg is the main result of this section. 


PROPOSITION 1.** Let A be a simple subrariety of a projective variety V”. 
Let k be a field of definition for A and V. Then there exists a variety U, 
a variety WCU V, for U and W an algebraically closed field of definition 
K containing k, and a point Q simple on U and algebraic, over K, such that 
the following ws true: if B? (a+ bÆn) is any simple variety on V, defined 
over a field kD k which is free with respect to K over k, then 


i. fora point Q which is generic on U over K (the composition of K 
and k’) we have that W- (Q X V)=@Q X W(Q), where W(Q) = A* 
is a K*Q)-prime rational cycle with reduced expression A* = Sy A*, 
(i.e. with coefficients 1), which is such that A*¥-B=3,C; with 
C: AC, for 147 and SC is K’(Q)-prime rational. (This 
remains true tf B is a k’-prime rational cycle with reduced expres- 
sion B == Ju Bi). Furthermore, a generic point of Ci over a field 
of definition for Ci is generic on B over K. 
i. W- (Q XV) = X(A4+ Erm), where Ay is such that 
a. every component C of A,B, which is not contained in AN B, 
is a proper component of AN B on V, and a generic point of C 
over a field of definition for C is generic on B over k. 
b. if D ¿s a simple subvariety of V defined over a field which contains 
k and which is free with respect to K over k, then there is 
_ aheays a point of D outside all the A). 


Furthermore, this system U, W, K, and Q’ can always be selected in such a 
way that K is free with respect to an arbitrary gwen extension field of k. 


(Notes: 1. It follows in particular from iib. that every component of 4, N B, 


** Cf, also Lemma 2, page 456, of W. L. Chow, “On equivalence classes of cycles in 
an algebraic variety,” Annals of Mathematics, vol. 64 (1956), pp. 450-479. 
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which is contained in a simple component of À N B, 1s contained 
strictly in that component. 


2. If A-B is defined, then all the A,-B are defined. 


3. In the following, we often denote such a system U, W, K and 
Q by [U, W, K,Q’; 4, V,k].) 


Proof. Let V” be in PY, let D*-*-* be a linear space generic over k. 
For K, we take the algebraic closure of the smallest field of definition for L 
containing k. For U, we take PAN ; every point of U can be interpreted 
as an (NV + 1)-square matrix to which belongs a projective transformation of 
PN, and, conversely, to every (N + 1)-square matrix belongs a point of U. 
Let Q’ be the point belonging to the identity matrix. For W we take the 
locus over K of the point (T, P), here T is a generic point on U over K and 
P is a generic point over K(T) of the K(T)-prime rational cycle V-T? 
(see Lemma 2), where T == Tux). 

We have to show that U, W, K and Q’ fulfill the requirements. Consider 
W(Q) for Q generic over K on U; the V-cycle W(Q) considered as a PN- 
cycle is equal, by construction, to rS: V. By Lemma 2, applied to T and F, 
the cycle W(Q) is K(@)-prime rational and has the required expression. If 
B? is any simple subvariety of V, defined over a field &’ (as described in the 
proposition, and if Q is generic over K’), then W(Q) MB is, as a point-set, 
the same as TON B; hence, by Lemma li. and ii., every component of 
W(Q) NB is proper and simple on V. Let C; be such a component, then C; 
is also a component of T N B. Now if W(Q) =A* =), A*m then by [VI], 
Chap. VI, Th. 9, and since i(T@- V, A”; PX) 1 by Lemma 1i., we have 


i(W (Q): B, Ci; V) = But (A*u: B, Ci; V) 
= Dai (A*u B, Ci; V)i (T9 V, A*,; PN) =i (T B, Ci; PX) =1. 


Therefore the V-cycle A*-B== Ju Ci if considered as a cycle in PY, is equal 
to T®-B; from this, all the remaining assertions of i. follow by Lemma 2. 
The same reasoning holds if B is a k’-prime rational cycle and equal to $; Bj. 

Consider the locus W, of (T, R) over K, where, as before T is generic 
on U over K, and where R is generic over K(T) on IT. (Note that 
Wi: (Q X PY) =Q XT, as follows by considering a system of equations | 
for W,.) Next we show that W is a proper component of multiplicity 1 of ` 
WıN (U X V) and that every other component of that intersection has on 
U a projection smaller than U. Clearly W C WN (UXT). Let F bea 
component of W, N (U X V) with projection U on Ọ. Consider F N (T X PY) 
for T generic over K on U; by assumption, this is not empty. Let T X R’ 
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be a generic poirt over the algebraic closure of K (T) of a component T X Z 
of YN(TXP*); by [VI], Chap. VI, Th. 11, TX Æ is generic on Y 
over K. We have 


TXKZCYN(TXPXY) CWiN(UXV)N (LX PY) 
=(TXTynaUuxXv) CTX (Var). 


Hence T X R’ is on W and Y = W for dimension reasons. Since 
i(T?: V,Cy; PX) = 1 
by Lemma 1i., it follows by [VI], Chap. VI, Th. 7 that 
i[(T XTT): (U X V),T X Ci; U K PX) -i[Wi- (T X PN),T XTT; U X PX =) 


(the second factor is 1 by [VI], Chap. VI, Th. 11). Therefore, by the asso- 
ciativity of the symbol ([VI], Chap. VI, Th. 5), 


i[Ws-(U X V), W; U X PX] i[W: (T X P®), T X CU X PX] =. 
Hence i[W,-(U X V), W; U X PN] —1. 


Consider next the point Q’. If Y is any component of W, N (U X Y), 
different from W, then Y{Q’} either is.empty or consists entirely of singular 
points on V. For, by [VI], Chap. VI, Cor. 1 of Th. 1, dim. Y = N? ++ 2N + a; 
since the projection of Y on U is, as we have seen, smaller then U, it follows 
(again by the same corollary’) that if there is a simple point in Y{Q’}, 
then Y{Q’} must have a component of dimension greater than a. However, 
Y{Q CVI, for 


YX Y{(Q3=YNYxXV)C Win X& V)N(Q’ X PY) 
| =(YXT)NU XV); 


hence Y{Q’} has only components of dimension <:a by Lemma 3i. Since 
every component of W,(Q’) NV=Irn V is simple. on V by Lemma 3i., it 
follows that the components of W,(Q’) N V are the same as the components 
of W{Q’}. Hence, for dimension reasons, W(Q’) is defined, and if 
Vn W.(Q’) = À +- Sa aA (see Lemma 8i.), then W(Q’ = yA + >a TA à. 


* Apparently, there arises a difficulty if we want to apply [VI], Chap. VI, Cor. 1 
of Th. 1 in the above mentioned situation. For if Y’ is the projection on U of Y, 
then we have to consider the intersection Y N (Q’ x V) on Y’ x V; however, it could 
be that Q’ is singular on Y’. Therefore we apply the corollary to the following 
situation: Let X ke a curve on U, going through Q’ and such that a generic point of X 
over a field of definition for X is generic on U over K. Let the simple point in Y{Q’} 
be denoted by S. Apply the above mentioned corollary to YN (X x F); it follows 
that there is a component Z, containing Q’ x S, which is at least of dimension a + 1. 
Since pry ZC X and pry Z~%X (for X contains a generice point of U over K and 
Pro Z C pro Y = U), it follows that Z C Y{Q’}. 
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Using the fact that i[W.:-(U X V),W;U X PN]—1, the associativity of 
the i-symbol ([VI], Chap. VI, Th. 5) and some trivialities, we obtain 


n =i[W; (Q XV), Q XA;UX VI=i[W-(Q9 XP), K ASU X PR] 
—i[W:(Q XPN),Q XA;U X PN) i[W1: (U XV), W;U XK PX] 
=i[Wi: (WX PY), Q XT; UK PRY XT): (UXT), 

| Q'XA;UXPN]=i(T- V, A; PY) =1. 


All the remaining assertions follow from Lemma 3ii. and iti. This completes 
the proof. 


f 


2. Definition of the i-symbol and some of its properties. , First we 
introduce some concepts and notations which are frequently used in the 
following. If Sin; is a O-dim. cycle on a variety V, and if @ is a bunch 
on V, then we understand by ” the number of points of Sif, which are in 
E” the number of points R; which are in {6}, each counted with the 
integer n° If @ and D are bunches on F, such that every component C 
of @ is strictly contained in a component D of D, then we shall say that @ 
is strictly contained component-wise in D, and we write @< D or D >£. 

Let A* and B® be subvarieties of a projective variety V”. Let @ be a 
maximal connected bunch of À N B, and assume that every point of {6} is 
simple on V. If C is a component of @, i.e. a component of A N B, then 
we define the excess of C as a component of the intersection of A and B on V 
as the integer dim. C —a-—b -+ n; the maximum of these integers over all 
the components of @ we call the excess of @ as a maximal connected bunch 
of ANB on Y. 

From now on, we assume a -+ b=n. We want to define an integer 
i(A NB, 6@;V), called the intersection multiplicity of A and B on V at &. 
By induction on the excess of @, we assume that such an integer is defined 
and that the symbol is commutative (i.e., i(4 0 B,@;V)=i(BN A, @;V))- 
if the excess of @ is smaller than some integer d. (For excess § = 0 there 
is such a multiplicity theory in [VI], Chap. VI.) Now let @ be a maximal 
connected bunch of 4 N B, with excess equal to d. 

Let k be a field of definition for A, B'and V. Let (with respect to 
the varieties A and V and the field k) the varieties U and W, the field K 
and the point P” have the properties mentioned in Proposition 1. For con- 
venience of notation, we shall denote this system by x = [U, W, K, P’; A, F, Fk]. 
Let P be a generic point on U over K; writing, as in Proposition 1, W(P) = A*, 
we have, by our assumptions on the system g, A*: B = X; R, with R,54 E; for 


°{@} denotes the point-set attached to g. (Cf. [VI], page 84). | 
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t64 and Suf; prime rational over K(P) (here K = k, hence K = K). 
Let Di be those maximal connected bunches of A,B which are in {6}; 
by our assumptions on the system a, these are the only bunches of AN B 
which have points in common with {6}, and we have D),< @ for all couples 
À, ? (see Prop. liia. and iib.). By the induction assumption, i(4, N B, Dy; V) 
is defined. Let 344%; be a specialization of J4 F; over the specialization 
P -> P’ with reference to Æ.% (Note that, by the specialization theorem, 
[III], page 104, A* specializes uniquely to A -+ nm over the specializa- 
tion P—> P with reference to K). Let o be the number of points of $y Ri 
which are in {6}. Our first purpose is to show that o is independent of 
the particular specialization >); fh’; of Su R; over the specialization P — P’ 
with reference to K. Consider the locus G over K of the point (P, fi) 
Since $u k; is &(P)-prime rational, this is independent of +; G is a sub- 
variety of U X V. Consider the total transform of the point P’ (which, by 
assumption, is simple on U) by G. Since RE A* N B, it follows that the 
maximal connected bunches of G{P’} are contained in the maximal connected 
bunches of AM B and A,B (by [IIT], page 58g since A*—> A + Irm 
and B->B if P— P with reference to K); by our previous remarks, those 
bunches are either entirely inside or entirely outside {6}. Apply [II], Th. 3 
to those maximal connected bunches of G{P’} which are contained in {6}; 
it follows that « is independent of the particular specialization $u R’; of 
>i k; over the specialization P — P’ with reference to K. 
Define 
(1) ial AN B, 6; V) =o—Dam Det (Aa NB, Dix; V).4 


First of all we shall show that if {6} is reduced to a point C (and 
hence ig{A N B, 6; V) =c), then &(ANB, 6; V) =i(A-B,C;V). Con- 
sider again the variety G introduced above. By [VI], Chap. VI, Th. 12, 
it follows that c =i G&: (P XV), PXC;UXFV]. Clearly G is a com- 
ponent of (U X B) A W, and it is the only component with projection U 
on U. For dimension reasons, it is a proper component on U X V; more- 
over, it is a proper component of multiplicity 1 as follows from the compu- 
tation (if RE A*,) 


1—i(A*, B, Ri; V) =i[ (P X 4*,) (UXB),;PXR;UXV] 
= i[(P X V): W, P X A*u U X ViiL(P X A*,) (U XB) PX ROX TV) 
=i[ W. (U X B), G;U XVII (P XV) GPXR:UXV] 


3 Specializations of (positive) cycles on V have to be understood as follows: take 
a specialization of the cycle in projective space and omit in the summation all com- 
ponents which are singular on V. (Cf. W. L. Chow, loc. cit. in **.) 

4 This integer can be negative; see footnote 11 in [V], page 639. 
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by (except for some trivialities) the associativity of the i-symbol, [VI], Chap. 
VI, Th. 5. Moreover, there is no component G of (U X B) N W which con- 
tains PK C. For if G’ should be such a component, then the projection of 
G’ on U is smaller than U; hence, by [VI], Chap. VI, Cor. 1 of Th. 1, every 
component D of G’{P’} containing P’ X C is of dimension greater than zero.’ 
However, DC ANB, for 


GA(PXV)CUXB)NWN(P XV) 
= L(UXB)n(P'XA)IU LU (U X B) N (PX 41)] 
CPX (ANB) UU ANB]. 


Hence, since for all A, C é A, (Prop. liib.), it follows that DC A N B; but 
then C is not a component of A N B since it is contained in the component 
D. Therefore, we have that 


o =i[G&: (P XV), X0; UXT] 
=i[@ (P X V), P XC;UXV]i[W: (U XB), (UXB),&;UXV] 
=i[(P X V): W, P X ASU X Vi’ KA) (OX BYP XC; UXT] 


(by [VI], Chap. VI, Th. 5). Since the first factor of the last product is 1 
(see Prop. lii), it follows that o—i[ (PK A) '{UXB),PPXCUXV] 
=i(A-B,C;V) by [VI], Chap. VI, Th. 7. 

Next we want to show that i,(A N B, 6; V) is, in fact, independent of the 
system a= | U, W, K, P’; A, V,k]. Consider a system B= [X, Y, K; Q; B, V, k] 
having the properties of Proposition 1, and let K, be free with respect to 
K (P) over k; let the compositum of K and K, be K, We have Y: (Q’X Y) 
=Q X (B+ SumaBr). Let those maximal connected buches of A N By 
which are in {@} be denoted by €,;, and let those maximal connected bunches 
of A, N By which are in {@} be denoted by Sun. (By the assumptions on 
the system 8, and since A and A), are defined over a field K which is free 
with respect to K, over k, it follows by Prop. tiib. that €,;< @ and for a 
fixed A, » and A there is an index 1 such that Fur Dax; similarly, by the 
assumptions on the system a, and since the B, are defined over K,, which is 


5 We have to use here the same kind of argument as in footnote 2. 

° The variety A, is defined over the field K which is free with respect to K, over k, 
and the system £ has the properties of Proposition 1. Therefore, it follows by Prop. 
liia. and iib. that a component G of A, N B, which has points in common with {g} 
either is contained strictly in a component of 4x N B (which then must have points 
in common with {g}, i.e, which must be in a Dy) or is proper. In the latter case, 
this component @ is a point, generic on A, over K; however this is impossible since 
Ge{g}, and hence A) should be contained in A. 


6 
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free with respect to K over k, it follows that for a fixed À, » and h there is 
an index j such that Faun < €,;. Furthermore, we note that these bunches 
are the only maximal connected bunches of the intersections under considera- 
tion which have points in common with {6}.) By our induction assumption 
on the commutativity of the t-symbol, we have 


EAN Ba, Frun3 V) = i(Ba O An, Fran; V). 


Let Q be a generic point of X over K,(P). By the properties of the 
system 8, we have that the following cycles are\defined: A*:B*— Xi Si, 
A- B* == X; T; and Ay: B* =i Tu; furthermore, 8;48;, Ti Th Ti Ty 
and SuSa 3:7; and ÿ;Tx are prime rational over K.(P,Q), K.(Q@) and 
K2(Q) respectively. Similarly, by the properties of the system «, we have 
[except A*- B=, Ff, BR, AR; and X; Ri prime rational over K,(P)] also 
that A*-B, = X; ku with Re Euy and >; Rx prime rational over K,(P). 

Next consider a specialization (Q, Di TO — (Q, 3:7") over K, (hence, 
by [VI], Chap. II, Th. 4, a fortiori over K, since K, is the compositum of K 
and K, and K is free with respect to (Q) over K,). Let r be the number 
of points of DT”; which are in {6}; then by definition 


(2) is(B N A, b5; V) =r — Èu ra 2i (BN A, Ew V). 


We intend to show that ial A NO B, 6; V) =ig(BN A, @;V). 

Let # be the locus of (P, Q, 8) over K,; since S;¢ A* N B* and since 
A* and B* specialize to A + Dn mAy and B + Èp raBa if PoP’ and Q> Q 
over Ka, it follows (by [III], page 53g) that the maximal connected bunches 
of #{P’,Q’} are contained in the maximal connected bunches of ANB, 
AN By 4N B and A,B, By what is shown above about the bunches 
of those intersections, it follows that the maximal connected bunches of 
E{P’,Q’} are either entirely inside or entirely outside {@}. Apply [IT], 
Th. 3 to H#CUXX*XV, to the simple point (P,Q) of UXX and to 
those maximal connected bunches of #{P’, Q} which are in {@}. It follows 
that the number of points of every specialized cycle of Xu Sa over the speciali- 
zation (P,Q) — (P’,Q’) with reference to Ka, which are in {@} is always 
the same. Consider, in particular, the specialization 


(P,Q, 2a Si) > (P,Q, A*: [B + Sn tBu) ) 
PR Car Q’, D i TE Di Ki + D Tu >i Kw) 


over K, [it is easily seen by [VI], Chap. II, Th. 4 that (P, A*: B)-—> (P’, 3 BR’) 
not only over K but also over K.] ; let n’, o and o, be, respectively, the number 
of points of X: S'a of DiRi and of SX; À’. which are in {@} [o has been 
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introduced above]. Clearly w =v -4 Simon On the other hand, consider 
the specialization 


(P, Q, Bu Ss) > (P,Q, [A + Da mA]: B*) 
> (P', Q, Da Sa = Du Ti + Da mda Ta) 
over K,: let n”, z and ry be the number of points of 258”, of Du T: and of 
3: T'x which are in {6}. Clearly n” =r + Samra. As we have just seen, 
v=". Hence 
(3) o + Èu tate = W = n” = t+ DTD 


By the definition of the i-symbol, we have (if we make use of the above 
mentioned relations between the Dy, the €,; and the #11) after a summation: 


(4) Du Tu >; LA N Ba, Ey; V) 

= Daten — Du Tyu SAh mt(Ay N Bu, SAVE V) 
and 
(5)  BamEilBN Ay, Du; V) | 

= Da mr — Dam Don mt By Ar, Fari V). 


(The equations (4) and (5) are essentially nothing else but the definitions 
of (AN By, Eu; V) and i(BM Ay, Du; V) respectively.) In view of the 
commutativity of the i-symbols (induction assumption), the last sums in (4) 
and (5) are equal. From this, one obtains from (4), (5) and (8) that 
o -F Dary 2yil A N Bus En V) = 7+ Dam Dit(BN An, Da; V). 

From this, again after having used the commutativity of the i-symbol for the 
bunches D}; and €,; which have an excess smaller than excess @, it follows 
from the definitions (1) and (2) that i,(ANB,@;V) =ig(BN A, B;V). 

From the fact that ig is independent of the system a, it follows first that 
i,(A NB, 6 ; V) is independent of «; therefore we can write i(A N B, @;V), 


and next we can conclude from our result i,(4 N B, 6; V)—ie(BNnA4,6;V) 
the commutativity of the i-symbol. 


THEOREM 1. Let A* and Bt be subvarieties of a projective variety V” 
(n==a +b). Let @ be a maximal connected bunch of A N B on Y, such that 
every point of {6} is simple on V. Then i(A N B, @;V)=i(BN A, 8 ; V). 


Another immediate consequence of the definition is the birational invar- 
tance of the i-symbol for birational transformations which are biregular at 
every point of {6}. 


. Taxorem 2. Let A* and Bt be subvarieties of a projective variety V” 
(n—a+b). Let B be a maximal connected bunch of AN B, such that : 
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every point of {6} is simple on V. Let T be a birational correspondence 
between V and a projective variety V’, biregular at every point of {6}. Let 
A’, B’ and @’ correspond with A, B and @ by T. Then @’ is a maximal 
connected bunch of A N B’ and i(ANB,8;V)—i(4 OB’, 8’; V'). 


Proof. By induction on the excess of @. Let the notations be as above. 
We observe that, from the fact that T is biregular at every point of {8}, 
it follows that T is biregular at every point R; of A*-B and at every Ay 
(a generic point of A, over K is, namely, generic on V over k, as follows 
from Prop. liia.). From this, one concludes by standard reasoning that 
every integer in (1) is equal to the corresponding integer with primes; 
hence i(ANB,6:;:V)—i(4A NB, 6’; V’). 


3. Some further properties of the i-symbol. 


THEOREM 3. Let Bt be a simple subvariety of a projective variety V”. 
Let 6 be a bunch of subvarieties of V such that every point of {6} is simple 
on V. Suppose there is a variety U and a subvariety W of UX V with the 
following properties: 


i. If Q ts a generic point on U over a common field of definition k for 
B, V, U and W, then the cycle W(Q) — A* is defined, is of 
dimension n— b, and is such that every component of W(Q) NB 
is a point if this component is simple on V. Let A* B= D> RP, 
(it is not excluded that Ry==R; for 1547). 


ii. There is a point Q’, simple on U, such that the cycle W(Q’) is 
defined and W(Q’) is such that the maximal connected bunches 
of Wi’) NB are either entirely contained in {4} or do not 
have any point in common with {6}. Let W(Q’) = Erm 
(reduced expression), and let Bw be those maximal connected 
bunches of AN B which are in {8}. 


Suppose Ju Kı ts a specialization of Xu Ri over the specialization Q — Q’ with 
reference to k, let o be the number of points of SR’; which are in {6}. 
Then o= DAMA Dit (Ay nN B, Lx; V). 


Proof. We proceed by induction on the integer max. g, dim. C; let this 
integer be denoted by d. The proof for the case d—0 is included in the 
considerations below. Furthermore, for convenience, we assume that k is 
such that Q’ is rational in k. Write A* = Ey ayA*y with A*, &(Q)-prime 
rational; let A*,-B== Xi Ey, hence Siva, Ry = Dik; Let 


B= |X, FPE, V,k] 
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be a system having the properties of Proposition 1, where K is free with 
respect to (Q) over k. Write B*— Y (P) for P generic on X over K(Q). By 
assumption on the system 8, we have A*-B*—5,a,A*, B* = Dy ty Di Sy 
with S.~S,; and Su S-n is K(Q, P)-prime rational. Let Y(P’)=B-+-Six,Bz. 
It follows by the properties of the system B (see Prop. lili.) that all the 
A*:B, are defined (since A*-B is defined); write A*: Ba = Ddyiky. Let 
D \u; be those maximal connected bunches of the A N B, which have points 
in common with {@}. It follows by the properties of the system 8 (see 
Prop. lit.) that for every Duz either there is a Bu such that Dyyj< 6x or 
D yy; is reduced to a point and hence is a proper component of A,B, on V. 

Let Ey be the locus of (P,Q,Sy) over K (Ey is independent of the 
index 1 since >;Sy is K(P,Q)-prime rational); #y CUXXXV. The 
maximal connected bunches of #.{P’,Q’} are contained in maximally con- 
nected unions of the maximal connected bunches of the AN B and the 
A, Ba; therefore—as explained above—the maximal connected bunches of 
H.{P’, Q’} are either entirely inside or entirely cutside {@}. Apply [II], 
Th. 3 to every variety Ey and to those maximal connected bunches of 
H{P’, Q’} which are in {@}; since (P’,Q’) is simple on U X X, it follows 
that the number of points which are in {@} of a specialization of the cycle 
iS; over the specialization (P,Q) — (P’,Q’), with reference to K, is 
always the same, independent of the specialization (>;S;—A*-B*). Con- 
sider first the specialization 


(P,Q, 245i) > (P’,Q,4*:- [B+ Eun ruB]l) 

> (P', Q’, Dis = Da + Eui tel) 
over K; let w, « and o, be, respectively, the number of points of X; S’; of 
Dik’, and of XuR'm which are in {6}. Next, consider the specialization 
(P, Q, Da Si) > (P, Q’, [Ea mA4r] - BY) — (P, O, Da 8G EnipT m) over K 
(with obvious notations) ; let n” and +7, be the number of points of Xu 9”; 
and X: Tn respectively, which are in {@}. We have seen n’ =n” ; hence 
(1) o+ Du Top = NW = N” = EAMT 
Since—as we have seen above—every Dya; either is strictly contained com- 
ponentwise in a certain @x or is a proper component of intersection, we can 
apply, by our induction assumption, the theorem to every variety B,, to the 
bunches D,; (u fixed), and to the cycle A*-B, and its specialization di Rai 
over the specialization Q — Q’ with reference to K. This gives | 
(2) on = 2a m Zi (A N Bu, D aus V). 


(If the integer d, introduced in the beginning, is zero, then there are no 
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bunches Du, as follows from Prop. liib. applied to the system B). Next 
we use the definitions of the symbols £(B N A), 6x; V). A summation over 
all the bunches 6x (A fixed) gives 


(8) r= DBO Ay, bm; V) + Ste Dy t(BuN Arn, Dayz; V). 


By (1), (2), (8) and the commutativity of the i-symbol, the required formula 
follows immediately. 


THEOREM 4 (Projection theorem). Let B® be a subvariety of Ur X V”, 
where U and V are projectwe varieties. Let B, be the projection of B on U 
and let dim. B = dim. B,. Let Ae (a+b—n) bea subvariety of U. Let @ 
be a maximal connected bunch of AM B,, and let 6, be those maximal con- 
nected- bunches of (AX V) AB which project (as point-sets) into {6}. 
Assume that all the points of {6} and all the {8,} are simple on U, 
respectively U X V. Then 


Dif (4X V) OB, &,;U X V]=[B:B,]i(AN Bi, B30). 


Proof. As to the dimensions, all the symbols are defined. Furthermore, 
we note that the projections on U of the maximal connected bunches of 
(AX V) OB are either entirely contained in {6} or do not have any point 
in common with {6}. 

We proceed by induction on the maximum of the excess of @ and the 
excess of the y. If this is zero, then the theorem is true ([ VI], Chap. VII, 
Th. 8). : 
Let k be an algebraically closed field of definition for U, V, A and B. 
Let a= [X,Y,K,Q’;A,U,k] be a system having the properties mentioned 
in Prop. 1, F(Q) =A+ dan Ay; let Day be those maximal connected 
bunches of A N B, which are in {6}. We have by Prop. liib., D\;< £. 
For Q generic on X over K, we have that Y (Q) =A*, with A*- By =>; Ri, 
is K(@)-prime rational. Let X; 4’; be a specialization of >; R; over the 
specialization Q — Q’, with reference to K; let o be the number of points 
of >): 2’; which are in {@}. Then we have by the definition of the i-symbol. 
(1) i(AN B, 630) =o— Dam Dit (AVN Bi, Dus U). 

Next, consider the variety X and the subvariety Y X V of XK U X V. 
We will show that they have, with respect to the variety B, the variety 
UX V and every one of the bunches 6,, the properties mentioned in Th. 
3. Write Z=Y XV and let again Q be generic on X over K. Then 
Z(Q)—Y(Q)X V by [VI], Chap. VI, Th. 7. Z(Q) is of the required 
dimension n 4+ m—b. Since Y(Q)- Bı = Xu: Ra, with (by Prop. li.) BR; 
generic on B, over K, it follows (since [B :B,] 0) that [Y (Q)XV] AB 
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consists of generic points on B. Hence we can write Z(Q)- B == >i 3y Tuy, 
j—=1,"":,[B:B;], pro Ty== Ri. Again by [VI], Chap. VI, Th. 7, we 
have Z(Q’)=Y(Q)X V=AXV+>dam(Ar. XV). Let Dur be those 
maximal connected bunches of (A, X V) MB which project into {Dy} (as 
point sets); then (in view of the fact that Du< @ and by applying Prop. 
liib. to the projection on U of every component of the bunches 6) it 
follows that there is to every Dy, a certain 8. such that Dyn < By- More- 
over, the bunches Dy, contain all the components of (41 X V) NB which 
have points in common with the {@.} for some y since the D; contain all 
the eo of A,B, which have points in common with {6}. 

Let 332’; be a specialization of Sy;7;, over the specialization 
(Q, >i) — (Q’, >: Ri) with reference to K. Then we have pry Ty == M'i; 
hence Ty E {67y} for some y if and only if R’;€ {@}. Therefore, the number 
of points of D; Ti; which are in {6} for some y is equal to [B: By, Jo. 
An application of Th. 3 to the subvariety B of U X V, to every one of the 
bunches 6y, to the varieties X and YXV on X X U X V and te the 
specialization (Q, 2i; Tu) > (Q, das T'as), over K gives 
(2) o [B: Bi] = Zril (A XV) NB, B4;U XF] 

+ Dam Denil (Aa X F) AB, Dra; UX y] 


Since, as we have seen above, Dyu < @ and every Dyn < 6, for some y, we 
can apply, by our induction hypothesis, the theorern to B, to A, X V, and to 
the bunches Dy and Dyy,. Hence 

(3) [B: B: ]i (AN By, Du; U) = Dail (Ar X V) NB, Dis U X VI 
Summation over all A, t and substitution into (2) gives 

[B: Bi] Lo — Dam Wil N By, Du; VIE, il(4 XV) NB, By UX V]. 
From this, one obtains, by using (1), the required formula. 


THEOREM 5 (Associativity formula). Let At, Bt and C° be subvarieties 
of a projectwe variety Vi" (a+b+.¢—2n); let & be a maximal connected 
bunch of AN BOC such that every point of {8} is simple on V. Suppose 
that all the components Do of A N B which have points in common with {4} 
are proper and, similarly, let all the components E, of BOC which have 
points in common with {8} be proper. Let Do; respectively Er be those 
maximal connected bunches of Da N O, respectively A N E,, which have points 
in common with {8}. Then 


Dc i(A-B, De; y) Syi(Do N C, Doj; V) 
a >ri(B'C,E7;V) Ddyt(A N Er, Ér;; F}. 
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Proof. First of all we observe that the maximal connected bunches of : 
Do NC and AN E, are either entirely inside or entirely outside {$}. We 
proceed by induction on the excess of 4 (i.e., the maximum of the integers 
dim. G for all components G of $). If the excess $ ==0 then the theorem 
is a special case of [VI], Chap. VI, Th. 5. - 

Let k be a field of definition for A, B, C, and F. Let 


a— [U, W, Ky, P';4,V,k] and y=([X, Y, Ko, Q';0, V, k] 


be systems having the properties mentioned in Proposition 1; moreover, we 
assume that K, and K, are free with respect to each other over k. Let K 
be the algebraic closure of the compositum of K, and K}. 

We have, by assumption, 


W(P) =A+ 242, mA and F(Q) =C- Be Cus 


for convenience of notation, we will write W(P) == Simd4x where it is 
understood (during the proof of this theorem) that without further references, 
the summation starts with A==0, where o= 1 and A,==A. Similarly, we 
write FY (Q) = SuwC, with wo 1 and Co—C. Let Dyo and EF, be those 
components of A, B, respectively BOM Cp which have points in common 
with {$}; again we denote De by Doo and E; by Eor Since Do and E, are 
proper components of A N B, respectively B N O, it follows by the properties 
of the systems « and y (see Prop. lii.) that all De and Æ£,- are proper 
components of intersection of AN B, respectively BOC, on V. Further- 
more, it follows also by the properties of the systems a and y that (see 
Prop. lii.) the maximal connected bunches of 4, N BNC, of AN BNC, and 
of the A,N BOC, are either strictly contained in {4}, or do not have 
any point in common with {$3}. Let Dyoy;, respectively Eara be those 
maximal connected bunches of Dye N Cy, respectively A, N Hur, which have 
points in common with {%}. (Similarly to the abcve, we choose notations 
such that D ooo; = D o;z and Eoroj.== Er;.) 

Let P and Q. be independent generic points on U and X over K. Write 
W(P) =—A* and Y (2) == C*; by assumption on the systems a and y (and 
since K, and K+ are free with respect to each other over k), we have that 
A* B: 0*=— 3.5; is a K(P,Q)-rational cycle. Let H be the locus of 
(P,Q, Sı) over K; HCUXXXV. Since SE A*-B-C* it follows from 
‘the fact that A*—> Sy ™A, and C*— Daraa over the specialization (P,Q) 
—> (P’,Q’) with reference to K, by [IIT], page 53g, that the maximal con- 
nected bunches of H{P’,Q’} are contained in the maximal connected bunches 
of AN BOC, (A=0 and »=0 included). By our observations, it follows 
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that those bunches are either entirely inside or entirely outside {4}. Apply 
[II], Th. 8 to the variety H on UX X X V, to the simple point (P,Q) 
on U X X and to those maximal connected bunches of H{P’,Q’} which are 
in {%}; it then follows that the number of points of every specialized cycle 
of SuSa, over the specialization (P,Q) -— (P’,Q’) with reference to K, 
which are in {9} is always the same. Consider the specialization (P, Q, 3 S:) 
—> (P,Q, > (PO, Si 8's) over K; let n” be the number of points of 
iS" which are in {9}. Let n” be the corresponding number for the cycle 
>i 8”; where (P,Q, S) > (P,Q, ©) > (P10, 3:84) over K. As we 
have seen, 

(1) w =n” 


Next we note that all the A*: Eur are defined, as follows from the assump- 
tion on the system a and from the fact that K, (over which the H,, are 
defined) and K, are free with respect to each other over k. (Furthermore, 
we keep in mind that the components of the BMC,, except the Eur, are 
entirely outside {4 }.) Apply Th. 3 to every variety E,+, to U and W on 
UX V and to those maximal connected bunches of A,M Hy, which are in 
{&}. We obtain after a summation 


(2) w= Dur Tu i(Cu B, Eur; V): Lan mnë(da N Eur, Eurr V). 
Similarly, one has á 
(3) n” = nomi (Ar: B, Dro; V) ` Das tut (Dro N Cu; Drowj3 V) 


Suppose we take a pair À, u but not the pair à= 0 and p==0 (at the same 
time). As we have already observed above, those maximal connected bunches 
of Aa N BN Ca which have points in common with {$ } are strictly contained 
componentwise in {$}. Therefore, by our induction hypothesis, we can apply 
the theorem to every such bunch. After a summation (over all the maximal 
connected bunches of AN BOC, which are in {9}, A and p fixed), we 
obtain 


(4) Soild: B, Dio; V) Dé Dao N Cy, D oui; V) 

= >, i(B k Cu Liu V) x Ma i(Ay N Eur, Euhh} Y) . 
(4) holds for all pairs (Am), except for the pair (0,0). However then, 
from (1), (2), (8) and (4), and since # — 1 and r= 1, it follows that 
(4) is also true for A—0 and u=—0. Since A,—4, C0, Dos = Do, 


Eo = Hy, D ooo = Do; and Eoror == Err, this is the required result. 
From the above theorems, and from the theorem corresponding to [VI], 
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Chap. VI, Th. ? which can be proved by the above developed methods, many 
of the usual properties of the i-symbol can be derived, for instance, the 
analogous result to [VI], Chap. VI, Th. 9 (see the proof of that theorem 
in [VI]). 
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EXTENSION OF REPRESENTATIONS OF LIE GROUPS, IL.* 


By G. D. Mostow.* 


1. Introduction. This paper is a sequel to “ Extension of Representa- 
tions of Lie Groups and Lie Algebras, 1” by G. Hochschild and G. D. Mostow 
(hereafter referred to as ERI). In ERI, some simvle but basic constructions 
of representation spaces are introduced, and thereby one can analyze almost 
completely the problem of extending a (finite dimensional) representation 
of a normal analytic subgroup G of an anaytic group L to a representations 
of L in the case that there is an analytic subgroup Q with L—=QG and 
Q N G compact. Indeed, from the extension theorem in this special situation, 
one deduces quickly all the standard results on faithful representations of 
Lie groups (see ERI). ; 

This paper is devoted to the more general extension problem of extending 
a representation from a normal closed connected subgroup G to an anelvtic 
group L with L D G. The analogue of this problem for Lie algebras presents 
no difficulties at all, once one has resolved the special case of extending from 
an ideal G to a semi-direct sum Q -+ G, because one can reconstruct a Lie 
algebra L from an ideal G by successive formation of semi-direct sums. By 
contrast, the extension methods of ERI do not suffice to settle the more general 
extension problem—essentially for topological reasons. (See Sec. 2, Remark 
2.8). In addition to the methods of ERI, we require one additional extension 
method in order to be able to overcome the topological complications that 
arise. The method presented here relies heavily on the theory of algebraic 
groups and, in particular, on the author’s previous results on fully reducible 
subgroups of algebraic groups. The main theorem of this paper (see Sec. 3) 
provides a complete solution to the extension problem for closed normal 
connected subgroups of analytic groups. 

It is a pleasure to acknowledge my debt to Dr. Gerhard Hochschild 
with whom I have had many stimulating conversations on topics treated here. : 


2. Preliminaries. Let G be a Lie group. We denote by G, the con- 
nected component of the identity element. We denote by G’ the Lie algebra 


* Received June 17, 1957. 
1 Performed under Contract AF18(600)1474 with the Office of Scientific Research 
and Development of the U. S. Air Force. 
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of G and identitfy G’ with the tangent space to G at the identity element. 
If p is a homomorphism of G, we denote by p' the differential of p at the 
identity element so that p` is the induced homomorphism of G’. We denote 
by Aut G and Aut G the group of automorphisms of G and G° respectively. 
The map æ—>x of Aut G into Aut G is one-to-one, and it is a homeomor- 
phism when AutG is given the compact open topology and Aut G’ is given 
its topology relative to the full linear group or, equivalently, its Lie group 
topology [4]. If G is an analytic real linear group, that is, an analytic 
subgroup of the full linear group GL(V) of some real linear space V, then we 
shall have to distinguish between its analytic group topology and its topology 
relative to the full linear group GL(V). Accordingly, if F C G, we denote by 
FG the topological closure of F in the analytic group topology of G and by F 
the closure in the full linear group. It is known that FO C F if F C G, so 
that (EN G) =N G for any subset C of the full linear group. If G is 
a Lie subgroup of the full linear group GL(V), we can indentify the Lie 
algebra G° with a subset of the linear space #(V) of all endomorphisms on 
V, by the usual rule for identifying the tangent space to a submanifold of 
a linear space Æ with a subspace of #. When G’ is thus identified with a 
subspace of Æ(V), the adjoint operation Ada, for € G, coincides with the 
restriction of the conjugation C(z):y— aya" (ye H(V)) to G', because 
(C(2))"=C(2). | 1% 
We use the term “representation” to mean “finite dimensional repre- 
sentation.” By an algebrate group we mean here a group G of invertible 
endomorphisms cf a finite dimensional real or complex linear space V, such 
that G is the intersection of the full linear group with an algebraic manifold 
in the linear space Æ(V) of all endomorphisms of V. An algebraic Lie 
algebra is the Lie algebra of an algebraic group. By a rational representation ` 
of a subgroup GC GL(V) we mean a (finite dimensional) representation 
of G which is the restriction to G of a representation p of an algebraic group 
L such that LD G and p is a rational map. If G C GL(V), we denote by 
G* the topologically connected component of the identity of the smallest 
algebraic group containing G. In general, G* is not an algebraic group. 
If p is a rational representation of an algebraic group L, then p(L) need 
not be algebraic. However p'(L') is an algebraic Lie algebra ([2], p. 140). 
It follows immeciately that p(G*) = p(G@)* for any rational representation ` 
of G. 
Jf & is an endomorphism of any finite dimensional linear space V over 
a perfect field, there is a unique semi-simple (i.e. fully reducible) element s 
and a unique nilpotent element n such that t==s-4-n and sn=ns. If t is 
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invertible, then s is also invertible and t= su where u is the unipotent 
(i.e. u— 1 is nilpotent) element 1 + sn. The representation t= su with 
s semi-simple, u unipotent, and su— us is unique; it is called the Jordan 
product decomposition (see [2], p. 71, Th. 7). The endomorphism s is called 
the semi-simple part of t and is denoted by t. An algebraic group which 
contains ¢ contains ? also ([2], p. 184). A rational representation sends 
semi-simple endomorphisms into semi-simple endomorphisms, unipotent endo- 
morphisms into unipotent endomorphisms ([8]), and therefore p(t’) = p(¢)’. 


A set U of endomorphisms of a linear space V is called a untpotent 
family if there is a series of subspaces V»>=V,C---CV,=V, each 
invariant under U, such that the V;/V;: part of U consists of the identity 
element, 1—1,:--,n. A representation p of a group G is called unipotent 
if p(G@) is a unipotent family. A group of unipotent endomorphisms of a 
linear space is a unipotent family ([5], Sec. 2). ~ 


Remark 2.1. If M and N are algebraic Lie algebras with [M,N] CN, 
then M + N is algebraic ([8], Sec. 4.4, p. 209). From this it follows that 
if M and N are analytic linear groups with N invariant undér conjugations 
from M and N—N*, then (MN)*— MEN. 


Remark 2.2. A Lie algebra of nilpotent endomorphisms is algebraic 
([2], pp. 181-183). An algebraic group of unipotent elements is algebraically- 
connected (or “algebraically-irreducible ” ; i.e., the associated ideal is prime) 
({2], p. 183) and is, in fact, topologically connected since each element in it 
is the exponential of an element from the Lie algebra. In particular, an 
analytic group of unipotent elements is algebraic and a fortiori closed. 


Remark 2.3. Let G be an algebraic Lie group, let M be any maximal 
fully reducible subgroup of G and let U be the maximum normal algebraically- 
connected subgroup of unipotent elements in G. Then G—=M-U (semi- 
direct) ([8], Th. 7.1). If GŒ is algebraically-connected, then any fully 
reducible subgroup of G@ is conjugate to a subgroup of M by an inner auto- 
morphism from (UM GQ’), ([8], Th. 7.1, Th. 4.1), where @ denotes the 
commutator subgroup of G. By Remark 2.2, U*—U,—U and therefore 
G,—M,-U (semi-direct). It follows from the foregoing that any fully 
reducible subgroup of G, is conjugate to a subgroup of M, by an inner auto- 
morphism from (U N G’),. 

If P is a fully reducible subgroup of G, and U is a normal analytic 
_ group of unipotent elements with G,— PU, then P is maximal fully reducible 
in G,. For let Q be a fully reducible subgroup of G containing P. Then 


334 | G. D. MOSTOW. 


Q==P(QNU). But QNU is normal in Q and therefore fully reducible. 
Simultaneously, it is a unipotent family. Hence it consists of the identity 
alone and P == Q. A similar argument shows that U is the maximum analytic 
normal subgroup of unipotent elements. 

A rational representation carries fully reducible groups into fully 
reducible groups ([8]). | 


Remark 2.4. If S is an analytic semi-simple linear group, then S*—S$. 

For let S* denote the Lie algebra of S. The commutator subalgebra [S*, S* | 
is an algebraic Lie algebra ([2], p. 177). Hence 8' = [8', 9°] is algebraic 
and therefore S is the connected component of the identity of the algebraic 
group hull of S. Consequently S*— #8. Jn particular, S is closed in the 
full linear group. The center of S is finite, as can be seen in a variety 
of ways. 


Remark 2.5. Let L be an analytic group and let P denote the inter- 
section of the kernels of all finite dimensional representations of L. Then 
L/P has faithful representation, by a result of Goto (see [3] or [5]). 


Remark 2.6. Let L be an analytic group. As is well-known, L is 
topologically the direct product of a maximal compact subgroup and a 
euclidean space; moreover, any compact subgroup is conjugate to a sub- 
group of any maximal one. If G is a closed normal analytic subgroup, and 
L/G is compact, then L==QG for any maximal compact subgroup Q. This 
is a result of Melcev ([7], Th. 10, p. 180), but since we require it only in 
the special case that L/G is solvable, we present the following brief proof 
for the reader’s convenience. The group E/G, being a compact solvable 
analytic group, is abelian, as is seen from considering its adjoint representa- 
tion. Therefore QG is normal, and L/QG = (L/G)/(QG/G@) is again a 
toroid. But L/QG = (L/Q) (QG/Q) is the image of the euclidean spaceL/Q 
by a continuous and open mapping with the inverse image of each point 
homeomorphie to the connected set QG/Q. Therefore L/QG is a simply 
connected toroid. Hence it is a point and L = QG. A part of our argument 
establishes that L/F is simply connected if F is a closed analytic subgroup 
containing à maximal compact subgroup of L. 


Remark 2.% Let p be a representation of an analytic group G on a 


- real or complex linear space V.’ Let Va C Va C+ + +> C Va V be a sequence 
of linear subspaces of V invariant under p(G) such that the V;/V;: part 
of p is irreducible, 1—1,: :° -,n. Let p’ denote the representation induced 


by p on the direct sum F,/Vo +: +++ Va/Va-+1. Then p’ is semi-simple 
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(i.e. fully reducible) and it is independent of the original choice of the 
subspaces {V;} up to an isomorphism ([5] or [6]) ; p’ is called the associated 
semi-simple representation of p. We consistently denote the commutator 
subgroup of L by L/ or by [L, L]. By the radical of an analytic group L, 
. we consistently mean the analytic subgroup T whose Lie algebra T° is the 
radical of the Lie algebra G’. 

Let p be a representation of an analytic group G on a real or complex 
linear space V, and let G be a subgroup of an ana ytic group L. Let o be a 
representation of L on a real or complex linear space W. o is called an 
extension of p if there is a monomorphism 8 of V into W such that 
§-p(g) =o(g)-0 for all ge G. 

The main extension results in ERI can be stated as follows: Let G be 
a closed normal analytic subgroup of an analytic group L. Let Q be an 
analytic subgroup of L such that QN G is compact. Assume that there 1s 
a representation of Q which is faithful on QN G. Let p be a representation 
of G. A necessary and sufficient condition that p can be extended to a 
representation of the analytic group QG is the following Condition a), 


Condition a). p (yeyr) —1 for all y in QG and x in the radical 
of G. | 


Moreover, the extended representation o can be chosen in such a way 


that the kernel of o’ contains the kernel of p’ (ERI Theorem 3.2). If Q 


satisfies the additional Condition b), 


Condition b). (i) p’(qgq-1g*) = 1 for all q€ Q and gE G; and (ii) the 


G'-part of Ad q is unipotent for all q € Q, 
then o can be so chosen that the kernel of o’ contains Q as well as the kernel 
of p. (ERI, Section 6) 

Condition a) is clearly implied: by 

Condition a’). p’ is trivial on NOG, where N is the radical of the 
commutator subgroup of L.' Conversely, if p can be extended to a repre- 


sentation o of L, then p’ is trivial on N N G. . For o is unipotent on N, as is 


well known, so that o” :s trivial on the normal subgroup N (ERI, Sec. 2), 
and consequently p’ is trivial on NN G. 


If Q CN, and p satisfies Condition a’), then Q satisfies Condition b). 
We can now assert the following remark. | 


Remark 2.8. Let L, G, N, Q, be as in Remark 2.7%. Assume that p 
is trivial on NOG. Then p can be extended to a representation o of QG 


~ 
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such that the kernel of o’ contains the kernel of p’ and also the subgroup Q 
f QC N. 


We note that if Q C N, then o’ is trivial on Q(NNG)=NNQG. 
This raises the possibility of extending p from G to L in two stages: from 
G to NG, by recursively selecting Q C N; and then from NG to L. The 
obstruction to this procedure occurs in two places. In the first place NG 
need not be closed; the passage from NG to L suggests that an additional 
condition must be imposed on p. In the. second place, even assuming that 
NG is closed, it may be possible to select a non trivial Q C N so that Q N G 
is compact. Tha essential contribution of this paper is to show how to 
extend p from G to GN. 


3. A determination of g, _ t 


LEMMA 8.1. Let G be an analytic group. For sE G, let Ad x denote the 
diferential at the identity element of the inner automorphism g — rgr. 
Then every element in (AdG)* is the differential at the identity of an 
automorphism of G which keeps fixed each central element of G. 


>- Proof. Clearly, no generality is lost in assuming G to be simply con- 
nected. By Ado’s theorem, there exists a faithful representation of the Lie 
algebra of G. Let p denote the corresponding representation of @ and let 
denote its kernel. | | 
Let F denote the tangent space tò p(G) at the identity element. We 
identify it (see Sec. 2) with a Lie subalgebra of the Lie algebra # of all 
endomorphisms of the underlying linear space V. ‘The conjugations C (æ), 
y— ayx*, of E clearly keep F° invariant when v€ p(G@), and consequently 
F is invariant under the conjugations from the algebraic group hull of 
p(G). Define B(x) as the restriction of C(x) to F° on the group A of all 
automorphisms of V with C(z)F° =F. Clearly, A is an algebraic group, 
B is a rational representation and p(G) C A. Therefore p(G)* C A and 
B(p(G)*) = (B(p(G)))*. It is easily verified that B(x) coincides with 
the differential at the identity element of the restriction of C(x) to p(G) 
and that C(x) p(G@) = p(G) whenever C(x)F’ = F'. Thus 8(p(G)) = Ad p(G) 
and B(p(G)*) = (Adp(G))*. But p(G)* is contained in the centralizer 
of the center of ¢(G@). Thus each automorphism in (Adp(@))* is induced 
by an automorphism of p(G) keeping fixed each central element. Lifting 
these automorphisms of p(G) to a set of automorphisms, A, of the simply 
connected group G, we find that each element of (Ad @)* is the differential 
at the identity element of an automorphism keeping invariant the discrete ` 
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set zK for each z in the center of G. Since the set A is a connected family 
of transformations of G and contains the identity, it leaves each element of 
zK fixed. Proof of Lemma 3.1 is now complete. | 


Lemma 3.2. Let G be an analytic linear group and N a normal subgroup 
closed in the analytic group topology of G. Then N is normal in G*. 


Proof. The group N, is connected and closed in G and is therefore 
, analytic. Let G°* and N° denote the Lie algebras of G and N respectively; 
we identify their elements with endomorphisms of the underlying linear 
space V in the usual way. For any automorphism x of V, let C(s) denote 
conjugation by x, and let A be the set of all automorphisms æ of V such that 
C(<)N: =N". Clearly A is an algebraic group. It is also clear that 
tN «v1 = N, if and only if C(z)N'—N'. Accordingly, GCA. From this, 
= G* CA. Hence N, is normal in G*. By the same reasoning, G is normal 
in G*. Let B(x) denote the G/N’ part of C(s) for xe G*. Then £ is a 
rational representation of G* and thus @(G*) == 6(G@)* = (Ad G/N)". 
Let a(x) denote the automorphism of G/N, that is induced by C(x) for 
ze G*, Then «(G*)* = B(G*) = (Ad G/N,)*. Applying Lemma 8.1, each 
element in a(@)° is the differential of an automorphism of G/N, keeping 
each central element fixed. Since «—>«z’ is a monomorphism of Aut G/N, 
into Aut(G/N;)', each automorphism in «(G*) keeps each central element 
of G/N, fixed. Since N/N, is a discrete normal subgroup in G/N., it is 
central. Hence a(G*)(N/N,) =N/N, and C(G*): N =N. That is, N is 
normal in G#, 


N ite. It is curious that Lemma 3.2 can be proved trivially when N ‘is 
is connected and requires so complicated a proof for N not connected. 


Lemma 8.3. Let L be an analytic linear group, let G be a normal 
analytic subgroup closed in L, let T be the radical of G, let H be an analytic 
subgroup whose Lie algebra is a Cartan subalgebra of the Ine algebra cf T, 
let N be the radical of the commutator subgroup L’, and let D be a maximal 
compact subgroup-of (H*N(TN)£),. Then 

1. D is a maximal compact subgroup in DTN. 

2. (TN) =DTN. 

8. (GN) = DGN. 

4. HNN D is dense in D. 


5. DG contains a maximal compact subgroup of (GN)L, and NA DG 
as connected. 


y 
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Proof. It is known (see [9] Lemma 2, p. 7) that T == HT and, by 
definition, T” C N. Hence TN—HN and (TN) C (TN)* = (HN)*. 
Now the Lie algebra of N consists of nilpotent endomorphisms, as is well 
known. Hence V*— WN by Remark 2.2 and (HN )* == H*N by Remark 2.1. 
Now H*= M-U where M is a maximal fully reducible subgroup of H* 
containing D and U is the maximum analytic normal subgroup of unipotent 
elements. Hence (TN) C (M-U)N=M(UN), where the elements of 
UN are unipotent by Lie’s theorem on simultaneous triangularizing. There- 
fore M is a maximal fully reducible subgroup in (TN)£, by Remark 2.3. 
Let C be a connected compact subgroup of (TN) with C D D. By Remark 
2.3, there is an element xE((TN)* NN); = ((TN) NN); such that 
Cat C M. Then, for every dE D, xdz = m(d) € M implies dat = 'm 
==m(m tx tm). Hence d==m(d)—ade* and wDat==-D. Therefore 
DC Ort C(MN (TN)*), C (HN (TN)E),, and, by its maximality, 
D = Cat, Hence D =C, and D is a maximal compact subgroup in (TN)4, 
because a maximal compact subgroup of (TN)£ is connected. 


Proof of 2. Let J denote the simply connected covering group of (TN)*, 
let m denote the covering homomorphism, and let K=7 (D). Then J/K 
== (TN)£/D, and the latter is simply connected since an analytic group is ` 
topologically the direct product of any maximal compact group and a euclidean 
space. Consequently, K is connected. Hence a*(DT'N), being a connected 
normal analytic subgroup of a simply connected Lie group, is closed. It 
follows immediately that DTN is closed in E and equals (TN )4. 


Proof of 3. Let SR be a Levi decomposition for (GN), 8 being semi- | 
simple and ZX the radical. SOA is a discrete normal subgroup of the 
analytic group S and is therefore central in 8. Inasmuch as the center of a 
semi-simple analytic linear group is finite, SM R is finite. Let À denote the 
epimorphism s-r— sr of the semi-direct product -Æ onto SR. The kernel 
of À consists of ell elements æ: xt with z€ SO R and is thus finite. Conse- 
quently, an analytic subgroup A which contains S is closed in SR if and only 
if the connected component (A N E), is closed in R. 

The semi-simple analytic group S is contained in DGN since 


S= [8,8] C [(GN)4, (GN)L] c [(GN)*, (GN)*] C [GN, GN] C GN. 


` Moreover, (DGN N R), == DTN and is closed in L by part 2 above. Hence 
(DTN)E = DTN, and (DON)! = DGN. 


Proof of 4. Recall that N is the radical of the commutator group E’ 
and therefore DHN/N is an abelian analytic group. Therefore it is a direct 
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product C- W, where C is its maximum compact subgroup and W 1s a vector 
group which clearly can be taken to be a subgroup of HN/N. It is known 
(Remark 2.6) that the preimage of C contains a compact subgroup mapping 
onto C. Since D is a maximal compact subgroup of DHN, we deduce that D 
projects onto C. Let V denote the preimage of W. Then DHN = DV with 
yY closed and simply conencted, and DN V CN. Since DN V is a compact 
group of unipotent elements, it contains the identity alone. Hence the 
epimorphism of the semi-direct product D: V onto DV is a monomorphism, 
and, consequently, it is an isomorphism (in the topological sense as well, of 
course). Therefore í 


DV = (DHN) = (HN)! = (HN N DVJE = (AN N D) VY = (HN N DYF. 
It follows at once that D == (HN 1M D)*. 


Proof of 5. Let P and 2 denote the Lie algebras of DG and its radical 
DT respectively. The P/2 part of the image Ad(DT) under the adjoint 
representation is trivial. Since AdD is fully reducible, there is a com- 
plementary subspace to 2 in P which is left fixed under Ad D. Let 9 denote 
the subalgebra generated by this subspace, and let Z denote the corresponding 
analytic subgroup of DG. Clearly the elements of Z are fixed under inner 
automorphisms from D, and DG = ZDT. Let à be a semi-simple algebra 
occurring in a Levi-decomposition of 4 and let & denote the corresponding 
analytic group. Since P/2 = %/( 9 N 2) is semi-simple, 3 = ð + (9 N P) 
and DG = SDT. Now select a maximal compact subgroup C of 8. 

. We prove that CD is a maximal compact subgroup of DGN. Let R 
denote the radical of DGN, and À denote the epimorphism of the semi-direct 
product S: ER onto SR. Then, as in the proof of 3, the kernel of À is finite, 
so that a subgroup in SÈ is compact if and only if its inverse image in S-R 
is compact. Consequently, to prove that CD is a maximal compact subgroup 
of SR, it suffices to prove that C- D is a maximal compact subgroup of S- R. 
Let J be a compact subgroup of S- R containing C-D. The image of J 
under the epimorphism s:r—s of S-R onto S is a compact subgroup of S 
containing C. Therefore it coincides with C and J—C-(JNR). But 
JNR is a compact subgroup of R= DTN. Br part 1, JNR—D, and 
therefore J==(-D. This. proves that C-D is maximal compact in S-R, 
and therefore CD is a maximal compact subgroup in DGN. Since DG D CD, 
the first assertion in 5. is proved. 

In order to prove that N N DG is connected, we observe that there is a 
homeomorphism of N/(N N DG) onto DGN/DG. Let K denote CD. Then 
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DGN/DG = (DGN/K)/(DG/K). Since K is maximal compact in DGN, 
the space. DGN/K is homeomorphie to euclidean space. The natural map of 
DGN/K onto (DGN /K)/(DG/K) is a continuous and open map with the in- 
verse image of each point connected. Therefore the image ( DGN/K)/(DG/K) 
is simply connected. Therefore 


N/(N N DG) = DGN/DG = (DGN/E)/(DG/K) 


is simply connected. It follows that N N DG is connected. Proof of Lemma 
3.3 1s now complete. 


Lemma 3.4. Let p be a representation of a group G by automorphisms 
of a linear space V over a field of characteristic zero. Let M and U be a 
maximal fully reducible subgroup and the maximum normal subgroup of 
unipotent elements, respectively, in F, the smallest algebraic group in GL(V) 
containing p(G). Let a(g) denote the image of p(g) under the map u: 
mu—>m of MU onto M. Then o is a representation of G equivalent to g. 


Proof. That o is a representation of G follows from the fact that 
mu—> m is a homomorphism of the algebraic group hull F (see Remark 2.3 
above). The set o(G@), being in F, keeps invariant any linear subspace of 
y that is invariant under p(G@). It suffices, therefore, to verify that if X 
and Y are linear subspaces invariant under p(G) with XY D Y, and if psy», 
the X/Y part of p, is irreducible, then p,/, coincides with the X/Y part of o. 
In that case po/y(U) = (1); for the subspace of elements in X/Y that are 
fixed under U must be invariant under G and, therefore, must coincide with 
X/Y. Consequertly pa/y(9) = pay (g)uxsy = (p(g)u) xv =a(9) x/y, where 
u—=p(g) to(g) EU. The proof is now complete. 


Lemma 3.5. Let G be an analytic group and T its radical. Let H be 
an analytic subgroup whose Lie algebra is a Cartan subalgebra of the Ine 
algebra of T, and let D be a compact subgroup of G which lies in, the 
centralizer of H. Let p be a representation of G. Then the associated semi- 
simple representation p is equivalent to a representation o having the same 
representation space that p has and such that 1) o(g) =p(gY for all gEH; 
and 2) o(d) —p(d) for de D. 


Proof. The group p(D) is compact and therefore fully reducible. 
Furthermore, p(D) lies in the centralizer of p(H) and, therefore, in the 
centralizer of p(H)*. Let A be a maximal fully reducible subgroup of p(H)*. 
Tt is well known, and it is easily seen, that p(D)-A is fully reducible. Let 
M be a maximal fully reducible subgroup of p(G@)* containing p(D)-A, 
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and let U be the maximum normal subgroup of unipotent element in p(G)*. 
Then p(G)*— MU (semi-direct) (Remarks 2.2 and 2.3). 

We assert first that A is central in p(H)*. For let @ and @ denote 
the Lie algebras of p(H) and p(H)* respectively. We identify these in the | 
usual way with Lie subalgebras of the algebra Æ all endomorphisms of the 
underlying linear space. Let C'(x) denote the conjugation y — gyr of E 
whenever x is an invertible element in Æ. Since the Lie algebra of H is 
nilpotent, the same is true of @ and therefore of @. Let B(x} denote the 
restriction of C(s) to @ for s€ p(H)*. Clearly £ coincides with the adjoint 
representation of p(H)*, and therefore it is unipotent. Hence @(A) Is a 
unipotent family. On the other hand, 8 is a rational representation, and 
therefore B(A) is a fully reducible family. It follows immediately that 
B(A) consists only of the identity element. Thus Ad A is trivial on @, 
and consequently A commutes with the elements of p(H)*. Since A C p{H}*, 
A is a commutative fully reducible group. From this it follows that all its 
elements are fully reducible. Moreover, if a€ A and u€ p(H)* NU, then 
(au)’—a since the Jordan product decomposition is unique. _ 

We now define u to be the epimorphism mu— m of p(G)* onto M, and 
we set o—yp'p. Then for he H, c(h) —=p(p(h)) —p(h)’, and for de D, 
c(d) =p(p(d)) —=p(d). Also, o is equivalent to p’, by Lemma 3.4. Proof 
of Lemma 3.5 is now complete. | 


Note. The proof of Lemma 3.5 establishes the fact that the totality 
of semi-simple elements in a nilpotent algebraic group B is central in B and 
therefore coincides with the maximal fully reducible subgroup of B. 


4. The first partial extension. This section and the one following 
are devoted to a proof of the following extension theorem. 


THEOREM 4.1. Let L be an analytic group, G a closed normal analytic 
subgroup, and let p be a finite dimensional representation of G. Let p’ 
denote the semi-simple representation of G associated with p, and let N 
denote the radical of the commutator subgroup L’. In order that the repre- 
sentation p can be extended to a finite dimensional representation of L (see ` 
Section 2, Remark 2.7, for definition), the following three conditions are 
necessary and sufficient: 


1) p’ ts trivial on GON. 


2) The representation © of the analytic group GN defined by o(gu) 
= p' (g) (the existence of ø being asured by Condition 1) ts continuous in 
the topology of GN relatwe to L. 
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3) Let P denote the intersection of the kernels of all finite dimensional 
representations of L. Then p ts trivial on PNG. 


The necessity of these conditions is fairly clear (see Remark 2.7). We 
prove sufficiency in two stages. In this section, we show how to extend p 





from G to a certain analytic subgroup F of GN that contains a maximal 
compact subgroup of GN. In the following section, we apply the results 
of ERI, to extend the rest of the way to L. The first extension relies heavily 
on the representation p’ as described in Lemma 3.4 above. 


LEMMA 4.1. In addition to the assumptions of Theorem 4.1, assume 
that L is a linear analytic group. Then there exists a closed connected sub- 
group F of L such that 1) F contains a maximal compact subgroup of GN, 
FN = GN and GC FC G*; 2) p can be extended to a representation 8 of 
F having the same representation space as p; 3) The associated semi-simple 
representaiton @ is trivial on N N F. 


Proof. We take care to distinguish between the analytic group topology 
of L and its topology relative to the full linear group. Accordingly, the GN 
of Lemma 4.1 is hereafter renoted by (GN), following the notation of 
Section 2. | 


Let T denote the radical of G. Let H be an analytic subgroup of G 
whose Lie algebra is a Cartan subalgebra of the Lie algebra of T. Let D be 
‘a maximal compact subgroup in (H* N (TN)*),. By the note following 
Lemma 8.5, D is central in H* and, therefore, is in the centralizer of H. 
Now select the associated semi-simple’ representation p’ as in Lemma 3.5 
with DOG as the “D” of that lemma. By hypothesis 2 of Theorem 4.1, 
the representation o is continuous on GW in the topology relative to L. It 
follows quite directly that o is the restriction to GN of a representation + 
of (GN). If de DNG we have 7(d) =o(d) —p(d), by Lemma 3.5. 
On the semi-direct product D- G we define a map ¢ by the formula ọ(d' g) 
= r(d)p(g). The kernel of the epimorphism d-g— dg of D-G onto DG 
consists of all elements d: d> with de DO G. Thus ¢ maps this kernel into 
the identity. 


We show next that ¢ is a homomerphism. To do so, we define five 
homomorphisms z, 8, B, y, à Let € and ẸF denote the Lie algebras of all 
endomorphisms on the linear spaces on which G and p(G) operate respectively. 
Let C(x) denote conjugation by æ if æ is an invertible endomorphism. We 
identify the Lie algebras of all linear Lie groups with Lie subalgebras of 
the full linear a:gebra in the usual way. We shall consistently denote the 
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Lie algebra of a Lie group by affixing a dot superscript to the symbol for 
the group. We denote by è the map which assigns to an automorphism ¢ of 
any analytic group S, its differential ¢ at the identity element. The map à 
is an isomorphism of AutS, the automorphism group of 8, into Aut S’, 
the automorphism group of its Lie algebra S°. Strictly speaking, à depends 
on S but we shall employ the same letter 5 for all analytic groups. 

The kernel K of p is normal in G. By Lemma 38.2, K is normal in G*. 
For g € G*, let a(g) denote the operation of g on G/K that is induced by 
the conjugation C(g). Clearly 8-a(g) coincides with the G'/K° part of 
O(g). Therefore 8-« is a rational representation. 

The map £ (resp. B) is the isomorphism between Aut G/K and Aut p(G) 
(resp. AutG*/Kk° and Autp(G)') that is induced by p. The map y is 
defined for all y€ p(G)* by making y(y) the operation of y on p(G) that 
is induced by C(y). Just as in the case of 6-a@, $-y is a rational repre- 
sentation of p(G@)* in Aut(p(G@))°. In addition, 8 is rational. 

We shall prove that B-a(d)=y-7(d) for all de D. 


a à 
G* D D—> Aut G/K — Aut G'/K’ 
h re 
y Ô 
p(G)* — > Aut p (G) — Aut p(G)°. 
For de HN N D, we have d=hn, hE H, nE N, r(d)—7T(h}r(n) = 7h) ` 
= p(h)’, by Lemma 3.5. Therefore 8: y-7(d) =8-y(p(h)’) = (tyh) Y, 
since a rational representation carries the semi-simple part of an endo- 
morphism into the semi-simple part of its image (see Section 2). We observe 
that d—h. For let A be a maximal fully reducible subgroup in H*, and 
let U denote the maximal normal anlaytic subgroup of unipotent elements. 
Then H*—AU, and (HN)*—H#N—A(UN) with A(UN) isomorphic 
to the semi-direct product A-(UN) (Remarks 2.1 and 2.3). Since A 
contains all the semi-simple elements of H* (see note following Lemma 8.5), 
it follows that dE A and also h’€ A. We have d= hn =R (hhn), where 
h’*hn€ UN. From the unique representation of elements in À: (UN), we 
infer that d = MW. i 
Next observe that p is a homomorphism of G, so that by definition of £, 
y'p=8-aonG. Also, 8 B—Bà. Therefore 


(8: y(p(h)))’ = (8+ y:p(h))’ = (8: B- a(h))’ = ((8:8) -a(h))’ 


— (B: (8-a) (h))’ =B( (8 a(h))’) = B((8-@) (W) ) 
— B-8-a(h’) =B-8-a(d) —8-B-a(d). 
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Therefore 8:y-r(d) =: B a(d) for de HNMD. Since § is a mono- 
morphism, we get y r(d)—fBa(d) for dE HNOD. Since HNND is 
dense in D, we gat y-r— Ba throughout D. 

Let dı: gı and da’ g be elements of the semi-direct product D: G. Then 


$ (di gs) (de go) =r(h)p(g1)r(de)p(g2) 
, == 7(d,)7(de) (r(d2)*p (gi) 7 (de) )p (ge) 
== T (dida) (y 7 (ds) (p (91) ) )p (92) == 17 (dda) (8: a(d2) (p(91)) ) p(gz). 
Now by definition of B, B-«(dz)(p(g:)) =p(dz"gid.). Thus 


(di g1)b(da" 91) =7(dide) p(do*gide) p (g2) 
=r (ddo) p(d2*gideg2) = $ ( (di 91) (d2 92) ). 


Thus ¢ preserves products and is indeed a homomorphism of the analytic 
group D-G. We have seen that the kernel of & contains the kernel of the 
- epimorphism D-G-»> DG. Therefore ġ induces a representation 6 of DG, 
and, obviously, 6 is an extension of p. 

Next we prove that W(NNDG)—1. By part 5 of Lemma 3.3, 
NO DG is connected. Therefore N N DG, being a solvable normal analytic 
subgroup, is in the radical of DG. Hence NC DT. But T= HT. Thus 
NODGC DHT’. LettneNoDG. Then n= dhu with de D, he H, and 
we T’. We have l==7(n) = 17(d)r(h)r(u) =+1(d)p’(h) ==7(d) p(hy. There- 
fore | 


p(n) = (4) (h)g (u) = 7(d) p(t) p(w) 
—+(d)p(h)’)p(h) p(u) = ((p(R)) ph) )p (1). 


Now by hypothesis 1 of Theorem 4.1, p’(u) —1, so that p(w) is unipotent. 
Furthermore, (p(7)’)“p(h) is unipotent by definition of p(k)’. In addition 
(p(h)’-2) p(h) and p(h) are contained in the algebraic group hull J of the 
solvable analytic group p(T). Since J is solvable and algebraically connected, 
it follows from Lie’s theorem on simultanecus triangularizing of solvable 
linear Lie algebras that the product of unipotent endomorphisms in J is uni- 
‘potent. Therefore 8(n) = (p(h)"-1p(h))p(u) is unipotent for all n€ N N DG. 
Tt follows that @ is unipotent on N N DG (Section 2 of ERT). Since NN DG 
is normal in DG, 6’ is trivial on NM DG (see Section 2 of ERI). 

In order to complete the proof of Lemma 4.1, we need only mention 
that F should be selected as DG. 


5. Completion of proof. We proceed under the assumptions of 
Theorem 4.1. Our first step is to replace L by L/P and to replace p by 
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the induced representation of GP/P whose existence is assured by hypothesis 
8. After this substitution is made, hypothesis 3'is satisfied trivially. Indeed, 
the group. L is then separated by its finite dimensional representations and, 
therefore, has a fatthful finite dimensional representation (Remark 2.5). 
Consequently, we lose no generality when we assume, in addition to the hypo- 
theses of Theorem 4.1, that L is an analytic linear group. We can then 
apply Lemma 4.1, and assume that the representation p has been extended 
to an analytic subgroup F of L, such that GC F C G*, FN = (GN)*, and 
F contains a maximal compact subgroup of (GN)£. We denote the extended 
representation by p also. | | 

We assert that there is a normal series M =F CF, C:--CF,=(GN)E 
with F; a closed normal analytic ous in Fii and PE, isomorphic to 
a 1-dimensional vector group (t—1,:.--,r—i1). For the commutator 
subgroup of G* coincides with the E TS subgroup of G (see [2], p. 173, 
Th. 13, for the Lie algebra formulation). Therefore A = (G* N (GN)£),/F 
is abelian. Since F contains a maximal compact subgroup of (G* N (GN)£),, 
the quotient space A is simply connected (see Remark 2.6). A composition 
series of analytic subgroups for À induces a normal series of analytic sub- 
groups. Fo =F CF C>» - C F= (G*N (GN)*), with each F/F: a one 
dimensional vector group. We next observe that (G* N (GN)£), is a closed 
normal connected subgroup of (GN)£ and the factor group is 


PN/(G* N FN), =N/(N N (G* N FN),), 


which is solvable. Inasmuch as (G* N FN), contains a maximal compact 
subgroup of FN, the quotient space is simply connected (Remark 2.6). A 
composition series of analytic subgroups for FV/(G* N FN), induces a normal 
series of analytic subgroups F, = (G* N (GN)*), C Far Cece C F,=(GN)E, 
and clearly F;,,/F; is a one dimensional vector group (ti—s,s+1,---,r— 1). 

Next, we select in each Fi a one parameter subgroup P; satisfying 
a) P; is not entirely in F; and b) Pi C Far ON if (Par N N) (FAN). 
Condition a) implies that PF; = Fn. Since P:/P,N PF /F; = Faa / F; is 
simply connected, P; N F; consists of the identity alone. Therefore the epi- 
morphism of the semi-direct product P;-F; onto P;F, is an isomorphism. 
We assert that NO Fir =(NOPi)(NOF,) (i=0,::-,r—1). For 
N/(N N F;) = NF;/F;= FN /F,, and the latter. is simply connected since 
F, conatins a maximal compact subgroup of FN. Hence F; N N = (FOAN), 
N N Pi= (1) or P, and NN Fim = (N N P) (NA PFPaui) by Condition b), 
i= 0,: : -,r—i. It follows immediately that 


N=NN (GN) = (NA P,a) (N A Pre) © (NN PAN NAF). 
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Our next step is to apply Remark 2.8 of Sec. 2, in turn, to the semi- 
direct products Po- Fo, Pat Fat - t, Prat Fra and thus to extend the repre- 
sentation p from Fo =F to Py. =F, = (GN)... The construction of 
the extension provides a representation of (GN) unipotent on N (Remark 
2.8). 


LEMMmA 5.1. Under the hypotheses of Lemma 4.1, there is a normal 
series of closed analytic subgroups L =(GN)ECL,C--: CLL, and 
a closed analytic subgroup Qi C Lun such that Lin == Qi, and either Qin Ly 
contains only the identity element or Q; is compact (t==0,:--,7—1). | 


Proof. Let À denote the radical of E and let S be a maximal semi-simple 
analytic subgroup of L. Then SM & is a discrete normal subgroup of § and 
is therefore central. Since the center of a semi-simple analytic linear group 
is finite, SN R is finite. Therefore the epimorphism s-r->sr of the semi- 
direct product §: is a finite covering map. It follows easily from this 
that an analytic subgroup J of L which contains À is closed in Æ if and 
only if the connected component (JMS), is closed. Now (LRN 8), is a 
normal analytic subgroup of S$ and is therefore semi-simple. But a semi- 
simple analytic linear group is closed in the. full linear group. Hence 
(LR 1 8), is closed and Lf is closed in the analytic group L. 

The factor group L.k/L, is a solvable analytic group and therefore has 
a normal series cf closed analytic subgroups whose successive quotients are 
one-dimensional analytic groups. This normal series provides a normal series 
of analytic subgroups Lo == L C LLC- <- C Lja = Lok with Lin/Li; a one- 
dimensional analytic group (t= 0,: : :,7—2). In case Z;,:/L; is simply 
connected, we select Q; to be any one parameter group in Li that is not 
entirely in Li Then Lin = Qili, Qi O Li is discrete in the analytic group Qi 
and Q;/ (Qi N Li) = Lin/La is simply connected. It follows that Qin L is 
connected as well as discrete, and therefore it consists only of the identity. 
Therefore the epimorphism s'y->sy of the semi-direct product QL: onto 
each such Z;,, is an isomorphism and Q; is closed in Lin. In the other case 
that L4,/L; is not simply connected, it is compact. Selecting Q; to be a 
maximal compact subgroup of L:,,, we obtain Lir == Qil; (Remark 2.8). 

Consider finally the factor group L/LR—SR/LR—=S/(SN LR). 
The Lie algebra cf (S N LoR): is an ideal of the Lie algebra S’ of 8. Since 
S: is a semi-simple Lie algebra, it contains an ideal Q° complementary to 
the Lie algebra of (LR NS): Let Q be the analytic subgroup with Lie 
algebra Q'. Then Q is a semi-simple analytic group and is therefore closed. 
Furthermore, (Q N L&C SJ = (QN (LR N S):), has only zero in its Lie 
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algebra so that Q N Lok =Q N Lok N 8 is a discrete normal subgroup of Q. 
Hence it is central in Q and finite. Take Q;= Q and L;=L. The proof of 
. Lemma 5.1 is now complete. - 3 

We now conclude the proof of Theorem 4.1. The representation has 
already been extended to GN = ZLo. Since NC GN, the hypothesis on p 
made in Remark 2.8 is trivially satisfied. Since either Q; is compact or 
Q: N L; contains only the identity, the hypothesis on Q is satisfied. Thus 
p can be extended in 7 steps from Ly to.L; via La, Lat © +, Lj- The proof 
of Theorem 4.1 is now complete. 
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SATAKE’S COMPACTIFICATION OF V..* 


By WALTER L. BAILY, JR. 


In a recent paper [18], Satake has obtained a compactification of the 
quotient space V,,—H,/M,, where H, is the generalized upper half-plane of 
degree n, i.e the space of symmetric matrices Z == X -++ 1Y, where Y is 
positive definite, and M, the generalized modular group. This compactifica- 
tion Va” is the union Va U Vaa U: - + U Vo supplied with a certain topology 
and analytic structure, concerning which Satake states that it should not be 
hard to prove that, with this analytic structure, V,* is a general analytic 
space [18]. It is the purpose of this paper to prove that this is indeed 
the case and that, moreover, V,* is isomorphic, as a general analytic space, 
to a normal projective variety. One of the consequences of our result will 
be that if f is a meromorphic function in H, invariant under M, and if n Z 2, 
then f is the quotient of automorphic forms. 

In what follows, we refer to the notation of [13]. It is trivial that Vo” 
is a general analytic space, and classical that V,* is such. If x € V,*, we 
say that V,” hes a local basis in V,” at æ if there exists a finite number 
of analytic functions (for the given analytic structure) f,,---,fg on a 
‘neighborhood U of x in V,* such that V(fi,- - -, fe) O U = Vra NU, where ` 
V (fus - *>f¢) is the variety of zeros of fc> <fa; fu: * tfa is called a 
local basis for V,,* at æ We shall first show that if V,_,* has a local basis 
at each x€ V,*, and if Vrai” is a general analytic space, then V,* is a 
general analytic space. 

In what follows, if F is a family or collection of functions defined on 
some set D, we let V(F) denote the set of common zeros in D of the 
elements of F. If the elements of F are analytic functions, V (F) is an 
analytic variety. 

To begin with, it is well known that if Mas is the subgroup of M, 
leaving fixed z€ H,, then l.e. m., a, (ord Mazs) is a finite positive integer, 
which we denote by gn. Secondly, H, is pseudo-conformally equivalent to a 
bounded domain D, in C™"*)/2, and since the automorphic forms of weight 
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m on H, with respect to M, can be identified with the automorphic forms 
on D, of a certain weight, we can apply the results of [15], exposé I, on 
automorphic forms on a bounded domain to obtain immediately 


Lemma I. There exists a positive. integer m, such that the following 
holds: Let z, : -,x,€ Hn correspond to r distinct points of H,/M, under. 
the canonical mapping dn of Hn onto H,/M,. Let a be a given positive 
integer. Then for all sufficiently large positive multiples m of mp, there 
exists an automorphic form of weight m on Hy having prescribed power 
series developments up to and including the terms of degree a at each of 
the points ti, * *, Er 


It is clear that we may assume 2 = mo |m,| m|: ++. It is known 
(Satz 1 of [6]) that for n > 1, every automorphic form is bounded on the 
fundamental domain F,, i.e., integral. Moreover, if 6,” is the homomorphism 
defined on p. 278 of [13], and if 9m,(m) and M,(m) are, respectively, the 
modules of integral automorphic forms of weight m on V,* and V,*, then 
for sufficiently large m, 6,": Ma (m) —>M,(m) is onto by Satz 4 of [8]. 
For all sufficiently large multiples m of mn, V(M,(m)) is empty; this is 
trivial for V,*, classical for V,*, and follows for general n by use of an 
obvious induction using Lemma I and the fact that ®,:" is onto. In the 
future we will always assume M, has been chosen such that V(%,(m,) ) 
is empty. 


Lemma IT. Let xE V,*. Then there exists a neighborhood \ of x in 
V,™ such that if Tı, £2€ Va OU, there exists a holomorphic function f on 
U such that f(x) f (z2). f may be chosen as a quotient of modular forms. 


Proof. Let dE M,(m,) be such that d(x) 0. Then let U be a 
neighborhood of x such that d540 on U. Let x, EUNV, By Lemna I 
there exists an automorphic form gE fm), m,|m, such that g(x:) —0, 
g(t) =1. Let f=g/(d/™). It is clear that f(x) —0>4f(z.) and that 
f is holomorphic (in the given analytic structure) on U. 


We shall eventually prove by induction that if V,_,* is a general analytic 
space, then V,* is one. Suppose, then, that V,_,* is a general analytic space, 
let sE V,.*, and suppose f to be holomorphic on V»_,* in a neighborhood 
U* of x. We extend f to a holomorphic function on a small neighborhood 
of x on. V,* as follows: If ZE F,, let Z, be the matrix composed o? the 
first n—1 rows and n—41 columns of Z; then Z,€ F,-1, and we define 
f(Z) =f(Z,). It is easy to see from Lemma 2’ of [13] that f is a holo- 
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morphic function (in the analytic structure prescribed in [13]) in a small 
neighborhood of 2 on V,a”. Since Va” is supposed to be a general analytic 
space, there exist holomorphic functions fgs’ * *,f, in a neighborhood U, 
of æ on V,.* such that V(fou,' + *,f,) =z, and these functions can be 
extended, as above, to holomorphic functions fg41,° * *, fp on a small neighbor- 
hood U, of z on V,* such that F (fus' * *, fo) O Frat =o. 

By definition, a general analytic space is a pair (V,%), where V is a 
Hausdorff space and X a distinguished subsheaf of the sheaf of germs of 
continuous, complex-valued functions on V subject to the following condition: 
If «€ V, there exists a neighborhood U of 2 on V, an analytic subvariety W 
of some open domain in C™ (m depending on v and U), and a homeomorphism 
h of U onto W such that the sheaf, on 11, of germs of continuous functions 
of the form foh, where f is a germ of an analytic function in a neighborhood 
of some y€ W, precisely coincides with Y. (W,A) is said to be normal if 
each W is analytically normal at each point. In general, given a Hausdorff 
space V and a distinguished subsheaf Y of the sheaf of germs of continuous, 
complex-valued functions on FV, it may be of interest to decide whether (V, 21) 
(or more loosely speaking, V, when 2 is understood) is a general analytic 
space; at any rate, the cross-sections of À over any open set are to be 
identified with certain continuous functions, called W-functions, and if V’ 
is a subset of V, V’ is called an Y-variety if for any z€ V, there exists a 
neighborhood U of x and a finite number of Y-functions f,,---,f, on U 
such that V (fi -+ f) = V’, in other words, f1,: + -,f, are a local basis 
for V’ at æ. (The terms 2-function and -variety are from an unpublished 
manuscript of H. Grauert and R. Remmert entitled “Bilder und Urbilder 
analytischer Garben.”) Using-this terminology, we have 


THEOREM 1. Let V be a Hausdorff space supplied with a distinguished 
subsheaf X of the sheaf of germs of continuous functions. Let V’ be an 
-variety on V and let V’ be supplied with a distinguished subsheaf W 
of the sheaf of germs of continuous functions on V’. Suppose that 
(V—V’,U|(V—V’)) is a normal general analytic space and that (V’, 0’) 
is a general analytic space, respectively of dimensions n and m, m <n. 
Suppose, moreover, that the following conditions are satisfied: 


(1) If V° is the set of regular points of V—V’, each x € V’ has a 
neighborhood basis {Ua} such that each Ran V° is non-empty and connected. 
(2) If f is a U-function, f | V’ is an W-function. z 


(3) If f is continuous and if f | (V — V’) is an U-function, then f is 
an A-function. | 
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(4) If «€V’, there exists a neighborhood U of x such that (i) 
There exist a finite number of U-functions fous + *,fp on U such that 
V (fous * ofp) OV’ =r, and (ii) If m,2,€U—V’, 2,542, there ewists 
an U-function f on U such that f(z:) Af (22). 


Then (V,X) is a normal general analytic space. 


Proof. Let x€ V’, let Us be a neighborhood of x satisfying 4(i) and 
4.(ii). We may assume U, chosen so that there are Y-functions f,,: © -, fy 
on U, such that V(fi,---,f¢)—=V’, let fou, +>fp satisfy 4(i), and let 
fous tfe be arbitrary W-functions on Uy. Let f:U,;— C°! be defined by 
f(y) = (f:(y),: > +> fs(y)). We assume in what follows that all neighbor- 
hoods Us, Us, etc., are such that U; is open and 1,0 V, is connected, 
i—=1,2,---. THEOREM 1 is proved by means of two lemmas. 


Lemma III. There exists a neighborhood U, of x and an integer B= 0 
such that 


(1) F(U) is an irreducible analytic variety at f(z). 


(2) f(x) NA U =e. 

(3) f(V'NU) is a subvariety of f(U,), and there exists a proper 
subvariety 3 of f(r) —f(V’ NU.) such that if y € F(U) —f(V’ NW) — A, 
f(y) consists of exactly B points, and f is biregular at each y’ € f*(y). 


Proof. In what follows we use a superscript c to denote “closure of.” 
First of all, V(f- - -, fa) NU Y NU; and V (fi: - +, fp) ONU =g. 
Let U, be a neighborhood of æ such that 115° C Us. Then there exist neighbor- 
hoods Us and U, of x, and a neighborhood N, of f(x) such that (a) U: C Up, 
Us: CU, and (b) F(N) NUS CU. These facts follow easily from the 
. fact that f*(f{(t)) O Us =z and from the continuity of f. Moreover, let 
{U (8)} be a basis of neighborhoods of the set V’ MNT, closed in U3. Then 
for each 8, f(11,°—11s(8)) is a compact set not meeting f(V’M 115°) since 
Vu" tafe) NA U: = V N Us. Therefore, 


dist (f (Use — Us (8), f(V’ A Use) ) =o > 0. 


Moreover, since f is continuous, for any neighborhood N, of f(P’ MU), 
there exists a 11,(8) such that f(11s(8) N Us) N N, C NN Na. 

By (b), f(L) is relatively closed in N,. Since V’ is a general analytic 
space, and by the choice of f,,- : +, fs we may assume ® that U, (and corre- 


_ © Let W be a purely k-dimensional general analytic space and let f: W -> C" be a 
mapping whose coordinates fı,’ ' ', fm are analytic functions on W. If f-1(x) is discrete 
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spondingly N,) is chosen so small that f(u- N V’} is an irreducible 
subvariety 4 of dimension ==dim V’ of N, Nı— F is connected. Let 
a€ Nı— F. Iface N, — f(u), there exists a neighborhood of a not meeting 
f(U:). If ae fi) —#, f(a) N (Us— V’) is a subvariety 9, of Us, 
and there exists a neighborhood Us(8) of V’ not meeting f(a) NU, 
== f (a) N Us. Therefore f?(a) N Us C U, — U: (8). Thus f(a) N Ue is 
a compact, complex analytic subvariety of Us — V’. Let y,,y.€ f*(a) N Ue, 
Yı £Y Then there exists an Y-function g on Ue such that g (Y1) Æg (Y2), 
whereas g, being holomorphic on Us — V’, is constant on each component of 
f'(a) N Ues. Therefore f-*(a) is a discrete, finite set of points, a,,° * *, dp. 
Let Ay,- © <+, Áp be any neighborhoods of a,,- > -,a, on V — V’. Then there 
exists a neighborhood A of a such that f> (4) N Us C U À;; for, otherwise, 
we could find BE, ba, 1—1,: - -,p, such that f(b) —a, which is 
impossible. Therefore, A N fA) Cf(4,;)U:-:U/f(4,). We can choose 
Ai, i= 1,- + +,p, so small that each f(A;) is an analytic variety at a. There- 
fore {(U,) is an analytic variety in a neighborhood of a. Therefore f(U,) —# 
is a complex analytic subvariety, evidently of dimension = dim F, of N,— #. 
Therefore, since ¥ is of dimension == dim V’ < dim V, f(U;) is an analytic 
subvariety of N, of dimension == dim V by a result of Remmert and Stein [7]. 
_ We see, moreover, reasoning as above, that if J is the (necessarily proper ®©) 

subvariety of U, — V” on which the matrix (0f;/0;) has rank < dim V, then 
f(J) is a subvariety of f(W,)—. Let S be the set of singular points of 
fU) and let Y = (f(U,) —¥)N S. dims’ < dimf(U,). Therefore f-*(8’) 
is a proper subvariety of 1,— V’. Therefore U, — V’—f*(S8’) —J is con- 
nected and ‘everywhere dense, however small U, may be chosen, and conse- 
quently f (U, — V’—f-*(8’) —J) is a connected, dense set of regular points. 
Hence f(U,) is irreducible at f(x). Let ae (f(U,) — F —f(J) — 8N N, 
f(a) O Us = fta) N U, =at eag Then for every point a’ near a, 
fa) 1 Ug == f(a’) N Ua," :,ag Let A(B) be the subset of 
(FO) — F —f(J) — SAN N, such that for a € A(B), f(a) N Us =f (a) NU 
consists of just 8 points. The interior of A(B), Int A(B), is not empty. 
Let be (f{(1,)—F—f(J)—S) NNN (Int A(p))*e Let b,- + +, by 
== f (b) NU Since béf(J), there exist neighborhoods B,,---,B, of 


for each {x Ef(W), we say f is a light analytic map; in this case, it follows immediately 
from Theorems 5 and 6, exposé XIV of [14], that for each w* eW, there exists a 
neighborhood 11 of æ* such that f(11} is an analytic variety of pure dimension k at 
f(æ*). Moreover, if f is light analytic and if W° is the set of regular points of W, 
it is easy to show by a simple dimension argument that the subset J of W°, on which 
the Jacobian matrix of the mapping f has rank < k, is a proper subvariety of W”. 
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bi, © *,bx which are pair-wise disjoint and such that f is one-to-one on 
each Bi Since, moreover, bé 8’, f(B;) contains a neighborhood of b on 
FO), +==1,---,% Finally, 6€ (IntA(f))*% Therefore k = 8. Suppose 
k<B. Let a+b, FUD -a,,---, ag. Then for some 1, there 
exists a subsequence of a; having for limit a540,,---,b,. @€ Ue, and, 
by continuity, f(«}==b, which is impossible. Therefore k= ß. Hence 
(Int A(B))° is open in the connected set (F(U) — F —f(J) —S’) NA Na 
Therefore A(8) = (f(U,) — F —f(J) —S')NN, We let d==f(J) US. 
This completes the proof of Lemma III. 


Lemma IV. For suitable choice of fois, © -,fs ($ sufficiently large), 
B (of Lemma IIT) — 1. 


Proof. Suppose fou, * ‘sfa are such that 8 is minimal. Let y¢ f(u) 
—  — f (J) — S, and suppose that WU, O f(y) — y," + +398, B> 1, y Ve. 
Let g be an Y-function on Us such that g(y.)g(y2). If EE f(U)— F 
—f(J)—8, let FACE) — 6," ég; let M be a neighborhood of £ and ‘TN; 
a neighborhood of ¢;,i==1,- - -,8, such that f is a biregular mapping of Tt, 
onto N. Let gu be defined on N by gu(£) —=g((f |N:)7(6)) for EN. 
Let 1(N) = {€] EEN, gn () ==: + -=gea(é)}. ICR) is the subset of N 
consisting of those €€ N such that g has the same value at each point of 
f (é), and F(R% ) is a subvariety of N. Therefore if {N} is a covering 
of f(U,) — F —f(J) —S by neighborhoods of the above type, J = U I(N®) 


is a subvariety of f(Ur) — F —f(J)— 8. It is a proper subvariety since 
y¢ I. Therefore f-1(1) —J* is a proper subvariety of U, — V’ — J — f+ (8), 
and the latter is an everywhere dense open subset of U, Define f’: U, — Cs*1 
by (y) = (f(y) + +> fs(y),¢g(y)). By Lemma ITI, there exists a neigh- 
borhood W, of z such that f’(11’,) is an irreducible variety at f(s) and such 
that f’(1V’;) is an irreducible variety at f(x) and such that if £ belongs to 
an everywhere dense open subset of F(U), then F(E) —=£,,- - e, Eg, and 
by assumption, 6,228. On the other hand, if é belongs to the everywhere 
dense open subset F(U, — V — J —f (8) —I*), F- (£) consists of at most 
B—1 points, which is a contradiction. This establishes the lemma. (Note 
that since f-t of any point is discrete, 


dim f’ (I*) = dim I* < dim Y = dim f (U,,).) 


® Tt is easy to see that at this point, having proved Lemma III, we could apply 
Theorem 3 of [4] to obtain immediately that V is a normal general analytic space. 
However, we give here, for the sake of completeness, a relatively simple, elementary 
proof, independent of [4]. 


8 
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Now let fps, © *,f. be chosen such that @ (of Lemma III) —1. Let 
f(t.) ON,=W and let W* be the canonical normal model ® of W. . We 
define a mapping f* of f7(V) NU, into W*. Let be W and let f(b) 
=b, by By Lemma III, there exists a neighborhood. B; of b, 
t= 1,:--,y, such that B; C U, and such that f(B;) defines an irreducible 
germ of a varietv f(B;), at b. Since f is one-to-one on an everywhere dense 
subset of U, 15= 7 implies that f(B;) and f(B;) define distinct irreducible 
germs at b. The points of W* are pairs consisting of a point of W together 
_ with an irreducible branch of W at that point. We define f#(b;) to be 
(b,f(Bi)o). It is clear that f# is one-to-one and continuous. If p is the 
canonical mapping of W* onto W, p is continuous and pf*—f. If K is a 
compact subset of W*, f*"(K)—f“p(K). Since f is proper, it follows 
that f* is, and therefore ff is a homeomorphism. Let @ be the subvariety 
of W defined by: #—{x[xe€eW, W not normal at x or æE€f(V’)}. 
dim @ < dim W, and since p conserves dimensions, p“*(@) is a proper sub- 
variety @* of W*. If g is an W-function on an open subset U of f2(W)N WU, 
gof#-1is continuous on f* (11), and holomorphic outside @*; for if a € V — V’, 
f* is an analytic isomorphism of a neighborhood A of a with the normal 
model of f(A), which is just p*(f(A4)). Therefore gof#+ is holomorphic 
on all of f#(11). Conversely, if g’ is holomorphic on an open subset 11* of 
W*, g'of# is an -function on f*1(11*) outside V” for just the same reason. 
Therefore, by (3) of Theorem 1, g’of# is an Y-function on all of f#*(1*). 
Consequently, ff is an analytic isomorphism of f*(Ni) NU, onto W#. Thus 
there is a neigkborhood of æ analytically isomorphic to a Bere general 
analytic space. The proof of Theorem 1 is complete. 


THEOREM 2. If Vna” has a local basis at each point of V,*, and if 
Vin™ is a general analytic space, then V,* is a normal general analytic 
space. 


Proof. Let V—V,*, V’==Vn4*, each supplied with the analytic 
structure descirbed in [13]. Vn«* is an -variety, since, by hypothesis, V,_1* 
has a local basis at each x € V,*, We know that V,* — Vna" = Vn = Hp/ Ma 
is a normal general analytic space ([15], exposé XII), V,.* is a general 


® By the canonical normal model of.a complex analytic variety W, we mean the 
space of parameters fy as defined in no. 9, exposé XIV of [14], supplied with the 
analytic structure described in no. 10 (loc. cit.). That y is isomorphic to a general 
analytic space is proved in exposés X and XI of [15], the proof depending on the 
coherence of the sheaf. AE ) (exposé X, [15]). The coherence of A (E) was originally 
demonstrated in [10]. 
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analytic space by hypothesis, while dim V,.—4n(n—1) < än(n +1) 
= dim V,, if n>0. (1) is satisfied by virtue of the topology with which 
V,* is supplied (see [13], pp. 266-273), and (2; and (3) are satisfied by 
virtue of the definition of the analytic structure for V,” and by the properties 
of the operator & described on pp. 278-280 of [13]. (4i) is satisfied by 
the remarks following the proof of Lemma II, while (411) is satisfied by 
Lemma IJ itself. This completes the proof. 


It now remains to be proved that V,_,* has a local basis at each ze PE 
It is trivial that V,.* has a local basis at each g€ Vp. We now proceed, by 
a series of lemmas, to show that V,_,* has a local basis in V,* at each x € V, 1*. 
Let zE Vni® = Vna U O U Vo and suppose zE Vp, 1=<p=n—1. Let 
x be the canonical image in Vp of Z,° € Fp. Z, is a pX p matrix, reduced 
in the sense of Siegel, whose imaginary part Y,° is reduced in the sense of 
Minkowski, Let G, be the finite subgroup of Mp leaving Z,° fixed. Let D, 
be the set of p X (n—-p) matrices Z,. such that each of the entries of Y4. 
is less in. absolute value than A, where A is a suitable large positive number 
greater than the p-th diagonal element of Y,°, and such that the real part 
of each entry of Z:, is between — L and + L, L being a suitable large positive 
number = 1. Then D, is a bounded and therefore relatively compact subset 
of Co), Tt is clear that if | 


Z,° Zag 
212 Za 
then Z,:€ D. As in [13] we shall omit ‘Z,, wherever it is redundant. 


If T, is a positive definite (n—p)X (n— p) integral matrix and if 
Ts is a rational multiple of T, ([13], p. 275), we let 


OTa Tis (Z15 S12) = €(*T 12212) 2e (Z:(Tel'Ue]) + ‘Uia (ZiT ie + RZielo)), 


Jer where Za is (u— p)X (n—p), 


U.2. running over all pX (n—-p) integral matrices, where now, as in the 
future, e( ) = eiS), and é( ) =e), Let E be the identity matrix 
. (of any dimension). Then if Ta == mH, where m is a positive integer, if Ti 
is a rational multiple of mE whose entries are even integers (briefly, an even 
rational multiple of mi), and if the columns of Tis are 214,°.- -,2tn-, 
. we have 


In fact, it is evident from Lemma 1 of [18] that if æ € V,*, there is a basis of 
neighborhoods {Ha} of æ such that each of the sets 11, N Fa is connected; moreover, it is 
clear from the properties of the operator © that if f is continuous on U, and analytic 
on Ua N Fa, then f is analytic on 11, by Satake’s definition, as we see from Theorem 3 
of [13]. 
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+ ` n-p 
OmE. Talli Z12) — { IT On| ri] (2° > Z) JE (Za Ze); 


where zt is the i-th column of Z:, and where € is a non-vanishing exponen- 
tial factor. It is known ([2], pp. 158 ff.) that for sufficiently large m, 
Om|] (2+; 2°) kave no common zeros as 7 runs over all integral p-vectors, 
and since 7:,° - *,Tn-p are independent, 6nz,7,,.(21°, Zi2) have no common zeros 
(in Z:2) as Ty, runs over all even rational multiples of mi. Fix m subject 
to this condition. Then by continuity we can find a connected, open neighbor- : 
hood U, of Z,° in Hp such that: 


(1) WU, is stable under G, and gl NU, is empty if g€ 2G. 


(2) Zen, (7 + EPS Zis€ De. 
2 
(3) Z1EU, D O6mn,7.(Z1, 212) have no common zeros as Ty, runs over 
all even rational multiples of mE. 


(4) WU, is bounded. 


Let Np be ¥t as defined on p. 270 of [13] with r==p. Then G is 
naturally identifiable with a subgroup G,’ of M, (Gf C M, in Satake’s 
notation), © = G’: Np is a subgroup of Ma, and Np is a normal subgroup 
of Gs: Np.. It is clear that we may assume of U, by appropriate choice of A 
and L to begin with that 


5) If ZEU, Z= Ait, Ara E Fae gE G, and if Z’—gZ, then 
Le 


` 
Let W == U, X Do. By Lemma 2 of [13], there exists a real positive definite, 
symmetric, (n—p)X(n—p) matrix Y,° such that if Y, > F2, and if 
z=(” ra where (Z:,Z12) € W*, then o(Z)€ VU(U,,K) for some 
| 2 

o€ ©, where K is a fixed, sufficiently large positive number. Let 


Ziz 


Ze | (Zis Z12) € Wo X Do, Ya > Ya}. 


UL) = (Z—~( 
Let 





Om, Ta (Zai 412) = 2 Ome, ts Zr", Z 129) *e (mk (Z Za) ); 
g € Go’ 


ree ae _ (> Zaa 
where if Z -( z, then gZ == - Za 


The legitimacy of this definition, as well as the fact that @,,7,,* is bounded 
on W’ follow from (20) of [18]. 


) , and where 1 S k = ord G,’. 
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r 
Lemma V. The functions 2%, k==1,; + *,r, have no common zero 
à JE : 


other than z =": =% =Q. 
Proof. This is immediate since 2,,:- -,2 are integral over the poly- 


. 
nomial ring generated by 3) 2;/*, k==1,-- -,7. 
j=l 


In what follows, let y(r) be the positive minimum of max | > z | on 
Skr j=l 


the compact set max |z;|==1. Then if a>1, the positive minimum of 
- max| >) 2*| on the compact set max | z; | = a is = a(r). 
1Sk£Er j=1 

The following lemma, while practically trivial in content, serves to voint 
up the main idea of our approach in what follows. 


Lemma VI. Let {fu} be a sequence of complex-valued functions on a 
point set D such that Sf, converges absolutely at each point of D, and 
suppose there exists an integer C > 0 and a finite number of subsets D,,-+-,Da 
of D such that 


A 
(i) D=UD,. 
a=1... 


(ii) For each a —1,: * -, À, there exist indices m,,- - ` Mpa L C such 
that V({fmi} r.p) De is empty, and if £E Da and fm, (£) 0, then 
2 (fu(2)/fm(2))* | S4y(C), 1=1,; + °C. Then VS fe} ,0) ts 
k p 


empty. 


Proof. Let zE D. Then 3€ D, for some a—1,:::,A. Suppose 
- fm(t) 70. Choose } 1570, such that | È Ga (@) /fm(2))" | =7(0). 


It is clear that | © (fa (2)/fas(2))*| =7(0) nites = 4n(0) 0. qed. 
Lemus VII. There exist a finite number of rX r unimodular matrices 
U1, c, Ua, such that for any reduced (semi-definite or positive definite) 


rXr matric Y, there is an integer a, 1=a<À,, such that aly FEU] 
< Sp Y [U] for al rX r unimodular U. 


Proof. If U, is any unimodular matrix, the set 
Do, = {Y | Sp F[U:] S Sp Y[U], all unimodular U} 


is evidently closed (and convex). Hence it suffices to prove the lemma for | 
reduced Y => 0. We recall ([16], p. 629 and pp. 642-643) the following 


358 WALTER L. BAILY, JR. 
facts which hold for any reduced r X r matrix Y and any semidefinite rX r 
matrix T: 


(1) Sp(¥T) =Sp(TY) Zar) D tyu, A(r) being a positive number 
depending only on r, and tj, y being respectively the diagonal elements of 
ER A 


(2) SpF S rym 
(3) Yii = Yitl itty | Yij | =m | Yi | = Yi. 

If U. is any unimodular matrix, denote by U,™ the & Xr submatrix of U, 

consisting of the last k rows of Ua. We say that U, is minimizing for Y if 

Y€ Dy, It is clear that there exist minimizing U, for any positive semi- 

definite Y. Let Ly be the assertion that there exist at most finitely many 


U, such that Ua is minimizing for some positive definite reduced Y. We 
shall prove | 


(a) Dy. 
(b) Ly implies Lys. 

Since L, implies Lemma VII, this will complete the proof. 
Proof of (a). I£ U = (uy), it is clear from (1) that 


Sp Y[0] 2 AZ yu (È uy”) = À(r) Yrr Dı Ur. 
i 3 


Since by (2), Sp Y ry,,, it follows that U can be minimizing for Y. only 
if A(r) Du, Sr, from which L, follows. 
j 


2 


Proof of (b). Suppose Ly to be true but Lz,, false. Then there exists 

a sequence of 7X r unimodular matrices {U,} and a sequence {F.a} of 

reduced Y, > 0 such that Ua is minimizing for Y, and such that Ð (urp)? 
j 


—-Lo, where 7,== (wf). Since there are only a finite number of possi- 
bilities for U,®, we may assume U,™ to be the same for each Ua. Let. U* 


be an integral (r—k) Xr matrix such that Uo (Ta) is unimodular. We 
let U,* denote the (r—k)X r matrix composed of the first r— k rows of Ug, 


@ G 
Pa (y), and write Y .=( A ‘Ya being kX k. Then’ 


Sp PalUa] = Sp Ye [U4] + 28p DT UV. + Sp FU 
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Using (1), (3), and the fact that U,™ is fixed, we easily obtain 
Sp PLU] Z c: Sp Y,*{U.*] + Sp [0,0] 
= 0 D ( Uri)? Yrer- SP PAU P], 
4 


c> 0 being a constant independent of a. On the other hand, using (3), 
it is clear that 


Sp Fe Uo] S Cyra,rxt + Sp YU PT, 


C >O being a constant independent of a. Since Ua is minimizing for Yq, 
we must therefore have 


CYr-kr EC 2 (Urns) Seine 


and since Y,> 0, we must have y,.,.2 > 0; but then the above equation 
is in evident contradiction to X(u,3,$)*—> +œ. Hence (b) and therefore 


LemMa VIT is proved. 


Lemma VIL. There ts a finite set S(n) of unimodular matrices, a 
positive definite matrix Ya and a positive constant m such that if Y is any 
reduced nX n matriz, Y >kY, (k 21), then there exists Ug, 1Sa S Ay, 
such that Sp(¥[U]—Y¥[Ua]—mk'UU) > 0, for any unimodular UéS. 


Proof. By the reduction theory of Minkowski [9], pp. 68-70, the reduced 
forms constitute a convex cone with vertex at the origin, bounded by a finite 
number of plane faces, and therefore having a finite number of 1-dimensional 
edges which span the interior of the cone. Thus there exist a finite number 
of reduced, nX n matrices Y,,---,¥, such that if Y is a reduced nX n 


& 
matrix, Y can be written in the (not generally unique) form Y = Dar: 
i=i 


a,=20. Let Y,,- - -,¥, be positive definite and Y,,,,- ', Yẹ be semi-cefinite, 


but not positive definite. Let Y’ == $, &Ÿ; Then Y’ is reduced. Choose 
t>p 
a, 1 S&a A,, such that U, is minimizing for Y’. Then Sp(Y’{U] — ¥’[U,]) 


= 0 for all unimodular U. It is evident that there is a finite set S of n X n 
matrices such that if U is unimodular, U ¢ S, then 


Sp(¥i[0] —¥i[Ue]) > a" Sp(‘UU), i—1,: "p a=, t e, Am 


a being a fixed positive number. Let Y be a positive reduced matrix, Y > cẸ, 


i=l 


P ; ` 
c>0. Then Y =$ aY +4 ¥’, a20, Y Z 0, Y’ not positive definite. Let 
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5 be the biggest diagonal entry of any Y, t==1,~--,p. Since Y > ck, 
we have ay > c/ps for some 7,15 7Sp. Then if U¢ 8, 


Sp{¥[U] — F [U.]} = > a, Sp{¥i[U] — ¥i[Ua]} + Sp{¥’[U] —¥’[U.}} 


> p p 
= $ u Sp{¥i[U] —¥i[Ue]} = Baa Sp(UU) 
= (ac/ps) Sp(‘UU). So we can take Y, = E, m==a/p3, c—k. 
q.e. d. 


Let k be the minimum for (Z, Z,2) € clos (U, X Dg) and a—1,---,4% 
of the quantity 


MAXE, Tio | Om, t,o (Zi, ZU 4) |, 


where k == 1,: - -,ord Go’, and where 7’, runs over all even rational multiples 
of mE. «> 0 bv Lemma V applied to 
Om, Tis (Zi, Zi2U q J sOn, a Ge (Z, 412U 4g), 


for each a. Let 


Èn, Pis k(Z) == > nr, (Zis ZioUa)e (mkU 240.22) 
and 
Dn „Tig ki (Z) = On, Tig k(Z:, ZU) lte(mklU:+U 225), 


Us 


where U, runs over all non-associate, unimodular (n—p) X (n—~p) matrices, 
and 1<31SC, C being the number of elements in the set S(n—p) of 
Lemma VIII. In legitimatizing the above constructions, we let Giz be the 
subgroup of Np such that Us = So = 0, and Ga, the subgroup of Np such 
that U, == E, and then note that G, is a normal subgroup of G,’- Np, Gy» is 
stable under the inner automorphisms of G,’- Np induced by elements of Gy’, 
and, as previously stated, Np is a normal subgroup of G’:N,; then each 
Dm, r,t is defined in the form 


A 2 ee) Oe) 


o é Gu mod So gEG 


where f is invariant under G., and o€ Gia mod S, means that for each coset 
of the subgroup of Gis for which 8, == S12 = 0, and U = E, we choose a coset 
representative o; from this, it is evident that & is invariant under Gy- N. 
That the above series converge uniformly for Y, >> 0 follows easily from 
Lemma VIII and the fact that 1, X D, is a bounded set. 


Denote by Dy,’ the subset of Fap consisting of those Z, = ¥, +Y: 
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such that the conclusions of Lemma VIII are satisfied for Y. by the 
(n——p)X(m—p) unimodular matrix Vae Then if Y.°>>0, we see that 
the series | 





Z2{Ua])) 


converges uniformly for Ze UM(F,°), Z€ Dy. Denote this series by 
Sur. Then choose Y,° such that 


| Smt (Z) | < min (99 (C), 39(C)) 


for fixed large m and all k, l, a, and 7, an even rational multiple of mJ, 
provided Z € U(Y,°) and Z€ Dy.. Since ®,,7,,*' are invariant under Go Np 
and approach 0 as Z — V,_,*, they induce holomorphic functions # Orxi on 
a neighborhood U of z, and it is clear that Faa” NU C V({Qrm}), where we 
may assume dr (V,NU) NF, C UYL). We now show that V({Qrm}) 
N Va N U is empty. For this, it suffices to show that V({O,,7,*'}) NU(TY.°) 
is empty for some given fixed m. Let Z€ U(Y.°), assume Z, € Dy,’, and let 
k, Tiz be such that | 0m, m (Zi, Zi2Ua)| =x. Then 


| Smr? (Z) /0m rë (Zr, Zara)! |S min ($y (0), (Cet) S In(C). 


Therefore, by Lemma VI, V({byr.%t}) N U(Y,) is empty, and therefore 
V ({Or.a}) OU = Vrn OU. Thus, V,1* has a local basis at z, and we 
have therefore established 


S Om Tt (Zy Z12U2) te (klm (Z-[U] 
UatS 


THEOREM 3. V,:* has a local basis at each tE Va”. 


Combining this with Theorem 2 and the fact that V,* and V,* are 
general analytic spaces we obtain by an obvious induction 


THEOREM 4. V,* is a general analytic space. 
We shall now obtain 


THEOREM 5. The general analytic space V,” is isomorphic, analytically, 
to a (analytically) normal projective variety. 


Proof. Let m, be as in Lemma I, let p> 0 be such that m, | p, and 
let $1,- © <, scp) be a basis of the automorphic forms of weight p on V,*. 
We define a mapping 9?: V,* —> CPs), where CP! is the s-dimensional complex 
projective space, by 9P (s) == ($. (£), **, scp) (Z)), which is well defined since 
$1," e > Psg) are simply cross-sections of the analytic sheaf of germs of 
automorphic forms of weight p on V,*, and by LEMMA I ¢,,- ° -, Psp; have 
no common zeros on V,*. Let 4): V,* X V,* > CP8®) X CP8®) be defined by 
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p = 9" X $r. Let A, be the diagonal of CP8® X CPs®) and let D, = 6,71(A,). 
D, is a subvariety of V,* X Vaë. If p1,p2,° > is a strictly increasing 
sequence of positive integers such that Mp | pı | pa |> >+, it is clear that 
Dy, > Dp, 2: + +, so that for sufficiently large p, =N, we have Dy, = Dp,,, 
=--:-:. Let D be the diagonal of V,* X V,*. It is evident by Lemma II 
that Dy N (Va X Va) = DA(VaX Vn). Hence if se V,*, (9%) 19% (2) N Vn 
consists of at most one point. If n= 1, it is obvious that (~%)-*9%(2) ON V,.* 
is also discrete. If we assume, by induction, that ($Y | V,.*)-*(y) is discrete 
for each y € CP8%), it follows that (~%)-*(y) is discrete (1.e., 0-dimensional 
or empty) for all y€ CP*™), Therefore, by a well-established property of 
analytic mappings,” we see that if x € V,* and if U is a small neighborhood 
of x, then ¢¥ (U) defines an irreducible“ germ of a variety at ẹ^ (s), and 
hence ¢V(V,*) —®) is a complex analytic variety in CPM., Moreover, 
v is one-to-one on an everywhere dense set of regular points, namely, the 
regular points of V,. Let U* be the (canonical) normal model of WV, 
vt CCP". Acccrding to Zariski [17], algebraic normality implies analytic 
normality. Then to each pair consisting of a point y of Ÿ and an irreducible 
branch V, of Y at y, there corresponds precisely one point of U*. So, just 
as in the proof of THEOREM 1, we see that @Ÿ can be naturally lifted to an 
analytic isomorpkism 9* of V,* onto Ÿ* such that we have the following 
commutative diagram : 
et 
PE — y# 


N 


where ẹ = 9, m being the natural map. This completes the proof. 

Now let f be meromorphic on Han, let f be invariant under Mn, and let 
n==2. Letse H, and let Mns be the finite subgroup of M, leaving x fixed. 
Then in a small neighborhood U of æ, f = h/h, where h, and h are holo- 
morphic in U. h, and he may not be invariant under Mns, but in this case, 
we let h.* be the product of the translates of h, under all elements of M,, 
except the identity; then if we put gı = hih:¥*, go = həh*, gı and g are 
invariant under Mns, though not relatively prime at x, and f—g,/g. in a 
small neighborhood of s. Thus f naturally induces a meromorphic function 
f* on V,C V,*. Since n=2, dim V„* — dimV,.*=—"n>1. Therefore, 
by an easy generalization ®) of Levi’s theorem on removable singularities of 


® Levis theorem on removable singularities of meromorphic functions, as proved 
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meromorphie functions [5], f* is meromorphic on all of V,* and hence on 9)*. 
Since the correspondence w is birational, this means [1] that f* is a rational 
function of the coordinates in Y. From this, it follows that f is a quotient 
of homogeneous polynomials in $1,: ` -, sx); We have therefore, 


THEOREM 5. If f is a meromorphic function in Hn invariant under Ma, 
f is the quotient of two automorphic forms of like weight (though not, in 
general, everywhere relatively prime), provided n= 2. 


It would be of interest to learn something of the Betti numbers, etc. 
of the space V,*, but nothing of this nature is known to the author. It 
would also be of interest to know the relationship between V,* and V, (see 
[12]). It seems quite clear that V,* and Ÿ, are birationally equivalent to 
each other and, by a result of Lapin [7], and others to CP*. It is possible 
that V, is obtained from V.* by a monoidal transformation along the irre- 
ducible subvariety V,*, but the author has no proof. 

It will'be shown in a later paper that if M is any subgroup of M, of 
finite index (e.g., one of its congruence subgroups), Satake’s methods yield 
a compactification V* of the quotient space H,/M* such that there is a 
natural analytic map v: V*— V,„* having the following properties: 


(1) vis a proper map and if € V,*, v(x) is a finite set. 


(2) There is a subvariety A of V,,* of codimension = 1 such that v is 
a locally topological map of V*#— 1 1(A) onto V,*—A. 


(3) Ifxe A and 2’ €y'(z), æ has a basis of neighborhoods {Ua} such 
that Ua N (V#—v4(A)) is non-empty and connected. 


Then combining this with the results we nave already obtained, or, 
alternatively, using THEOREM 3 of this paper in conjunction with Theorem 3 
of [4] and the remark following Theorem 1 of [3] we shall see that V* is 
(analytically isomorphic to) a normal projective variety. We shall also 
obtain the analog of Theorem 5. | 
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in [5], applies only to meromorphic functions in an open domain of C". However, it is 
not hard to prove that if f is a meromorphic function on a normal general analytic 
space V of pure dimension n except possibly on an imbedded subvariety of (complex) 
dimension <”-— 2, then f is meromorphic on all of V. We omit the proof here. 
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EIGENFUNCTION EXPANSIONS FOR NON-SYMMETRIC 
PARTIAL DIFFERENTIAL OPERATORS, I.* 


By FELIX E. BROWDER. 


Introduction. Let L and B be two differential operators defined on a 
domain G of Euclidean n-space E” (n21). By an eigenfunction expan- 
sion for Z with respect to B on G is meant, roughly speaking, a sequence of 
measures {m;} on the complex plane and a sequerce of functions {u,(z, £)} 
defined for v in G and £ complex, such that: 


(a) (L—£B)u;(2,f) —0, 
(b) For a suitably smooth function v in a restricted class, U;(v) (6) 


= f ; (Bv) (x)u;(x, £)dx is defined except on a set of mj-measure zero and 


lies in L?(m,;) while (Bv, v) -2 f | U; (v) (£) |? dm; (£), 


(c) ole) =E f To) Oula, 6) dm (2). 
j 


The general theory of eignefunction expansions for singular self-adjoint 
ordinary differential operators was initiated by Weyl in 1910 with his treat- 
ment of the second-order case, and has been intensively developed since that . 
time! Two simplifying circumstances are present in the case of ordinary 
differential operators as contrasted with partial differential operators proper 
(n= 2). The first and most important is that the family of solutions of a : 
linear ordinary differential equation is of finite linear dimension, so that 
many questions about it can be reduced to problems in finite-dimensional 
linear algebra. Second, from the point of view of the theory of partial 
differential operators, an ordinary differential equation is both elliptic, so 
that all its solutions are smooth functions, and hyperbolic, so that the Cauchy 
problem has a stable solution. It is not surprising, therefore, that it has 
been possible to obtain eigenfunction expansions for general classes of 


* Received October 31, 1957; revised January 15, 1958. 
+ An inclusive account of the theory for ordinary differential operators is given by 
Coddington and Levinson [12]. 
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ordinary differential operators by the methods of classical analysis, while in 
tbe case of partial differential operators proper, it has been necessary to have 
recourse to the tools furnished by functional analysis. 

Except for the work of Carleman in 1934 on the Schroedinger equation 
[10], the development of the theory of eigenfunction expansions for partial 
differential operators has taken place only in recent years. In 1953, using 
an argument already set forth in general terms by Mautner [22] and based 
upon the Von Neumann-Stone spectral theory for unbounded self-adjoint 
operators, Gärding ([14], [15]) and the writer [7] independently proved 
the existence of an eigenfunction expansion corresponding to each self-adjoint 
realization of a formally self-adjoint elliptic partial differential operator.” 
For differential operators with constant coefficients, an extension to hypo- 
elliptic operators was given in 1955 by Hormander [20]. In 1955, Gelfand 
and Kostyucenko announced in [17] the existence of an eigenfunction 
expansion for each self-adjoint realization of a formally self-adjoint partial 
differential operator without any requirement of ellipticity. Basing their 
proof upon a Banach space differentiation theorem- due to Gelfand [16], 
they obtained eigenfunctions which were in the general case distributions of | 
some prescribed order. Using the same differentiation theorem in Hilbert 
space (where it was first proved by G. Birkhoff [4]), the present writer in 
[8] extended their result to obtain eigenfunction expansions for formally 
self-adjoint partial differential operators: of arbitrary type without any 
assumption on the existence of self-adjoint realizations | 

In the present paper, we establish more generally an éigentanction 
expansion theorem for any subnormal realization A of a partial differential 
operator Lin L? (G). The class of (possibly unbounded) subnormal operators 
which includes al: symmetric operators is defined by one of the two equivalent 
conditions: A is subnormal if it can be extended to a normal operator in a 
.larger Hilbert space, or if it can be written in the form 4 == f £ dF(£), 
where F is a positive operator-valued measure on the Borel sets of the 
complex plane C* with | Au |? = f] ¿|° d[Fyu,u]. The proof for subnormal 
operators is based upon the Birkhoff-Gelfand differentiation theorem, and the 
eigenfunctions oktained are distribution solutions of the equation (L — ¿£u 


? See also the paper of Povsner [26] on the Schroedinger equation where related 
methods are applied. Another proof for self-adjoint realizations of elliptic opera ene 
was later given by Bade and Schwartz [2]. 

? The proof of the result announced in [17] was published by Gelfand and Silov 
[18]. Another prcof has been given by Berezanski [3]. At the same time as the 
writer’s paper [8], results in the symmetric case for ordinary Bune eee operators were 
obtained by Coddinzton [11]. 


PARTIAL DIFFERENTIAL OPERATORS, I. 36% 


= 0. In particular, by applying results on the smoothness of solutions of 
hypoelliptic equations, one obtains for such operators eigenfunction expan- 
sions in the classical sense. | 

If B is a positive partial differential operator on G, we also obtain a 
proof of an expansion theorem in solutions of (Di &Bju—0 under the 
assumption that L has a subnormal realization in a Hilbert space Hg defined 
by the operator B. In this case (as in a corresponding argument indicated 
for self-adjoint operators on E” by Gelfand and Kostyucenko [17], [18]), 
the eigenfunctions obtained are no longer distributions in general, but, rather, 
linear functionals of a more general type, and it becomes impossible to rely 
upon results on the smoothness of distribution solutions of hypoelliptic 
equations. We shall treat this difficulty in the following paper of the present 
series. 

Section 1 discusses subnormal operators, their generalized spectral resolu- 
tions, and various operator-theoretical results applied in the subsequent 
discussion. In Section 2, the Hilbert spaces which we shall use are defined 
and their properties established. In Section 3, the proof is given cf the 
existence of an eigenfunction expansion corresponding to each generalized 
spectral resolution of a subnormal operator. Section 4 treats of hypoelliptic 
operators. 


Section 1. Let H be a Hilbert space with inner product [u,v], T a 
(possibly unbounded) linear operator with domain Dr dense in H and range 
Rr in H, T* the adjoint of T. Since we shall assume that T has a closure 
in H, T* is a closed, densely defined linear operator in H. T is said to be 
normal if TT* T*T, with the usual convention for the multiplication of 
unbounded operators. By the spectral theorem, every normal operator T in 
H has a resolution of the identity {#,}, i.e., a function # from the o-algebra 
Q'of Borel sets of CT, the complex plane, to the projections of H such that: 
(1) #(C*) =I, the identity operator; for each u in H, [H#(8)u,u] is a 


positive measure on Q; (2) uE Dr if and only if f [él d[Eeu,u] <a; 


If u€ De, ve A, [Tu, v] = f cd Eu, v]; (3) E(8i N 82) =E (8:1) E (Sz) 
for Si, 2 in Q. | ; 
| Definition 1. T is subnormal if there exists a Hilbert space H, con- 


taining H as a closed subspace and a normal operator T, in H, such that 
Pr: | 


For bounded operators, Definition 1 coincides with that given by Halmos 
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in [19]. Halmos has given a characterization of bounded subnormal operators 
which in the simplified expression given to it by Bram [5] is the following: 
the bounded operator T is subnormal if for every finite family of elements 
Use ol da 
(1) Ÿ [Tiun Ts] = 0. 
j kat 

In the more general case of unbounded operators, every operator T 
admitting a normal extension in H itself is trivially subnormal. By a 
theorem of Neumark ([1]), every symmetric operator has a self-adjoint 
extension in a larger Hilbert space and therefore is subnormal. 


Remark. We shall call T formally normal if Dp C Dr. and | Tu || 
== | T*u for u in Dr. One might conjecture that every formally normal 
operator T is subnormal. The truth or falsity of this conjecture does not 
seem easy to establish, especially in view of the meagreness of studies as to 
conditions for the extendability of a formally normal operator to a normal 
operator in H itself. (See [21], [24], [25]). If it were true that every : 
formally normal operator were subnormal, then it would follow from the 
argument employed in the case of bounded operators that if: Rr C Dr and 
(1) holds for every sequence chosen from Dr, then the unbounded operator 
T would be subnormal. 


Definition à. Let T be a subnormal operator in H, Tı a normal 
extension of T to a Hilbert space H, containing H as a closed subspace, P 
the projection of H, on H, {2,} the resolution of the identity of T, in Ha 
Then the generalized spectral resolution of T corresponding to T, is the 
function F from the o-algebra Q of Borel subsets of C* to L(H) (the set of 
bounded linear operators on H} defined by F(S) —PE(S). 

We note some of the properties of such a generalized spectral resolution : 


(a) F(C1) =I; for uc H, [F(S)u,u] is a positive measure on Q. 
(b) If we Dy, f LE |2 [Peu u] = || Tu |2. 
ci 
(c) For u€ Dr, ve H, [Tu, v] -=f fd[ Fu, v]. 
Ci 


Lemma 1. Let T be a linear operator in H, F a function from Q to 
L(H) for which (a), (b), and (c) are true. Then T ts subnormal and {FP} ` 
1s the generalized spectral resolution of T corresponding to some normal 
extension T; of T. 


1 \ 
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Proof. It follows from (a) that for each S in Q, F(S) -is self-adjoint. 
By a theorem of Neumark (cf. [23], p. 28), there exists a Hilbert space H, 
containing H as a closed subspace and a resolution of the identity {#,;} im 
H, such that, if P is the projection of H, on H, then PE(S) —F(S) for 
all § in Q. Corersponding to this resolution of the identity, there is a 


normal operator T, in H, with Dr, = {w| Í, |é |? dL Bw, w] <0} while 
for w € Dr, vE Ay . 


[T,w, v] = Í, ¢ d[ Eu, v]. 


For u€ H, [Hu,u| = [F;u, u], and (b) implies that Dr is contained 
in Dp, For u€ Dre, v€ H the chain of equalities 


[Eu v| = [Pu, Ew] a, Lu, Fø] ii [F ru, v] 


implies that [Tu, v] = Í, Cal Fu, v] =Í é d| E yu, v] —[Tiu,v]. Thus 
ca 


TC PT, while (b) implies TCT). 

Let T' be a subnormal operator in H, {F;} a gnezd spectral resolu- 
tion corresponding to T. Let T, be a normal extension of T in a Hilbert 
space H, with projection P on its closed subspace H,{EÆ,} the spectral 
resolution of T, with the property that PE (S) ==-F(S). If g is an arbitrary 
element of H,, we define H,(g), the cyclic subspace generated by g with 
respect to {#,}, to be the subspace of H, spanned by E(S)g with S ranging 
over the Borel sets of CT It follows by a familiar argument that if k lies 
in the orthogonal completment of H,(g), so does H,(h), and we may select 
an indexed set {gg:8€ Q} in Hy = À D H (gg). 


Lemma 2. If H ts separable, and T: may be nen so that Q is 
‘countable. 


Proof. Let Q’ be any subset of Q, H' = S @ H,(gs), T’ the restric- 
Be Q! f 


tion of T, to HN D(T;). Then the range of T” is contained in H’, T’ is a 
normal operator with dense domain in H’, and if {H’;} is its spectral resolu- 
tion, Æ’; is the restriction of E, to H’. 

Let {hy} be a dense sequence in the separable Hilbert space H. For 
each k, hy has a non-zero projection on H,(gg) only for B in a countable 
set Qr. If we set Q’ — U Qx, Q’ is countable, and H oe @ H (g) =H’. | 

oe 


Further, for 8€ Q’, the cyclic subspace generated by gg with respect to {H’,} 
is equal to H,(gg) while, if P’ is the projection of H’ on H, F(S) = PE (S). 
H’ and T” are the sought extensions. If H, == H, then W =H.’ 


9 
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To conclude the present section, we establish the following lemma which 
is applied in the proof of our main theorem. 


Lemma 3. Let m be a positive finite measure on the o-algebra Q of 
Borel set of ©, h a vector-valued measure on. with values in a Hilbert 
space H, Suppose that h is weakly absolutely continuous with respect to m 
and that there exists a constant K such that for any finite parrwise disjoint 
family Sy of sets of Q, 2 |2(S.) || = kK. Then there exists an m-integrable 


function u from C? to H, such that, for SEQ, y€ Ho, 


En (8), y] = J. [u(¢), y]dm (£). 


Proof. To reduce the lemma to the theorem of Birkhoff [4] and Gelfand 
([16], pp. 260-266), of which it is a variant, we apply the method of Riesz- 
Sz. Nagy ([28], Sec. 60, pp. 130-131) to obtain a mapping f of a Borel 
set Z of the unit interval J onto a Borel set C’ of C1 such that, if mz denotes 
Lebesgue linear measure, mz(Z) = 1, m(C’) = m(C*), while mr(f4(S)) = m(8) 
for each Borel subset S of C’. The mapping f, as well as f+, carries Borel 
sets into Borel sets, and f is one-to-one on the complement of a countable, 
pairwise disjoint family of intervals {Z;}, each of which is mapped by f on 
a point v; of C* having a non-zero measure with respect to m. 


Let 2, = Z — |] Z;, 8 a Borel set of J. Let h, be defined by 
j 
hi (8) =A (FE N 2)) + Zh(x;)m(sS N Z). 
k) 


It is easy to verify that h, is a vector-valued measure on the Borel sets of J 
which is weakly absolutely continuous with respect to mr and satisfies the 
bounded-variation condition of the hypothesis for h. By the theorem of 
Birkhoff-Gelfand, h, has a strong derivative a.e. on J, and if we set 
dh,/dt==-u(t), u is strongly m-integrable and n9) = f u(t)dmi(t). 
Ss 
On each Z; u(t) is the constant h(x;). Thus, if f(t) ==2, u(t) is uniquely 
defined by'æ on O’. The function u(x) thus defined (and set equal to zero 
outside of C’) is m-measutable, and by the transformation formulae for 
integrals, 


TORIA Lu(e), vlam(e) 
for each y € Hy, S in Q. 


Section 2. Let G be an open set in the n-dimensional Euclidean space 
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E with points «== (2,,+:-,2,), Ce” (G) the family of complex-valued 
infinitely differentiable functions with compact support in G, L?(G) the 
Hilbert space of equivalence classes of complex-valued square-summable 
functions with inner product (u,v) = f u(z)v(x)dz (5 the complex con- 
jugate of v, integration with respect to Lebesgue n-measure). If œ is a 
multi-index (a,::-,a,) with 1Z<a;<n, we shall let |a| =r while 
De = 6" /d2_q,: * ‘0ta, (For the empty set of indices #, we let D? = I.). 
Let Ci(G) = {f|f is defined in G, Def exists and is continuous in G 
for | « | SJ}. 
| Let B be a linear operator with C.” (G) as its domain and its range 
contained in the linear space of locally square-summable functions on G. 
We shall assume that there exist p€ C°(G), NE Cr(G) for some r= 0 with 
p(t) > 0 in G, N(«) >0 for x in G, such that: 


(2) For $,¥€C."(@), (Bd, y) = ($, By), (BS, ¢) = (ph, $); 
(3) (Bé, $) S Z (ND, D"), 4€ Co" (G); 


(4) (Be, Bb) <œ for ġ EC.” (G). | 


(Note that if B is a differential operator, (4) is automatically satisfied.) 
On C.” (G), we define the B-inner product by, 


(5) [¢, y] pu (Bẹ, Y) s$, Wwe Ce” (G). 


The family of functions C.” (G) with its ordinary linear structure and 
the inner product [ , | is a pre-Hilbert space. 


Definition 3. H is the Hilbert space which is the completion of C.” (G) 
with respect to the norm || u lly = [u, w]?. 


Let L*(p) be the Hilbert space of equivalence classes of locally square- 
summable functions u for which (pu,u) <œ with inner product (pu,v) and 
norm (pu,u)#, By (2), every Cauchy sequence from C.” (G) in H-norm is 
also a Cauchy sequence in L?(p). Thus, there exists a continuous mepping 
J of H into L?(p) which is the identity mapping on Ce” (G). We assert 
that J is one-to-one; for if ‘{p.} is a sequence from C.” (G), converging to 
h in H with (pds, de) >, and if y€ 0,” (G), we have [h, y] = limfés, y] 


= lim (de, By). Now |(¢s, By) |? S (pps $s) (p By, By) > 0 as s—> 0 by (4). - 


But then [h,w]—0 for all y in 0,” (G) and h—0 since C,” (G) is dense 
in H. Thus H may be identified with a linear subset of L?(p). If p, is any 
other positive continuous function on G with p,(z) = p(s) for. x in G, then 
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obviously L?(p) is a linear subset of L?(p,) and H may be identified with 
a subset of L2(p,) and H may be identified with a subset of L?(p,). 


Given NE Cr(G), N(x) >0 in G, r=0, we define the (W,r)-inner 
product on Ce” (G) by [uvlyr== X (VD, Dv). If the differential 
lalsr 
operator B, is defined by Biu— > (—1})leiDe(N(x\Dou), then [u,v]y- 

l 


ai£r 

— (Bu, v) for u,v E€ C.” (G), and A satisfies the conditions (2), (3), and 
(4) on B with thé pair of functions (p,N) replaced by (N,N). It we 
complete Ce” (G) with respect to this inner product to a Hilbert space Hy,,, 
there will be a continuous one-to-one mapping J, of Hy, into L?(p,), where 
pi(z) —min{p(z), N(x)}, which is the identity mapping on C,”(G@). 
Furthermore, (3) implies that there exists a continuous mapping J, of Hy,» 
into H which is the identity mapping on C.” (G). Let J; be the imbedding 
mapping of H into L?(p,). Then J,==J3J.2, and since J, and J; are one-to- | 
one, J, must be one-to-one and Hy, may be identified with a linear subset 
of H. 


As a special case of the spaces Hy,, we may choose N(#)==1, and 
designate the corresponding Hilbert spaces and inner products by H, and 
[u,v], If G is bounded, rı >r, by a well-known lemma of Rellich (e. g., 
[6], p. 32), it follows that the imbedding map Jnr of Hn into H, is compact. 
For bounded G, the inner product [u,v]’,—= > (Dou, Dev) yields a norm 

lal=r : 
on H, equivalent to the r-norm. We designate the Hilbert space with the 
inner product [ , V, on H, by H”,. 

Lemma 4. Suppose f€ C(G) with f(x) > 0 for x in G, r =0. Then 

there exists gE C(G) with g(x) >0 in G, such that 


| Deg (x) |S f(x) 
for all x in G and all |a| Sr. 
The proof of Lemma 4 follows from a standard argument using an 


infinitely differentiable partition of unity corresponding to a suitably fine 
locally finite covering of G. 


Lemma 5. Let G be a bounded open set in E", r=0, r= rtnt+li. 
Then there exists a unique compact self-adjoint positive linear operator C, 
on H’,., such that 


[u, v] ms [C,u, v 


for u,ve H’,,. Further, if {Axr} is the sequence of eigenvalues of C, in non- 


it 
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increasing order corresponding to a complete orthonormal set in H’,,, we 
oo 

have > {Ar} <a. 
k=1 


Proof. For fixed u in H’,, [u,v]’, is a continuous conjugate-linear 
functional of v on H’,,. Hence, there exists a unique element w in H’,, such 
that [u,v]’,==[w,v]’,, for all v in H’,,.- If we set Cru == w, it follows that 
| Cy I’, Sc, lf wi’,, and by the lemma of Rellich mentioned above, C, is a 
compact linear operator on H’,,. Further, C, is self-adjoint and positive on 
H’,, since [C,u, u| n == Lu, ul’, > 0 for u0 in Hrn 

If r= 0, it follows from results on the asymptotic distribution of eigen- 
values for the Dirichlet problem for a polyharmonic equation [13] that 
Aro ~ On, G)k-?-?/, and therefore > deo? Lo. 

=i 
For r > 0, we define da D H"a where, for each a, Hens is a copy 


of H'ss If v= {va} is an slemont of W, let | vllo? z > | Va llo? We define 
a mapping T of H’,, into W by setting Tu == {ua}, where the a-th coordinate 
Ua = Du. Then T is a one-to-one mapping of H’,, into W, and there exists 
a constant c, > 0 such that | Tu lw 5 a[l u in] Moreover, | Tu |? 
== [|u l4]. By the minimax principle for eigenvalues of compact self- 
adjoint operators on a Hilbert space ([27], p. 285), 


Aer = max {min{[] u |.1*/C} u [nlu E Sx}}, 


where the maximum is taken over all subspaces S, of linear dimension k in 
H’,,. For each u in A’, a[l u ’-]?/L u Wl? S | Tu |0°/| Tu llw. Since 
T is one-to-one, it follows that CiÀr,r = £x, where 


rr = max {min{|vo?/| v lw; vE Sz}}, 
SECW 
where the S”, range over the k-dimensional subspaces of W. 
If v= {vg}, |v loo 2 [Cova Va] na. Thus {&,} is the sequence of 


eigenvalues of the operator C’v—= {Ca}. The only admissible values for 
the ér are the values taken on by various Ajo and if ék r= Ajo, the multi- 
plicity of xr as an eigenvalue of ©” is 2"(r!}-t times the corresponding 
multiplicity for Ajo. Thus ferry. Axo, and as a consequence, 


Err Car, 4) ke? 2’, 


9 Los] 
Finally, SAAS ot D épa oo 
ka kal 
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THEOREM 1. Let G be an open set of E”, r=0 ri=r+n +1, 
N(x) >0 with NE Cr(G). Then there exist ME O” (G) with M(x) = N(x) 
for x in G and a complete orthonormal sequence {vs} in Hu, such that 


>, | Ux ar LA, 
ket 


Proof. We remark first that if the theorem is true for a given domain 
G, it is also true for any domain G, which is mapped by a C*-homeomorphism 
onto G. Since there exists a C®-homeomorphism of Æ” onto its open unit 
ball, i.e., the set |z| < 1, we may assume without loss of generality that G 
is bounded. 

Since G is assumed bounded, the lemma of Rellich cited above is valid 
for G. On the other hand, by Lemma 4, there exists géC°(G@) with 
g(x) > 0 for all + in G, such that | Deg(x)| SN (x) for |a| Er, ce G. 
Let pE Ce” (G). If we set y—gd, we have, 


I > lly.” "a 2 (NEDe(gy), NiDe(gw)). 
By the Leibniz formula for the differentiation of products, 
De(gy)— 2 pD DE 


with Crg positive constants. It follows that | N4D¢(gy)| S E crg | Dy |. 
B 
Thus there exists c > 0 such that i 


(6) |e Ive? Ec ly l. 


In addition, we can obviously find a function M in C°(G) with 
M(x) > 0 for sE G, such that 


(Ile X (Dé), DA(g*$)) S I (MDG, DPG) — | 6 Hae 


for all pE C” (G). 

From (7), it follows that if a sequence {#:} from C.” (GŒ) is bounded 
in (M,rı)-norm, the corresponding sequence {Wp} with Wk = g°ġx, is bounded 
in r,-norm. By the Rellich lemma, there exists a subsequence {yx,} which ‘is 

a Cauchy sequence in r-norm. By (6), the corresponding subsequence {r,} 
is a Cauchy sequence in (N,r)-norm. Thus [u,v]y, is a completely con- 
tinuous form on H, and there exists a compact linear ‘self-adjoint operator 
C on Hu n such that [u, v]y, = [Cu, vla, for all v in Hirn 

We choose the sequence {v;} in Hz, to be a complete orthonormal 
sequence of eigenfunctions of the compact positive. operator C with a corres- 
ponding sequence of eigenvalues {àx}, which we may assume to be arranged 
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in a non-increasing order. If Cv; = ÀV, we have 


I Uk i Ne = [Vk ve] Nr == [Cux, Vx | Mor, = Axe 


To complete the proof of the theorem, we must show that DA < o. 
i kad 


If we apply the minimax principle, as in the proof of Lemma 3, we see 
that the k-th eigenvalue will not decrease if we increase the norm | ¢ |x, 
to the larger norm c]/y|,?, with y= g"¢, or to the even larger norm 
{lvl}? Similarly, the k-th eigenvalue will not decrease if we replace 
the norm | ¢ ||la? in the denominator of the quotient by the smaller norm 
{y eY. It follows directly that A, SS cAx- where Àx, is the k-th elgen- 


value of the operator C, defined in Lemma 5. Since by Lemma 5, X Ax, <, 
k=1 


the conclusion of the theorem follows. 

By the argument of the paragraph preceding Lemma 4, there is a con- 
tinuous injective linear mapping J, of Ha, into H which is the identity 
on C.” (G). Since H may be identified with its own conjugate space by 
the assignment u— [v,u], with the latter considered as an element of H*, 
the adjoint mapping J,” may be considered as a continuous linear mapping 
of H into H*y,,,. Since J, is one-to-one, the image of J,* is dense. Since 
the image of J, in Hy, contains the dense subset C,” (G) and is itself dense, 
it follows that J," is one-to-one. Thus J,* identifies H with a dense subset 
of H*y,,. If we define a (M,—7,,B)-norm on H by the prescription 


| K (ar, rs, 8 == SUP {| Lys uli | (| ý lan) | ý € Hun} 


we see that || u [ar-r = | J4%u ax... It follows that the completion of H 
with respect to the (M@,—-1r,,B)-norm is a Hilbert space Hy,, # which is 
isomorphic to Huy. If B= p(s), the space Hy,» for pE OC (G) is 
composed of distributions of order r, at most. 


Section 3. 


Definition 4. Let A be a subnormal operator in H, {F,} a generalized 
spectral resolution corresponding to A. By an eigenfunction expansion 
corresponding to {F,}, we shall mean a sequence of positive, finite measures 
{m;} defined on the Borel c-algebra Q of the complex plane C* and a sequence 
of functions {u;} from CT to Hy,,,8 having the following properties: 


(1) For ve Hy, (é) =[v,u;(€)| lies in L*(m,;) and we have 
| v lw? => {IG lzm}. Thus the mapping U defined by Uv = {c;} is an 
j=1 


376 FELIX E. BROWDER. 


isometric mapping of the dense subset Hy, of H into À @ L?(m;) and can 
Í 


be extended by continuity to an isometric mapping of H into $ © L?(m;). 
' 3 


(2) Let {e}€ © O L'(m;), S a Borel set in C%. Then c;(£)u;(é) is 
j 
a strongly integrable function from C* to Hx,-r,B with respect to the measure 
m; If hia f c;(é)u;(£)dm;(#), the element h;s of Hu,-r,B always lies 
g 


in H, and the sum J, h;s converges strongly in H to an element hs with 
j 
| As a’ = > {| e rrm}. 


(3) If {ce}—U(f) for f€ H, 8 a Borel set of (*, then 


POJE f Oum). 
For S = C1 on an element {c;}, élit holds in the inequality of (2). 
(4) If vE Dan Au, AvE Hu, then for every €€ C1, 
Lu; (é), Av] — Elu; (£), v]. 


Definition =. The eigenfunction expansion of Definition 4 is said to be 
full if the mapping U described in (1) maps H onto >| @ L?(m;). Then, 
for § == 07, equality holds in the inequality of (2). 

The basic result of the present paper is the following: 


THEOREM 2. Let A be a subnormal operator defined in the space H, 
{F,} a generalized resolution of the identity corresponding to A. Then 
there exists an eigenfunction expansion corresponding to {F,} and this 
expansion is full if F, is an ordinary spectral resolution. 

Proof. There exists a Hilbert space H, containing H as a closed sub- 
- space and a normal operator 7, in H, such that TCT, and F(S) = PEH(S), 
where {#,} is the spectral resolution of Tı, and P is the projection of H, 


on H. If {F,} is an ordinary spectral resolution, we choose H, to be equal 
to H itself. 


By Lemma 2, we may assume that there exists a sequence {g;} in H, 
such that Hı =£ ® H:(g;). Let m;(8) = [E(8)gng;]. If we denote 


F] 
H,(9;) by H; the mapping V; assigning to a function c;€ L?(m;) the 
element h; == f c;(8)dE,g; is a unitary mapping of L’ (m;) onto H;. Let 
c 
feH.. Then f= h; with h;—Vje;¢ AH; If f€ H, Pf=f implies that 
j 
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f= > f; with = Phy f c(¢)dF'.g;. Moreover, F(S)f = PE(S)f = di fjs, 
j ct j 
where fs = PE(8S)h; = Í C;(E)dF;g;, In particular, the mapping U 
S 
defined by U(f) —{c;} is an isometric mapping of H into $ @ L? (m;). 
1 
If, conversely, we are given an element {c;} of > @ L?(m;), S a Borel 
j 
set of Ct, we define hia f, ci(E)dF:g hg== > h;,s, the sum converging 
S j 
strongly in H. Since h;s = P( f o,(£)dEg;), it follows that 
s 
| hs |? SD |G lren. 
7 Le 


We must show the existence of a strongly m,-measurable function u; 
from CT to Hu, -nB such that, for all y in Hy,, and all Borel sets 8 of C’, 


(6) Dis y] — f oO uyd): 
Since [hy,g, y] = Í. (Edl lEF:g; y] , it suffices that 


(7) [P(S] = J luO, ylim E) 
for all y € Har A. 

We shall verify that the assumptions of Lemma 3 are satisfied if 
H, == Hyu,r,r, Ms) =m; (5), and k(S) =F(8)g; (In the following argu- 
ment we drop the subscript 7 from m; and g;) 

For v€ H, 


ID (S), 0]! = |[PE (8)g, 0]| = [LE (8)g,0]| S m(S) 1 v | 


Thus À is weakly absolutely continuous with respect to m. 
Let {S} be a finite, pairwise disjoint family of Borel sets of C1, 
YE Hy, Then, | 


2 [La (Se) yll = DLE (Si) gy E(Sx)y1] 
= {2 | B(Sk)9 heP ily de Siig la: iy la 


Let {y+} be a sequence of elements from H ia with | Yr | gun =1. By . 
Theorem 1, there exists a complete orthonormal sequence {v;} in Ha,, with 
> |e; lyr <2. Since [vx E iv lly it follows that X | vla oo. Let 
j F | 


(8) 


ýr = > äv; be the Fourier expansion of yy with respect to this sequence. 
j 
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Since |] px lan? = 1= È | ax |?, we have | a,j| <1. 
We choose the yy us that [h (8z); Yr] = || h(S:)luw mr. Let 
K= | 9 In" 2 [us x <<. 
Then, 
(9) 2 | À (Sz) lar, = ZT (S+), We] = 2 | ay: l | [A(Sx), of] | SK. 


Thus the He of Lemma 3 are satisfied, and we obtain a function 7 
from C? to Hy,,,r satisfying (7). 


To complete the proof of Theorem 2, we must verify properties (1) and 
(4) of Definition 4. Let y € Hury f € Hi; and let c,(£), c'i) be the functions 
in L*(mj;) corresponding to the projections of y and f in H; By the 


spectral theory, [f y] —2 f e';(£)¢;(€)dm,(¢). On the other hand, 


(BME f AOE] 
Ef AOF f AOE yän, 


by the preceding part of the proof. Since c’;(¢), for f € H, fills out the 
whole of $, © L?(m;), we must have c;(£) = [y,u,;(¢)] almost everywhere in 


m;, and rie (1) of Definition 4 is satisfied. 
Similarly, 
[fA] = S 2080 ami(e) =E | O ult), Avldm,(e) 
J | Î 


implies that [u;(£), Au] — ê[u,(£),v] almost everywhere in m; We may 
alter the functions w,(£) for ¢ on sets of mj-measure zero without affecting 
the validity of the other properties of the eigenfunction expansion. Let G be 
the graph of A as a mapping from Hy,,, to Hm r, with its domain restricted 
to D(A)N HunNA(Hyn). G is a closed subspace of the separable 
Hilbert space Har, X Hur, and is therefore separable. Let (v,,Av,) be a 
dense sequence in G. To each r there corresponds an m,-null exceptional set 
Q- such that for ¢¢ Q,, [u;(£), Avr] = E[u; (t), v]. On the complement of: 
Q = U Or, which is a null set in m; [u,;(€),v] —&lu;(é),v] for all ù. 


On Q, we set u;(£) —0 and after this change on a m;null set, the last 
equality holds for all ¢. Thus the proof of the theorem is complete. 
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Section 4. Let L be a linear differential operator with coefficients in 
Ce, L= 3 cp(x)D8. The adjoint operator Lt of L is defined by L*(u) 
LE 


== >) (—1)I81D8 (Ce(x)u). Let B be a positive operator for which conditions 
B 
(2)-(5) of Section 2 are valid. If ¢ and y€ C.” (G), 


(L'e, ¥) | E c(h) (Phy) E e (A) lv la 


Thus, there exists a unique element Ag in H such that [A¢, y] = (Lte, 4) 
for all yE 0.” (G). Since (Ltd, y) = (D, Ly), À is a closable operator with 
domain Ce” (G) dense in H. If A is subnormal, we may apply Theorem 2 
and get an eigenfunction expansion for À which is essentially in terms of 
eigenfunctions of B-L. We shall leave the discussion of the character of 
the eigenfunctions for general B to another place, and restrict ourselves for 
the remainder of this paper to the case when B —p(x)1, with p(s) € Ce” (G). 


THEOREM 3. Let pe C.°(G) with p(x) > 0 in G, B=—p(x)l, La 
partial differential operator with infinitely differentiable coefficients, A the 
corresponding operator in the Hilbert space H as defined above. If A is 
subnormal in H, then the u,;({€) of Theorem 2 are distribution solutions of 
(L—tp)u=0; ie, (u(t), (L*—Lp)$) =0 for all & in CL (G). 


Proof. From Theorem 2, we have [u;(£),A¢] —€[u,;(£),¢]. Since 
convergence in Hy ,,8 for B= p(x)I implies convergence in the distribution 
sense, we obtain by a simple continuity argument (u;(£), Lie) — Euli), Ph). 


Definition 6. The differential operator L is said to be hypoelliptic if 
for each integer 7, —o<j<io, and ME C.°(G) with M(z)>0 for z 
in G, there exists M; € Ce” (G) with M’;(x) > 0, such that every distribution 
solution of the equation Lu—f with f€ Hw ;(G@) lies in Hy, 41(G) and 
such that | u Jarpa S I f acy + bo lars: 

THEOREM 4. Let L be a hypoelliptic differential operator, B = p(x)l, 
with L having a subnormal realization A in H. Then the eigenfunctions 


uj{£) of Theorem 2 are functions in C° (G), ‘the integrals of Theorem 2 
converge in the pointwise sense for y. with compact support in G, and 


Í, |u; (£) |? dm; (£) <E (8, £), where K (8, x£) is bounded for S any bounded 
Borel set in C* and x is a compact subset of G. 


Proof. Applying the inequality of Definiton 6 to the distribution solu- 
tion u;(E ) of the equation Lu = pu, we obtain a sequence of functions M, 
‘such that || u llar,ja SS lu ar; and u lies in H „j for arbitrarily large j. By. 
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a theorem of Sobolev (see, for instances, [29]), u lies in C*(G). The 
convergence and boundedness properties follow from the iteration of these 
inequalities. 

We remark that a general class of differential operators with variable 
coefficients including both elliptic and parabolic operators are hypoelliptic in 
the sense of Definition 6 [9]. 
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A GENERAL THEORY OF ALGEBRAIC GEOMETRY OVER 
DEDEKIND DOMAINS, IL.* 


Separably Generated Extensions and Regular Local Rings. : 


By MASAYOSHI NAGATA. 


The main aim of the present paper (Chapters 3 and 4) is to prove 
some preliminary results on separably generated extensions and on regular 
local rings. We want to remark here that in the present paper we need 
not assume that the ground rings satisfy the finiteness condition for integral 
extensions (cf. Part I ([17])). 

In Chapter 3, we first prove some results on the notion of tensor 
product over Dedekind domains ($1), and then we introduce the notions of 
local and complete tensor products (§2) and derivations of a ring (§3). 
Making use of these results and notions, we study separably generated 
extensions and regular extensions (§4). In 85, we prove a generalization 
of a lemma due to Zariski [25] on regular extensions, and in §6 we treat 
tensor products of normal rings. | 

In Chapter 4, we first prove some lemmas on extensions of regular local 
rings (§1) and on quadratic transformations (§2). In §3, we state some 
results due to Serre [22] on regular local rings. In §4, we study the notion 
of unramifiedness of regular local rings and of spots, and in $5, we prove 
some results on the unique factorization theorem in local rings. 

In Appendix 1, we prove that if p is a prime ideal of a simple spot P 
in the restricted case, then P, is a simple spot (which is contained in Serre’s 
results) by a similar method as in Zariski [26]. In Appendix 2, we show 
that the results in Chapter 2 (in Part I) hold good also in the non-restricted 
case under the assumption that function fields are separably generated. 
Furthermore, we prove that the completion of a normal spot (in the non- 
restricted case) in an integral domain. 


Terminology. 


Terms such as rings, local rings, semi-local rings, normal rings, derived 
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‘normal rings, rank of rings or ideals, co-rank of ideals and so on are 
used in the same sense as in Part I ([17]). An integral domain o is 
called a unique factorization ring if every element of o is expressible, 
uniquely (up to units), as a product of irreducible elements. In the present 
paper, spots, affine rings, ground rings and function fields are allowed to be 
in the non-restricted case (see Part I), unless the contrary is explicitly 
stated. A subring I of a semi-local ring o is called a semi-ground ring of o 
if 1) I is a field or a Dedekind domain, 2) elements of I are not zero-divisors 
in o, and 3) for every maximal ideal p of o, o/p is a finitely generated field 
over the field of quotients of I/(p N J). Observe that if a semi-local ring o 
is -a ring of quotients of an affine ring over a ground ring I, then I is a semi- 
ground ring of o and that if J is a semi-ground ring of a semi-local ring o, 
then J is also a semi-ground ring of the completion of o. 


Results assumed to be known. 


Besides results assumed to be known in Part I, we assume that the 
following results are known. 


1) On the notion of tensor products: Results contained in Bourbaki 
[1, §§ 1-3]. 

2) On the theory of fields: Results contained in Weil [24, Chapter I]. 

8) On the theory of local rings: 


Lemma 0.10 (The structure theorem of complete local rings). Jf o 
is a complete local ring, then o has a coefficient ring b; that is, b is a homo- 
morphic image of a complete discrete valuation ring which satisfies the 
following conditions: 1) b is dominated by o, 2) the residue class field of o 
coincides with that of b, and 3) if p is the characteristic of the residue class 
field of o, then the maximal ideal of b is generated by p (that is, p times the 
identity). Then o is isomorphic to a homomorphic image of a formal power 
series ring over b. (Cohen [6]; for the proof see Narita [20].)? 


Lemma 0.11. If a complete local ring o is dominated by a local ring 0’, 
then o is a subspace of o’. (See Chevalley [3], Cohen [6], Nagata [15].) 


Lemma 0.12. Let p be a prime ideal of a regular local ring r. Then 
t/p is regular if and only if there exists a regular system of parameters 


1 Cohen’s proof is stated also in Samuel [21]. It seems to me that Narita’s proof 
is simpler than the others. The proof in Nagata [11] contains some errors and it is 
good only in the cases 1) the residue class field is perfect and 2) it contains a field. 
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ta, ©, Zn (n = rank r) such that p= arzir (for some r, whence r = rank p). 
(See Cohen [6], Nagata [15]; cf. Chevalley [3].) l 


Remark 1. Let o be a local ring of rank r, and let m be its maximal 
ideal. Then elements w,:: ,u, of m generate m if and only if their 
residue classes modulo m? generate m/m’ over the field o/m. (See Cohen 
[6], Nagata [15]; cf. [16,§6].) Therefore, o is regular if and only if the 
dimension of the vector space m/m? over o/m is equal to the rank of o. 


Remark 2. Let o be a local ring, and let p be an ideal of rank r. If p 
is generated by r elements and if o/p is regular, then o is a regular local 
ring, as is easily seen. 


Lemma 0.13. A complete local ring o is a Hensehian ring, that is, if a 
monic polynomial f(x) over o factors into a product of monic polynomials 
g(x) and h(x) modulo the maximal ideal m of o, and if 


g(x)o[r] +A(x)o[e] + mle] = ofx], 


then there exist monic polynomials g’(x) and h'(x) (Eolx]) such that 
f(z) =g (z)h (x) and both g(x) —g'{x) and h(x) —h(x) are in ma]. 
(See Cohen [6], Nagata [11], Samuel [21].) 


Lemma 0.14. Let o be a complete local ring, not necessarily Noetherian. 
If the maximal ideal of o has a finite base, then o is Noetherian. (See Cohen 
[6], Nagata [15], Samuel [21].) 


Further, only in Chapter 4, §§ 3-5, the results on regular local rings 
contained in Serre [22] are assumed to be known (and they are listed in 
Chapter 4, §3.) 

4) On Noetherian integral domains: 


Some results stated in Nagata [19] will be used freely; in particular, 
we shall use the following 


LEMMA 0.15. Let o be a Noetherian integral domain of rank 1, and 
let K be a finite algebraic extension of the field of quotients of o. If a 
subring o of K contains o, then o is a Noetherian ring (of rank not greater 
than 1). Further, in this case, if p’ is a prime ideal of 0’ different from 0, 
then o/y isa finite algebraic extension of 0/ is No). (Akizuki; cf. Chevalley 
[5], Cohen [7].) 


5) On homological algebras: 


Some basic notions and results contained in Cartan-Hilenberg [2] are 
assumed to be known (only in Chapter 4, §§ 3-5). 
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Chapter 3. Separably Generated Extensions. 


1. Preliminaries on the notion of tensor products. Let I be a ring, 
and let M and N be I-modules. Then, as is well known, we can define the 
tensor product of M and N over J, which will be denoted by M,N or by 
MƏN; if M and N are rings, then M @ N becomes a ring. 


Lemma 1. Let I be a subring of a ring o. If S is a multiplicatively 
closed subset of I which does not contain 0, then o @r1s can be identified 
with Og. 


The proof consists in remarking that by the definition of the ring of 
quotients (see [16,§2]) and the tensor product, both og and o@Ig are 
characterized by the property of being the most “universal” ring in which 
the elements of S are mapped on units and which is generated by images of 0 
and inverses of images of elements of S. 


Lemma 2. If 0, d and I’ are rings containing a common subring L, 
then (0 @; 0’) BrT can be identified with (oQ: 1’) Or (0 Qı 1’). If further- 
more, I’ is a subring of o, then o Qio’ can be identified with (0 Qr T) Br 0’? 


The proof is easy; see [1, $ 3, Exercise 4) and No. 4]. 

Let I be an integral domain. We say that an J-module M is torsion-free 
if am =Q (a€I, me M) implies a—0 or m—0. An JI-module which is 
not torsion-free is said to have torsion. Now we shall state the following 
well known lemma: 


Lemma 8. Assume that I is a principal ideal integral domain and 
that M is a finite I-module. If M is torsion-free, then M has a linearly 
independent base. 


PROPOSITION 1. Assume that I 1s a Dedekind domain. If I-modules M 
and N are torsion-free, then MON is also torsion free. 


Proof? If M@N has torsion, then there exist submodules M’ and N’ 
of M and N respectively which are finite modules such that M’@ WN’ has 
torsion (see [1]). Therefore, we may assume that M and N are finite 
modules. ‘Then, defining multiplication in M and N so that M? == N? = 0, 


*In general, Z’ may not be identified with the subring 1 QT’ of pn @I’. Of course, 
if J is a field, the identification is permissible. 

* Another proof can be given making use of the following fact: If a finite J-module 
Af is torsion-free, then M is isomorphic to the direct sum of a finite number of ideals 
of J and M is a projective module. (For the notion of projective module, see [2].) 
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we construct rings I + M and I + N (direct sums as modules). Then M@N 
is imbedded in (1+ M) @ (I+ N) (see [1]), and this last ring is Noetherian 
because M and NV are finitely generated. Let-p*,,---,p*, be the prime 
divisors of zero in (I +M)®(I+ WN) and set pp—p*,; I for each 2 Let 
S be the intersection of the complements of the p,’s in I. Then for an 
element a€ 9, su-0 (we (1+ M) @ (T4 N)) implies u—0. Therefore, 
(I+ M) ®(I+N) can be imbedded in (Is + (M @Is)) 8r (Is + (N @Is)). 
Therefore, in particular, M @ N can be imbedded in (M @ Is) 8i (N @ Is). 
Thus we may assume that J is a semi-local Dedekind domain. Then J is a 
principal ideal ring (see [16, §9]), and M and N have linearly independent 
bases by Lemma 3. Therefore M @ N is torsion-free (see [1]). 


COROLLARY. Let o and 8 be rings containing a Dedekind. domain I, 
and let $ be the set of all non-zero elements of I. If every element of S is 
not a zero-divisor in both o and 8, then 0 @,8 can be imbedded in 05 ©1588. 


The proof is immediate from Lemma 1 and Proposition 1. 


Remark. As is well known, we can identify 0@1 and 1@8 with o and 
8 respectively (in the above case). Then 0 @78 is the subring of 0g @1s83 
generated by o and 8. This identification will be made in every similar case. 


THEOREM 1. Let o and 8 be integral domains which contain a Dedekind 
domain I. Let K, Land k be the fields of quotients of 0, 8 and I respectively. 
Then 0@r8 is the subring of K @x L generated by o and 8. Furthermore, 
0@8 and KOL have the same total quotient ring, and therefore KOL is 
an integral domain if and only if 0 ®8 is. 


Proof. By the corollary to Proposition 1, o ® 8 is the subring of og ®z 8g 
generated by o and 8, S being the set of non-zero elements of I. Since k is 
a field, og Br 8g is a subring of K Qa L, which proves the first assertion. From 
this fact, we see that elements of o and 8 are not zero-divisors in 0 @8. 
Therefore the total quotient ring A of 0®8 contains K and L and therefore 
also K&L, which proves the last assertion. 


Lemma 4. Let o and 8 be rings which contain a ring I. Let a and b 
be ideals of o and 8 respectively, and assume thatanI==bNI. Denote by 
I’ the ring I/(c NI) and by ò the ideal of 0@8 generated by a and b. 
Then (0o@r8)/d can be identified with (0/a) @r (8/5). 


This is well known and we shall omit the proof (see [1]). 


Lemma 5. Let K bea ring of quotients of an affine ring over a ground 
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ring I, and let L be a Noetherian integral domain containing I. Then K @1L 
is a Noetherian ring and its zero ideal has no imbedded prime disor. 


Proof. Since K@L is a ring of quotients of a finitely generated ring 
over the Noetherian ring L, we see that K@L is Noetherian. In order to 
prove the last assertion, we may.assume that K, L and J are fields by 
Theorem 1. Let 2,,: - -,æ, be a transcendence base of K over I, and let L’ 
be the field of quotients of I (x1,* © *, 2n) Qr L; since the 2;’s are algebraically 
independent over L, L’—L(2,,:--,2,). Since I is a field, KOL is a 
subring of K @r L’, where I’ denotes the field. [(a@,- + +, £n). Now we see 
our assertion easily, because K is a finite alegbraic extension of I’ and 
K @, L has minimum condition. 


2. Local tensor product and complete tensor product. Let o and o 
be semi-local rings and assume that J is a subring of them. Let p and p’ 
be maximal ideals of o and o’ respectively, and set q=pN I, =p NTI. 
We assume that J/q is a field or a Dedekind domain and that o/p is a 
‘function field over I/q for every maximal ideal p of o. Set t—oQ@r0’. 
- Then we have 


LEMMA 1. pt -+ ptt if and only if q= q. In this case, 1) t/(pt + p’t) 
is Noetherian, 2) every prime divisor $ of pt + p’tis a minimal prime divisor, 
and 3) P has a finite base. 


Proof. The first assertion is obvious because p and p’ are maximal. 
1) and 2) follow from Lemmas 3.1.4 and 3.1.5. Since p and p’ have finite 
bases, 3) follows from 1). | 

Now, let S be the intersection of the complements of prime divisors of 
pt + pt, where p and p’ run over all possible maximal ideals. Then tg is 
‘called the local tensor product of o and o’ over I; this ring will be denoted 
by 0X0’ or by 0X0’. By this definition, o X o’ is a semi-local ring if 
it is Noetherian. 


Lemma 2. If I is a semi-ground ring of o and if o is torsion-free as 
an I-module, then 0 X 0’ is also torsion-free. If, furthermore, I is a semi- 
ground ring of o and if oX o is a semi-local ring, then I is also a semi- 
ground ring of o X 0’. 


Proof. By the Corollary to Proposition 1, we see that 0@o’ is torsion- 
free. Since o X o’ is a ring of quotients of o @ 0’, we see the validity of the 
first assertion (see [16, §2]). Now the last assertion is obvious. 
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Under the same assumptions and notations as in Lemma 2, let m be 
the J-radical of o X o’ and set n == fln m”. Then (o X 0’)/n is a semi-local 
ring which may not be Noetherian. The completion of this semi-local ring 
is called the complete tensor product of o and o (over J) and will be denoted 
by 0 ®,0’, or by o® o’. Observe that o Èo is the limit space of the inverse 
system {(0 X 0’) /m"; n=1,2,° +}. 


Lemma 8. 0@o is a (Noetherian) semi-local ring. 


Proof. By Lemma 1, every maximal ideal of o X o’ has a finite base 
and the same is true of oo’. Therefore o ® o is Noetherian by Lemma 0. 14. 


Lemma 4. Let o* and 0'* be semi-local rings which contain o and o’ as 
dense subspaces respectively. Then 0* 8 0’ — 0 @ 0’, 


Proof. Le: m and n’ be the J-radicals of o and o’ respectively. Then 
mo* and mo’* are the J-radicals of o* and o’* respectively. Let a(n) be 
the ideal of o® 9 generated by m” and m’* and let a be the J-radical of 
o®o’. Then we see that a(1) contains a power of a by Lemma 1. On the 
other hand, it is obvious that a(1)?* C a(n) Ca(1)*. Therefore o @o’ can 
be identified with the limit space of the inverse system 


{(0 X 0’) /(m*(0 X 0°) + mo X 0’))}. 
Similarly, o” © o’* can be identified with the limit space of the inverse system 


CCo" X o”) / (ma (o* X o/*) 4 mn (0* X o/))}. 


Since 


(OP X 0™*)/(m” COT X 0) + m” (o0* X o”) ) 
= (0*/mro*) X (0*/m "o *) = (0/m*) X (0’/m’*) 
= (o X 0’)/(m"(0 X 0°) + m” (o X 0’) ), 
we have 0 @ 0’ — 0* ® 0'*. 


Remark. The notion of complete tensor product of complete local rings 
over a field was introduced by Chevalley [4], who called it the Kronecker 
product. Though his formulation is different from ours, if we restrict our- 
selves to his case, then the two definitions are essentially the same: If o and o’ 
are complete lccal rings which have basic fields k and k’ respectively (for 
the definition of basic fields in Chevalley’s sense, see [3]), and if M is a 
field containing both k and k’, then the Kronecker product of o and o’ over 
M is (0° Qr M) Du (0° Qr M). (This fact can be proved using some results 
in [4] and a method similar to the proof of Lemma 4.) 
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3. Derivations of a ring. A derivation D of a ring o is an additive 
endomorphism of the total quotient ring L of o which satisfies the following 
conditions: 1) D(xy) —xDy+yDx for z,y¢L and 2) there exists an 
element d of o which is not a zero-divisor such that dDx€ o for z€ o. 

Here, if d can be chosen to be 1, then we call D an integral derwation 
of o. 

Let D be a derivation of o and let o’ be a subring of o. If Da—0 for 
every & € 0’, then we say that D is a derivation over o’; if Da—0 for every 
a€ o, then we say that D is the zero derivation or the trivial derivation of o, 
which will be denoted by 0. | 


Remark 1. Since 1?=1, Di = D1 + D1 and D1—0 for every deriva- 
tion D of o. Therefore every derivation of o is a derivation over the subring 
of o generated by the identity. 


. Remark 2. If x,yEo and if y is not a zero-divisor, then D(x/y) 

= (yDz—sDy)/y?. (For, since s= (x/y)y, De = yD(x/y) + (x/y) Dy and 
D(x/y) = (yDz—xDy)/y*.) Therefore, if D is a derivation over a subring 
o of o and if § is the set of elements of o” which are not zero-divisors in o, 
then Da=0 for every element a of 0’s. 

The set of derivations of o over a subring o’ is an o-module. Linear 
dependence of derivations will always mean dependence in this module, hence 
over 0. | 

Let o be a ring and let Y,,- - +, Xn be indeterminates. Then there exist 
derivations D; (i= 1,---,n) of 0[4:,- - -,X,] over o such that DiX: = 1 
and D,X;—0 if t54j. These D; are called the partial derivations and will 
be denoted by 4/0%; (if f€ o[X,,: : -,X,], then Dif may be denoted by 
0f/0X;). When fi, :",f, are elements of o[%X,,: : -,X,], the matrix 
(9f:/0X;) is called the Jacobian matrix of f,,:--,f, and will be denoted 
by Ju fr). nn 

Let D be a derivation of o. Then there exists a uniquely determined 
derivation D’ of o[X1,- © :,X,] which coincides with D on o and D'X;—0. 
If f is in the total quotient ring of o[Xi,: © <+, Xa], D’f is denoted by fP. 

Let a be an ideal of o[ X,- © +, Xa], and let S be the intersection of 
the complements of all prime ideals which are prime divisors of a or of zero. 
Let $ be the natural homomorphism from 0[X,,: - -,X,]s into the total quo- 
tient ring of o[ Xa: - -,Xn]/a and set z; = $(X;). When f € o[ Xi, - +, Xals, 
é(4f/8X:) will be denoted by ôf/ðzı If D is a derivation of o and there 
exists an element dE S Mo such that dD is an integral derivation, ff?) 
will be denoted by f?(a,,- - -,æx,) for every element f= f(X: +, Xn) of 
o[X;, : y Xx |g. : 
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Remark 1. 0/0X;,: - +,0/0X, form a maximal linearly independent set 
of derivations of o[ X1,: `+, Xn] over o. 


Remark 2. If D is a derivation of 0[X:,: > -,X,]/a over p(o), then 
for an element g of o[X,,--+,Xal, D(¢(g)) = Dai: (49/02). 


Lemma 1. Let k be a field with a derivation D and let Xi, - -,X, 
be indeterminates. Set R—=k[X,,---,X,] and let p be a prime ideal of 
R with a base fi, + +, fe and let L be the field of quotients of R/p. Then 
there exists a derivation D” of L such that 1) D’ coincides with D on k and 
2) D'aæu (where x, is the class of X, modulo p and u; € L) if and only 
if Uy," * ‘y Un Satisfy the following set of linear equations: 


fi? (ts © + En) + DL (fi /00;) uj = 0. 
In this case, D’ is uniquely determined. 
For the proof, see Weil [24]. 


CoroLLARY, Let r be the rank of the Jacobian matrix J (fu: > -;fs) 
modulo p. Then every maximal linearly independent set of derivations of 
L over k consists of n—r elements. (See Weil [24].) 


Lemma 2. Let L be a function field over a ground field k of charac- 
teristic p. 1) If dim L =r, then there exists at least r linearly independent 
derivations of L over k; L has no more than r linearly independent deriva- 
tions over k if and only if L has a separating transcendence base over k. 
2) Assume that p><0 and that a is an element of k such that a? é k. Then 
there exists a aerivation D of k(a/*) over k such that D(a?) —1; every 
derwation of k(a/?) over k ts of the form xD with x € k(a/?). 


For the proof, see Weil [24]. 


PROPOSITION 2. Let o be an integral domain finitely generated over a 
ring I and let k and L be the fields of quotients of I and o respectively. 
Then an additive endomorphism D of L is a derivation of o over I if and 
only if D is a derivation of L over k; in this case, D is a derivation of an 
arbitrary ring of quotients of o. 


Proof. I£ D is a derivation of o, then D is a derivation of L by 
definition ; if D is a derivation over J, then by Remark 2 after the definition, 
we see that D is a derivation over k. Conversely, assume that D is a derivation 

of L over k. Let zı, *', be elements of o such that o—TI[m,-- -,x,] 
‘and let S be’ a multiplicately closed subset of o which does not contain zero. 


LS 
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Let d (5£0) be an element of o such that dDz, € o for every 1.. Then, since 
every element y of o is expressed as a polynomial in ss ,we have dDy€ 0. 
Then for an element z—y/s (y€0,s€ 8), Dr (sDx—azDs)/s* and we 
have dDz€ og. Thus the proof is completed. 

Let a be an ideal of a ring o and let D be a derivation of o. Let ¢ be 
the natural homomorphism from o onto o/a. Assume that there exists an 
element d of o which is not a zero-divisor modulo a and such that dD is an 
integral derivation of o and dDa€ a for every element a€a. Then we can 
define an operator D’ to be D’(d(2)) == ¢(dDz)/d(d). Then 


Lemma 3. D’ can be extended uniquely to a derwation of o/a. 


The derivation obtained above is called the derivation induced on o/a 
by D (observe that D’ is mdependent of the choice of d). 


Proof. Let x/y be an element of the total quotient ring of o/a (x, y € 0/a). 
Then we define D*(x/y) = (yD’x—axD’y)/y’. Then it is seen that D* is a 
‘derivation o/a. The uniqueness is cbvious because any extension of D’ 
must satisfy the defining property of D*. 


4, Separably generated extensions and regular extensions. We say 
that a field L is separably generated over a subfield k if either k is of 
characteristic 0 or L®r k? is an integral domain, where p is the charac- 
teristic of k. We say that L is a regular extension of k if L is separably 
generated over k and if k is algebraically closed in LZ. Then the following 
three lemmas are well known (see Weil [24]). 


Lemma 1. Las separably generated over k if and only tf every subfield 
of L which ws finitely generated over k has a separating transcendence base. 
When L is finitely generated over k, L is separably generated if and only tf 
L has a separating transcendence base. 


Lemma 2. L is separably generated over k if and only if L: K is an 
integral domain for every field K which contains k and in which k is 
separably algebraically closed. 


Lemma 3. The following three conditions for the field L are e equivalent 
to each other: 


1) Lis a regular extension of k. 
2) LQK is an integral domain for every field K containing k. 


3) L@rK is an integral domain for every finite algebraic extension of k. 


392 MASAYOSHI NAGATA. 


We say that an integral domain o is separably generated over a subring 
I if the field of quotients of o is separably generated over that of I; we say 
that o is a regular extension of I if the field of quotients of o is a regular 
extension of that of J. When a subset T of o forms a separating transcen- 
dence base of the field of quotients of o over that of J, we say that T is a 
separating transcendence base of o over I. 

Now we shall treat the case where I is a field or a Dedekind domain. 
Let & be the field of quotients of I. We denote by p either the number 1 
or the characteristic of J according as this characteristic is zero or not. By 
definition, by Theorem 1 and by Lemmas 1-3, we have immediately the 
following two theorems. 


Turorem 2. Let o be an integral domain which contains the ring I 
(which is a field or a Dedekind domain). Then the following four conditions 
are equivalent to each other: 


1) o ts separably generated over I. 

2) If § ts an affine ring over I contained in o, then 8 has a separating 
transcendence base over I. 

3) For a fixed natural number m, 0 QI?" is an integral domain. 
(This condition may be separated into infimtely many conditions with 
m—1,?," °°.) 

4) If kis separably algebraically closed in a field K, then o8; K is an 
integral domain. | 


THEOREM. 3. With the same o as above, the following four conditions 
are equivalent lo each other: 

1) ots a regular extension of I. 

2) o@,l is an integral domain for every finite integral extension I’ 
of I. ; 
3) If 3%s an integral domain containing I, o @,8 is an integral domain. 


4) o ts separably generated over I and k is algebraically closed in the 
field of quotients of o. 


COROLLARY 1. Assume that an integral domain o is a regular extension 
of the ring I. If K is an integral domain containing I, then 0®,K is a 
regular extension of K. 


Proof. By the definition of regularity and by Theorem 1, we may’ 
assume that K is a field. Let L be an arbitrary field containing K. Then 
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(0 ®, K) Or LD==0®@,;L by Lemma 3.1.2. Since o is a regular extension 
of I, 0®,L is an integral domain, which shows that o® K is a regular 
extension of K. | 


COROLLARY 2. Let o and o’ be integral domains which contain the ring 
I. If o and o’ are regular extensions of I, then 0 @,0’ is also a regular 
extension of I. 


Proof. Let K be a field containing J. Then 
(089) OK = (0 OK) Or (QK) 


by Lemma 3.1.2. Since o®K and o’@K are regular extensions of K by 
Corollary 1, we see that (0o89) @ K is an integral domain, which proves 
our assertion. | 


PROPOSITION 3. Leto be an integral domain finitely generated over a 
ring I which ts not necessarily a Dedekind domain, and let & be a homo- 
morphism from Îfzx, ` :,2,] onto o, where x, - -,æ, are algebraically 
independent elements over I. If p is the kernel of and if fy, : -,fmis a 
base of p, then the rank r of the Jacobian matris J(f1,: + >, fm) modulo p 
is not greater than the rank s of p; r=s if and only tf o is separably 
generated. 


Proof. We may assume that J is a field. Then the assertion follows 
from the Corollary to Lemma 3.3.1 and Lemma 1. 


PROPOSITION 4. Let a1,: + +,a, be algebraically independent elements 
over an integral domain I of characteristic p20. Let a be an ideal of 
Iz: etn] with aN1—0 and let k be the field of quotients of I. 
Assume that ak[a,,---+,2,] is of rank r. Then there exist elements 
Yi © 15 Yn€ Tf ay,: + +, an] and an element a (-<0) EI such that 


1) I[1/a,a1,° + +,¢,] is integral over I[1/a,y1,° © +, Yn], 
2) aMNJ{1/a, y, - *,Yn] is generated by Yı: ` +, yr and 


3) for every derivation D of I{x,- + : ,æ], Dy;— Da; for j==r 41, 
s. + ETZ 


Proof. By Remark 2 after Lemma 1.1.1, we see that the ys in 
Corollary 1 to Proposition 1.1 can be chosen so that y; — z; is in m[2:?,'- -, 2] 
for =r +1, : :,n, where w denotes the prime integral domain. In this 
case, the y, are the required elements. 
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THEOREM 4. (NORMALIZATION THEOREM FOR SEPARABLY GENERATED 
INTEGRAL DOMAINS) Let o be an integral domain finitely generated over a 
subring I. If o is separably generated over I, then there exist a separating 
transcendence base zı’ * *,2, of o over I and an element a (340) of I such 
that o[1/a] is integral over I[1/a,21,- - -, 2]. 


Proof. When I is of characteristic zero, our assertion is nothing but 
the normalization theorem (Corollary 2 to Proposition 1.1). Therefore we 
assume that J is of characteristic p540. Let Da, Di be a maximal 
linearly independent set of derivations of o over J. Then £= transcendence 
degree of o over 7 by Lemma 3.3.2. Take elements y, --,y; of o such 
that Diy;540 if and only if «==7. Let w, **, Ws be elements of o such 
that o—71[w;,: ">, Ws Yu * * ye] and apply the proof of Proposition 4; 
we see that the zs in Corollary 2 to Proposition 1.1 can be selected so that 
Yi— zi € w[wy?,- + °, WP] (r being the prime integral domain of I). Then 
for every derivation D of o, Dy;== Dz, Therefore, in particular, Diz; 0. if 
and only if 27. Let D be an arbitrary derivation of o over Z[z,,: © -,2:]. 
Then there are elements f (£0), f1,°- -,f€o such that fD = D> fiD, 
(because D is a derivation of o over J). Then 0 == fDz; = f;D;z; fj==0 for 
every 7, and D==0. Thus we see that o is separably algebraic over 
Iz + -+,%]. The other property of the z/s is asserted in Corollary 2 to 
Proposition 1.1. 


fand 


PRoPosiTION 5. Let o be a Noetherian integral domain which contains 
a Dedekind domain I. Assume that the derived normal ring ò ofo is a 
finite o-module. Then for all but a finite number of prime ideals p of I, 
po has no imbedded prime divisor. 


Proof. Let $ be the set of prime ideals p of J such that po has imbedded 
prime divisors. For each pe %, let S(p) be the complement of p in J. 
Since every element of S is a unit modulo p, Pos) has imbedded prime 
divisors. Let x, be an element of p such that al)=—= ply. Then there exists 
an element ay € os) such that ay/£p € Osp) and 2) a/x, is integral over 
Os). Then multiplying by a suitable element of S(p), we may assume 
that a,/x, is integral over o (but a,/z,¢0 because ay/2y¢ osp). Since o’ 
is a finite o-module, there exist a finite number of p’s, say Pu’ - -,), such 
that all a,/x, are in the ring 0* = o[dy,/Zp,,° + -,a,/æ,l. Let z be the 
product of the zp s. We shall show that if pe $, then rep. Indeed, if 
rép, then z is in S(p) and osip) contains o* and therefore also ay/zp, 
which is a contradiction. Thus $ is a finite set. 
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Remark. From the above proof, we see that if o is a normal ring, then 
for every prime ideal p of I, po has no imbedded prime divisor. 


PROPOSITION 6. Let o and I be the same as in Proposition 5. If d is 
an element of o which is different from zero, then for all but a finite number 
of prime ideals p of I; d is not a zero-divisor modulo po. 


Proof. Since there exist only a finite number of prime ideals p of I 
such that po has imbedded prime divisors by Proposition 5, we may omit . 
such prime ideals from consideration. Then d being a zero-divisor modulo po . 
implies that d is in a minimal prime divisor of po. Let S be the comple- 
ment of pin J. Then every prime divisor of po does not meet S and every 
(minimal) prime divisor of pog is of rank 1 (because bos is principal). 
Therefore, every prime divisor of po is of rank 1. Therefore, a prime divisor 
q of po contains d if and only if q is a minimal prime divisor of do. Conse- 
quently, d is a zero-divisor modulo po only when p is the intersection of a 
minimal prime divisor q of do with I (except for p’s such that po has imbedded 
prime divisors). Thus we see our assertion. 


THEOREM 5. Let o be an affine ring over a ground ring I. If o is 
separably generated over I, then for all but a finite number of prime ideals p 
of I, po is a semi-prime ideal and o/p’ ws separably generated over I/p for 
every prime divisor p’ of po. 


Proof. We take elements a, 2,,- > -,2, as in Theorem 4 and let L be 
the field of quotients of o. Since only a finite number of prime ideals of I 
contain a and a is unit modulo the remaining primes, we may consider 
o{1/a] and Z[1/a] instead of o and I respectively. Thus we may assume 
that o is integral over 1[21,: + :,2]. Let b be an element of o such that 
If, - *,%,6] is an affine ring of L and let d be the discriminant of the 
irreducible monic polynomial over I[2,:--,2:] which has b as a root. 
Since the derived normal ring of o is a finite o-module (because b is separable), 
there exist only a finite number of prime ideals p of Z such that d is a zero- 
divisor modulo po by Proposition 6 and we may omit such prime ideals from 
consideration. Then b modulo po (p being a prime ideal of I) is separable 
over I[2,,: + -,2:|/pI[2.,: - +,2:] and pl[z,,- + -,2,] is a semi-prime ideal. 
Since o is contained in I[z,,: - -,2:,6,1/d], and since d is not a zero-divisor 
modulo po, we see that po is also a semi-prime ideal and that if p’ is a prime 
divisor of po, then o/p’ is separably generated over I/p. 

We say that a polynomial (in several indeterminates) with coefficients 
in an integral domain J is absolutely irreducible if it is irreducible even 
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when it is regarded as a polynomial over the integral closure of J in the 
algebraic closure of the field of quotients of J. 


Proposition 7. Let f be an absolutely irreducible polynomial in indeter- 
minates zı, ` *,%n over a Noetherian integral domain I. Then for all but a 
finite number of prime ideals p of rank 1 in I, the polynomial f == (f modulo p) 
is also absolutely irreducible over I/p. 


Proof.* Let d be the degree of f and e an arbitrary natural number less 
than d. Let {#,,---,8,}, {S.,:--,8,}, {Tut - -,T;} be the set of all 
monomials in %:,°::,%, whose degrees are not greater than d, e, d—e 
respectively, and let y:,° + *, Ys; 21,: * *,2 be indeterminates. Set G = Sy: 
H =$ zT; and F=GH. Further we express F in the form F = >) wR, 
or Diw/R;, wi; and w’ being polynomials in 4:,° +, Ys, 25° *,% With 
coefficients in the prime integral domain of I or of J/p respectively. Let 
Aig? IAr be indeterminates, and let ¢ and o’ be the homomorphisms from 
I[X,,--+,X,] onto I{w,,:::,w,] and from (1/p)[X1,---,X,] onto 
(1/p){w’,,- - +, w’,| respectively such that o(X;) =w; and (Xi) =w 
Further, let q and q’ be the kernels of o and øo” respectively. Then 1) 
q’ contains q modulo p, 2) if a,--+-,a@, are elements of J such that 
g(a © °, ar) ==0 for every element g(41,- © :,%,) of q, then ak has a 
factor of degree e in some algebraic extension of J {and conversely), and 
3) if as, - >, gr are elements of 7/p such that >. a'k; has a factor of degree 
e in some algebraic extension of I/p, then g’(a’1,:-°',@,)==0 for every 
element g’(X,,---:,X,) of q (and conversely). Now let c,,: --,¢, be 
elements of J such that f — Ÿ cf; and let c’; be the residue class of c; modulo 
p for each 1 Since f is absolutely irreducible, there exists an element 
g(X1,° + +,X,) of q such that g(e,,:--,¢-) 540. Let g’ be g modulo p. 
Then g’ € q’, and f has a factor of degree d in an algebraic extension of J/p 
only when g’(c’,,: - -,¢’-) =0, i.e., g(e:,' * :,c) Ep. Thus we see that f’ 
has no factor of cegree e in any algebraic extension of 7/p for all but a finite 
number of p’s. Applying this for each e==1,---,d—-1, we prove our 
proposition. 


THurorem 6. Let o be an affine ring over a ground ring I. If o is a 
regular extension of I, then for all but a finite number of prime ideals p of J, 
po is a prime ideal and o/po is a regular extension of I/p. 


Proof. As in the proof of Theorem 5, we may assume that 1) 21, © -, 2% 
( € o) are algebraically independent over J, 2) o is integral over I[z,-- +, za] 


t The writer owes the present proof to Shimura [23]. 
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and 3) b€0 is separable over I[z,,- - -,2], and furthermore, that o and 
It," * *, 2,0] have the same field of quotients. Let f(X) be the irreducible 
monic polynomial over I[z,,- - -,2:] which has b as a root and let d be the 
discriminant of f(X). Since o is a regular extension of I, f(x) is absolutely 
irreducible as a polynomial in 2,,: --,2:, X over J. Therefore f modulo p 
is absolutely irreducible for all but a finite number of prime ideals p of I by 
Proposition 7, that is, I[2,---,2,0]/pZ[4,- ++, #1, b] is (an integral domain 
and) a regular extension of J/p. Since we may neglect those p’s such that 
d is a zero-divisor modulo po and since o is contained in J[z,- - -, 2, b,1/d], 
we see that o/po is a regular extension of I/p. 


Proposition 8. Let p be a prime ideal of rank r in an affine ring o 
over à ground ring I. If o is separably generated over I, then there exists a 
separating transcendence base t,’ - -,zx, of o over I such that 1) when 
pOl==0, £’, i a system of parameters of oy and the field of 
quotients of Ifæ.,: + -,æ,] ts a basic field of op; 2) when pN I0, 
Las * sr, T (x being a prime element of Inn) ts a system of parameters 
of op and Iipny(ar,* °°, %n) is a basic ring of op. 


Proof. When I is of characteristic zero or when p= 0, our assertion 
is obvious and we assume that J is of characteristic p40 and that p30. 
We set P =op. Let D,,---,D, be a maximal linearly independent set of 
derivations of o over J; since o is separably generated, n — transcendence 
degree of o over J by Lemma 3.3.2 and by Proposition 2. Let y,,: - -,y, be 
elements of o such that D:y,=£0 if and only if t==7; here we may assume 
that y;— 1 is in p for all 7 because, otherwise, we may take 1-+ y; with 
z€ p instead of y; (observe that D(1-+ yz?) == D( yz") = Dy, for every 
derivation D of o). On the other hand, let z,,- - -,2z, be elements of o such 
that 1) when pNI—0, 2,---,2, form a system of parameters of P 
and Zr’ * *,2n modulo p are algebraically independent over J; 2) when 
pf Il5%0,2,%,° + rı form a system of parameters of P and Zm’ - -,2, 
modulo p are algebraically independent over I/(pMJI) (existence follows 
from Theorem 1.1). Set s—y;z?. Then D:x;-<0 if and only if i=}, 
which shows that 2,,- - :,æ, is a separating transcendence base of o over I. 
Since y;— 1€ p, we see that these 2,,: - -,2, are the required elements (see 
the proof of Proposition 1.3). ' ° 


COROLLARY. If a spot P is separably generated over a ground ring I, 
then there exists a basic ring B of P such that P is separably generated over 
B. Therefore, if P is a normal spot which is separably generated over a 
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ground ring I, then there exists a basic ring B of P such that P is a regular 
extension of B. 


Proof. The first assertion is immediate from Proposition 8, while the 
last assertion follows from the first one and from the definition of regularity 
(take the integral closure in P of the B given by the first assertion). 


Remark. In the above corollary, if J satisfies the finiteness condition 
for integral extensions, then we can select B to satisfy the same condition, 
as is easily seen from our proof by virtue of Proposition 1.2. 


5. A lemma due to Zariski. 


Lemma 1. Let L be a finite algebraic extension of a field K. If there 
exists an element a of L such that L is separable over K(a), then L is a 
simple extension of K, that is, there exists an element c of L such that 
L=K(c). | 


Proof. Let.Z’ be the maximal separable subfield of L over K. Then 
there exists an element d of I” such that L’—K{(d). Let b be an element 
of L such that L == K (a,b). Then b is purely inseparable over K(a,d) and 
separable over K(a,d). Thus b is in K(a,d) and L=K(a,d). Since d is 
separable over K, L= E (a, d) is a simple extension of K. 


Lemma 2. Let L be a simple algebraic extension of a field K. Then 
the number of fields I such that K CLD’ CL is at most 2°", where n is the 
degree of L over K. 


Proof. Let b be an element of LZ such that L=K (6), and let 
b—b,,b,,: --,b, be the conjugates of b (if L is mseparable over K, each 
b; appears just [L : K],-times). If K C I’ CL, then there are ip * -,%, (each 
4;>>1) such that («—b)(a—b,,)---(#—b,,) is the irreducible poly- 
nomial over L’ which has b as a root. Then the field generated over K by 
the coefficients of this polynomial coincides with I because L== I (b). 
Therefore, there exists a one-to-one correspondence between L’ and a family 
of subsets of 2,- - -+ n, which proves our assertion. 


The following lemma is obvious. 
Lemma 3. Assume that a function field L over a field k is separably 


generated over k. Then for an element x of L, the following three conditions 
are equivalent to each other: 


1) There exists a derivation D of L over k such that Dr 0. 
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2) There exists a separating transcendence base of L over k which 
has x as a member. 


8) When k is of characteristic zero, x is transcendental over k; when 
k is of characteristic p40, x is not in k(L?). 


Remark. Let L be a function field over a field k of characteristic p= 0, 
and let £u: * -,%, be elements of E such that L==k(L?) (2,,--+,%,) with 
n such that [L:k(Lr)] =p". Then the derivations D,,- > +, Dn, such that 
D:c; is 1 or 0 according as i = j or 1547, form a maximal linearly independent 
set of derivations of L over k. 


Now, making use of the above lemmas, we-shall prove a generalization 
of a lemma due to Zariski [25] by the methods of Zariski [25] and Matusaka 


[10]: 


THEOREM 7. Let L be a function field over a ground field k5 Assume 
that x and y are elements of L which are algebraically independent over k ` 
and that there exists a derivation D of L over k such that Dr-£0. Let I” 
be the algebraic closure of k(x,y) in L.. If L is a regular extension cf k, 
then L is a regular extension of k(zx + cy) for all except possibly 2" +1 
elements c of k, where n—[L':k(zx,y)]. 


Proof. For every element c of k, we denote by k, the algebraic closure 
of k(æ<+ cy) in L’ (hence in L). Consider the following conditions for 
an element c of k: 1) D(x + cy) +40 and 2) there exists an element d ($< c) 
of k such that k,(x + dy) =kg(a+cy). Since D(z + cy) = Det cDy 
and since Dz=£0, there exists at most one c which does not satisfy the 
condition 1). On the other hand, since vé k(L’?), there exists an element 
z of L’ such that v and z form a separating transcendence base of L’ over k, 
and if w is an element of L’ such that LI’ = k(x, z, w), then L = k(x, y) (2, w), 
and w is separable over k(x,y,z) and I’ is a simple extension of k(a,y) by 
Lemma 1. Since k,(a+ dy) —k(zx,y)(k.), the number of c’s which do 
not satisfy the condition 2) is not greater than 2%! by Lemma 2. Therefore, 
we have only to show that if an element cE k satisfies the conditions 1) and 
2), then L is a regular extension of k(x + cy}. Since kg is a regular extension 
of k by Theorem 3 and since æ + cy is transcendental over kg, kale + cy) 
= k,(x -+ dy) is a regular extension of k(x + cy) by Corollary 1 to Theorem 
8. Since k, is algebraic over k(2 + cy), we have k, = k(x + cy), which shows 
that k(x -+ cy) is algebraically closed in LZ. Since D(z- cy) 540, there 


5 By the definition of regularity, the assumption that k is a field is not essential. 


\ 
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exists a separatimg transcendence base of Z over k which has s- cy as a 
member, which shows that L is a regular extension of k(z-+cy) and the 
proof is completed. 


COROLLARY 1. With the same L, k, x and y as above, if u is trans- 
cendental over L, then L(u) is a regular extension of k(u) (x + uy). 


Proof. Let u: -uy (N>2"*+1 with the same n as above) 
be algebraically independent elements over L. Let JL’ be the same as 
above. L (u, - -;ux) is the algebraic closure of ku:,- - -,un,x,y) in 
Lu: --,ux) end [LI (u: - -,ux): kun: : -,ux,x,y)| =n. Therefore, 
there exists one 7 such that Z(u:,:::,ux) is a regular extension of 
kui) (x + wy). It follows that L(u;) is a regular extension of k(u;)(x + wy) 
because Ui,’ © *,Uia, Us,” * Uy are algebraically independent over k(w:) 
(z+ un). Since u; is transcendental over L, we may replace uw; by u, which 
proves our assertion. 


COROLLARY 2 Assume that an integral domain o is generated by 
Lı’ © ° ty over a subring I. If o is a regular extension of I, if I contains 
infinitely many elements and if the transcendence degree of o over I is 
greater than 1, then there exists a linear combination Dax; (a,€ I) such 
that o is a reguiar extension of I] > ami]. 


6. Tensor products of normal rings. 


Lemma 1. Let o be a normal ring which contains a field k. If a field 
K is separably generated over k and if K @ro ts an integral domain, then 
K @ro is a normal ring. (Y. Nakai) 


Proof. We may assume that K is finitely generated over k. Let 
T°  “,%n be a separating transcendence base of K over k and set 
B==o[t,,:-:°,¢,|], k = k(t, ` -,x,) (with regard to the fact that K 
and o are subrings of K@o). Since z,,- + +,2, are algebraically independent 
over o and since o is a normal ring, we see that 8 is a normal ring. Since 
k'[o] is a ring of quotients of 8, k’[o] is a normal ring. Now since every 
element of K is a root of a monic polynomial over Kk’ (hence over k’[o]) 
whose discriminant is a unit in k’ (hence in k’[o0]), we see that Ko] 
(== K @ 0) is a normal ring. 


THEOREM 8. Let o and vo’ be normal rings which contain a field k. 
If o and o are separably generated over k and if oko’ is an integral 
domain, then 0 @x 0’ is a normal ring. (Y. Nakai) 
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Proof. Let L and L’ be the fields of quotients of o and o’ respectively. 
By Lemma 1, L@ 0’ and oQ I” are normal rings. Therefore, we have only 
to show that (L@o0’) N (0 @L’) =o8o’. Let {ua} and {wx} be linearly 
independent bases of o and o’ over k, and let {v,} and {vw} be linearly 
independent bases of L and I’ over k which contain {u} and {w} respec- 
tively. Then every element b of L&I” is expressed uniquely in the form 
Ue wauw (Guy Ck). If b is in Lo", then in this expression vw is in 
{w} for all »’ such that a, £0; if b is in o@L’, then vy is in {wu} for 
all a such that dy 540. Therefore, if b is in (LO g) N (0@ L’), then the 
expression must be of the form X uyw’y-ay (mx € k), that is b € 0@ 0”. Thus 
we see that (Z@ 0’) N (o@L’) — 0 Go’ and the proof is completed. 

The analogue of Theorem 8 does not hold in general for tensor products 
over a ring which is not a field, even if the ring is the case over a ground 
place. Though we shall discuss below under what condition such an extended 
result does hold, we shall first give a counter example: 


Example. Let I be the ring of rational integers and let x and y be 
algebraically independent elements over J. Set I* ==1,; and I’=I*(z,y}. 
Then I’ is a discrete valuation ring with a prime element 2 and is a ground 
place. Let z, 2’, w, w be algebraically independent elements over 1’ and set 
o= [z w, Va + 22, Vy +w], of =l [z w, Vet 22, Vy+2w’|. Then 
o and o’ are regular extensions of 7’, and 20 and 20” are prime ideals. Set 
P == 959, P’—0'o9. Then P and P’ are the valuation rings, hence they are 
normal spots over J’ (and they are regular extensions of I’). Since (P@y P’)/(2) 
== (P/2P) rja (P’/2P’), we see that there exists only one minimal prime 
divisor p of 2(P@P’) and that p(P @ P’),/(2) is not principal. Therefore 
p(P@P’), is not principal. Since p is of rank 1, it follows that (P @ P”), 
is not normal and P @ P’ is also not normal. 


PROPOSITION 9. Let o and o be normal rings which contain a discrete 
valuation ring I with a prime element x. Assume that 0*—0@ro" is a 
Noetherian integral domain and that both o and o’ are separably generated 
over I. Then o* is a normal ring tf and only if 0*,+ is a normal ring for 
every prime divisor p* of xo*, 


Proof. Let k be the field of quotients of I. Then k=J[1/z] and we 
have 0*[1/x] —0{[1/x] @o’[1/x] by Theorem 1. Therefore o*[1/z] is a 
normal ring by Theorem 8. Now we prove our assertion easily (see [16, § 9]). 


COROLLARY. Let o and o be normal affine rings or spots over the same 
ground ring I. Assume that I is a valuation ring with a prime element x. 


11 
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If the following four conditions are satisfied, then 0 @r0’ is a normal ring. 
1) o and o' are separably generated over I. | 
2) æo and xo’ are semi-prime ideals. 
3) oo’ is an integral domain. 


4) If p and p are prime divisors of xo. and xo’ respectively, then 
(0/b) Qrar (0’/p’) has no nilpotent elements. 


Proof. By our assumption, z(o @ 9) is a semi-prime ideal and we see 
the assertion by Proposition 9. 


Remark 1. Condition 4) is satisfied if one of o/p and o’/p’ is separ- 
ably generated over {/x1 by Theorem 1. 


Remark 2. Since the intersection of normal rings is again a normal 
ring, we can apply Proposition 9 and its corollary to tensor products over 
a Dedekind domain by virtue of Theorem 1. 


‘Chapter 4. Preliminary Results from the Theory of Regular Local Rings. 


1. Ring extensions of regular local rings. 


PROPOSITION 1. Let o be a local integral domain with maximal ideal 
m and let a be an element of an integral extension of 0. Assume that 1) a 
is not in the field of quotients of o, 2) the characteristic p of o is different 
from zero and 3) a®€o. Then ofa] is a local ring. Furthermore, the dimen- 
sion of the vector space m/m”? over o’/m’ is not less than that of m/m? over 
o/m (m being the maximal ideal of o’); they coincide with each other if 
and only if either the irreducible polynomial Xr — a? over o is irreducible 
modulo m, or there exists an element bE 0 such that (a—b)?€m, ¢ m°. 


Proof. Since a is purely inseparable over o, ofa] is a local ring. Let 
Tı’ © *,@, be a minimal base of m.’ 


1) When X?—a? is irreducible modulo m, it is easy to see that m’ 
is generated by m. Furthermore, z,,: - -,%, is a minimal base of m. For, 
otherwise, there exists an element x of m which is not in m? such that 
zE m” == mola], which is impossible because 1,a,: : -,a?-? are linearly 
independent over o. Thus the case is settled. 


e We call a base of an ideal is minimal if any proper subset of the base cannot 
generate the ideal. When s is a local ring with maximal ideal m, a subset of an ideal 
a of o generates a if and only if their residue classes modulo ma generates a/ma over 
o/m. Therefore r is equal to the dimension of m/m? in the present ease. 


DEDEKIND DOMAINS, II. 403 


2) Assume that X?—a? is reducible modulo m. Then there exists 
an element b€ o such that a? —br € m. Therefore, considering a—b instead 
of a, we may assume that b—0, that is, a€ m’. Assume that an element 
æem which is not in m? is in m. Then, since m = mofa] +ao[a] 
— m + ao[a|, there is a relation of the form: 


x == X Ciel; + (X dit;)a + (Qo? * eat) a? (Ci, dp & € 0). 
Since 1,a,- © -,af? are linearly independent over o, we have 
C= > Citit + Eno”. 


This shows that the residue class of + modulo m? is of the form unit X (a? 
modulo m*). Therefore, the dimension of m/m”? is either 7 or r-+1 
according as a? é m? or a? € m?. Thus the proof is completed. 


COROLLARY 1. If furthermore o[a] is a regular local ring, then so 1s o. 


COROLLARY 2. Besides the assumptions in Proposition 1, we assume 
that o is a regular local ring. Then ola] is regular if and only if either 
Xr —a is irreducible modulo m, or there exists an element b of o such that 
(a— b)’ E€ m, é m’. 


PROPOSITION 2. Let o be a normal local ring and let a be a root of 
an irreducible monic polynomial f(x) over o. Let p be a maximal ideal of 
ofa], and set o’—of[aly, n = po. If the discriminant d of f(x) is a 
unit in 0, then 1) w ==mo and 2) o is a normal ring. 


Proof. Since d is a unit in o, we have that ofa] is a normal ring, and 
2) follows immediately. Let g(x) be a monic polynomial over o such that 
i) g(x) modulo m is irreducible over o/m and ii) a modulo p is a root of 
g(æ) modulo m. Set b—g(a). Then bEp. Set p” == mold] + do[b], 
which is a maximal ideal of o[b] and p”—pMNo[b]. Since g(s) modulo m 
is irreducible over o/m == o[b]/p”, p= p”o[a]. It follows, in particular, 
that p is the unique maximal ideal of o[a] containing b. Let h(x) be a monic 
polynomial over o such that i) f(x) —g(æx)h(æ) € mix] and ii) every 
irreducible factor of h(x) is irreducible modulo m. Then applying the same 
observation to each irreducible factor of h(a), we see that c—h(a) is not 
in p (because d is a unit and g(x), h(x) have no common factor modulo m). 
Since g(a) == 6, bc€ mo[a] and b € mo’, which shows that m = mo’ (because 
p= pofa]). | 


COROLLARY. If furthermore o is a regular local ring, then o is also a 
regular local ring. 
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PRÔZOSITION 8. Let o be an integral domain and let x,,:- *,æ, be 
algebraically independent elements over o. Let p be a prime ideal of 
o’ —0f2,: © :,%al. If 0(panis a regular local ring, then so is o'y. 


Proof. By Corollary 5 to Proposition 1.1, 0°,/(p Mo)o”, is a regular 
local ring, from which the assertion follows immediately. 


Lemma 1. Let x be a transcendental element over a local ring o. Then 
a minimal base of the maximal ideal m of o is also a minimal base of mo(z). 
Therefore, o 1s regular if and only if o(s) is. 


The proof is easy. 


COROLLARY. The converse of Proposition 3 holds. 


Proof. From the regularity of o'p and 0’)/(pMo)o’y, it follows that 
(pMo)o’, is generated by a subset of a regular system of parameters of o'p 
(Lemma 0.12) and opoopo = 09(%1,° * +, 2n) is regular, from which it follows 
that Opna is regular. 





LEMMA 2. Let o be a regular local ring with maximal ideal m. If a 
monic polynomial f(x) over o is irreducible modulo m, then the ring 
o = o[z]/f(z)o[z] is a regular local ring with maximal ideal mo’. Further, 
mo’ N o == m” for every n = 1,2, +. ! 


Proof. Since f(z) itself is also irreducible, the assertion is proved 
easily. 


un 


Remark. By the same way as above, we see that Lemma 2 can be 
. generalized as follows: Let o be a normal local ring with maximal ideal m. 
If a monic polynomial f(z) over o is irreducible modulo m, then the ring 
o’ = o[a]/f(x)o[2] is a local ring with maximal ideal mo’ and m*o N o == mt. 
Therefore, if o’ is regular, then o is also a regular local ring. 


2. Quadratic transforms of local integral domains. Let o be a local 
integral domain with maximal ideal m and let 2,,---,2, be a base of m. 
Further, let b be a valuation ring which dominates o and let n be the 
maximal ideal of b. Let v be a valuation whose valuation ring is v. We 
may assume that v(z,) v(a;) for every 7. Set 0/—0[x,/x,: - +, 2n/tl, 


m =n No (observe that o’ is a subring of b), o” == 0 mw and m” == mo”. 
Then 


PROPOSITION 4. 1) o” is a local integral domain; 2) o” is determined 
by b above, that is, o” is independent of the choice of the base ti’ >, £n 
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of m; 3) if p is a prime ideal of o which does not contain x, and if there 
exists a prime ideal p” of o” such that oy 1s dominated by opr, then op = 0p 5 
and 4) if o is a regular local ring, then o” is also a regular local ring. 


This o” is called the quadratic transform of o with respect to the 
valuation ring ©. 


Proof. (1) Since o is a Noetherian ring and since o” is finitely generated 
over 0, 0” is Noetherian and o” is a local integral domain. 


(2) Let yi," * *,Ym be another base of m. In order to prove 2), we 
may assume that z;—y; for jin. First set 9% ~o[yo/y1,: © +, Ym/Y:]- 
Then o’Co*. Since y; is a linear combination of 2,’s with coefficients in o, 
we have o ==o* and o” == 0*mno. Assume that v(y;) ==v(y:) (—v(zx)). 
Set o** = o[y,/yi,° °°, Ym/yi]. Then y /yi is a unit in b and y /y; is not 
in m**==nMo**, Therefore o** m+.» contains y,/y; as a unit, hence 0** ye. 
contains 42/41," * *,Ym/Yx Therefore o*m C o**pes. By the same reason, 
we have the converse inclusion, and 0” == Oms == 07" mes. 

(3) Since 2, ¢ p, o’ is a subring of op and 3) is easy. 


Ca 


(4) By 2), we may assume that fı,’ :* *,%, is a regular system of 
parameters of o. m is contained in 7,0’, and o’/ao’ is generated by the 
residue classes of 22/21,° * *,@n/Z, over the residue class field of o; they are 


obviously algebraically independent over o/m. Therefore, 0’ /z,0” is a regular 
local ring by Corollary 5 to Proposition 1.1, which shows that o” is also 
a regular local ring. 


Remark. Observe that if v (z1) < v(x;) for every 7 > 1, then the maximal 
ideal of o” is generated by 21, U2/%1,° © *, En/21. 


3. Results due to Serre [22]. If M is module over a ring o, the 
projective dimension of M in the sense of Cartan-Eilenberg [2] is called the 
homological dimension of M (according to Serre [22]), which will be denoted 
by dh, M or by dh df. A series a;,,- - -,a, of elements of the maximal ideal 
m of o is called an W-series if for every 17 the element a; is not a zero- 
divisor in the module M/(3,1a;M). The number r is called the length 
of the series. 


PROPOSITION 5. If M is a finite module over a regular local ring o 
-of rank n, then every maximal M-series is of length n—dh M. (Auslarder- 
Buchsbaum-Serre ) 
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For the proof, see Serre [22]. 


COROLLARY. If a is an ideal of o and if n1, then dhasin—1; if p 
ws a prime 1deal of o different from m and if n= 2, then dhp=n—2. 


THEOREM 1. If pis a prime ideal of a regular local ring o, then ody 
is a regular local “ing. (Serre [22]) 


For the proof, see Serre [22] ; the base of his proof is the following 


PROPOSITION 6. À local ring o is regular if and only if there exists 
an integer m such that dhM =m for every o-module M (that is, global 
homological dimersion of o is finite). (Serre [22]) 


For the proof, see Serre [22]. 


In the latter parts of our papers, we shall need only Theorem 1 in the 
case where o is & spot of the restricted case, among results stated here. 
Therefore, we shal! give another proof for this case in Appendix 1. (A proof 
for this case is also given by Nagata [18].) 


4, Unramifiedness of regular local rings. Let r be a regular local 
ring with a semi-zround ring I. We say that r is unramified with respect 
to I if either r conzains the field of quotients of I, or a prime element of mnn 
is not in m?, where m denotes the maximal ideal of r (that is, a prime element 
of Iimnz can be salected to be a member of a regular system of ‘parameters 
of r). If furthermore the residue class field of r is separably generated over 
that of Imanan, then we say that r is tamely unramified (with respect to J). 

A spot P ovez a ground ring I is called a simple spot if it is a regular 
local ring. It is called an unramified simple spot (over I) if it is unramified 
with respect to J; it is called a tamely unramified simple spot if it is tamely 
unramified. It is called ramified (over I) if it is not unramified. 


Remark. Sixce an “unramified regular local ring” is a regular local 
ring which contairs a field or in which p is not in the square of the maximal 
ideal of the ring {p being the characteristic of the residue class field of the 
ring), we must distinguish between unramified simple spots and simple 
spots which are unramified regular local rings. 


PROPOSITION 7%. If P is a tamely unramified regular local ring with 
respect to a senvi-ground ring I, then the completion P* of P contains a 
complete discrete valuation ring I* (which may be a field) such that 1) I is 
a subring of I[* and 2) P* is a formal power series ring over I*. 
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The proof is easy because P* is a Henselian ring (Lemma 0.13). 


THEOREM 2. Let p be a prime ideal of a regular local ring r. If rais 
unramified with respect to a semi-ground ring I, then ry is also unramified 
with respect to I. 


Proof? Set q—pNli. If q—0, then ry contains the field of quotients 
k of I and ty is unramified with respect to I. Assume that q40. Let x be 
a prime element of Iq. Since r is unramified with respect to I, r/ar is a 
regular local ring. Therefore, by Theorem 1, (r/2v) (p/ex) == Up/@Up is a regular 
local ring, which proves that rp is unramified with respect to J. 

More generally, we can prove the following assertion, making use of 
the notion of quadratic transformation (cf. §2) or some results in Nagata 


[18]: 
Let o be a regular local ring with maximal ideal m and let p be a prime 
ideal of o. If an element f of p is not in m”, then f is not in poy. 


We shall here only sketch the proofs. Let o* be the completion of o 
and let pë be a prime divisor of po*. "Then p*No—}p by the corollary to 
Lemma 0.4, p*"o*,. contains p"oy, and we have only to show that p*"o*)- 
does not contain f. Thus we may assume that o is complete. 


i) The proof by the theory of multiplicity (This can be applied only 
for the case where o contains a fie'd, because, for the proof of the result in 
[18] which we want to use, we used the present assertion for the case when 
o does not contain any field) : Since f¢ m”, the multiplicity of the ring o/fo 
is less than n. Since o/fo is complete, it follows that the multiplicity of 
the ring 0,/fo, is less than n (see [18]), which proves that f ¢ pop. 


ii) The proof by quadratic transformation: By Lemma 4.1.2, we may 
assume that the residue class field of o is algebraically closed. On the other 
hand, making use of an, induction argument on the rank of o, we may 
asume that co-rank p= 1. Let b be a valuation ring which dominates o 
and which has a prime ideal n such that b/n is algebraic over o/p and, 
furthermore, the residue class field of b coincides with that of o (existence. 
follows from Proposition 2 in Appendix 1 of the present paper). Let v be 
a valuation whose valuation ring is b. Then we can select a regular system 
of parameters 2,° - -,Z, of o so that v(x) <v(2;) for every 7>1. Let g 
be the quadratic transform of o with respect to b and set f—f/x;" with 
m such that f € m™, f € m™**; we have only to prove that f ¢ pop. Repeating 


The writer owes the present proof to Prof. Serre. 
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successively quadrazic transformations, we reach a case where p is generated 
by a subset of a regular system cf parameters of o (see Appendix 1, § 2) 
and the assertion is proved. 


5. Unique factorization theorem in local rings. 


Lemma 1. A Noetherian integral domain o ts a unique factorization 
ring if and only if every prime ideal of rank 1 in o is principal. In this case, 
an ideal (5<0,0) is principal if and only if it is purely of rank 1 (that is, 
each of its prime divisors is of rank 1). 


Proof. 1) Assume that o is a unique factorization ring and let p be 
a prime ideal of rank 1. Let a be an irreducible element in p (such exists 
because o is Noetherian). If bc€ p, then by the uniqueness of factorization, 
one of b and c is divisible by a, which shows that ao is prime and p= ao. 


2) Assume that every'prime ideal of rank 1 is principal. Then every 
irreducible element generates a prime ideal (of rank 1), from which we see 
the uniqueness of factorization by induction on the number of irreducible 
factors. 


8) Let q be a primary ideal of rank 1 and let p be its prime divisor. 
Then p= ao (a€ oi. Let n be such that q Cao, q Œ ao and set q’ = q:a"o. 
‘Since q Cao, q—a"g. Since qato, q’ Cp. Since by its definition g’ 
is of rank 1 unless 7 == 0, and we have q == 0 and q==a"9. Now we consider 
an ideal a which is purely of rank 1. Let qu,’ - -,q, be the primary com- 
ponents of q. Then each q: is generated by one element a; and 


Q= Q (00,0) =" + == Gy" + Ay (AG: + A0) = Qi’ * A0: 


4) Assume that an ideal a is generated by an element a and let 
°° *,Gn be the primary components of a belonging to prime divisors of 
rank 1. By 3) q:M---Mq, is principal: Let b be a generator. Then 
@ == 40 C bo and there exists an element c€ o such that a= bec. If c is not 
a unit in o, then there exists a prime ideal p of rank 1 which contains c 
and we have a contradiction from Do, —a0o, © bpoy (see [16]). Thus 
ao = bo and the proof is completed. | 


Remark 1. By the proofs 3) and 4) above, we see that when a is an 
ideal of a Noetherian integral domain o and every minimal prime divisor 
of a is principal, then a is principal if and only if a is purely of rank 1. 


Remark 2. A unique factorization ring o is a normal ring. (Gauss’ 
Lemma) 
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Proof. Every principal ideal of 9 has no imbedded prime divisor. There- 
fore 0 = N oy, where p runs over all prime ideals of rank 1 in o (see [17]). 
Further, if p is a prime ideal of rank 1, then p is principal and oy is a 
discrete valuation ring. It follows that o is normal. 


Remark 3. If an integral domain o is a unique factorization ring, then 
every ring of quotients of o is also a unique factorization ring. 


The proof is easy. 


Proposition 8. Let o and vo’ be local rings such that 1) o is a subring 
of ò and 2) ao’ N o =ao for every element a€o. Then an ideal a of o 
as principal if (and only tf) ao’ is principal. 


Proof. Let b’ be an element of o’ such that ao’ = b'o’. If there is no 
element a of a such that ao’ == b'o’, then ao’ C b’m’o’, where n’ is the maximal 
ideal of o’. It follows that b'o —b’m’o’, which is impossible unless b= Q 
(see [16]). Therefore, there exists an element a of a such that ao’ = ap’, 
hence ao C aC av N'o =ao and a= ao. 


COROLLARY 1. Let o* be the completion of a local ring o. Then an 
ideal a of o is principal tf and only if ao* is principal. 


COROLLARY 2. Assume that a local ring 0’ dominates a local integral 
domain o, that no element of o is a zero-divisor in 0’ and that K N 0’ =0 
with K the field of quotients of o. Then an ideal a of o is principal if and 
only if ao’ is principal. 


THEOREM 3. Let o* be the completion of œ local integral domain o. : 
If o* is a umque factorization ring, then o is also a unique factorization 
ring.’ 


Proof. By Lemma 1, we have only to show that every prime ideal p of 
rank 1 in o is principal. Let S be the complement of p in o. Since 0*/bo* 
is the completion of o/p (Lemma 0.3), no element of § is a zero-divisor 
modulo po* (Corollary to Lemma 0.4). If we know that o is a normal ring, 
then the proof proceeds as follows: op is a valuation ring and pþpořg is a 
principal ideal, which shows that every prime divisor of po*g is of rank 1 
(because o*g is normal or because o“y is a unique factorization ring). Since 


8 These results were announced by Mr. Y. Mori at the spring meeting of the 
Mathematical Society of Japan in 1949. The present proofs were found by the writer 
independently in March of 1950, which were sketched in [15]. Recently the writer saw 
that the same results were proved by Krull [9]. 


410 MASAYOSHI NAGATA. 


no element of S is a zero-divisor modulo po*, every prime divisor of po* 
is of rank 1. Hence po* is principal by Lemma 1 and p is principal by 
Corollary 1 to Proposition 8. Now the proof is completed by the following 


Lemma 2. Let o* be the completion of a local integral domain o. If 
o* is a normal ring, then o is also a normal ring. 


But this follows immediately from the following 


Lemma 3. Let o* be the.completion of a semi-local integral domain o. 
If K ws the field of quotients of o, then o= K N o”. (See Nagata [14] or 
[15].) | 

Proof. It is obvious that oC KMo*. We shall prove the converse 
inclusion. Let a/b (a,b€ 0) be an element of KMo*. Then a/bE€ o* 
shows that a€ bc*No—bo (Lemma 0.3) and a/b€ vo. 


PROPOSITION 9. Let a be an ideal of a local ring o. If there exist 
an ideal b of o contained in aand a non-unit x of o such that 1) a:zo =a 
and 2) aC b + zo, then we have a= b.? 


Proof. Since aC b -+ so, every element a of a is expressed in the 
form a = b + zz with bE 6, 2€0. Then zz€a and 2€ a because a:r0 — a. 
Thus a = b + za, which shows that a — b because z is in the maximal ideal 
of o ([16]). 


COROLLARY 1. Let a be an ideal of a local ring o. If there exists a non- 
unit x of o such that 1) a:xo ==a and 2) aC zo, then a=0. 


COROLLARY 2. Leta be an ideal of a local ring o. If there exists a non- 
unit z of o such that 1) a:so==a and 2) a is principal modulo zo, then 
a is also principal. 


THEOREM 4. Let o be a regular local ring of rank r. If either o is 
unramified, or r is not greater than 2, then o is a unique factorization ring.® 


Proof. When r—1, o is a discrete valuation ring and our assertion is 
obvious. Assume next that r==2. Let x be an element of the maximal 
ideal m of o which is not in m?. Let p be a prime ideal of rank 1 in vo. 


° If we want tc generalize this assertion to general Noetherian rings, then a similar 
proof shows the following: 

Let a be an ideal of a Noetherian ring ọ and let b be an ideal contained in a. If 
there exists an element w of o such that 1) a: vo = a, 2) q + æo =o for every prime 
divisor q of b and 3) q is contained in b + «0, then we have q = b. 
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If vE p, then p==ao. If szép, then p is principal modulo zo because 0/xo 
is a veluation ring, which shows that p is principal by Corollary 2 to Proposi- 
tion 9 and the assertion is proved in this case. On the other hand, if o is 
unramified, then the completion o* of o is a unique factorization ring 
(Lemma 0.9) and o is also a unique factorization ring by Theorem 3. 


Proposition 10. If a regular local ring o is tamely unramified with 
respect to a semi-ground ring, then o is a unique factorization ring. 


Froof. By Theorem 3, we may assume that o is complete. Then o is 
isomorphic to a formal power series ring over a ring J, whcih is a field or a 
discreze valuation ring. Then the proposition is well known in this case 
(see for example Cohen [6]) and can be proved by induction on the rank 
of o just as in the case of polynomial rmgs. Therefore, we shall omit the 
proof. (Cohen’s proof can be simplified a little.) 


Though it seems to the writer very likely that every regular local ring 
is a unique factorization ring, the writer cannot prove it yet. But we can 
prove the following 


PROPOSITION 11. If every regular local ring of rank 3 is a unique 
factorization ring, then so is every regular local ring. 


In order to prove this proposition, we shall prove the following two 
lemmes: 


Lemma 4. Assume that 0— A— B—C—0 is an exact sequence of 
modules À, B, C (over a ring o). Then 1) if dh A > dh B, then dh A = dh C 
—1; 2) if dh A < dhC—1, or if dhA < dh B—1, or if dhA < dhB and 
dhA < dhC, then dh B = dh0. 


Froof. From the exactness of the sequence 0—> 4—B—C-0, we 
have the exactness of the sequence , 


-— Ext"? (A,X) > Ext" (C, X) — Ext” (B, X) > Ext (4, X) 
—> Ext (C, X) = Ext"! (B, X) — Ext” (A, X) =: :- - 
with en arbitrary module XY, from which the assertion follows immediately. 


COROLLARY. Let a and b be elements of an integral domain o. a 
dh, (ao + bo) £0, then dhs (ao: bo) = dh,(bo + ao) — 1. 


1° This result was proved independently by Zariski, 
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Proof. Since 0— bo— ao + bo—0/(ao:bo) —0 is exact and since 
dh, bo = 0, dh,(ao + bo) = dhyo/(ao:b0). Since 


0— (ao:b0) —0—0/(ao:bo) 1 
is exact, dhgo/(ao:b0) == dhg(ao:b0) +1. Thus the assertion is proved. 


Lemma 5. Let o be a regular local ring of rank r= 3. Let m be the 
maximal ideal of o. Assume that every regular local ring of rank less than 
r is a unique factorization ring. If a and b are elements of m such that 
dh, (ao + bo) Sr—2a, then the ideal ao:bo is principal. 


Proof. From dh,(ao + bo) =r—2, it follows that either dh,(ao + bo) 
==0 or dh,(ao:bo) Sr—3. If dh,(ao + bo) —0, ao+ bo is principal 
(because o is a local ring), hence either ao C bo or bo Cao (again by the 
fact that o is a local ring). Therefore, the assertion is easy in this case. 
In the other case, since dh,(ao : bo) =Sr—83, it follows that dh, 9/ (ao: bo) 
< r— 2. This shows that there exists an 0/(ao:bo)-series of length 2, that 
is, there exists an element x€ m which is not a zero-divisor modulo ao: bo 
such that ((ao:bo) + 20):m== (a0:bo0) +20, by Proposition 5. We can 
select such an x so that zé m? (see [19]; cf. [16]). Let q. be an arbitrary 
prime divisor of (ao:bo) -} so. Since og is a regular local ring of rank 
less than 7, @0q: boa is principal and ((ao:bo) +x0)0: is generated by two 
elements. It fol.ows that q is of rank 2 by the unmixedness theorem (see 
Cohen [6] or Nagata [18]), which shows that ((ao:bo) +xo)/xo is purely 
of rank 1, hence it is principal by Lemma 1. Since x is not a zero-divisor 
modulo ao: bo, it. follows that ao: bo is principal by. Corollary.2 to Proposi- 
tion 9. 


Remark. If o is a unique factorization ring, then dh,(ao + bo)is not 
greater than 1 for arbitrary elements a and b of o. 


Proof. If dh,(ao-+-bo) 540, then dh,(ao: bo) == dhe (ao + bo) —1. 
But ao: bo is purely of rank 1 or is o itself, hence it is free and dh,(ao : bo) = 0. 
It follows that da, (ao + bo) — 1 or 0. 

Now we shall prove Proposition 11. Let o be a regular local ring’ of 
rank 7; we prove the assertion by induction on r. By our assumption, we 
may assume that r= 4. Let p be a prime ideal of rank 1 in o, and let a 
and b be elemenis of o such that 1) ao, = pop, 2) bé bp, but b is in every 
primary component of ao belonging to a prime divisor other than p. Then 
ao:bo =p. Let a be the ideal such that a = (ao: bo) :mt, with ¢ an integer, 
and a:m— a, where m is the maximal ideal of o. Let æ be an element of m 

i 


fu 
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which is not in m? such that a:zo =a. By our assumption, 0/xo is a unique 
factorization ring, and therefore dhs,:9(@0 -+ bo + xo)/xo is not greater than 1. 
Since r is not less than 4, it follows that (ao + bo + zo) : m = ao + bo + zo 
by Proposition 5, which shows that ao + bo -+ zo contains a. Since a: zo a, 
we have ao+bo—a by Proposition 9, which shows that (ao + bo) :m 
== (ao bo) and dh,0/(ao—+bo) =r-—-1 by Proposition 5, that is, 
dh,(ao + bo) Sr—2. Therefore bp — a0: bo is principal by Lemma 5, which 
proves our assertion. 


Appendix 1. Rings of Quotients of Regular Local Rings. 


1. Some preliminary results. 


Lemma 1. If o is a complete local integral domain, then the derived 
normal ring o of o is a finite o-module. (Nagata [14]). 


Proof. Since o is complete, there exists a complete regular local ring r 
such that o is a finite r-module (Lemma 0.8). Therefore, we have only to 
prove the following 


Lemma 2. Let r be a complete regular local ring, and let L be a finite 
algebraic extension of the field of quotients K of r. Then the integral closure 
o of rin Lis a finite r-module. | 


Proof. If r is of characteristic zero, then L is separable over K and 
our assertion is obvious ([16, §5]). Therefore, we assume that L is of 
characteristic p40. Then we may assume that r is the ring of formal power 
series in indeterminates æ,: ° -,2, over a field k (Lemma 0.10). Let L’ be 
a purely inseparable finite algebraic extension of K such that Z(L’) is 
separable over LZ’. If we know that the integral closure o’ of r in I’ is a 
finite r-module, then the integral closure o” of r in L(L’) is a finite t- 
module because ZL(Z/) is separable over L’, and o is also finite r-module. 
Thus, we may assume that L is purely inseparable over K. Set e=[L:K], 
Foe ke, ype gil? (tam1,-++,n) and 1r*—#?{y,: " -,4}). Then o is a 
subring of r* because r* is regular and hence normal, so that an element a 
of o can be expressed as a power series in 9,: ` -, Yn with coefficients in Ë. 
The leading form of the expression will be called the leading form of @ in 
the present proof. 


LEMMA 8. If fit + -,fm are leading forms of elements a:,' + - ,a, of 0 
respectively, and tf 1,f1,° * *,fm are linearly independent over r, then 
1,@1,° © ',@m are linearly independent over r. 
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Proof. We consider a linear combination $ a;b; (b€ r). Let g; be the 
leading form of b; Then fig; is the leading form of a,b; We may assume 
that deg(fig:) ==: - “== deg(f;gr) =d and that deg(figi) >d for t>r. 
“Then the leading form of $ a;b; is hn" figo which is not in r because 
l, fı: © +,fr are linearly independent over r. Therefore > bi É r unless all 
the bs are zero, which proves Lemma 4. 

Now we proceed with the proof of Lemma 2. Since L is finite over K, 
there are leading forms fı, * -,f, of elements of o such that 1,f1,°::,f, 
is a maximal linearly independent set of leading forms of elements of o by 
Lemma 8. Let cı,’ *:,c, be the coefficients of f,,--+,f, and let f be the 
leading form of an element of o. Since f is linearly dependent on 1, f,,---,fs 
over r, it follows that the coefficients of f are in k(c,:--,œ). Now 
let dy==1,d,,:--,d, be a linear base of k(c,: - -,c) over k and let 
Mo = 1, Ma, * +,m, be the set of monomials in ¥;,---,y, of degree less 
than one. Then f is contained in the module generated by all the dim; over r. 
Therefore, there exist elements a;,- - :,a, of o such that the leading form 
of every element of o is contained in the r-module generated by the leading 
forms of @,,: * *, Qw. Since t[@,° * <, w] is a finite r-module, it is a com- 
plete local integral domain (Lemma 0.5). Since r* dominates r[a:,: - >, Qel, 
ta," * *,@»] is a subspace of r* (Lemma 0.11). On the other hand, by 
our choice of ai,’ * -,@ ,, we see that o is contained in r[a.,- > +, a] + m*t 
for every natural number 2, where m* Cenotes the maximal ideal of r*. 
Since t[a,: - *,@,] is complete and is a subspace of r*, it must be a closed 
set of r*. Therefore, we have o Cr[a,:--:,a@,] and rlan’, a ,] =o. 
Thus the proof is completed. 


COROLLARY 1. Hvery complete local integral domain satisfies the 
finiteness conditions for integral extensions. 


COROLLARY 2% If a complete semi-local ring o has no nilpotent elements, 
then the integraly closure of o in its total quotient ring is a finite o-module. 


PROPOSITION 1. Jf a semi-local integral domain o is analytically unrami- 
fied, then the derived normal ring 0” of o is a finite o-module. (Nagata [11]) 


Proof. Let o =0)C 0, C::-Co,C- ++ be a chain of subrings of o 
such that each o; is a finite o-module. Then the completions o*; of the 
rings o; can be imbedded in the integral closure 0*' of the completion o* 
of o (Lemma 0.6). Since o* has no nilpotent elements, o% is a finite 
o*-module and there exists an i such that 0*;— 0*, for every j >i. Then 


we have œ—0; (j >i) by Lemma 4.5.3. Thus o’ is a finite o-module. 
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Proposition 2. Let o be a Noetherian integral domain and let L be a 
finite algebraic extension of the field of quotients of o. If pa: + +, Pn are 
prime ideals of o such that p, D -> ` D Pa, then there exists a valuation ring 
b of L which has prime ideals n,,- ` `, nn such that 1) bn, dominates oy, and 
2) Dn,/1 is a finite algebraic extension of Op,/Pidy, (for each 1). 


Proof. We may assume that p, is of rank 1. Let o° be the integral 
closure of oy, in L. Then o’ is a Dedekind domain by Lemma 0.15. Let 
p be a maximal ideal of o’. Then o'y is a valuation ring and 0’y-/p’o’y: is 
a finite algebraic extension of oy,/Pndp, by Lemma 0.15. The rest of the 
proof is like the proof of Proposition 1.5. 


Remark. If o is a regular local ring, then there exists a valuation 
ring of the field of quotients of o which dominates o and whose residue class 
` field coincides with that of o. 


Proof. Let m be the maximal ideal of o and let f be an element of m 
which is not in m°. Then o/fo is a regular local ring and oy, is a valuation 
ring. Therefore, our assertion is easily proved by induction on the rank of o. 

I 


2. A proof of Theorem 1 in some special cases. 


LEMMA 1. Let o be a regular local ring of rank r and let p be a prime 
ideal of co-rank 1 in o. If the derived normal ring of 0/p is a finite o/p- 
module, then oy is a regular local ring of rank r—1. (Zariski [26]) 


Proof. Let b be a valuation ring which dominates o and has a prime 
ideal n such that n N o =p and b/n is algebraic over o/p (existence of b 
follows from Proposition 2). Let 0:,::-,0,,°:: be successive quadratic trans- 
forms of o with respect to b (that is, or is the quadratic transform of o with 
respect to V, 02 is that of o, and so on). Then by Proposition 4.4, each o; 
is’ a regular local ring and has a prime ideal p; such that oy = (oi)p 
(pi == 11M 0:). Let o’ be the derived normal ring of o/p and set m’=(m/n)N 0’, 
where m is the maximal, ideal of b.. Then, as is easily seen, 0;/p; is contained 
in 0’m for every 4% Since o’ is finite over o/p, there exists an n such that 
On/ Pn = Ons1/ Pny Since Onsi/Pnei 18 the quadratic transform of 0,/b, with 
respect to b/n, it follows that o,/p, is a discrete valuation ring. Hence p, 
is generated by r— 1 elements (Lemma 0.12) and oy = (on)y, is a regular 
local ring of rank r— 1, which proves the assertion. 


Making use of an induction argument on the rank of a regular local 
ring, we easily see the following fact: 
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Let o be a regular local ring and let p be a prime ideal of o. If there 
exist prime ideals p==p; C PC ' : + Cp, such that each p; is of co-rank i 
and the derived normal ring of 04,,/b:0,,, is a finite module over the latter 
ring for every 7, then oy is a regular local ring. 

As consequences of the above result, we have 


(1) If o is a complete regular local ring, then Op is a regular local 
ring for every prime ideal p of o. 


(See Lemme 1 in §1.) 


(2) If P is a simple spot in the restricted case, then Py is a regular 
local ring for every prime ideal p of P. 


Appendix 2. Some Remarks on the Non-restricted Case. 


Proposition 1. Let P be a local ring which dominates a discrete 
valuation ring b, and let b* be a valuation ring which contains b as a dense 
subspace. Let m be the maximal ideal of P and set R=b* & P, w = me. 
. Then mw’ is a maximal ideal of R. Set P’ == Ry. If P’ is Noetherian, then 
P’ is a local ring which contains P as a dense subspace. 


Proof. Let p be the maximal ideal of b and set p®—minb, 
p*(@) == pMp*, Then 


R/m'B = (c*/p*) Oro (P/m*) = (b/p) @ (P/m*) = P/m* 


for every natural number 1 Therefore, by the case 1—1, we see that n’ 
is a maximal ideal of À. If Pris Noetherian, then P’ is a local ring. There- 
fore, P’/m’tP’ = P/m* shows that P’ contains P as a dense subspace. 


COROLLARY. If P is a spot over a ground ring & which is a valuation 
ring, then P” as defined above is a local ring which contains P as a dense 
subspace. 


Proof. Let o be an affine ring which has a prime ideal p such that 
P==oy. Then Æ is a ring of quotients of b*@o, and this last ring is 
finitely generated over b*. It follows that A is Noetherian and P’ is also 
Noetherian. | 


PROPOSITION 2. Let P bea spot over a ground ring I. If P ts separably 
generated over I, then P is analytically unramified. 


Proof. Let L be the field of quotients of P and let I’ be the integral 
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closure of J in L. Since L is separably generated over I, I’ is separable 
over J and I’ is a finite J-module. Set P= P[I]. Then P’ is a semi-local 
integral domain and P is a subspace of P’ (Lemma 0.6). Therefore, we 
have only to show that P’ is analytically unramified. Since the completion 
of P’ is the direct sum of completions of local rings (spots) P'w, where m’ 
runs over all maximal ideals of P’ (Lemma 0.2), we have only to show that 
P’w is. analytically unramified. Thus we may assume that P contains P. 
Since J’ is also a Dedekind domain, we may assume that J = F, and we may 
assume further that J is the ground place of J dominated by P. If J isa 
field, then P is a spot in the restricted case, and therefore we assume 
that I is a discrete valuation ring. Let I* be the completion of J and set 
R=I* Q; P, n=mk, P’ =F, (see Projosition 1). By the Corollary to 
Proposition 1, P” is a local ring which contains P as a dense subspace. Since 
P is a regular extension of J, À is an integral domain by Theorem 3.3, 
whence P” is a spot over I* (by the proof of the Corollary to Proposition 1). 
Since /* is complete, it satisfies the finiteness condition for integral exten- 
sions, hence P” is a spot in the restricted case and P” is analytically un- 
ramified. Since P” contains P as a dense subspace, we see that P is also 
analytically unramified. 


COROLLARY. If a spot P is separably generated over a ground ring I, 
then the derived normal ring of P is a finite P-module. 


This follows from Proposition 1 in Appendix 1 and the above proposition. 
PROPOSITION 8. The completion of a normal spot is an integral domain. 


Proof. (1) We first prove the assertion under the assumption that 
the spot P is analytically unramified. Let L be the field of quotients cf P 
and let J’ be the integral closure of J in L. Since P is normal, J’ is contained 
in P, and therefore we may assume that I =T (because I’ is a Dedekind 
domain by Lemma: 0. 15). Thus we assume that the field of quotients K 
of I is algebraically closed in L. We may also assume that J is a discrete 
valuation ring dominated by P. Let J* be the completion of J and K* be 
the field of quotients of I*. Let K’ be a maximal separably generated 
extension of K contained in K* and set = I* nN K. Then I’ is a valuation 
ring which contains J as a dense subspace. Set R—I*®,P, R =I’ SP, 
n= mk, w =m, P” = Ry and P = R yv, where m is the maximal ideal 
of P (see Proposition 1). Since I is separably generated over I and since 
K is algebraically closed in L, R’ is an integral domain by Theorem 3.2. 
Let + be a prime element of I. Then by Lemma 8.6.1, R’[1/z] is a normal 
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ring. R’/2R’ = (1'/a2l’) Qrar (P/xP)—P/xP. Since P is a normal ring, 
«P has no imbedded prime divisor and sk’ has no imbedded prime divisor. 
Let p’ be a (minimal) prime divisor of zk’ and set p=p NP. Then the 
fact that R’/2R’ = P/xP shows that p is a prime divisor of gP. Let S be 
the complement of p in P. Then K's =F &rPs and Ps = Pp. Since P is 
normal, Py, is a discrete valuation ring. On the other hand, pÆ’s is a 
maximal ideal of K's and (R’s) wr.) =p contains Py as a dense subspace 
by the Corollary to Proposition 1. Therefore À’, is a valuation ring. 
Therefore, we see that R’ is a normal ring ([16]). Now, since J* is purely 
inseparable over 1’, J* is integral over I’ and the zero ideal of R is a primary 
ideal. Since P” contains P as a dense subspace and since the completion 
of P contains no nilpotent elements, we see that P” is an integral domain 
and P” is a spot over J*. Since /* is purely inseparable over J’ and since 
P’ is a normal ring, the derived normal ring of P” has only one maximal 
ideal. Since P” is a spot in the restricted case, it follows that the completion 
of P” is an integral domain. Since P” contains P as a dense subspace, we 
see the assertion in this case. 


(2) Now we have only to prove that P is analytically unramified. 
To do this, we shall prove a lemma due to Zariski [27]: 


Lemma 1. Leto be a normal local ring. If there exists a non-unit a 
of o such that every prime divisor of ao is analytically unramified, then o 
ws analytically urramified. 


Proof. Let pıt - +, p, be the prime divisors of ao (they are of rank 1 
because o is normal), and let p*,° > +, p*in) be the prime divisors of p,0* 
for each 2; here o* denotes the completion of o. If S is the intersection of 
the complements of p:,: - +, pr in o, then og is a principal ideal ring ([16]); 
let a, be an element of o such that bios = xi0g for each +. Then by assumption, 
TiD" g = ();p*yo%s. Since no element of S is a zero-divisor modulo av”, 
we see that ao* has no prime divisor other than the p*;/s. If 8*,; denotes 
the kernel of the natural homomorphism from o* into ops, the primary 
component of ac* belonging to p* contains $*;; so that ao* contains the 
intersection D of the P*;/s. Since the same holds with a replaced by any 
power of a, we see that b==0. Since P*;; is a prime ideal by Lemma 1.4.1, 
we see that D is a semi-prime ideal and o is analytically unramified. 


Now we shall return to the proof of Proposition 8. Let x be the same 
as in part (1) of the proof. Then for every prime divisor p of £P, P/p is 
a spot over the field Z/aI, is in the restricted case, and is analytically 
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unramified. Therefore, Lemma 1 shows that P is analytically unramified, 
which completes the proof. 


Proposition 4. If an affine ring o is separably generated over a ground 
ring I, then the derived normal ring of o is a finite o-module. 


Proof. Using the Corollary to Proposition 2, we prove the assertion in 
the same way as in Theorem 1.3. 


Once this proposition is proved, we see the existence of the derived 
normal model of a model in the same way as in Chapter 2 when the function 
field is separably generated. (For the projective model, observe that the 
field of quotients of the homogeneous coordinate ring is obtained by adjoining 
a transcendental element to the function field of the model under the con- 
sideration and the separable generation is preserved.) 


Now the other assertions m Chapter 2 can be generalized easily for 
function fields which are separably generated over a ground ring. 

Observe here that even when the function field of a model is separably 
generated over the ground ring, the function field of the induced model of 
the model defined by a spot may not be separably generated. 


MATHEMATICAL INSTITUTE, 
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LOCAL UNIQUENESS, EXISTENCE IN THE LARGE, AND THE 
CONVERGENCE OF SUCCESSIVE APPROXIMATIONS.* 


By Frep BRAUER and SHLOMO STERNBERG. 


1. It has been remarked by several authors that there is a close analogy 
between theorems assuring existence in the large of ordinary differential 
equations on the one hand and local uniqueness theorems on the other, cf. 
[2], [5], [8], [9]. For example, the majorization principle of Wintner [9] 
is the counterpart of Kamke’s “ allgemeine Eindeutigkeitssatz,” and Wintner’s 
criterion [8] corresponds to Osgood’s uniqueness criterion. Furthermore, these 
criteria all have analogues which assure the convergence of successive approxi- 
mations; cf. [7], where the Osgood criterion is shown to suffice, and [3], [1], 
. where the same is shown for the Kamke condition (the additional monotony 
assumption being superfluous, as will be shown). This second situation is 
somewhat unsatisfactory, as we know that uniqueness of solutions and the 
convergence of the successive approximations are logically independent. In 
fact, Miiller, in [6], gives an example of a differential equation which has a 
unique solution and yet the successive approximations do not converge, and 
we shall present below an example, due to Dieudonné, of a differential equation 
such that the successive approximations converge for an arbitrary initial curve 
and yet the solution is not unique. In the present paper we shall give a 
uniqueness criterion which includes Kamke’s as a special case and is suffi- 
ciently general so as not to imply the convergence of successive approxima- 
tions. We shall also explain the source of the duality between local uniqueness 
and global existence by showing that global existence can be viewed as a sort 
of uniqueness theorem at infinity. | 


2. We first consider the uniqueness of solutions of 


(1) z(t) =f (x,t), æ(0) = 0, 


where æ and f are n-dimensional vectors. 
Let V (x,t) be a function, defined for vectors x and real ¢t, with non- 
negative real values, which is continuous in (&,t), has one-sided partial 
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derivatives with respect to ¢ and the components cf x, and such that 
V(x, t) —0 implies c=0. We will use V; to denote a partial derivative 
of V with respect to t V, to denote some gradient vector of V, and + to 
denote the usual scalar product of vectors. Any condition which involves 
Vz or V, will be tnderstood to be required for all one-sided derivatives. 


THEOREM 1. Let w(r,t) be a continuous non-negative function defined 
on r= 0, O<t<a. Suppose the only solution of 


(2) r(t) =w(r,#) 
which satisfies ` 
(3) r(0) =77(0) =0 


on SiS a, for any a in 0<a <a, ts the identically zero solution. Let 
f(z,t) be continuous on a bounded region 0 <t< a, V(a,t) <b and 


(4) Via — gt) + Va [f (e,t) —f(y,t)] So[V(e—y, t), t] 
in this region. Then there is at most one solution of (1) on Ot <a. 


Proof. Suppose z,(¢) and z,(t) are two solutions of (1) on 0St <a, 
and let y(t) —ae(t)—2,(t). Then 


(5) (d/dt) [yt (t) ] = f' [e2 (t), t] — file: (t), t], 


where the superscript t denotes the 1-th component. Let m(t) == V[y(t), t], 
and m*(¢) = lim sup [m (t) —m(t—h)]/h. Then 
h— 0 


[m me) = È TO à 4 EM EA) A 
— Viy*(2),: ` y — h), | y” — h), t})/h 
+. [V(a(t — h), t) — V (e(t — h), t—h) | /h. 


Since V has one-sided partial derivatives, this is bounded above by a sum 
of the form 


[Va (y(t), t) + ei] [yi (t) — y? (t— h) ]/h + Fily (t), t) — Emis 


where Vz stands for a suitable one-sided partial derivative of V with respect 
to zt, V: stands for a suitable one-sided partial derivative of V with respect 
to t, and the « tend to zero as h—>0. Letting k—>0, we obtain, using Sa 
(5), and the continuity of w, 


(8) m* (t) So[m(t), t]. 
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Suppose there exists o,0< oa, such that mo) >0. There is a 
minimum solution r(t} of (2) through the point (o,m(o)), existing on 
some interval to the left of o. 

As far to the left of o as r(t) exists, it satisfies 


(7) 0<r(t) S m(t). 


To prove this, we first note that r(t) must remain strictly positive, for if 
r(t) vanishes at a point it can be continued to the interval 0 <{=o as a 
solution of (2), (8), and therefore r(t) must vanish identically by hypo- 
‘thesis. Next, we observe that 


(8) | r(t)=o(7,t) +6  r(o)=m(o) 

has solutions r(é,e) for all sufficiently small e > 0, existing as far to the leit 

of o as r(t) exists, and limr(t,e) —r(t) ([4], p. 83). Thus, it suffices 
en 0+ 

to prove 

(9) r(t, e) S m(t) 


for all e> 0 and all solutions of (8). If this inequality does not hold, 
there is a least upper bound ¢ of numbers ¢ So for which (9) is false. Since 
mo) ==T(0) ==7r(o,e), and the functions m(t),r(f,e) are continuous, 


(10) m(t)=r(be, m*(t)2r'(be). 
Then o(m(£),) + e= ollé e) d +e=r/(t,e) EmO So(m(Y,O, using 


(6), (8), (10). This contradiction proves (9), which, as we have remarked, 
implies (7). 
Now r(t) can be continued to the whole interval 0 < Sa as a solution 
of (2) which satisfies (7). Since lim m(t) = 0, _ r(t) —0, and we may 
—>0+ -> 0+ 


define r(0) ==0. If | a || denotes the Euclidean norm of a vector x, then by 
the continuity of f at the origin, there exists à > 0 such that 


et) a(t) = 1 [TA (e(s),8) —f(e(s),8) Id | < nb 


when 05:7 < 8, for any » > 0. By the continuity of V, this implies that 
given any e > 0, there exists 8 > 0 such that V[æx,(f) —2,(t),t] <et for 
OZt<6. This implies 0< m(t)/t <e for 0 Li<8, and lmm(t)/t—0, 
1 0+ 
which proves 7 (0) —0. Thus r(t) is a solution of (2) which satisfies (3), 
and by hypothesis, r(t) must vanish identically on 0 <<, contradicting 
the choice of ro). Hence s, (t) —=2,(t) on OS it <a, which is the desired 
uniqueness result. 


w. 
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Instead of a single function F (x, t), we may use a vector-valued function 
v(z,t}, and require that (4) be satisfied for each component of v(x, t). 
Instead of requiring æ—0 if V (z, t)==0, we may impose the weaker con- 
dition that z = 0 if all components of v(x,{) vanish. Our proof shows that 
all components of y[x.(¢)-—-2,(t),¢] vanish identically on Ot <a, and 
the uniqueness follows. 

If æ has components (z,,° - :,%,), a possible choice of V is V(x,t) 


= D [a |, which is easily verified to have the required properties. With this 
i=1: 


choice of V, the condition (4) becomes 


(11) 2 | fale, t) hy t) Sol 2 | a—H él 
and Theorem 1 yields Kamke’s general uniqueness theorem ([4], p. 139). 


Let w(r,t) be a continuous non-negative function defined on r= 0, 
O0<t<a. Suppose the only solution of (2) which satisfies (3) on 0S tsa, 
for any ain 0< a <a, is the identically zero solution. Let f(2,t) be con- 


tinuous in a region O<t <a, © a(t) <b and satisfy (11) there. Then 
i=1 


there is at most one solution of (1) on Ost <a. 


If we take w(7,¢) —p(r)A(t), we obtain Osgood’s uniqueness theorem. 


If f(a,t) is continuous in 0 <t< a, $ | f(z, t)| <b, and satisfies 
i=1 


Š AD RG HIS #CÈ an AH, 


where ; 
faste, fatat<e, 
6 ‘ 9 


then there is at most one solution of (1) on 0OSt<a. 


3. Let f(xt) be defined and continuous on all of R” X Rt. As is 
shown by the example f(s, t) = 1+2? (n==1), there may be solutions to 
{1) which can not be continued for all ¢, and thus additional conditions must 
be imposed on f to ensure the existence of global solutions. The fundamental 
fact which underlies all the explicit criteria is the following (cf. Wintner 


[8]) : 


THEOREM 2. If w(t) ts a solution of (1) which is defined for some 
time interval bounded on the right by to, then either || æ(t)|—c as [él—t 
or the solution can be extended beyond ty. 
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The proof consists merely in observing that if | x(#)| did not go to. 
infinity, then there would exist a sequence ty such that {,— ta and z (tr) — Zo, 
where x, is some point in R”. But the function f will be bounded in any 
compact neighbourhood N of (£o, to), so that the local existence theorem 
assures the existence of a solution curve through any point of NW, and this 
solution will be defined for a length of time depending only on the, distance 
to the boundary of N. Thus, applying the local existence theorem to (#(#x), tx) 
for k large enough, we obtain a continuation of w(t) beyond to. 

An immediate corollary of this theorem is that if T is a mapping of 
R” X Rt— Ri with the property that the inverse image of a compact set is 
compact, then either | T[x(é),t]|—>c as ¿— t, or x(t) can be continued 
beyond tọ» In particular, using arguments similar to those in Section 2, 
we have the following criterion due to Conti [2] (who gives essentially the 
same proof). 


THEOREM 3. Let V(x,t) be a positive real-valued function as in 
Section 2 such that 


V4 (a, t) + Va-f(2,t) SoL[V (z, t), t], 


where w has the property that any solution of (2) can be continued for all 
time. Then if the inverse image of a compact set under V in R” is compact - 
for all fixed t, then the solutions of (1) can be continued for all time. 


If we take V(z,t) to be | x], we obtain the majorization principle of 
Wintner [9]. If, in addition, we take w(r,t) =d(r)A(t), we obtain the 
following well-known criterion due to Wintner [8]. 


If |F(2,t)| ellz alt), where f O e Ian ee 
of (1) can be extended for all time. | 


The striking analogy between the theorems of Section 2 and the criteria 
of the present section are easily understood on the basis of Theorem 2. In 
fact, Theorem 2 says that the solution at infinity is not unique if continua- 
tion for all time is not possible. This notion can be made precise by choosing 
some smooth homeomorphism M of 0<||y||<o onto itself such that 
M(y)—0 for |y}—>c. If we choose M to vanish sufficiently rapidly at 
infinity, then the right side of the equation 


(12) a (s) =— Myf if 240, 7 =0 if z—0, 


where z== M (y), s=-—t, will be continuous for all (z,s). The existence 
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in the large of solutions of (1) is then equivalent to uniqueness at z= 0 
of solutions of (12). If, for example, n—1 and f(x,t)—@(|æ|)A(#), 
then the Osgood condition goes over into the Wintner condition by a change 
of variable in the integral. | 


4, In this section we show that the criterion of Section 2 does not 
imply convergence of the successive approximations. The well-known example, 
due to Miiller [6], of an initial value problem (1) which has a unique 
solution but for which the successive approximations do not converge will 
do this. In fact, there exist V and « such that Miiller’s example satisfies 
the hypotheses of Theorem 1. 

Miiller’s example is the function f (n==1) defined by 


f(z, t) —=0, t = 0, —o < r <L +o 
f(a, t) = 2t, 0<tSl—wer<0 
f(a, t) = 2¢-—4a/t, 0OLIS<1,0=%7< it 
f(a, t) —— 2t, <t P<t Ho. 


We choose V (z, t) = = | æ |$, and then Valg, t) = + $ |s|. It is clear that 
[f(æt) —f(y;t) <4t and that no smaller bound can be used. The con- 
dition (4) becomes 


+4 |e—y|4[f(2,t) —f(y,t)] So({z—y f, t), 


which is satisfied with w(r,t) —?t/r. The problem (2), (8), with this 
choice of œw, has only the trivial solution, and thus, by Theorem 1, the problem 
(1) for this choice of f has a unique solution. 


5. Müller’s example, described in Section 4, shows that uniqueness does 
not imply the convergence of successive approximations. If we start with 
an equation with non-unique solution, then the successive approximations 
will trivially converge if we choose a solution as initial curve. The question 
arises as to whether convergence for an arbitrary initial curve is sufficient to 
imply uniqueness. Here, we provide a counter-example, suggested by Prof. 
J. Dieudonné and reproduced here with his kind permission after some slight 
modifications. That is, we shall choose an f such that for arbitrary integrable 
initial curves Z(t) with z,(0) —0, the sequence 


(18) (9 — fe flra (s) slds, ~ (m=) 


converges, and ieni to a solution of (1), and yet (1) has more than one 
solution. | 
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The most popular example of non-uniqueness, namely f(s, t) =2 | x |$, 
has this property. To prove this, we first remark that the procedure (18) 
is monotone: if | o| = | a)*| for all sufficiently small ¢, then | a; | = | 2;* | 
for such ¢ Next, we observe that the procedure converges for g(t) ==0 
[ét <a], v(t) =k(t—a)? [t= a]. In fact, 


z(t) =0 [t<a], a(t) =k” (t—a)? ta], 


so that z;(t) converges to the solution s(t) =0 [t< a], a(t) = (t—a)? 
[tzal]. 

Now we may assume, iterating several times if necessary, that the 
initial curve z, is non-negative, continuous, and monotone increasing. If 


r==g.1.b.¢> 0, then 
zo(t)>0 . 


(14) ky (t—7r—8)? > tft) > ky (t—7+ 8)’, 


for any fixed, bounded range of t > r, 8 > 0, and suitably large k, and small 
kə Since the procedure (13) is monotone and à can be made arbitrarily 
small, (14) implies that æ;(t) converges to the solution s(t) =0 [é<r], 
u(t) = (t—r)* [tZr]. In fact, it follows that by proper choice of the 
initial curve æ(t), the approximations x;(t) can be made to converge to any 
solution of (1). 


6. In the present section we shall impose an additional condition on V 
which will imply the convergence of successive approximations. We assume 
that V has the properties required in Section 2, and also obeys 


(15) V S [F(@(s),8) —f(y(8),8)]ds, 4) 
t t : | | 
= ['rte(s)—uy(s),slds+ f Ve [7(e(s), 8) —F(y(s),8) as, 


for any continuous functions f, z, y. 


THEOREM 4. Let V be as in Section 2, with the additional property 
(15). Suppose the hypotheses of Theorem 1 are satisfied with a function 
w(r,t) which ts monotone non-decreasing in r for each fixed t. Then the 
successive approximations (13) converge to the solution x(t) of (1), in the 
sense that V[x(t) —x;(t),t] tends uniformly to zero. 


Proof. It is easy to see that since F is continuous, and hence bounded, 
the sequence x;(t) of successive approximations is uniformly bounded and 
equicontinuous in the Euclidean norm on some interval. It follows that 
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there is a subsequence s(t) which converges uniformly on this interval 
(in the Euclidean norm) to a function z(t). Since 


t 

sia (t) = J flen(s),s]ds, 
Teri (t) converges uniformly to a function æ*(#). We shall prove 
(16) Vlr (t) — z(t), t] > 0, 


on this interval, which will imply x(t) —*(t), so that x(t) is a solution 
of (1). Since this solution is unique by Theorem 1, every convergent sub- 
sequence converges to s(t), and it follows that the original sequence converges 
to z(t). Since this sequence is uniformly bounded and equicontinuous, the 
convergence is uniform in the Euclidean norm, which implies, by the con- 
, tinuity of V, that V[a(¢t) —:z;(t),t] converges uniformly to zero on some 
interval. 

To prove (16), let w,(¢) == £a (t) —2,(t), and m(t) = lim sup V[w;(t), t] 
as j—>o. Then m(0) —0, and m(t) is continuous, since it is the upper 
limit of a uniformly bounded equicontinuous sequence of functions. We have 


V[wya(t) —wjalt—h), E] = VC S emt) s) — Flas), 8) 1d, t) 


(17) 
< [Pilat — 2) slds S Ve Keme), )— e)s, 


t 

by (15), and by (4), this is no greater than f o| V(w;(s),s)]ds. Given 
th 

any 6 > 0, there exists an integer N (8), independent of s and 7, such that 


(18) V[wj(s),8] <m(s) +8, j>N(8). 


This follows from the fact that m is uniformly continuous and w; is equi- 
continuous. Since w(r,{) is assumed non-decreasing in r, it follows from 
(18) that | 


À 


f@LY (wy(s),8)]ds< f oim) +8 5148, j>N(). 
Using (17), we obtain | 
(19) V[wye(t)—wya(t—h), 11S f ofm(s) +3s]ds, > NE). 


From the definition of m(t) and (19), it is easy to see that 


. (20) watt) —m(t—h) S formt) + ô, s]ds. 
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Since w(r,t) is continuous in r, / 
w[m(s) +8, s] > olm (s), s], ò—> 0, 
and this together with (20) yields 


| t 
(21) m(t)—m(i—h) Sf “olm(s), s}ds. 
| This implies that m*(t) — lim sup [m(t) —m(t—h)]/h So[m(t),t]. The 


same argument used in the proof of Theorem 1 from (6) on shows that 
m(t) vanishes identically, which proves the theorem. 

The condition that w(r,f) be mcnotone non-decreasing in r can be 
removed by means of the following lemma. | 


LEMMA. Let w(r,t) and w(r,t) Le two continuous non-negative func- 
tions on O<t<a, r=0, such that o,(7,t) So(r,t) on this domain. 
Suppose that the only solution of (2), (8) on OS t<a, 0<a<a, is the 
identically zero solution. Then the only solution of 


(22) | ”(t) = Wy (r, t), r(0) = r (0) — (0, 
on OSS ta, 0<a<a, is the identically zero solution. 


Proof. Suppose m,(¢) is a solution of (22) which does not vanish 
identically, so that there exists o,0 < o <a, such that mio) > 0. Through 
the point (co, m,(c)) there is a solution m(t) of (2) existing on some interval 
to the left of o. Since w,(7,¢) S o(r, t), the proof used to show (7) shows 
that as far to the left of o as m(t) exists, it satisfies 


(23) | 0 < mit) Sm (t). 


Thus m(t) can be continued to the whole interval O< to. It is easy to 
see that lim m(t) =Q, so that we may define m(0)} —0. It is also easy to 
t->0 i ` 


show that m’ (0) —0. Thus m(t) is a solution of (2) which satisfies (3). 
By hypothesis, m(t) must vanish identically on 0 S t S a, contradicting the 
choice of m,(o), and this proves the lemma. 

Now, to remove the monotone condition in Theorem 4, we use 


(24) w (r, t) i ey t) ++ VS lf (et) — (3,0) 


in place of w(7,¢) if w(r,t) is not monctone. It is clear that (24) is mono- 
tone in r and satisfies the hypotheses of the lemma. The lemma shows that 
the hypotheses of Thoerem 4 are satisfied with w, in place of w, and the 
conclusion follows. 
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The use of F(z, t) = 5 | z, | in Theorem 4 yields the result of Coddington 
q=1 


and Levinson [1]: 


Let the hypotheses of Kamke’s general uniqueness theorem be satisfied. 
Then the successive approximations (13) converge uniformly on some interval 
to the solution of (1). 


The monotonicity condition imposed in [1] is unnecessary, as we have 
remarked. The additional condition (15) takes the form 


(25) $| f TAG) — All) clés) 


t n 
= is > | fi(z(s), s) —fily(s), 8) | ds 
in this case, and this condition is obviously satisfied. 
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RECIPROCITY AND CORRESPONDENCES.* 


By SERGE LANG. 


To Artin on his 60th birthday 


The reciprocity theorem f((g)} =-g((f)) on a curve arose first in Weil’s 
investigations of Artin’s reciprocity law on curves [4]. It has recently been 
used to deal with various questions of duality, for instance by Igusa [1]. 
Furthermore, Tate has just given a pairing of certain Galois cohomology 
groups of abelian varieties [3]. To prove the pairing well defined and 
bilinear on Jacobians, he used the above theorem. 

In this manner, we are therefore led in a natural way to formulate it 
on abelian varieties, and by pull back on varieties. Aside from its applica- 
tion to the Tate pairing, we get an obvious complement to Kummer theory 
arising from the theory of divisorial correspondences. 


1. Notation. Let U, V be two complete varieties, non-singular in co- 
dimension 1. This insures that a divisor which is linearly equivalent to 0 
has this property over a given field of rationality and, also, that such a 
divisor determines uniquely the function of which it is the divisor, up to a 
multiplicative constant. 

A cycle of codimension 1 on a variety will always be called a divisor. 
A cycle of dimension 0 will be called simply a cycle. Let a= Di ni(P;) be a 
cycle on U. Let ¢ be a function on U such that ¢ is defined at every point 
of a and does not take on the value 0. Then we define 


p(a) = I (Pire. 
If a is of degree 0, and y is a function such that y == cd where c is constant, 
then (a) = ¢(a). 

Let D be a divisor on the product U X V. Let a, b be two cycles of 
degree 0 on U and V respectively. Assume that D(a) is defined and that 
it is the divisor of a function f on V. If in addition f(b) is defined, then 
we put D(a, b) =-f(b) and say that D(a, b) is defined. 

Suppose that, for every point P in a and every point Q in b, the point 
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(P,Q) does not lie in the support of D (or as we shall say more briefiy, 
in D). Then first, D(a) is defined, and Q does not lie in the divisor of the 
function f. Hence f(Q) is defined and not equal to 0, and consequently, 
D(a, b) is defined. This sufficient condition will be used constantly in the 
sequel. 


2 The theorem of the square. The proof of our main reciprocity 
theorem (Theorem 4) is based on the theorem of the square, which runs as 
follows. 


Let U, V, W be three varieties and assume that W is complete and non- 
singular in J advmension 1. Let D be a divisor on U XV X W, and let ui, vj 
(4,7=0,1) be simple points of U, V respectively, such that D(u;,v,;) is 
defined. Then >, (—1)*/D (u, v;) is linearly equivalent to 0 on W. 

Tt) : 


This is an immediate consequence of the existence of the Picard variety 
for W. Indeed, if a, b are two simple points of U, V respectively, such that 
D(a,6) is definec, then for u, v generic we have a rational map 


(u,v) — C1[D(u, v) — D(a, 6)] 


of UX V into the Picard variety of W. (As usual, Cl denotes the point 
associated with the linear equivalent class on the Picard variety.) A rational 
map of a product into an abelian variety splits into a sum of mappings of . 
the factors. It is then clear that in our alternating sum, the constants will 
cancel, and the alternating sum will map on 0 in the Picard variety. It is 
therefore linearly equivalent to 0. 

Conversely, es Weil has shown, one can give a direct proof for the 
theorem of the square, and one can base on it the construction of the Picard 
variety. For this as well as all further information concerning abelian 
varieties, the reader is referred to [2]. 


3. The theorem of the hypercube. In order to avoid too many indices, 
we restrict ourselves to four-fold products, which will be all that is needed 
for the applications we have in mind to abelian varieties. The notation we 
now describe will remain fixed throughout this section. 

Let U, V, W, T be four varieties, defined over a field k. We assume 
them complete and non-singular in codimension 1. 

Let D be a divisor on the product UX V X W XT, rational over k. 
Let 1, j, k, | range over 0 and 1, and take two copies of each one of our four 
varieties, Us Via Wi, Tr On the double product 
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Uo X U, X Vo X Vi X WoX Wi X To X Ti = U® X VO X WO X TE, 
consider the divisor Dim consisting of D on the partial product 
UX VX W:X Tı 


taken with the full varieties on the others. (In other words, it is the inverse 
image of D under the projection of the eight-fold product to the four-fold 
product.) We can take a coboundary of D, by setting 


M sé ` (— 1) itjtk+ Ds jxty 


and observe that this formula could have been generalized to arbitrary 
products. 


Let 
P = (Uo Us Vo, V1) | and Q= (Wo, Was bo, t1) 


be two independent generic points of U® X V@ and W® X T® over k. By 
the theorem of the square, there exists a function fp on W X T, defined over 
k(P), and a function gg on U X FV, defined over k(Q) such that 


(1) (fe) =È (—1)D (u,v) and (go) = 2 (—1)*" +D (wr ti). 
Furthermore, it is obvious from the definitions that we have 


(2) E(P) = $, (— 1) (fe) ar = 2 CL) ED (us, Vj) Kt 


118 l 


(3) tE (Q) =D (—1) "i (ga)y D (— 1) D (wy, th) iy. 


HET 
All further reciprocity theorems derived from the correspondence D 
between U X V and W X T arise from the symmetry of our divisor Ẹ. 


THEOREM 1. The divisor E above is linearly equivalent to 0. 


Proof. There exists a function f* on U® X V X W XT defined over 
k such that 
f* CP, w, t) = fp (w, t), 


P X (fe) = (f*): (PXW XT). 
There exists a function F on the eight-fold product such that 


and we have 


(4) F (tto, U1, Vo; Vis Wo, Wis tos ti) aa II tad (P, Wr h) CHE 


and from the definitions, we see that (#)(P)—ÆE(P). Hence (F) and # 
differ by a divisor which is degenerate on U® X V™, Inducing (F) and # 
on the variety U® X V® X W@ X Ar, we obtain 0. Hence the degenerate 
component is equal to 0, and we have (F) = E, as desired. 


13 
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Note that the function F such that E = (F) is defined at the point 
obtained by setting to = t, and takes the value 1. This gives us a way of 
normalizing it, since two functions representing Æ differ by a multiplicative 
constant. 

On the other hand, from the symmetry of F, we see that if we go from 
right to left in the correspondence given by D, then we obtain the following 
reciprocity formula, from (4). 


THEOREM 2. Let F be a function on the eight-fold product, defined 
over k, such that E — (F), and normalized as above. Then 


F (P, Q) = {I fp (Wr ti) ES II ga (ui, v) a 


As usual, such a formula at generic points has its counterpart for special 
points. 


THEOREM 3. Let (Uo, Ur, Vo, V1) and (Wy, Wr, to, ty’) be two simple 
points of UK V® and WA X T® respectively. Put 


a= È (—1)* (u,v) b= È (— 1) (wx, tr). 


Assume that none of the points (uć, vj, wx, ti) les in the support of D. 
. Then D(a, b) =*D (b,a). 


Proof. It is immediate from our hypothesis that (P’,Q’) does not lie 
in (#)—#, anc hence #(P’, Q’) is defined. Our equality is now obvious. 


4. Application to abelian varieties. Let A, B be two abelian varieties 
defined over k, and let D be a divisor on A X B, rational over k. Let a be 
a cycle on A of degree 0, such that D(a) is defined. If a is in the kernel of 
Albanese, i.e., if S(a) —0, then D(a) is linearly equivalent to 0 on B, 
say D(a) = (f). If now b is a cycle of degree 0 on B, also in the kernel 
of Albanese on B, such that no point of aX b is contained in D, then we 
may form symmetrically either D(a,b) or +D (b,a). 


THEOREM 4. Let A, B be two abelian varieties. Let D be a divisor on 
AXB. Let a, b be cycles on A, B respectively, of degree 0, such that 
S(a)—0 and S(b)—0. Assume no point of aXb is contained in D. 
Then D(a,b) and *D(b,a) are defined, and they are equal. 


Proof. Suppose first that D is the divisor of a function ¢ on A X B. 
Our hypotheses imply that œ is defined at every point of aX b, and our 
theorem simply asserts (a, bD) —¢(a,b). Taking into account an obvious 
linearity, this remark allows us to change D by suitable linear equivalence. 
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We shall reduce our theorem to the case where a and b consist of four 
points each. This will then allow us to use Theorem 38. | 
Suppose that a is written 


a= (a) — (a) + (a2) — (az) +: + ++ (an) — (ar). 
Let x be any point of A. We can write 


a= (a) — (a) + (£) — (£ + a, — a’) | 
+ (G2) — (ax) + (£ + G1 — a) — (T + Og — Og! + 4, — Gy") +, 


so that we correct each successive step to cancel the preceding term. We 
must come back at the end with — (x) using the fact that S(a) —0. Thus 
our cycle can be written as a sum of cycles of degree 0, in the kernel of 
Albanese, and consisting of four points. 

From the theory of linear equivalence, one knows that it is possible to 
find a function ¢ on A X B such that none of the points of a given finite 
set of points on A X B lies in the support of D-+(¢). (We reproduce a 
proof of this fact in an appendix.) We apply this to the product of the set 
of points entering in the expression of a obtained above, with a similar set 
for b. In view of our previous remark, and of an obvious linearity when all 
necessary expressions are defined, we see that it indeed suffices to prove our 
theorem when a and b consist of four points. 

Let us therefore write 


a= (a) — (a1) + (42) — (as), 


b = (bo) — (b1) + (b2) — (bs). 


Let À4:4 X À — A be the modified law of composition, such that Aa (u,v) 
=u —v, and let A= (A4, àg). Let D*—x1(D). It is a divisor on the 
product AX AXB XB. Let u be a generic point of A, and let 


Uo =U F lo Ui =U FH a3, Vo =U, V’ =U + lo — t. 


Do a similar construction for the points of b, to obtain points wx and tř. 
By hypothesis, no point of aX b lies in D, and hence none of the points 
(us, v, wy, ti) lies in D*. We have 


2 (—1)*) D* (w, vf) =s [ES (—1)” D(a) ]. 
If we put a* = X, (— 1) (uf, vj), we can also write 
D* (a*) = àB ` D(a). 


This comes from commutativity in tbe diagram 
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À 
(t,y)X BX B——> (z—y)XB 
inj inj 
À 
AXAXBXB——AXB 
where inj is the injection, together with the formalism of the inverse mappings 
of cycles applied to the divisor D (cf. the appendix of [2]). 
Similarly, we have a cycle b* such that 


tD* (b*) = Ag? tD (b). 


If (f) = D(a), we have a function f* = fàg, and if (g) ='D(b) we have 
a function g*¥ = gas. Then 


(F=) = A8" (f) = Aw? D(a) and (g*) =Aa*(g) = Aa? D (b). 


By Theorem 3, f*(b*) —g*(a*) and hence clearly, f(b) —g(a). This 
proves our theorem. 
By pull back, we now obtain the following result for varieties. 


= THEOREM 5. Let V, W be two complete varieties, non-singular in co- 
dimension 1, and such that any finite set of points on them can be represented 
on an affine open subset. Let b:V— À and w:W— B be two canonical 
maps into their Albanese varieties. Let a, b be two cycles on V, W respec- 
twely, of degree 0, and in the kernel of Albanese. Let D be a divisor on 
VX W such that no point of aX b lies in D. Then D(a,b) and ‘D(b,a) 
are defined and they are equal. 


Proof. Ifthe theorem is true for one divisor D in a correspondence class 
on V X W, then it is true for every divisor in that class not containing any 
point of aX b. This is first checked for linear equivalence, and then for 
degenerate divisors. A representative divisor in a correspondence class can 
always be obtained as an inverse image of a divisor on A X B, and our result 
is now an immediate consequence of the formalism of inverse mappings of 
cycles, applicable in the present case to the commutative diagram 


(d, y) 
ax W—— g(a) X B 
inj inj 
($y) 
¥ X W— AX. 


COROLLARY. Let C be a complete non-singular curve, and let f, g be 
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two functions on C whose divisors have no point in common. Then f((g)) 


—=9((f)). 


Proof. Take the diagonal on CXC. Our hypothesis means that no 
point of (f) X (g) lies in it, and we can apply the theorem. 


5. The Tate pairing. Let A, B be two abelian varieites, defined over 
the field & Let D be a divisor on A X B, rational over k, and let K be a 
finite Galois extension of k, with group G. If M is a G-module, we have 
cohomology groups H(G, M). Since G will be fixed throughout, we shall 
also write HT(M). 

The groups Ax and Bg of rational points of A and B respectively, in K 
are such G-modules. We wish to define a pairing of H*(Ar) and By, into 
H?(K*), where K* is the multiplicative group of K. This is done as 
follows. 

Let (ac) be a 1-cocycle in Ax and let b€ B. Denote by Z).(V,K) the 
group of zero cycles on a variety V, of degree 9, rational over K. Let ao ’ 
be in Z,.(A, K), and such that S(ac) ==49. We can form the coboundary 


a= (8a)o,7 = Cür — Qor + Qo, 
and we have S(a) —0. Select b in Z,(B,k) such that S(b) =b. We put 
Go,r = D(a, b) 


after changing D by the divisor of a function over k if necessary, to make 
this expression defined. | ` ' | 

It is clear that (a0,-) is a 2-cocycle of G in K*. We contend that its 
cohomology class depends only on the linear equivalence class of D, and, 
in fact, on its correspondence class, and that the pairing 


[ (ac), b] => (ar) | 


induces a well defined bilinear map of H*(Ax) and B, into H?(K*). In 
addition, if an element of By is a trace of an element of Br, it is orthogonal 
to H (Ax) so that we may replace By by H°(Bx). This will be proved in 
the following sequence of assertions. 


a.) If D and D’ differ by a trivial divisor, of type X X B+ AX YF + (¢), 
and if Go,r and ao,’ are obtained, respectively, from D and D’ as above, then 
they are cohomologous. 


Proof. To begin with, we must insure that if D and D’ differ by the 
divisor of a function (¢), p€ &(4 X B), then our cocycles are cohomoïogous. 


488 | SERGE LANG. 


Indeed, ac,, and &o, differ by the coboundary of (ao, b). The rest is now 
trivially verified. 


b.) If ac is changed by a cycle of type ac’ + (o —1)c with ao’ € Z,(A, K) 
and Sao’) == 0, then ao, changes by a coboundary. | 


Proof. In fact, that coboundary is that of D (av, b). 


c.) If we change b by a cycle c € Za(B, k) such that S(c) =Q, then ao, 
changes by a coboundary. 


Proof. Using the reciprocity theorem, one sees that the coboundary is 
that of D(c, ac). 

The above statements show that our pairing is well defined. That it 
is bilinear now follows from the bilinearity of D(a,b). 


d.) If b is a trace, b == © pb’, then ac, is a coboundary. 


Proof. We can choose b== > (p’b’)-——n(0). Then the coboundary is 
that of 


Ca == L fo.p (apb) /fo,p (0). 


6. Kummer theory. Let A, B be two abelian varieties and D a divisor 
on the product. Let a, b be two cycles on A and B respectively, of degree 0. 
We write am0 if S(a) 0. Assume that there is an integer n such that 
na~ 0 and nb~0. Let D, be linearly equivalent to D, and such tkat no point 
of a X b lies in D,. Then one verifies immediately that tD (nb, c)/D,(na, 5) 
is an n-th root of unity which is independent of the auxiliary divisor D, 
selected in the linear equivalence class of D. We shall denote it by e,,y(a, b). 
Furthermore, if a,~a and 6, ~b, then e, (a,b) = €n,p (Q1; Da). Thus our 
root of unity defines a bilinear pairing of the points of order n on A and B 
respectively. If a==S(a) and b = 8(b), so that na — 0 and nb = 0, we can 
also write €„p(@, 0) instead of e,n(a,b). Note finally that it depends only 
on the correspondence class of D. 

On the other hand, we can obviously generalize the root of unity defined 
by Weil which is usually denoted by e,(a,b) in the special case of divisors 
on an abelian variety, i.e., when B — À and D is a Poincaré divisor. Namely, 
it is clear that (nd)-**D(6) is linearly equivalent to 0 on A if nb— 0. Say 
(w) = (nd) tD(b}). Let u be a generic point of A. Then ofu + a)/w(u) is 
by definition, the n-th root of unity en, p(a,b). (See [2], Ch. 7.) 


THEOREM 6. Let D be a divisor on a product of abelian varieties A XB. 
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Let a, b be two cycles on A and B respectively, of degree 0, such that na~ 0 
and nb—0. Let a=S{a) and b=S(b). Then En,p (a, b) == 6, p(@, 0). 


Proof. Consider the rational map nd: 4-> A followed by the divisorial 
correspondence D on AX B. Just as in the appendix of [2], we form the 
composed divisor on A X B, which we denote by H=Do(n8). Then it is 
obvious that E and nD are in the same correspondence class on A X E, and 
thus that 


E=nD+(F)+XXB+AXY 
for some function F on À X B, and divisors X on A and Y on B. Let k be 


a field of rationality for D, F, F, X and Y, and let u, w be independent 
generic points of A, B over k. We put 


a==(u-+a)—(u) and b= (w+b)—(w). 
enp (a, b) == 'H(b,a) = +D (nb, a) F (a, b). 
On the other hand, #(a) = D(nu + na) — D(nu) = 0, and hence E(a, b) = 1. 
Thus D(na,b) == F(a, b). This proves our theorem. 
One should observe that, just as we proved Theorem 5 for arbitrary 


varieties, we can generalize our root of unity to arbitrary varieties by pull 
back. The details are obvious and are left to the reader. 


Then 


Appendix. 


From the theory of linear equivalence, one knows that, given two cycles 
on a projėctive non-singular variety, it is possible to move one of them by 
linear equivalence so that the intersection is defined. Samuel has pointed 
out to me that this can be done rationally over a given field of rationality for 
all objects involved (at least over an infinite field). We need the result 
here only for divisors, and I shall reproduce below a proof due to Chevalley. 
We first deal with the local problem. 


THEOREM. Let V be an affine variety defined over a field k. Let D 
be a divisor on V, rational over k. Let S be a finite set of simple points of V. 
Then there exists a function ¢ on V, defined over k, such that no point of 8 
hes in the support of D + (¢). 


Proof. We may obviously assume that D is positive and, in fact, a prime 
rational cycle. Furthermore, we may assume that the points of S are 
algebraic over k, because D contains the specializations over k of all of its 
points. | 
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Let R—k[v] be a coordinate ring for V over k and let I be the ideal 
of R consisting of those functions f€ À such that (f) =D. This ideal has 
a finite basis, I = (f,,: + -,f,). Let p be a maximal ideal of R, and o = Ry 
its local ring with maximal ideal m. We assume that p belongs to a simple 
point, so that o is a unique factorization domain. Then there is a function 
t in o which represents D locally at p. We can write t== $ af; with a,€ o. 
I contend that if b,€ o is such that bj==a;(modm) then © bfi differs from 
t by a unit in o. Indeed, 


D bifi = D (bi: — u) fi + t. 


Since (f) Z D, we can write fig; with g€ 0. Hence $ bfi € t[1 +m], 
thereby proving our contention. 

Now let p; be a finite number of maximal ideals of R, belonging to 
simple points. Let 0j— Ry, be their local rings with maximal ideals my. 
Given elements z; in oj. it is possible to find x € R such that «==; (modmy), 
by the well known Chinese remainder theorem, applicable since p; -+ py = À 
for 7547. We now see that it suffices to approximate at each o; by an 
element of À, the coefficients of an element t, representing D at o; in terms 
of the ji: This proves our theorem. 

If we wish to apply the local result to an abstract variety V, then we 
must assume that the given finite set of points (algebraic over k) can be 
represented on an affine k-open subset of V. This is the case on a projective 
variety, although, if the ground field is finite, we may have to change the 
projective embedding (for instance, by finding first a hypersurface section 
of V which does not pass through any of the given points, and then dehomo- 
genizing V at this hypersurface, in the projective embedding in which this 
_ hypersurface becomes a hyperplane). 


PARIS. 
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SPHERICAL FUNCTIONS OVER $-ADIC FIELDS, L* 


By F. I. MAUTNER. 


1. Introduction and preliminaries, Let © be a field which is complete 
under a given discrete real valued valuation. For every element a of Q, the 
order of a is defined and denoted by ord(a). If a40, then ord(c) is a 
rational integer and a—>ord(a) is a homomorphism of the multiplicative 
group QX of Q onto the additive group of rational integers; if a—0, we 
put ord(0) = +œ. Let © be the valuation ring of Q, i.e., the set of elements 
a of Q for which ord(a) = 0, and $ the unique maximal ideal of © defined 
by ord(a) > 0. The ideal $ is principal. Let r be a generator of $: 


(1.1) B= (7) =D, ord(r) = 1. 


Let 1 be the group of units of the ring ©; this is the set of elements of 
order zero. Every element a40 of Q can be written uniquely in the form 


(1.2) a = ru, where n==ord(a) and uE U, 


so that QX is the direct product of {7%} and U. We shall assume through- 
out that the residue class field S/$ is finite: 


(1.3) q = NY — number of elements of O/P <o. 


We normalize the valuation | | on Q by putting 
(1. 4) | a | = (NP) ~orde) zia grord(a), 


With |a—b| as distance, Q is a metric space; it is well known and readily 
verified that with the topology defined by this metric, is a locally compact 
topological field, © a compact open subring of © and each ideal W” compact 
and open. The ideals P” (n—1,2,38,: : -) form a base for the neighbor- 
hoods of 0 in Q, so that Q is totally disconnected. 

The additive group {+ of Q being a locally compact topological group, 
there exists a Haar-measure on it, which we.denote by x. One has 


(1.5) du(a+-a)—=du(z),  du(ar) = | a | du(2). 
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The first of these two equations expresses merely the invariance of the Haar- 
measure u on Q*, while the second equation in (1.5) is easily verified using 
the uniqueness of Haar-measure and the normalization (1.4) of the valuation. 

We shall study, in this paper, certain function spaces on the group 
G= PG(R,Q) of fractional linear transformations over Q. Let & be the 
group GL(2,Q) of all non-singular 2 X 2 matrices with coefficients in Q 
and the center of #, i.e., the set of scalar matrices +40. Both 4 and G 
are locally compact topological groups, and G is topologically isomorphic to 
8/3. We denote the natural. homomorphism of & onto G by & > G. 


(1.6) G=$/3; BG. 


Let K be the group GL(2,0) of all 2 X 2 matrices with coefficients in D 
and determinant in U. Clearly K is a compact open subgroup of 9. Let 
K be the image of & under the natural homomorphism of & onto G, so 
that K is an open and compact subgroup of G. 


Definition 1.1. Let © be the class of all complex-valued functions f(g) 
on G which satisfy 


(1.7) f(kgk’) =f(g) for all g€ G, k and MEK. 


We shall call 9 the space of spherical functions. 


For any positive real number p, let 2° = & (G) be the space of equiva- 
lence classes of complex valued Haar-measurable functions f(g) on G whose 
p-th power is Lebesgue-integrable with respect to Haar-measure on G. We 
put 8e =S N Qr; in particular, St is a closed subalgebra of &, which will 
be seen to be commutative. We shall study the spaces S* for p= 1 or 2 and 
also the algebra S° of all spherical functions f(g) which are of compact 
support on G. | 

We obtain an explicit characterization of S° by showing that, under the 
Fourier-transform on G, the algebra 8° is mapped isomorphically onto the 
algebra of all even Fourier polynomials and the isomorphism is given 
explicitly. As far as ST is concerned, the situation is analogous to known 
properties of spherical functions on non-compact semi-simple Lie groups. 
In particular, it is again true that the Fourier transform of any function 
in St is à function F(s), regular analytic in the strip 0 < Rs < 1 and satis- 
fying the functional equation F(s) —F(1—5). We determine all maximal 
ideals of St, showing that they correspond to points in the strip 0 S Rs S1. 
For this purpose, it is useful to compute the elementary spherical functions 
explicitly. This is done in §7; it seems remarkable that they are elementary 
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functions (in fact rational functions of g*). Thus the situation is in this 
respect more analgous to that of complex semi-simple Lie groups than to 
the real case. 


The results of this paper will be applied elsewhere to the analytic theory 
of quadratic forms, where it will be shown how they can be used to establish 
identities between certain of C. L. Siegel’s representation functions of quad- 
ratic forms and to obtain functions of g* associated with quadratic forms 
whose zeros are all on the line Rs = + or on the intervals s + 2rin/log q real, 
0< Rs <1, also, functions of s whose zeros lie on the line Rs==4 or on 
the real interval O<s<1. These functions can be developed into Dirichlet 
series absolutely convergent for Rs > 1, have a functional equation (s—> 1—s) 
and an analogue of the Euler product; they are different from A. Selberg’s 
generating functions for the order of magnitude of the norms of the primitive 
elements in discontinuous groups of motion of the hyperbolic plane. Indeed, 
the coefficients in the Dirichlet series are given in terms of Siegel’s repre- 
sentation functions A(©6,Z) and «,(G,&) of quadratic forms. 


2 The groups GL(2, 42) and PGL(2,82). We put on the group 
& — GL(R,Q) the topology which it inherits as a subset of the four-dimen- 
sional locally compact topological vector space of all 2 X 2 matrices over Q 
(the latter, of course, with the Cartesian product topology of OX: ++ x). 
Clearly $% is a locally compact topological group and K = GL(2, 9), a 
compact and open subgroup of #. Hence the factor space &/K is discrete 
in its natural topology. 


Using elementary divisors, one sees that every element g of & can be 
written in the form 


(2.1) ce e a ka bye K. 


To this, we apply the natural homomorphism 4 — G of & onto G, whose 
kernel is 9 (see (1.6) above) and note that there exists an element c of 3 such 


that À a= ) Let 
(2.2) y — image in G of G :) under § — G. 

We conclude that every element g of G can be written in the form 
(2.3) g—kiytke,  k;€K, 


. since K was defined to be the image of K under $ > G. 
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aT Far? | rm 0 7 0 
Now Ky"K = Ky"K is equivalent to K c 5 À = FR G ‘) K. 


Hence 
L n 
E a) = Ri (3 n) Re, ce QX, k; € K. 


By the uniqueness of the elementary divisors up to permutations and multi- 
plications by units, this implies 7” = ur”c and 1==ve with u,v€ UU or else 
r%—uc and 1==v"c. In the first case, we have ord(c) —0, hence m =n; 


in the second case, ord(c) =— n, hence m——n. This proves 
(2. 4) Ky? K == Ky"K if and only if m = +n. 

Thus G is the disjoint union | 

(2.5) = J Ky"K. 


Let @ be the subgroup of non-singular diagonal matrices of 4 and 8B 
. the subgroup of all matrices ( i). so that AB == BC is the subgroup of 


non-singular triangular matrices. Let A be the image of @, B the image 
of 8 under the natural homomorphism (1.6) of $ onto G. Then AB = BA 
is a closed subgroup of G, B a closed normal subgroup of AB, A N B= (1) 
and AB/B=As:Q*. The restriction of the homomorphism (1.6) to %8 
is clearly a topological isomorphism of # onto B and @ is obviously topo- 
logically isomorphic to the additive group Q* of the field Q; hence B = Qt. 
Using elementary divisors, one sees that 


(2.6) | G = BAK. 
If gE & has matrix-coefficients zy, then 
| det zy |-? dp (T11) du (T12) dp (T21) du (£22) 


is easily seen to be a Haar-measure on & which is both left- and right- 
invariant. Hence the Haar-measure on G is both left- and right-invariant, 
as follows at once from elementary properties of measures on homogeneous 
spaces. We denote the Haar-measure on € by Yt and write often dg instead 
of dtg. 

We wish to compute the Haar-measure WM(Ky"K) of the compact open 
subset Ky*K of G. Clearly, nod kgK is a compact subset of the coset space 

€ 


G/K; but G/K is discrete, so this is a finite subset of G/K. Hence there 
exist a finite number r of elements k; of K such that KgK = Ü k;9K, - 
| 4=1 : 
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or, formally, 
(3.5) F(a) = J POMC, 2) dy 


Of course, (3.4) will exist only for suitably restricted functions f and y. 
Let us use the fact (elementary divisors) that every element gE G can be 
written in the form g == bax with «€ K, and we obtain 


[F (a) yl (he) = OC ILES f gyo 


= f itay (baw) a — f f F008) (a9 (ea (a) 


where dx refers to the Haar-measure on K, d,{ba) to the right-invariant 
Haar-measure on BA — AB, normalized so that 


(3.6) dg == d,(ba)dx when g = bax. 


Hence, if we put 
(3.7) CR ee f f (k-tbax) a (a) d, (ba) 
AB 


and note that any function w(g) satisfying (3.2) is determined by its 
restriction to K, we see that the linear transformation #(a) (assuming it 
exists in a suitable sense) is an integral operator with kernel Fa(k,x) given 
by (3.7). Thus | 


(3.8) [F (a) y¥] (E) = f. Fa(k, x) W(x) de. 


If, for example, y is continuous and f continuous of compact support, the 
above integrals certainly exist. And our integral operator #(«) has a trace 
given by 


(3.9) trace F(a) — f Falk, k\dk == f f f(k-*bak)«(a)d,(ba) dk. 
K K / AB 
In particular, if f(k“gk) f(g) for any gE G, ke K, we obtain 


(3.10) trace # (a) =f dk Í, 2Ga)a(a)d,(ba) = MK) f J@a)a(a)d, (ba). 


This well known formula goes, of course, back to Gelfand and Naimark who 
obtained it first for some of the classical groups over the field of complex 
numbers. | 

Using (3.2) and g= bak, we see that every ¥(g)€ % is uniquely 
determined by its restriction to K. Let us now consider only those functions 
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YE Va for which y(k) € L?(K). They form a Hilbert space which we denote 
by Ha One sees easily that M(g,a) definés a unitary operator of Ya if 
and only if 

(3.11) a(y®) = gGt-3) with ¢ real. 


Let us decompose &, with respect to the operators M(k,«) with k varying 
only over K. Since K is compact, we obtain a decomposition of Xa into a 
direct sum of finite dimensional pairwise orthogonal K-invariant K-irreducible 
subspaces. Let us introduce in each of them an orthonormal basis; their 
union is a complete orthonormal set in ®,. With respect to this basis of <q, 
we form the matrix coefficients of the operator (a). Using the Schur 
orthogonality relations, one sees easily that if f(g) € 8°, then all matrix- 
coefficients of F(a) are zero except <ẸF (a)pa Wad, Where ya is an element 
of &, satisfying M (k, «)Wa—wWe for all ke K and Ya; Yay —1. It is known 
and easily verified that the subspace of M (k, «)-invariant elements of Ya is 
either 1- or 0-dimensional according as a(k) —1 for all k€ AN EK or not. 
Hence, if f(g) € S°, we have trace F (a) == <F (a) wa, Ya>, hence 


(3.12) CF (Vo vo = IK) ff (ba)a(0)d- (va). 
Now let us write 
(3. 13) $ (9, a) TER <M (g, a) Pa Ya) 


and we obtain 


(3.14) `- trace F (a) = <3 (a) par a> = f f(g) (9, 9) dg. 


4. The mapping f— f. We wish to compute the integral f(a) 
=f f(ba)db for integrable spherical functions f, where db refers to the 
B 


Haar-measure on the group B. The restriction of the homomorphism (1.6) 
§ — G to the subgroup @ of & is a topological isomorphism onto B, so that 
B is isomorphic to the additive group Q* of Q, be>zx; hence db — du (x), 
wnere x is Haar-measure on Qt. 

Consider now the matrix C defined by 


Cae C 0 T” + ane ( Te 1) 
Ne 1 0 1 gr” 17 
Let n = 0; using elementary divisors, one sees that C € #( 


=} n if ord(z) =—n 
lL n+ 2ord(s) if ord(z) <—n. 


rt 0 


0 1), where 


(4. 1) 
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To this we apply the homomorphism (1.6) of & onto G and see that 
(4. 2) by" € Ky"K, where b oz 


and m is given by (4.1). Let r be any non-negative integer and f,(g) the 
- characteristic function of the double coset Ky'K, so that f,(g) is a con- 
tinuous function on G of compact support. We-have 


- 1 if r==|m| 
(4.3) fr(by ) =bn — | 0 if rÆ|m |. 
Hence 
~ ý A ¢ 
(y) = f fr(by") db -= f òr ndu (s) + S_+,n+20rd (a) aKT). 
B f ord(s)=-n ord(a)<~n 
Now 
d == qu(S 
Soe POZO) 
and 
0 if rn 
f Ô-rnt20rd(x) dp (x) ee T d if 7 H 
ord(a}<-n ord(a)=~(r+n)/2 ez) me 
since ord(z) =—-4(r-++n) <—n implies r>n. In particular, the last 


integral is zero if r+- n is odd since ord(x) takes on only rational iniegers 
as values. Therefore 


f 3 F («) = } 0 if rSn or r+n odd 
Rigen PR io (1—1/q) ga (O) ifr > n and r + n even. 


Hence 


e(O) if r—=n= 0 
(4. 4) ZORRI 0 iftOSr<norifr+ n is odd 
(1— 1/0) a (O) if r> n= 0 and r+ n is even. 


Now let f(g) be any integrable spherical function, then f(g) = > f(y")5r (9); 
and * we obtain for n= 0 and any f € St 


Hy) = ÈS) 
=O) gv") + (1—1) E ply) 


TNn even 


=OP) + (1—10) È gifa). 


(4.5) F) =u(D)g"{f(y") + (1—1/9) > f(y) qi}. 


14 
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Now consider by" for n= 0. We have, again by Peena divisors, 
by” € Ky”K where 
n if ord(x) 20 
+2 ord(xz) if ord(sì < 0. 
Hence, if f(g) is again the characteristic function of the double coset Ky"K 
with r= 0, we obtain for n =0 


m == min {— n, —n + 2 ord(x) } = - 


Í (bu) db -f Sendu(æ) + 8,.n-20ra(e) du (T) - 
B ord{r)=0 + ord(x)<0 
Now 
du(z) if n—r is even and < 0 
f Ôr,n-2ord(x) dp (2) == | Seer m(z) 
ord(a)<0 0 otherwise. 


Thus for r = 0 and n=0 


p(D) if r=n 
fry") = { (1—1/q)q°™n(D) if n—r is even and < 0 


0 otherwise. . 
We compare this with the above expression (4.4) for f,(y") and see that 
(4.6) Fu?) = of (y). 
We wish to invert the mapping f—f. For this purpose, we note that 
(4.5) implies 


PCy?) — af (y) = aD) grr a) — Fy") 7, 
hence 
f(y") = fy") — fan] + Fy") — fau) 
gay) aes 
= (D) gag") — Fr) +e) LaF) 
YY) tar oe 
= (OD) FC") + (1/9 — 1) Fy") t Fy)? 
gg ae? Py: 
Thus 
GT IOa) + —9 ETS). 


Let us note that f(g) € S° if and only if f(y”) is zero except for a finite 
number of n and that (4.5), (4.6) and (4.7) show that this is equivalent 
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to #(y") vanishing for a finite number of n. Hence, we obtain the following 
result. 


Proposrrion 4.1. The mapping f— Ff maps the space S° of all spherical 
functions of compact support one-one linearly onto the space of ail finite 
sequences f(y") which satisfy f(y") = q*f(y*i. The explicit form of the 
mapping f— f is gwen by (4.5), it inverse by (4.7). 


5. The mapping f—F(s). Now we consider 


F(a) =M(K) f F(a)a(a)du*(a), - 


where uX is the Haar-measure on QOX = A and a (a) a (not necessarily unitary) 
character of A such that 


(5.1) a(ky") = a(y) for ke ANK. 
We write | 
(5. 2) a(y”) = y (y”) aan gr(s-) 


and F(s) instead of F(a): 


(5.3) F(s)—M(K) MOZOLO — M(E) (U) È F)» 
since f(ky") ==f(y*”) for ke ANK. Now we use (4.6) and obtain 


(5.4) F(s) =M(K)X 0) (F(1) +37 Ca Ca e alae 


= M(E) X(W) + DA") g + I}. 


- This proves 

Lemma 5.1. If fest, then F(s) defined by (5.3) satisfies 
(5.5). F(s) =F(1— s) 
for any complex number s for which (5.3) exists. 


Now let f vary over 8°; then we know by Proposition 4.1 that f(y") 
varies over all finite sequences satisfying f(y") — q"f(y") for n= 0. Hence 
(5.4) shows that F(s) varies over all Fourier polynomials which satisfy 
F(s) = F(1—s). It is clear that the mapping f— F(s) is linear. Since 
g—> M(g,%) is a representation of G, it follows that to the convolution of 
any two elements of 8° corresponds the ordinary product of the, corresponding 
functions F(s). This proves 
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THEOREM 5.1. The mapping f— F(s) is an isomorphism of the algebra 
S° onto the algebra of all polynomials F(s)—F(1—s) of the form 
D Cn(qre® + ged). Hence every maximal ideal of S° is gwen by a 
complex number c and is the set J, of all those fe S° for which F(s) 
vanishes for this c. Two maximal ideals Jeo J, are equal if and only if 
C = ¢-+-2xin/log gy or d = 1—c- 2min/log q. 


In (5.4), let s—4-+ it, where t is real. We obtain 
PH i) = DCE) ax (D) FL) + SAO" + oD} 


=M(K)ax (QU (F(1) +2 ZF") g- con (nt log g) }. 
Hence, by Fourier series, 


= gu 2 log q 27 log q 
5. 6 e E Ee eee 


q”? log q moe | | Hs = 
= XD) Jo (4 + it) cos(nt log q) dt for n= 0. 


In (4.5), let us replace f(g) by f*(g) =f(g+) and* note that f(g) 
==f(g") for f(g) €S. We obtain 


Fe (yY =al) a) + (1—1/9) PHOTO) 


F(4 + it) cos (nt log g)dt 


Hence, if we write h(y") —f(y"), we have 
FF (gr) = h(y"). 
Now we put that in (5.4) and write F*(s) = 2(K) f f*(a)as(a)duX(a). 
À 
We obtain 


Fa (8) = M (K) aX (W (RC) + EH (y) [ge que], 


Therefore | 

Pa (5) = M(K) uo F) + BF") (GO + gl. 
Hence: | 
(5.7) F*(s) =F (5) ; 


in particular, | 
P(g +) =F(g—tl) —F( + t). 


* F denotes the complex conjugate of f, whereas F is defined at the beginning of § 4. 
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If we combine this with Proposition 4.1, we see that F*(s) =— F(s} for all 
.f€ 8° if and only if Rs=—4 or s + ?rin/log q is real. 


6. The dual measure. We shall now compute the value of fE S° at 
the unit element 1 of G in terms of F(s). By (4.7), we have 


| FC) (D) {FC + a) S70) 7%}. 
Hence, using (5.6), we get | 


n 8g 
FO) = OX ME) 


foe (5+%)[1+ (1—q) So" cos (2nt log q) ] dt. 


Now we use (2.11), ie, u(O)u*X(U) =1, and get 





| #/log q œ 
fa) - DJ, ZEHE + (1—4) Bert eos (nt log q) Jat 


Noting that 


oc 


> q” cos (2nt log q) == 4 | L t Ain! 
g=" i 


a g— qt 
we obtain 

w/log q , A | , 
6D FQ) f FOEN ( + ityas 
where 





log eo 28-1 1-28 
a) — mL +a Gt 7] 


gg gath), e 
mM (K) 2 (q?** — q) (q***#— q) 
In particular, for s = 4 + ĉtt, 
| | logg_ g(g—+1) (gi — gt)? 
*(1 si Sac Pk Sg NN NN te 9 
TEE) D 2 Gag) 
thus © | | 
. __2qg(g+1)logg sin? (¢ log q) 
ef ee 2 E S 
ASL APNEU O ‘1—2gco(éélogg) +e" 
Hence 
(6.4) M*(4 Lit) = 0 for real t. 


We note that 





; +/1 imn _ _ re 
(6.5) D TTL 0 for n=0, +1, +2, ; 
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Lemma 6.1. The function M*(s) is a meromorphic function of s (in 
fact, a rational function of q*), regular in s except when q? == + q or P= +1 
(i.e., S—rin/log g or s= 1 + rin/log q) where it has a pole of order 1 with 
residue 

l—g 
4AM (K Yr” 
It satisfies the functional equation WM* {1 — s) = M* (s). Moreover, M* (s) 
= 0 for Rs— 4. 


(6.6) 


7. The Plancherel formula for S?. Let f(g) € S°, and put, as usual ` 
f*(g) ==f(g*); than (f*f*)(g) € 8°, where * denotes convolution on G. 
If to f corresponds F(4 +1) in the sense of (5.3), then to f* corresponds 
F(4 Lit), because g— M(g,&+it) is a unitary representation of G if ¢ 
is real (see §3 or equation (5.7) above). Hence to f*f* corresponds the 
function * | F(4-+-it)|.?. To this we apply (6.1) and obtain 


flog q 
FD = "| FG Fit) le M (E H it) dt. 


Next we observe that (f*f*) (1) = f [f(g)l%? dg and that F($+ it) is 
G | 


even in ¢ and periodic with period 2x/log g. Hence 


en S Oldo fF +i) AME + ital, 


Clearly S° is dense in S?. On the other ‘hand, by Theorem 5.1, F(4 +16) 
varies over all even Fourier polynomials in ¢ with period 27/log q as f varies 
over S°: Hence (7.1) shows that the mapping f(g) > F(4-+it) can be 
extended uniquely to a unitary mapping of S* onto the Hilbert space of all 
equivalence classes of complex-valued functions which are square integrable 
over the interval 0 {<= 7r/log q relative to the measure M* (4 + 12) dé. 


8. The elementary spherical function (g, s). Combining (4.7) with 
(5.6), we obtain 


fly") = — OS apis. PG T {g cos (nt log q) 
| ao m Rogu 


-n/2] w/log q 
=L am J, F(4+-it) ait 2 cos (nt log q) 


+ (1 — DE qi[(n + 29)¢ log ql}, 


at ii dansta the ordinary absolute oom of a complex number. 
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using (2.11), i.e, #(D)uX(U) =1. Now 


cos (nt log g) + (1—q) Sa cos[ (n + 2j)tlog q] 





PN o P » qi 
neve tnt in <a int . int ronner 
Ha +q Ga. q) E gg T4 | 


4t+1 1-24it 
ART int. eu 
== 3 gint Sama TT + q int ann À, 


rag ia a 
We divide this expression by M?*(4-+-2¢) and obtain 
NRK) Lg | g — soi J guint» ar} | , 
g(a +1) log q ee ae hed 


Hence 


w/log q ` 7 a è 
(81) A= S” EGH Ed + M+ iad, 
where, for n = 0, 


a E ns-B) | gts — 38] Les ns) T 3-8. gåte] 
69 8049) Ga) 
One sees at once that d(y",s) is, for fixed n, an entire function of s 
(including at s == 4 + rin/log q). Hence, we obtain, for each fixed complex 
number s, a spherical function ¢(g,s) on G by putting ¢(kiy"ke, s) == ¢(y”, s) 
for any k;€ K and using (2.3), (2.4) and (2.5). By putting n—0 in 
(8.2), one sees that 


(8.3) @(1,s) ==1 for all s. 

By putting s==0 or 1 in (8.2), one sees that 

(8. 4) b(g,0) =(g,1) — 1 for all gE G. 
Moreover, (8.2) implies immediately the functional equation 
(8.5) 6(9,s) —=¢(g, 1-—s) for all g €-G. 

Also, 

(8.6) $(9,% + tt) = (9,5 +4) for real t. 


Hence, if we combine (7. 1) and (8.1), we may conclude that 


` (8.7) EHH) = f OG ++ ia 


for all f(g) € 8°, or for all f(g) € S? if one introduces the usual L.i.m. f. 
So we see that if f(g) € 8°, then : 
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(8.8) F(s) = f f(9)6(9,8) dg. 


If we combine this with (3.14), we see that ¢(g,s) — D(g,a) provided 
æ satisfies (5.1) and (5.2). Now from (8.2), we obtain at once that 


(8.9) ‘| 6(g,8)|S4(g,0), where o— Rs. 
Hence, combining (8.4) with (8.9), we obtain 

(8.10) lelg it) S1 and [p(g,1+ü)|=<1. 
It follows from żhis that, for all g € G, 

(8.11) lelg | S1 for OS RsS1. 


_ We now prove that ¢(g,s) is an unbounded function of g fo? any fixed 
s for which Rs > 1 or Rs <0. Indeed, 


gea | git? — gi] gen (gt == ge 
ae Lge ge) (eed) Cana) 
as n—> -+o if Ks— 0 > 1, whereas 
geen Geta] g(t =o] 
+ Dig À gt ad) 
as n—>+o if Rs==9 > 0. Therefore d(y",s) is unbounded as n— +00 
for any fixed s with Æs > 1, hence, because of (8.5), also for Rs < 0. 


——+ 00 


On the other hand, if 0 < Rs < 1, then g**e-b*int g-n/2-5 0 as n— Lo, 
Therefore 
(8.12) lim (y",s) —0 if O< Rs <1 


uniformly in s for e= Rs =1—e, e > 0. This proves 


Lemma 8.1. (g,s) is an unbounded function of g for any fixed 
complex number s for which Rs > 1 or Rs < 0. 

On the other hand, | $(g,s)| 1 for all gE Gif OS RSE 1, and (8.12) 
holds. 


From this we deduce 


THEOREM 8.1. Let f(g) € S*, then F(s) = {f(g9)¢(g,8)dg is a regular 
analytic function in the strip 0 < Rs < 1, continuous in 0S Rs S1, satisfying 
Zrin 


(8.13) P(s) =FQ.—s) = Fs +7" 





y: 
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Any homomorphism of the commutative normed algebra S* to the 
complex numbers is of the form f(g) — ff(g)#(g,c)dg—ÆF(c), where c : 
is a complex number in the strip O=ReS1. This homomorphism maps 
f#(g)—=f(g*) to F(c) if and only if Ro=4 or c+Rrin/logq is real. 
Two homomorphisms f— F(c) and f>F(c’) are identical if and only if 
ce =c-+2mrn/logg or d = 1— c -+ 2mim/log q. 


Proof. The regularity and continuity of F(s) follow immediately from 
the above properties of ¢(g,s), and so does (8.13). Now given any homo- 
morphism of §* to the complex numbers, its restriction to S° is, of course, 
a homomorphism of 8° to the complex numbers, hence, by Theorem 5.1 above, 
is of the form f+ (c) for some complex number c. In order that this 
homomorphism can be extended to a homomorphism of St, it is necessary 
and sufficient that ¢(g,c) be a bounded function of g for this number c. 
Hence, by Lemma 8.1, we must have 0 Rc<1. The assertion about the 
identity of two such homomorphisms follows from the corresponding assertion 
about S° (see again Theorem 5.1) above). The assertion about f*(g) follows 
immediately from the last assertion in $ 5 above (see equation (5.7) above) 
and Theorem 5.1. 
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CHARACTERISTIC CLASSES AND HOMOGENEOUS SPACES, I.* — 


By A. Boren and F. HIRZEBRUCE. 


Introduction. It is known that the characteristic classes of a real or 
complex vector bundle may be interpreted as elementary symmetric functions 
in certain variables, which are 1, 2 or 4 dimensional cohomology classes. If 
we consider the tangent bundle of the coset space G/U of a compact connected — 
Lie group modulo a closed subgroup, it turns out that these variables may 
be identified with certain roots of Œ (or their squares). Our first purpose 
is to establish this connection between roots and characteristic classes, which 
is the basis of this paper, and to compute the characteristic classes of certain 
well-known homogeneous spaces. These results are then applied in particular 
to G/T (T maximal torus of G), and to other algebraic homogeneous spaces, 
where they lead to relations between characteristic classes, Betti numbers, the 
Riemann-Roch theorem and representation theory; they are also used to dis- 
cuss multiplicative properties of the Todd genus and other genera in fibre 
bundles with G/U as fibre. As an application, we get a divisibility property 
of the Chern class of a complex vector bundle over an even dimensional sphere 
which yields some information about certain homotopy groups of Lie groups. 

We now give a summary of the different chapters. For the notions and 
notations used without further comments, the reader is referred to [2, 19]. 

Chapter I. The first three Sections give a survey of standard properties 
of roots and linear representations; $ 4 gives two characterizations of systems 
of positive roots which will be used in Chapter IV. In $ 5 we introduce the 
roots of a Lie group with respect to a commutative subgroup of type 
(2,%,° + *,2), which will occur in the description of Stiefel-Whitney classes. 

Chapter IT recalls those concepts of fibre bundle theory which are most 
often used in this paper, such as restriction and extension of the structural 
group (with respect to homomorphisms), integration over the fibre, to be 
denoted by 4, and the bundle of vectors tangent to the fibres of a bundle 
whose typical fbre admits a differentiable structure invariant under the 
structural group, to be called hereafter the “bundle along the fibres”. -” 


* Received January 29, 1958. 
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Chapter III starts with a review of the definiti\n by means of symmetric 
functions of the characteristic classes of a bundle .\aving a classical group 
as structural group (§9). In §10, we consider ine A-extension y? of a 
principal G-bundle 7 by means of a unitary representation A: G— U (n); 
the bundle y' is a principal U(n)-bundle, whose Chern classes are shown 
to be the elementary symmetric functions in the weights of A, suitably inter- 
preted as 2-dimensional classes; analogous statements are proved for the real 
orthogonal representations and Pontrjagin classes (10.3). Now, the real tan- 
gent bundle to G/U is the :-extension of the principal U-bundle (G, G/U, U), 
with respect to the linear isotropy representation 4 of U in the tangent space 
at a point of G/U fixed under U (Proposition 7.5). Applying 10.3 to this 
situation yields the relation between roots and characteristic classes mentioned 
at the beginning of this introduction, which, in fact, holds more generally 
for the bundle along the fibres of (#/U,B,G/U), where (#,B,G@) is a 
principal G-bundle. 

| Chapter IV. The homogeneous space G/U admits an invariant almost 
complex structure J if and only if the isotropy representation « can be fac- 
torized through the standard inclusion of U (n) in SO(2n), (3n = dim G/U); 
we obtain in this case a unitary representation te: U—>U(n}), whose weights 
are certain roots of G, to be called the roots of J; they allow us to compute 
the Chern classes of J using 10.3 and to discuss the integrability of J using 
the results of §4; among the applications in $13 we give new proofs of some 
results of H. C. Wang. 

The invariant complex structures of G/U (where U is the centralizer 
of a torus in @), can be obtained directly by using the complexification of G; 
the space G/U is also homogeneous kählerian [5] and even rational algebraic, 
and there is a close connection between its projective embeddings and the 
linear representations of G. For later use, we include in §14 a short dis- 
cussion of some of these results; moreover, we prove (14.10) that the real 
cohomology classes of these algebraic homogeneous spaces are all of type 
(p, p) and for p — 1 describe those which are positive in the sense of Kodaira. 

Chapter V is devoted to some special cases; in particular, to projective 
spaces. ' 

_ Chapter VI.t In §20 a formula for the homomorphism h in the bundle 
é— (Br, Ba, G/T, p(T, @)) is established (20.3); it shows, in particular 
_ (22.2), that 4, applied to the total Todd class of the bundle along the fibres : 
of € endowed with the complex vector bundle structure defined by means of an 


+ §§ 20 to 30 will be published in a later issue of this Journal. 
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invariant almost.complex structure J on G/T, gives a zero-dimensional term, - 
which is 1 or 0, according to whether J is integrable or not; it follows that 
the Todd genus T(G/T)* of G/T with respect to J is 1 or zero respectively 
and that (22.5) in certain bundles (F, B, G/T), with almost complex Æ and 
B the Todd genus, “behaves multiplicatively,”” i.e. that we have T(E) 
— T(B)-T(F). These results are generalizel to the T,-genus and to 
homogeneous almost complex spaces G/U (rank U = rank G). 


In §23 we consider the A-genus of homogeneous spaces G/U with 
rank U == rank Œ and, in particular, prove it to be equal to 0 when the 
second Betti number of G/U vanishes; moreover, in a differentiable bundle 
(£/U,B,G/U) with A(G/U) —0, we also have A(E) = 0. 

In § 24, G/U (rank U == rank G) is assumec to be algebraic. The value 
of the T,-genus found in $22 and (14.10) yield a formula for the Betti 
numbers of G/U in terms of the action of the Weyl groups of G and U on 
the roots of G. The dimension of the vector space of holomorphic cross- 
sections of a complex line bundle F on G/U is computed by means of the 
Riemann-Roch theorem and is shown to be either zero or equal to the degree 
of the irreducible representation of G having the first Chern class of F as 
highest weight (24.7); (this fact has led to the results of [7a] and.has been 
further generalized by R. Bott [7b]). The degree (in the sense of algebraic 
geometry) of the projective embedding of G/U given by this linear represen- 
tation, or equivalently, by the complete linear system of divisors belonging 
to F, is also explicitly calculated. 


Chapter VII. In $25, the A-genus is proved to be an integer. More 
generally, we introduce, for a complex vector bundle » over a differentiable 
manifold X and for an arbitrary element dE H?(X,Z), a rational number 
A(X,d,y), in analogy with the Riemann-Roch formula, and prove that it is 
an integer after multiplication by a suitable power of 2. It follows that the 
g-th Chern class of a complex vector bundle over the 2g-dimensional sphere 
Seq is divisible by the greatest odd factor of (q—1)!; applications of this 
last fact to the homotopy of Lie groups are given in § 26. 

As is well known, the index of a differentiable manifold X equals the 
L-genus of X, which is a linear combination o Pontrjagin numbers [19]. 
It was recently proved [12] that the index “behaves multiplicatively” in 
differentiable bundles. This fact has certain consequences for the Pontrjagin 
classes of the bundle along the fibres of a differentiable bundle, from which. 


1 We allow ourselves to denote by T the Todd genus as well as a maximal torus, 
since this is unlikely to bring any confusion. 
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we conclude that the sequence of L-polynomials is essentially uniquely charac- 
terized by the property of giving rise to a genus which behaves raultiplicatively 
in differentiable fibre bundles. 

In Appendix I, we compare the different definitions of Chern classes 
known to us, with particular emphasis on the signs. | 

In Appendix II, it is first proved that the torsion coefficients of 
H*(Bom,4) and H*(Bso(m,Z) are all of order 2. This allows us to 
characterize the universal integral Pontrjagin class p; by its canonical images 
in H“ (Bom R) and D (Bom, Z2), the latter being equal to the square of 
the universal 2i-th Stiefel-Whitney class. It is also shown that, up to 2- 
torsion, the integral 7-th Pontrjagin class of a principal O(n)-bundle é can 
be defined by means of the transgression in a certain bundle y; associated 
with é; in particular, y; has the typical fibre O(n) /Q(21—1) when n is odd. 
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Chapter I. Compact Lie Groups. 
1. Generalities. 


1.1. Coset spaces. Let Œ be a Lie group, U a closed subgroup of G, 
G/U the space of left cosets of Gmod U, + the natural projection of G onto 
G/U, and g, u the-Lie algebras of G, U identified as usual with the tangent 
spaces at the neutral element. Left translation by g€ & induces a homeo- 
morphism of G/U which will be denoted by the same letter; if u€ U, it 
leaves 0—#r(e) invariant and induces an automorphism @ of the tangent 
space (G/U), of G/U at o. The homomorphism u,:u—% is called the 


~ 


isotropy representation and its image the linear isotropy group ,U. For 
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connected G, its kernel is the subgroup of those elements of G which act 
trivially on G/U or, also, the largest subgroup of U invariant in G. 

Adg or Adgg will denote the automorphism of g induced by the inner 
automorphism æ— grg of G. If x. is the differential of w at e, we have 
clearly 

te Adg U = Ü 9 re (uc U\; 


in particular, since the kernel of me is u, re allows us to identify (G/U )o 
with any subspace m of g supplementary to u, invariant under Adu, in 
such a way that @ is carried over to the restriction of Adgu to m. If o is an 
automorphism of G and o, its differential at e, then 


(1) | Ado(g) =«a,° Adgoo,. 


1.2. From now on, G is a compact Lie group. We recall that its 
maximal toral subgroups are conjugate to each other by inner automorphisms 
and are maximal abelian subgroups of G if G is connected; their common 
dimension is the rank of G, to be denoted here by 7 or 1(@). The letter T 
will be reserved for a maximal torus of G, and § for an arbitrary toral sub- 
group; Vs will be the universal covering of $ and Tg the “unit lattice”, Le., 
the inverse image of the identity element of S. The latter is a free commu- 
tative group of rank k (k— dim 8), which spans Vs. A real valued linear 
form on Vg is said to be integral if it takes integral values on Ts. 


1.3. Roots, diagram. The representation s—> Adgs of § in g is fully 
reducible and there is a direct sum decomposition 


(2) E E E S | (dim a; = 2) 


of g into subspaces invariant under Ad, ©, where b+8 is the largest sub- 
space on which S operates trivially. We may then write, for s€ 8, 


COS Sru (s) — Sin 27a;(s 
(3) Adas | a — (o Qari - cos sa 
where a;(p(x)), p the projection of Vg onto S, is a non-zero integral linear 
form.? The linear forms + a; are the roots of G with respect to S. We shall 
be concerned mainly with the case where S= T is a maximal torus. Then 
b==0, and the 2m linear forms + a, (t==-1,- --,m; dim. G=} -+ 2m), are 
simply the roots of G2 Clearly, if 9 C T, the roots relative to S are the 
restriction to Vg of the roots of G which do not vanish identically on 8. 


*In the sequel, there will be no notational distinction between a(p(a#)) and a(t). 
8 We call them roots in spite of the facts that the roots in the sense of the 
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An element t€ T° is singular if its centralizer has dimension > 1(G), 
regular otherwise; in Vp the singular elements are represented by the points 
of the hyperplanes a;==0mod1, (1=i<m), which form the diagram of G. 

In case $ is a toral subgroup of U, the decomposition (2) may be chosen 
in such a way that u is spanned by a subspace b, of b, 8 and some of the a; 
Say d1,° © +, Qg; the + a; (¢q< tm) will be called the roots of G relative to 
S complementary to those of U, or simply the complementary raots if there 
is no danger of confusion. 


1.4. The Weyl Group. We choose once and for all a positive definite 
metric on g invariant under Ad G, and consider on Vy the metric which is 
induced by it in the obvious way; it allows us to define in the standard way 
a canonical isomorphism between Vr and its dual space Vr* and a metric 
on Vr*; the scalar product on Vp or Vr* will be denoted ( , ). An element 
«€ Vr” is called singular if there exists a root a such that (a, a) —0; its 
image in Vr under the canonical isomorphism is then singular in the above 
sense. Finally, we remark that the symmetry Sa of Vr with respect to the 
hyperplane a—0O induces a symmetry of Vr*, to be denoted also by Se, 
defined by 

Salb) = b—2(a, b) (a,a)--a. 


The Weyl group W(G) of G is the group of automorphisms cf T induced 
by inner automorphisms of G leaving T invariant; it is a finite group and 
a quotient of N/T, where Np is the normalizer of T in G; it may also be 
viewed as a group if isometries of Vp leaving Tr and the diagram invariant. 
For connected G, it is isomorphic to N bé and is generated by the TERENS 
to the hyperplanes q —0 (t==1, - -,m). 


2. Standard properties of roots. G is a compact connected Lie group 
of dimension n and rank {, T a maximal torus, V its universal covering and 
ta 1StisSm,n—1+2m) are the roots of G. The proofs of the state- 
ments in §§ 2, 3 may be found e.g. in [8, 13, 23, 27, 28]. 

2.1. An element v€.V is in the inverse image of the center of G if 
and only if a,(v) =Omod1 (1=1,: --+,m); in particular, G is semi-simple 
if and only if it has 7 linearly independent roots. 


2.2. & and a; are linearly independent if 1547. 


infinitesimal theory (i.e., the roots of the Killing equation), are the forms =+ 2ria, 
and the zero form; the forms a, were called “ paramètres angulaires ” by E. Cartan [8]. 
Also, unless otherwise specified, the zero form will not be considered as a root. 
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2.3. The number 2(a,b}):(a,a) ! is an integer for any two roots a, b 
and the linear forms b—k:a are also roots for k integral varying between 0 
and 2(a,b)(a,a). | 


2.4. Simple roots. Let (zê), (1=1<1), be a base of V*. We define 
a total ordering 3 on V* by saying that a— ax! +: : ax! is >0 if 
its first non vanishing coefficient is > 0 and that a > b if a—b>0. A root 
is simple, relative to 3, if it is positive and cannot be represented as the 
sum of two positive non-zero roots. The simple roots are linearly independent, 
the scalar product of any two of them is = 0, and every root is a linear 
combination, with integral coefficients of the same sign, of simple roots. It 
follows, in particular, that, when G is semi-simple, there are / simple roots; 
also, a simple root is not a linear combination with positive coefficients of 
other positive roots. 


2.5. A set of elements of V or V* is said to be decomposable if it is 
the union of two non-empty mutually orthogonal subsets. A semi-simple 
group G is simple if and only if its root system or the system of its simple 
roots is indecomposable. Assume G to be simple, let a; (11531) be the 
simple roots and let b = bia, +: - -+ bi be the highest root with respect 
to an ordering 3. Then we have 


(6, a;) 20, b > 0, (¢==1,---, 1), 
and b; majorizes the coefficient of a; for all roots. 


2.6. The sign of an element of W(G). Let q (1=1i<m), be the 
positive roots with respect to 3. Since W(G) leaves the diagram invariant, 
any w€ W(G) induces a permutation of the system (+ a) (1=<i<m), and 
transforms (a;) into a system of roots («a@;) with a= + 1. We shall denote 
by s(w) the number of es equal to — 1 and by sgn w the product of the «,’s. 
We contend that sgn w is equal to the determinant of w viewed as a linear 
transformation of V, and, in particular, does not depend on #. In fact, 
let .¢;, e; be the orthonormal base of a; with respect to which we have (3) 
of §1, and let g € Nr belong to the coset of w. It follows from 2.2 that w 
permutes the a;, and then from (1) $ 1 that if w(a;) = ea,;, then Ad g (e; Ae) 
= ¢¢; /\e_;; moreover, the natural isomorphism of t on V carries the restric- 
tion of Ad g to t over to w; our contention follows readily from this and from 
the fact that, Œ being connected, we have det Ad g =t}. 


2.7. The Weyl chambers. Let &,° * *,a, be the simple roots belonging. 
to the order 3d. A Weyl chamber in V or V* is a connected component of 


15 
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the set of regular elements. In particular, the set of points ve V (resp. 
zE V*), such that av) >0, (resp. (2,a:) > 0) (151551), is one and 
will be called the positive Weyl chamber with respect to ð. The Weyl group 
acts simply transitively on the Weyl chambers, and, in particular, the integer 
s(w) defined in 2.6 is zero if and only if w is the identity; it is generated 
by the symmetries to the hyperplanes a; =0 (1SiS71). 


2.8. Remark on orderings. Let a € V* be such that (a, a) <0 for all 
à (112m), and let us say that a root is positive if (a,a;) > 0. Then the 
order relation thus obtained between roots is induced by an ordering on V* 
as considered in (2.4) and has, therefore, the properties (2.4), (2.5). To 
define 3, one takes a base (xt) of V* dual to a base (e) (11531), of V 
where e (1= 2) is contained in the hyperplane a= 0. 


2.9. Classification. We recall that a compact connected Lie group G 
has a finite covering G which is the direct product of a torus S by a semi- 
simple and simply connected group G’; the group G is uniquely determined, 
up to an isomozphism, if we require, moreover, that the kernel of the 
projection of G onto G intersects S only at the identity. The image of @’ 
in G is the derived group @ of G and is also its largest semi-simple sub- 
group; the image of S is, of course, the connected identity component of the 
center of G. 


The semi-simple groups are locally isomorphic to products of simple 
non-commutative groups. For the classification of the Lie algebras of compact 
simple Lie groups, we refer to [13, 23]. For a list of their roots, see for 
instance [25a]. For the simple Lie groups and the classical linear groups 
we follow here the standard notations. 


3. Linear representations. a, (112m) are the positive roots of 
the compact connected Lie group G of rank 1, with respect to an ordering 3, 
a is the sum of the as and a,- - -,a, are the simple roots, r being the rank 
of the semi-simple part G’ of G. 


3.1. Lemma. We have (a,a;) == (apa), (1<j<r). 
Let S; be the symmetry with respect to a; —=0. We have 
Si = Qy — 2 (ai, Qj) ` (aj, 3) Ta. 


Hence Sja; and a (j & r), when expressed as linear combinations of simple 
roots, differ at most by the coefficient of a;; thus, if a=£a;, Sja; nas at least 
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one positive coefficient, and is a positive root by (2.4); this means that 8; 
permutes among themselves the positive roots different from a; But we have 


(aj, Sja; + ai) = 9, 

whence the lemma. . 

3.2. To abbreviate, we write E (b), (be V* or be V* @C), for 

S (sgn w)exp(2rV —1-w(b)) 
w € W(G) 

and H(b,a) for the value of this function on &€ V. If b* and x, are the 
images of b and x under the canonical isomorphism between V and V* 
defined by a metric invariant under W(G), we have clearly E(zx,,b*) 
= E (b, £). 

By a standard result of representation theory, we have 


{=m CREER 
(1) E (a/2) —[TR8V—1sinra«. 
į=1 
The computation of the m-th orders terms on each side yields the ecuality 
(2) milla— > (sgn w)'w(a/2)”. 
we W{G) 


‘Let us denote by #,(" (6,0) the value at 0 of the m-th derivative of E(b,y) 
in the direction x; then we have 


(3) Be (a/2,0) = m (27 V — 1)" JI ça 2). 


It follows directly from the definition that #(b) vanishes identically when b 
is singular. Conversely, the equality E(x,,b*) = E(b,x), recalled above, 
and (3) imply 


(4)  Haeso™ (6,0) = m1(2rV¥—1)"J] <a; b> =m (Qa V—1)" TI (anb); 
i i 
hence, if E (b) = 0, the element b must be singular. 


3.3. The weights. An element b € V* is called a weight of G if it is 
integral on the unit lattice of the connected identity component of the center 
of G and is such that 2(b,a;) - (a; a;)™ is an integer (j & m). The weights 
form a free commutative group of rank J. The previous condition may also 
te expressed by saying that a weight is a linear form which is integral on 
the unit lattice T, corresponding to the covering G of G which has the form 
SX G where § is a torus, G is semi-simple and simply connected, and such 
that the kernel of the projection G—> G intersects S only at the identity (2.9). 

For 6,c€ V*, let us put g(b,c) =2- (b,c) (c,c)". Let Sa be the sym- 
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metry to the hyperplane d—0. We have (b, Sac) = (Sab,c), (Sac, Sac) 
= (c,c) and Sab —b—q(b,d)d, and therefore 


(5) q (b, Sac) =q (b,c) — q (b, d)q(d,c). 


Proposition. Let b be an element of V*. Then q(b,a;) is an integer 
for 172m if and only if it is so for 1=j<=7r. In particular, a/2 is a 
weight, 


The Weyl group W(G) is generated by the symmetries S; to the hyper- 
planes a; —0 (157221), and every root is the image of a simple root 
under some transformation of W(G) (this follows from 2.7). Since q(d, c) 
is an integer when c and d are roots (2.8), the equality (5) shows that 
g(b, Sax) is integral if q(b,a,) and g(b,a;) are, and our first assertion 
follows by an obvious induction. The second one is then a consequence of 
(3.1) and of the fact that a is zero on the identity component of the center 
of G. 


3.4. Characters. It follows from the results of H. Weyl and from 
standard facts about direct products, that the characters of the irreducible 
representations of the group & introduced in 3.3, restricted to the maximal 
torus T, are the functions 


(6) x(t) =£ (b) -B(a/2)”, 
where b runs through the weights contained in the positive Weyl chamber 
defined by 3. In other words, the b’s are the weights which verify 

2 (aj, b) —k;(a;, a;), (k; > 0, integral, j=1,- ::,r). 


By dividing out in (6), one may write x(t) as a finite sum of exponentials 
exp 2r V— 1c, where the c,’s are weights. The highest one is b— (a/2) ; 
it has multiplicity one and characterizes the linear representations up to an 
equivalence. In view of the foregoing, the highest weights are those which 
satisfy 





(7) 2 (aj, c) E k;(a;, a;), (k; = 0, integral, 7 = Le ty r). 


Assume now G to be semi-simple, hence r= } = rank G. Let w; be the 
linear form defined by q (ma aj) = ô; (i=1,:--,1). By (8.3), the m?s 
are weights, to be called the fundamental weights, and form a basis of the 
group of weights. By (7), the highest weights are the linear combinations 
of the ws with integral non negative coefficients. 


Let again G be compact, not necessarily semi-simple. The degree d of 
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the representation with highest weight b— (a/2) is x(0). In the right hand 
side of (6), this appears in the form 0/0, but by taking suitable m-derivatives 
at the origin, and using (2), (8), (4), one arrives easily at the formulas: 


d: (m!) Ila me (sgn w)w(b)™ 
(8) 
d = TL (ab) (ai, 0/2). 


Finally, we remark that the AE an of G with highest weight b — (a/2) 
is single-valued on G if and only if b — (a/2) is D ie on the unit lattice 
corresponding to G. 


4. Two characterizations of systems of positive roots. We assume 
here G to be semi-simple, and denote its rank by J, but otherwise follow the 
notations of §3. We discuss here two conditions under which given roots 
are positive relative to a suitable ordering; the first one is the object of 
(4.3), which will be preceded by two lemmas. 


4.1. Lemma. Let u; be the integers such that the sum a of the positive 


roots is equal to ua, +: -+Hum Then the only solution of the system 
of inequalities 

(1) (apr) 2 (apa); OSaSu, (2=2 +: ++ +a0;j7—1,-- °,2), 
is a itself. 


That a is a solution follows from (3.1). 

Let y == yi, +: + - + ya be a solution of (1) for which the sum of 
the y; is minimum; such a y clearly exists. The y,’s are > 0, because if, 
e.g., ¥,==0, then we would have (any) 0 by (2.4). 

Put r;= (ay). Since the afs (1227531) form a base, it is enough 
to show that r; = (a;,a;). Suppose otherwise; then there exists a k such 
that rx > (ax, ax). Consider 2—y—c'ax where c is a small positive 
constant. Then 


Z= Da, (Z= Yn (JFE k) 2x Yr— ce) 
(a; 2) ae (Qj, y) — C (Gj, ax) aa © EE (a;, ax) C. 


Since (a; ax) < 0 for 74k by (2.4), z is, for suitably small c > 0, a solution 
of (1) for which the sum of the coefficients is strictly smaller than fcr y, 
contradicting the latter’s definition. 


4,2. Lemma. Let (a), @=1,--+,m), be a sequence of integers of 


CA 
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absolute value 1, and let a*—Y aa. If (a*,a;) > 0 for j—1,: : :,l, then 
4 

a" =a and ae=1 (1=1i<m). 


Let c==c,a, +: +--+ ca (resp. d == du +: - -+ di), be the sum of 
the a; for which &-==1 (resp. a =— 1). We have 


(2) a=c—d;a—=c+d; c;+d;=u;; cpd; 20, (= 1," < :,1). 


By assumption, 


(a;, c) — (ay, d) = (a;,a*) > 0, (j=1,- ° =); 
and by (3.1), 
(a;, c) + (aj, d) did (aj, a) ag (a; a;), Aj =1,- os l), 
whence | 
2 (aÿ c) > (aj, aj), (j=1,: i us 


But it follows from (2.3) that 8 (a; c)- (a; a;)"* is an integer; therefore the 
preceding inequality implies that 


(a;, c) = (aj, a), (j=—1,: ` LE 


which, together with (2), shows that e is a solution of (1). By (4.1), this 
gives c==a, 4—0, a—a* and d= 9 implies (2.4) that no e; equals — 1. 


4.3. THEOREM. Let (e), (i—1,: : :,m), be a sequence of integers 
of absolute value 1. Then the set (aa) ts the system of positive roots with 
respect to some ordering 3’ if and only if a* == Dea, is a regular element. 


Necessity: Suppose that (ea) are the positive roots with respect to some 
ordering; by (2.7), there exists we W(G@) which sends the «a; cnto the a; 
and, therefore, a* onto a. Since the Weyl group leaves the set of regular 
elements invariant, it suffices to show that a is regular; but this follows 
from (3.1). 


Sufficiency: Suppose a* to be regular, and let py== +1 be such that 
(a*, pt) > 0. Then, as remarked in (2.8), (pa) is the system of positive 
roots with respect to some ordering 3,, and it will therefore be enough to 
show that me, (t==1,:+°+,m). 


By (2.7), we may find we W(G) carrying (ua) onto (a;) and, there- 
fore, a* onto a** == Ð epito(n, Where o is a permutation of (1,2,:--,m) 
i 


since (a*, mai) > 0 for all + and since w preserves the scalar product, we have 
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(a**,a;) > 0, (j—1,: " *,1), and (4.2) gives then a**—a and me 1, 
(t=-=1,- ©- m). 
4.4, COROLLARY. Let J be a non-empty set of integers belonging to 
the interval [1,m]. Suppose we have signs e (JEJ), such that Po ars 
Then for any choice of the remaining signs «, the form > «a as a shoda 


element. 


Suppose otherwise; then by (4.3), the (au) are the positive roots in 
some suitable ordering, but, obviously, a sum of positive roots cannot vanish. 


4.5. Derririon. A set B of roots of G is said to be closed if it 
contains the sum of any two of its elements whenever this sum is a root 


of G. 


Our main purpose will be to show that a closed system containing one 
root from each pair + a; is positive for some ordering. 


4.6. LEMMA. Let B be a closed system which for noi (1=i=<m), 
contains both a, and —a; Then if a linear combination b of elements of B 
with positive integral coefficients is a root, tt belongs to B. 


Proof by induction on the sum k of the coefficients of b. For k—2, it 
is an assumption; assume the lemma to be true for k— 1, and let 


b = 6,0, -+---+ Caba (a > 0, integer, X c= k, bi € B}. 
We distinguish two cases. (a) For some j= q, ba + b; is a root; it is then 
in B by definition, and we have 
b = (b: + bj) + (6. —1) by + Cabs +> + (os —1) Bg + Cpr Dias 
. > A Cube 
Therefore, b may also be written as 


b = bi +--+ --+-0',b’,, (cs > 0, integral, X i= k —1, bE B), 


and is in B by the induction assumption. (b) No element b, -+- b; is a root; 
then (bı, b;) Æ 0 for j= 2, - -,q, (see 2.8), whence (b,,b) > 0, and b— b, 
is a root. By induction, it is in B, and b then belongs to B by definition. 


4.7. LEMMA. We keep the same assumption on B. Then any sum 
> cibi (b€ B, C; > 0, integral) 18 = 0. 
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Otherwise, we would have 
— by = (¢, — 1) bi + caba + + Cabos 
contradicting (4.5) and (4.6). 


4.8. A sequence (b,,: - -,b;) of elements of B such that 6,—d:,€ B 
for 1==1,- - -,k—1 will be said to be decreasing of length k. The height 
h(b) of bE B will be the maximal length of decreasing sequences starting 
with b. By Lemma 4.7, any two elements in a decreasing sequence are 
different, and hence h(b) is always finite. Let k==h(b) and b, ba + +, dy 
a decreasing sequence. If we add to b a decreasing sequence for b, or for | 
b—b,, we clearly get a decreasing sequence starting with b. Therefore 
h(b) =k implies that h(b.), h(b—b.) are =Sk—1; thus an element of 
height k=2 is sum of two elements of heights Sk—1. 


4.9. THEOREM. Let B be a closed system of roots which, for each i, 
(1=i1=m), contains exactly one of the two roots +a, Then B is the set 
of positive roots for a suitable ordering. 


_ Let ba,’ + ',bs be the elements of height 1 in B. By induction on the 
height, it follows from the last assertion in (4.8) that every element of B 
is a linear combination of the bys (t==1,--+,s) with positive integral 
coefficients. Therefore, it suffices to show that the bps are linearly independent. 
Since they span all roots, their rank is [; assume that b,’ : -,b, are 
independent and that, contrary to our contention, s41. We have then a 
relation 


(3) bra = Cba + + --+ cbr, (ci real, not all zero). 
The cÿs are also a solution of the linear system 
(4) (21 (61, 05) +> > + 21( bz, bi) ) (ba ba) = (Duss, bi) (bj bj) 


{j==1,: ::,1), whose determinant is, up to a positive factor, the determinant 
of the products “b; bj) and is therefore 560. Thus the cÿs are the unique 
solution of (4) and are rational numbers since the coefficients are rational 
by (2.3). The given relation is then equivalent to a relation 


a,b, + UON À + dib; + Quibus =o 0 (aj integers, du =f 0) . 


' By (4.7) the coefficients do not all have the same sign, and, after a change 
in numeration of the b; (¢1), we arrive at an equality 
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(5) e10: + cs a + Epbp = Epr10pr1 +r, + enbu = 0 


(e; = 0, integral, (e1, * +, €p) Æ (0,: : ‘,0)). On the other hand, we have 
(ba b) S0 for (1S&1<47 Ss); because otherwise, by (2.3), the elements 
+ (b;—b;) would be roots, one of them would belong to B and either 6; or 
b; would have a height =2. Therefore we have 


(b, b) = (101 en pbp, Cprr0 p41 ++ C1101) =0 
and b—0, in contradiction to (4.7), which proves that =s. 


4.10. COROLLARY. Let B be a closed system of roots which for each i, 
(1=1=™m), contains at least one of the roots +a; Then B contains the 
set of all positive roots relative to a suitable ordering.* 


Let us number the roots in such a way that B consists of + a, - +, E ay, 
€qs10gi1)’ © ‘>Emlm (a—+1). Then the system B’ consisting of the a 
(1SiSq) and the ea; (q <j £m) is closed; in fact, if as +a, (st Sq) 
is a root, it is positive and in B, hence in B’. If a, + at = — Oy (8S, pS 9 <t), 
then a+ dp—=—ea, and B would not be closed; if est, + €a;——Ady, 
(pq <s, t), then a, + ea; ——e,a, and B is again not closed. Therefore, 
by the theorem, B’ is the set of positive roots for some ordering, 


4.11. Kemark. Using complex semi-simple Lie algebras, one can also 
prove more generally than 4.9 that a closed system of roots B which for each 
4 contains at most one of the roots + a; is positive for some ordering. In fact, 
in the notations of (12.2), it follows readily from (4.7) that the subspace 
of g° spanned by t° and the ba, (b€ B), is a solvable subalgebra.- It is then 
conjugate by an inner automorphism « to a subalgebra of the algebra spanned 
by t° and the bg, by a result of Morosow (C. R. Acad. Sci. U. R. S.S. (N.S.), 
36 (1942), pp. 83-86), also proved in A. Borel, Annals of Math., 64 (1956), 
pp. 20-80, § 16. Moreover, by the conjugacy of Cartan subalgebras in solvable 
Lie algebras, we may assume that a(t°) = t° which means that B is trans- 
formed onto a subset of the as by.an element of the Weyl group. 


5. The 2-roots of a compact Lie group. We define here certain linear 
forms with values in Z, analogous to the roots, which are useful in the 
study of Stiefel-Whitney classes. 


5.1. Let G be a Lie group. We denote by Q or Q, a subgroup of G 


* Another, completely different, proof of this corollary has been given by Harish- 
Chandra, American Journal of Mathematics, vol. 77 (1955) » pp. 743-777, § 2, Lemma 4. 
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isomorphic to the product of s copies of Zə. The real irreducible linear 
representations of Q are 1-dimensional, being defined by a character which 
may be viewed as an element of Hom (Q, Z). Let us now decampose the 
Lie algebra g of G into a direct sum 


=b,+-::--+ bn, (n = dim g) 


of 1-dimensional subspaces invariant under Ad, Q; the characters b,,: + -, 0a 
corresponding to these subspaces will be called the 2-roots of G with respect 
to Q. In case Q is contained in a maximal torus, these are just the restrictions 
to Q of the roots of G and the zero form with multiplicity 1—= rank (G), but 
otherwise, they represent different elements of the group-theoretical structure 
of G and have a “global” character. 


5.2. Let U be a closed subgroup of Œ containing Q. Then we can 
choose a decomposition into subspaces 6; such that the n—k% last ones 
generate the Lie algebra u of U. The 2-roots b (1<i<%) are then the 
complementary 2-roots; or, more explicitly, the 2-roots of G with respect 
to Q which are complementary to those of U. 


Examples. 
5.8. G=0(n), SO (n). We consider in O(n) the subgroup Q of 
diagonal matrices ; it is a maximal commutative subgroup of type (2,2,--+ ,2), 


and any subgroup of this type is conjugate to a subgroup of Q. We take 
in g the usual basis consisting of the antisymmetric matrices having only 
two non-vanishing entries, equal to +1. Leta, (1=1i<n) be the diagonal 
matrix all of whose coefficients are equal to 1, except for the i-th one which 
is equal to — 1, and let (yi) be the dual basis of Hom(@,Z:). A straight- 
forward computation shows that the basis of g mentioned above is invariant 
under Ad, Q and that the 2-roots relative to Q are 


Wi-- Yi (1=i<j£n). 


In SO(n), the diagonal matrices also form a maximal commutative sub- 
group Q’ of type (2,2,: < -,2), isomorphic to (Z,)""*. It is convenient to 
consider it as a subgroup of Q, and, therefore, Hom(Q’,Z.) as a quotient 
of Hom(Q,Z.); it is then generated by n elements y; subject to the rela- 
tion yı +: --+Yyn=0, and the 2-roots are again the differences y,—y; 
(1Si<jSn). 


5.4 G—U(n), SU(n). In U(n), all maximal commutative subgroups 
of type (2,2, > ,2) are conjugate to the subgroup Q of diagonal matrices 
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with coefficients + 1, and are therefore contained in maximal tori. The 
2-roots are then obtained from the usual roots and, with respect to the 
standard basis of skew-hermitian matrices, are the zero form with multi- 
plicity n and the differences y —7y; (1S1 <75 n), each with multiplicity 
two. 

The 2-roots of SU(n) with respect to the subgroup of the elements of 
Q having determinant 1 will be the same, the y,’s being subject to the relation 
Y +: + :+ty,=-0, the zero form having multiplicity n—1. 


5.5. G—Sp(n). Here again, all maximal commutative subgroups of 
type (2,2,- - :,2) are conjugate to the subgroup Q of diagonal matrices 
with coefficients =+ 1 (G being considered as the group of unitary matrices 
with quaternionic coefficients) and are isomorphic to (Z,)". Since the usual 
roots are + yi +y; (1=1<7j=n) and +2y, (1 S170), we get as 2-rooss: 
the root zero, with multiplicity 8n and y4,—y; (1S1< jn), with multi- 
pheity 4. 

In $17, we shall also discuss the 2-roots of the exceptional group G2 
with respect to a subgroup not contained in a maximal torus. 


Chapter II. Topological Preliminaries. 
6. Fibre bundles. 


6.1. Notations. p denotes a prime number or zero, K, a field of 
characteristic p, Zp (p 0), Zo, R, C, the fields of integers mod p, of rational, 
real, complex numbers respectively. 

H? (X,A) (resp. Hi(¥,A)) is the s-th singular cohomology (resp. 
homology) group of the space Y with coefficients in the commutative group 
A, H*(X,A) (resp. H,,(X,A)) the direct sum of the cohomology (resp. 
homology) groups; for all spaces considered in this paper, Hi (X, Z) will be 
finitely generated and equal to the i-th Alexander-Spanier cohomology group. 
The map òf cohomology (resp. homology) groups induced by a continucus 
map f is denoted by f* (resp. f). 

When dealing with classifying spaces, it will sometimes be convenient 
to consider formal infinite sums of cohomology elements, and to this effect, 
we also introduce the direct product H**(X,A) of the H(X, A) ; an element 
ac H**(X,A) may be identified with a sum x +: "Et: ::, with 
€ H+(X,A) possibly +40 for infinitely many values of 1. When A is a 
ring, H**(X,A) also becomes an associative ring under the cup product. 
The homomorphism of H**(Y,A) into H**(X,A) induced by f: X >Y 
will be denoted by f**. 
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A{X,,- + -, Xr} will denote the ring of formal power series in the X;,’s, 
with coefficients in the commutative ring A. 


Let U be a closed, connected subgroup of maximal rank of the compact, 
connected Lie group G, and let T be a maximal torus of U. We have then 
H** (Bp, A) =A {m:i}, (nE H(Br, A), 1=1<l—rankG). The 
results of [2, §§ 26,27] imply that p**(7,@) maps H**(Bg,Z,) isomor- 
phically onto the ring of invariants of the Wey! group, and that it is isomorphic 
to a ring of formal power series in / indeterminates ; moreover, H**(G/U, Zo) 
is the quotient of H**(By, Zo), regarded as a subring of H**(By, Zo), by the 
ideal (1*c)* generated in H**(By,Z,) by the (finite or infinite) sums of 
homogeneous invariants of W(G@) with strictly positive degrees. Similar 
translations in cohomology over R, Z, or Z of the results of [2, $ 29] are left 
to the reader. 


6.2. Fibre bundles. The fibre bundles occurring in this paper will 
be locally trivial; we follow the definitions of [19, 26]. We do noz require the ` 
structural group to act effectively on the fibre [19,§3.2c)]. A fibre bundle 
is denoted by (%,B,F,x) or (#,B,F), where Æ is the total space, B the 
base space, F the typical fibre, m the propection, or just by one symbol, mostly 
é, 7, 6; in the latter case, we often write Eg, Bg, Feng, Ge, re for E, B, F, m, the 
structural group and the transgression in é respectively. A oundle with 
structural group G will also be called a G-bundle. 


Let € be a principal G-bundle and U a closed subgroup of G. The 
space of the cosets z: U modulo U (s€ Eg), is denoted by He/U; it is the 
base space of the principal fibering (Eg #z/U,U) and the total space of the 
G-bundle (#;:/U,Bz,G/U). Let F be a space operated upon by G. We 
denote by FXF the quotient of Hs F by the equivalence relation 
(x, f) = (@:g,g7:f). As is well known, it is the total space of a G-bundle 
(£, F) over Bg, with fibre F. 


6.3. Representations of fibre bundles. Let £7 be two fibre bundles. 
A representation of é in » is a continuous map ¢: Eg—> Ey which sends fibres 
into fibres; it induces then a map ¢:Bz— By such that Dors = mop. We 
shall use without further comment the fact that @ commutes with trans- 
gression and, more generally, induces a homomorphism of the spectral 
sequence of 7 into that of é (see e.g. [2], §4). 


6.4. Homomorphisms of fibre bundles. Let G, G’ be topological 
groups, 4:G— 3” a homomorphism, and F (resp. F’), a space on which G, 
(resp. G’), operates. A A-map of F into F” is a continuous map y such that 
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yig F) =A(g) Ylf) (or ¥(F-g) =(A)EA(g) if GG operate on the 
right). Let é and y be principal G- and G’-bundles respectively., À homo- 
morphism of é into 7 is a representation induced by a A-map of Hz into £n; 
clearly every A-map defines a homomorphism. A homomorphism of (é, F) 
into (y, F”) is a representation defined by two A-maps of Hz and F into Ey 
and F” respectively. 

Let U, U’ be closed subgroups of Œ and G’ such that A(U)C UV’. 
Then we have a commutative diagram 


E:——> EU ———> Be 
$ | pa | pa 
En —— EE, /U' ———> Br l 
$ defines A-homomorphisms (Ez, E/U, U) —> (En, En/U’, U’) and Eg, Bz G) 


—> (En, By, G’); the map ġ, is a A-homomorphism of (E/U, Bg, G/U) into 
(£,/U", By, G/U’). 


6.5. Restriction and extension of the structural group. Let € and 7 
be two principal bundles over the same base space B, and let A be a homo- 
morphism of Gg into Gy. Assume that there exists a A-homomorphism of é 
into 7 which induces the identity of B. Then we say that y is a A-extension 
of é and that £ is a A-restriction of 7. We recall that, given é and A, there 
always exists a A-extension which is unique up to equivalence, and which 
will be denoted by A(é); whereas given 7 and A, a A-restriction does not 
always exist and, if it does, is not necessarily unique. The A-extension y 
of é is defined as follows: Hyn—HeX¢G’, where G operates on G” dy 
g°g =X(g)°9'; if p is the projection of Hz X G’ onto Ey, then ry is induced 
by a(x, 9’) — re(x), and the A-map ¢: #:—> Fy is defined by (7) —n(x, €), 
where e is the neutral element in G’; finally, the principal bundle operations 
on Hy are introduced by (2,y)-g’=(2,y°9’), (x€ Be:y,g'€ G). These 
notions are defined in the same way for associated bundles; they generalize 
the standard concepts of extension and restriction of the structural group; 
to which they reduce when à is the inclusion map of a closed subgroup. 
Clearly they can also be formulated for equivalence classes of bundles; if 
these are identified with the elements of the cohomology sets H(B,G,) and 
H? (B, Ge), in the notations of [19, § 3], then the A-extension of ¿€ H'(B, Ge) 
is its image under the natural coefficient map induced by À 


6.6. Characteristic map. Eg (resp. Bg)‘ is a universal bundle (resp. 
classifying space) for the compact Lie group G ([26],§19, [2],818; as in 
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[6] they will usually be taken as universal or classifying for all dimensions). 
Any principal G-bundle é over a base space B belonging to a suitable class of 
topological spaces is induced from the universal bundle by a map o:B— Ba, 
defined up to homotopy as the “characteristic map” for é [26,§19]. 

To a homomorphism À of G into a compact Lie group G’ corresponds a 
map p(A) of Be into Bq, defined up to homotopy, called the characteristic 
map for the A-extension of (Hg, Ba, G) (see [6],§ 1). It follows immediately 
from the definitions that a A-restriction of a principal G’-bundle y exists if 
and only if the characteristic map o of 7 can be written as o = p (à) © 0” where 
o is a map of B into Bg; when A is an inclusion, p(A) reduces to the map 


o(G, Œ) introduced in [2]. 


6.7. Fibre bundle over a fibre bundle. We discuss here a generalization 
of the “bundle along the fibres” (see § 7), which allows us to put in its 
proper setting a useful fact about characteristic maps. 

Let é, ņ be fibre bundles, é, 7 the corresponding principal bundles. We 
assume that Fe— By and that Gg is also a group of automorphisms of 7; 
the latter condition means that there is a homomorphism g— ÿ of Gg in 
the group of those homeomorphisms of Eş which commute with the operations 
of Gy, and, of course, such that the induced homeomorphisms of By are those 
which define Gg as structural group for é In particular, the homeomorphism 
g X Id of LyX Fy is compatible with the equivalence relation which defines 
7, hence Gg is also a group of homeomorphisms of Ey commuting with zz. 
By means of these operations, we define first a bundle a = (Æ,, Bs, En) with 
structural group Gg, and typical fibre Fy, associated to £; its total space is then 


E, = Ep Xe By. 


Since Gg commutes with #7, this map induces a map À of E, onto EE Xe; By 
= Eg. Since Gg, operating on Hy, and Gy commute, the space Eg Xo; Hy can 
be considered as a principal Gy-bundle over Hz, the operations of the group 
being defined by means of its action on the right factor, and moreover, we 
have the “associativity law” 


(EE Xap ha) X 65 Pa = LE Xes (En X65 F). 


From this, it follows immediately that A is the projection in a fibre bundle 
(Eu Be, Py) =v, in which Gy is the structural group, and whose corresponding 
principle bundle has total space Eg XKç6:Ë3. Therefore, we have obtained a 
bundle over Hz with fibre F}. It is clear that the inclusion map of a fibre 
of » in FE, may be viewed as a homomorphism of 7 in v; it induces a map 
t: By— Ig of their base spaces which is the inclusion map of « fibre of é. 
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Therefore, if « is the characteristic map for v, then ooi is characteristic for 
yn; and the characteristic ring of 7 is the image of 1*oo*, This proves in 
particular the following: | 


6.8. Propostrion. Let & » be two bundles with Fe By, satisfying 
the conditions of 6.7., and let à be the injection of a fibre of & Then the 
image of i*:H*(Hz,A)—~ H*(Fa A) contains the characteristic ring of 7. 


Let G be a topological group, U be a closed subgroup and 6 be a 
principal G-bundle. Then é= (#,/U,B,,G/U) and y= (G, G/U, U) satisfy 
the assumptions of 6.7, » being considered as a principal U-bundle, and 
Ge G (resp. Gy—U) acting by means of left (resp. right) translations 
on G; in this case, » may be identified with ð and v with (4,,H,/U,U), 
and 6.8 reduces to the corollary to Prop. 18.3 of [2]. The application to 
differentiable bundles will be mentioned in § 7. 


7. Vector bundles. 


7.1. A real (resp. complex) vector bundle is a fibre bundle with an n- 
dimensional real (resp. complex) vector space as typical fibre, the structural 
group operating by means of linear transformations. Most often, we shall 
identify the typical fibre with R” or C”, and the structural group with a 
subgroup of GL(n, R) or LG(n,C). We refer to [19] for the notions of 
sub-bundle, quotient bundle of a vector bundle, of Whitney sum £@ 7 and 
tensor product €®y of two vector bundles é 7. We recall that a principal 
bundle with group GL(n,R) or GE(n, R)* or GL(n, €) has a unique restric- 
tion (up to isomorphism) with group O(n) or SO(n) or U(n) [26, § 12]. 


7.2. Orientable real vector bundles. A real vector bundle is orientable 
if its structural group can be reduced to GL(n,R)* or SO(n). If such a 
restriction has been made, we then endow each fibre with the orientation 
which is carried over from a fixed given orientation of the typical fibre V by 
the allowable homeomorphisms of the bundle structure; the bundle is then 
said to be oriented; if V has been identified with R”, we always take the 
natural orientation of R”, 


1.8. Almost complex structures. A complex vector bundle (E,B, C2) 
defines in a natural fashion a real vector bundle (Æ£”,B, R2%), its À-extension 
relative to the standard inclusion A: GL(q¢,C) > GL(2q,R) ; it is. oriented. 
Conversely, if a real vector bundle (Æ,B,R°) has a A-restriction, we say 
that it admits a complex structure and that such a complex restriction is 
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a complex structure of the given bundle. A differentiable manifold admits 
an almost complex structure (resp. is almost complex) if its tangent bundle 
admits (resp. has been given) a complex structure To a complex structure 
of é== (E, B, R?”) there is attached a section J in the real vector bundle 
EF @ == Hom (£, £), where the value of J, of J at b€ B is the linear map 
defined by multiplication by V—-1; conversely, given a section J of linear 
maps such that J, ==— Id for all b€ B, we introduce on each fibre a 





complex structure by putting 
(z+ V—1y) v=: v +y: Jaw), 
which gives a complex structure for the given real vector bundle. 


7.4. The bundle along the fibres. Let é be a fibre bundle whose fibre 
is a differentiable manifold F' of dimension n, Gg being a group of differen- 
tiable homeomorphisms of F; the group G¢ is then also a group of auto- 
morphisms of the tangent bundle n= T (Fẹ) to Fg and of the bundle of 
frames j= B(Fe) which have GL(n, R) as structural group. We may apply 
6.7, and the bundle corresponding to » of 6.7 will be called the bundle 
along the fibres. It is a real vector bundle over Eg, whose. fibres are the 
tangent spaces to the fibres of é, and will be denoted by ê If F has an 
almost complex structure which is invariant under Gg, in other words, if 
. Gg is also a group of automorphisms for a complex structure 7 of y, then 
the construction of 6.7 may also be applied to £ and 7’ and yields a complex 
structure on £ which will then be called a complex bundle along- the fibres 
of é Also, if F'g carries an orientation invariant under Gg, then the structural 


group of È may elso be reduced to GL(n,R)*. Applying 6.8 to the basic ` 


elements of the characteristic ring of a O(n), SO(n) or U(n)-bundle (see 
§ 9), we obtain the 


PROPOSITION. Let £ be a fibre bundle whose typical fibre Fe has a differ- 
entiable structure invariant under Gg, and let à be the inclusion map of a 
fibre in He. Then the Pontrjagin and Strefel-Whitney classes of Fg, its 
Euler-Poincaré class with respect to an orientation invariant under Gg, and 
its Chern classes with respect to a Ge-invariant almost complex structure are 
in the image of 1*. 


(A similar remark has already been made in A. Borel, Jour. math. pur. 
appl. (9) 35, 127-139 (1956), proof of 8.2.) 


€ In this terminology therefore, an almost complex structure on a manifold corres- 
ponds to a complex structure of its tangent bundle. 


Cal 
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é is said to be differentiable if Hz, Be, Fe are differentiable manifolds, 
we is a differentiable map, and the coordinate functions are differentiable ; 
it follows then that Gg is a group of diffeomorphisms of Fẹ. In this case, 
the fibre of Ê over z€ Hg may be identified with the subspace of the tangent 
space of Hz at x which is tangent to the fibre of é passing through x. 


7.5. Proposition. Let G be a Ine group, U a closed subgroup, 
:U—>GL(n, R) the isotropy representation (1.1), and let £ be a principal 
G-bundle. Then the principal bundle n along the fibres of (Ee/U, Be, G/U) 
is the .-extension of (Hs, Ee/U,U). 


We have to show the existence of a map: e— En inducing the identity 
on H/U. 

We recall first that (E£/U, Be, G/U) may be considered as the bundle 
with typical fibre G/U associated to é; more precisely, there is a commutative 
diagram 


a 
He —— E: X G/U 


y ô 
B 
Eg/U — Be Xe G/U 


where y and à are the natural projections, « is defined by æ— (2,0), the 
point o € G/U being the image of U under the projection, 8 is determined 
by the other maps and is a homeomorphism. This also allows us to attach 
to each s€ He a homeomorphism o, of G/U onto the fibre y(x: &) of y(x) 
in E/U, defined by 


oo(y) =y'a*(x-g,0), (y€ G/U, gE G such that g7 (y) = 0). 
We have 


@s(0) =y (£); 0290208. 


All this is well known and easily checked. Let now À, be a fixed base of the 
tangent space to G/U at o. Then oz(R,) is a base of the tangent space to 
the fibre of (Hs/U, Bz, G/U) at y(x). We define ¢ by (2) = 021 Bo); 
from the relation og. u —#02°%, it follows readily that (tu) — (x) ‘:(u), 
in other words, that is a map. Since by construction, œ induces the 
identity on E¢/U, our contention is proved. 

(7.5) shows in particular that the structural group of the tangent bundle 
to G/U may be restricted to U. Finally, we mention the following well 
known elementary fact: 


16 
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7,6. Proposition. Let é be a differentiable bundle. Then tne quotient 
of the tangent bundle to Eg by the bundle along the fibres Ê is equivalent to — 
the bundle induced by we from the tangent bundle to Bz. 


In fact, mg induces a bundle map of this quotient onto the tangent bundle 
to Bg, and the proposition follows then from [26,§10.3]. 


8. Integration over the fibre. 


8.1. Let A be a commutative group, (#,B,F,7) a fibre bundle with 
connected fibres such that (i) there exists an integer g for which H*(F, A) 
—0 for r>q and that (ii) the cohomology groups of the different fibres 
form a constant sheaf over B. 


We want to define, in terms of the spectral sequence of the bundle, a 
homomorphism 


bh: Hk(E, A) H*4(B, H9(F,A)) (k= 0,1; >+); 


the so-called “integration over the fibre”. We put, of course, 4h = 0 for 
k< q and assume from now on that k= q. By (i), no non-zero element 
of E,%k-24, (r = 2), is a coboundary, hence the subgroup of the elements in 
E -e4 which are cocycles for all differentials is canonically isomorphic to 
E14, and we get a natural inclusion map 


hy: aa Bva = Ht-a(B, Ha(P, A)). 


Let now Je (a=0,1,- - -), be the decreasing sequence of submodu-es defining 
the filtration of H*(#,A) attached to the fibration, and let us put, as usual, 
Job Ja N HE, A). Since Eet? = 0 for b > q, we have H*(H, 4) = Jets, 
whence 


Ek ua = Jina / Jia- a E(B A) / Jeo 
and a natural projection 
ho: H*(#,A) — EF, 


h is then defined by 4 = h, ° ha; by linearity it extends to an additive homo- 
morphism of H*(H#,A) into H*(B,H¢(F,A)) and of H**(H,A) into 
H**(B, H9(F,A)). Whenever Ha(F, A) can be identified with A, for instance, 
when F is an oriented g-dimensional manifold, we consider it as a map from 
H* (ii, A) or H**(H, A) to H*(B,A) or H**(B, A), lowering by ¢ the degree 
of homogeneous elements. 
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8.2. Proposition. Let À be a commutative ring, £ a bundle satisfying 
conditions (i), (ii) of (8.1), h the integration cver the fibre. Then 


(me* (b) 2)" =b- (x), (be H*(B,A),2€ H*(h, A)). 


(Here b- (x)? means the product of b and (x) under the natural 
pairing of A and H2(Fz,A) to H%(Fz,A4).) For the proof, we may assume 
b and x to be homogeneous of degrees s,t. We identify b with its image in 
H,*° under the canonical isomorphism with H" (Bg, H°(Fe, A)) = H°(Be, A). 
Then we have 

ha(g” (b): (©) ) = ka? (b) «he (2) 
hi (xu? (b) -ha(2)) =b- (Its 0 he (2)) 
because #, is the graded ring associated to H*(Hz,A) filtered by the JF, 
and b is a cocycle for all differentials. 


8.3. Proposrrion. Let & n be two fibre bundles satisfying the condi- 
tions (i), (ii) of (8.1) and let ọ be a representation of éin n. Let y: 
H* (By, H9(Fy, A)) > H* (Be, H9(Fs,4)) be the homomorphism which is 
induced by the map $:Bz— By defined by p, and by the map v: H* (iy, A) 
—> HE (Fe, A) defined by the restriction of à to a fibre.®. Then the following 
diagram is commutative 


* 


p 
H*(Ey,A)  ——— H(E44) 


4 
y 
H"a ( By, H4( Py, A)) —— H*4(Be( H0 (Fg A)). 


This follows from the fact that $ induces a homomorphism of the spectral 
sequence of 7 into that of é, reducing to y on the E, terms [2,§ 4]. 


Remark. For another discussion of the integration over the fibre, see 
fll]; it is also proved there, but we shall not need this fact, that in case 
E, B, F are oriented compact connected manifolds, then 4 is equivalent to 
the Gysin homomorphism defined by means of + [11, Theorem 3]. 


8.4. Let é be a fibre bundle satisfying (i), (ii) and: (ili) A is a 
principal ideal ring, H*(Fz,A) is a free A-module of finite rank, Ha(Fg A) 
ez A, and Fe is totally non-homologous to zero ir Eg. 

As is well known, these conditions have the following consequences for 
the spectral sequence of é: 


*Note that, by assumption (ii), the latter homomorphism has an invariant 
meaning, independent from the particular fibre to which we restrict ¢. 
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Es FE, = H*(Bz, A) Q H* (Fs, A), 


and rẹ” is injective; if H*(Hz,A) is considered as a H*(Bz,A)-module by 
means of the rule bg == mg" (b) U x, (b € H* (Bg, A), x € H* (Hz, A)), and if 
h (11s m= rank H*(Fz,A)) are homogeneous elements of H= (Eg, A) 
inducing a module basis of H* (Fẹ A), then H* (Eg, A) is a free H* (Bz, A)- 
. module with base (A4). 

Assume that h, induces a generator h, of Ha(Fg A), and use h, to 
identify H4(Fe, A) with A. Then we have clearly 


(1) z= rg" (at) "ha + È mg” (05) ha, 


and this characterizes z completely. 

Let p, v be two fibre bundles with the following properties: E, — Ee, 
B, =E, B= Be, me== myomy and the restriction of rma to a fibre of £ is 
the projection map in a fibre bundle 8 == (Fg F,,F,). Assume that & p, v, 6 
satisfy (i), (ii), (iii), (with of course q depending on the fibre bundle) ; 
let hy, hy be homogeneous elements of H*(H#,,A), H*(H,,A) whose restric- 
tions to a fibre generate the highest non-vanishing cohomology groups. Then 
wy (hy) hu —hg has the same property in é If these elements are used to 
identify the corresponding cohomology groups of the fibres with A, then it 
follows immediately from (1) that 


(2) | be == Hro by. 


When é, u, v, 0 are fibre bundles satisfying (i), (ii) whose total spaces, fibres 
and base spaces are compact oriented manifolds, then (2) follows directly 
from the equivalence with the Gysin homomorphism mentioned in 8.3; it 
was shown to us to be true in general by Puppe, but since this is not needed 
here, we shall not reproduce the somewhat longer proof of this fact. 


Chapter III. Roots and Characteristic Classes. 


9. Characteristic classes. ‘We recall here the. definitions of Chern, 
Stiefel-Whitney and Pontrjagin classes to be used in this paper, i.e., mainly 
the definitions which use universal bundles and flag manifolds. § (£1, -, Ta) 
is the ring of symmetric polynomials in the m?s, with respect to a ring of 
coefficients which the context will make precise. S{a,,- - -,2,} is the corre- 
sponding ring of symmetric formal power series. 


9.1. Chern classes. Let € be a principal U(n)-bundle. Its i-th Chern 
class is denoted by c; or c:(&), (€ H**(Bz,Z)), and c or c(é) is the sum of 
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the cs. It may be defined as follows: let dj (1Æj<n) be the complex 
lines spanned by the canonical basis vectors of C” and let T be the group 
of diagonal matrices in U (n); the group T is a maximal torus of Uin), its 
largest subgroup leaving the d,’s invariant. In the universal covering V of 
T, we introduce coordinates x; such that z == (%,- - -,%,) operates on d; by 
%Z—>2-exp(2xriz;); in other words, x; is such that, for small positive values 
of x; the product z A x(z) defines the natural orientation of d; The restric- 
tions of the x; to the unit lattice define a basis of Hom(H,(T,4),2Z) and 
thus a basis of H+(T,Z), and they are, moreover, permuted by the Weyl 
group W(U(n)) of U(n). Let y;——7(2;), where 7 is the transgression 
in (Es Hs/T,T), and let p be the projection of E/T onto Bz. Then 
y: € H?(#:/T,Z) and c(é) is defined by 


p*(c(6)) =Ü +m). 


To legitimize this, we have to know that the right hand side is in the 
image of p* and that p* is injective. It suffices to prove the first point in 
the universal bundle, in view of the commutative diagram 


p 
Ee —> #£:/T —— Bz 


œ 
, 


VW 
Ey (ny SR res Buin) 
where o is a characteristic map, but there it follows from [2,§29] since p 
is by definition p*(T,U(n)). As to the second point, H*(U(n)/T,Z) is 
equal to its characteristic subalgebra [2, Prop. 29.2] ; hence U(n)/T is totall- 
non-homologous to zero in any fibre bundle of the type (E/T, Be U(n)/T), 
where é is a principal U(n)-bundle ([2], Cor. to Prop. 18.3), and this 
implies, in particular, that p* is injective. 

Let us call here a flag or, more precisely, a complex flag an ordered 
system of n mutually orthogonal 1-dimensional subspaces of C”. Then 
U(n)/T is the space of flags and Ee/T is the total space of the bundle of 
flags in the complex vector bundle é associated to é; the bundle » induced 
from é by p, with base space E/T, decomposes into a Whitney sum of n Ct- 
vector-bundles with characteristic classes y; Thus the present definition of 
c(£) is quite analogous to that of [19, 8 4] and, in fact, will be shown in 
Appendix I to be equivalent to it. 

From the properties of p* quoted above, it follows that p**: H**{B4 R) 
—> H** (E/T, R) is injective and has an image containing the formal power 
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series in the yÿs which are symmetric. Thus we may introduce zhe Chern 
character ch(£) of £ as an element of H**(Bz,R) by 
p*(ch(£)) =expyi +: : ‘sb Exp ÿn mm 2 GN (Yat + + Unt). 
JE 
Clearly, ch(£) and c(é), both regarded as elements of H**(B£&R), deter- 
mine each other; ch(£) is denoted by (é) in [19]. 


9.2. The Stiefel-Whitney classes mod 2. Let & be a principal O(n)- 
bundle; its i-th Stiefel-Whitney class mod 2 is denoted by w; or wi(é), 
(w,€ H+ (Bz, Z:)), and the sum of the w; by w or w(é). By naturality, it is 
enough to define it in the universal bundle. Let Q@ be the subgroup of 
diagonal matrices in O(n); we have H* (Boin Z2) = Zola,” © °, Un], where 
the ups are 1-dimensional classes, which may be assumed to be permuted 
among themselves by the normalizer of Q in O(n), and p*(Q,O(n)) maps 
H* (Bon), 42) isornorphically onto © (t1, : -,w.). Then w is defined by 


p*(Q(n),O(n)) (w) =T (1 +w) 


(see [3]). This can also be expressed by means of flags. In fact, O(n)/Q 
is the space of flags (i.e., of ordered systems of n mutually orthogonal lines) 
in R” and (E:/Q, Be, O(n)/@) is the bundle of flags in the vector bundle 
associated to € Let w; be the image of u; under the characteristic map of 
(Le, E/Q,Q), and let p be the projection of Hz/Q on Bz, Then 


p*(w(é)) I (1 +0), 


and this characterizes w(&) since p* is injactive by [3], Remark on p. 177, 
and [2], Cor. to Prop. 18.3. 


For an SO(n) bundle, the Stiefel-Whitney classes mod 2 are defined as 
those of the extension to O(n). 


9.3. The Pontrjagin classes. Let é be a principal O(n)- or SO(n)- 
bundle. Its i-th Pontrjagin class p; or p,(£) is the 21-th Chern class of the 
unitary extension of é multiplied by {—1)*, and p or p(£) is the sum of 
the ps. It may also be characterized in the following way: for n — 2m, 
2m -+ 1, let d; be the 2-dimensional subspaces of R” spanned by the (25 —1)- 
th and 27-th canonical basis vectors, and let T be the maximal subgroup of 
SO(n) leaving the djs invariant; it is a maximal torus. We choose coordi- 
nates v; in its universal covering such that z == (2,,- : *, 2m) operates on d; 
by means of a rotation of angle 272z;; for n==2m, we require that for small 
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positive values of the xÿs, the exterior product v; À æ(v;) (v,€ dj, v70, 
j—=1," m) defines in d; the same orientation as the (27—-1)-th and 
27-th canonical basis vectors of R”. This determines the ss completely. 
Let us consider the zs as a basis of H (T, Z) and put y; ——r(x;), where 
r is the transgression in the universal bundle. It follows from the definition 
and from the computations made in [2], proof of Prop. 31.4 (see also 9.4), 
that 


(1) pa” (T, @) (p) IL (1 +y). 
In §30, we shall see that | 
(2) p:* (T, G) (pi) = wai’, (G—SO(n),O(n)), 


and that p is completely characterized by (1) and (2). The Pontrjagin 
classes mod p (p5£2), may also be defined by going ové& to a bundle of 
flags. In R” (n=2m,2m+1), we call a 2-flag an ordered system of m 
mutually orthogonal 2-dimensional oriented subspaces. Then the space of 
' 2-flags in R” is O(n)/T for n even or O(n)/T’ for n odd, where T’ is an 
extension of T by Z}. Let € be a principal O(n)-bundle and p be the pro- 
jection of E/T or E/T’ on Bg. Then we have | 


e*(p(é)) =I (+ 7r(a)*), 


where r is the transgression in the canonical principal T-bundle over E:/T 
or E/T” respectively. This is valid over the integers; however p* is injective 
in general only for the cohomology mod p (p3&2), (again by [2], $29 and 
Cor. to Prop. 18.3, since SO(n) and O(n) have no p-torsion for p52). 

The (2i+1)-th Chern class of the complex extension will be dencted 
Pa 3 1t IS an element of order 2, equal to the square of the integral (2i + 1)-th 
Stiefel-Whitney class (see Appendix II); p or p(é) will be the sum of the p; 
and pes. We have pz*(T, G) (p) = pz* (T, G) (D). 

9.4. Remark on the complex extension. For computational convenience, 
we shall take as a complex extension of an O(n)-bundle the A-extension, 
where A==d0y is the product of the injection y: O(n) = U(n) and of the 
inner automorphism §:2-> gzg™", the element g being a direct sum of 2 2 


matrices 
if i 
V2\1 —1: 


and of (1) for odd n; since it is equivalent to the y-extension, this does not 
alter the Chern classes. The maximal torus T of O(n), previously described, 
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is then mapped onto the diagonal matrices with coefficients exp(+ ?rix,), 
and 1 for odd n. We have 


À (Lapa) == —A™ (22) = T5 (1S7 S [n/2]) 
A* (2a) =0, (n odd), 


where (z;), (x;) are the bases of the first integral cohomology groups of 
the standard maximal tori of O(n) and U(n) described before. 


9,5. The Euler-Poincaré class. Let £ be an oriented vector bundle. with 
2m-dimensional fibre, structural group SO (2m), and lst y be the associated 
bundle of unit spheres. The Euler-Poincaré class Wan(£) or Wem of £ is 
equal to —r(s), where x is the generator of H?#-1($,,,,£) defined by the 
positive orientation, and r is the transgression in 7. In the universal case, 
it is also characgerized by the two properties: 


(i) Wom, reduced mod 2, is equal to Wom, 
(ii) pz* (T, SO (2m) ) (Wom) = Yr t Ym 


For the tangent bundle to a diferəntiable, compact, connected, oriented 
manifold, We, is the fundamental class multiplied by the Huler-Poincaré 
characteristic. 


9.6. Symplectic Pontrjagin classes. Let é be a Sp(n) bundle and y its 
extension under the standard inclusicn of Sp(n) in U(2n). Its i-th sym- 
plectic Pontrjagin class e:(£) or e; is by definition 


6:(€) = (—1}foù(é}, 


and its total symplectic Pontrjagin class e(£) or e is the sum of the es. 
The computations made in the proof of Prop. 31.3 in [2] show then that 
the universal symplectic Pontrjagin class satisfies 


(3) pz* (7, Sp()) (e) TT (1+ y), (T a maximal torus of Sp(n)), 


where the yÿs form a base of H*(Br,Z) whose elements are pezmuted, up 
to sign, by W(Sp(n)). Moreover, it follows from ([2], §9, 29) that 
H*(Bspin), Z) is the ring of polynomials in the eps and that pz*(T,Sp(n)) 
is injective. 

9.7. The multiplication theorem. Finally, we recall the Whitney 
multiplication theorem. Let 


09 & és ££" > 0 
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be an exact sequence of real (resp. complex, resp. quaternionic) vector bundles, 
with structural group G—O@{n) (resp. U(n), resp. Sp(n)) for three suitable 
values of n. Then we have 


(4) w(é) =w(e’) wE) (= O(n)), 
(5) PE) —B(E) PE)  (G—O(n)), 
(6) c(É)—c(#)-e(£)  (@=U(n)), 
(?) elé) = e(¥) elé") (G= Sp(n)). 


(4) and (6) are classical; (5) and (7) follow from. (6) and the definitions. 
We note that, in view of (5), we also have 


(8) p(é) =p(&)-p(€’) modulo 2-torsion. 


These formulae imply, in particular, that w or D (resp. c, resp. e) is invariant 
under an extension relative to the standard inclusion O(k) C O(m) (resp. 
U(k) CU(m), resp. Sp(k) C Sp(m)), (m =k). 


10. Representations and characteristic classes. 


10.1. Integral forms as cohomology classes. Let T be a torus, V 
its universal covering, T the unit lattice, and [*=Hom(T,Z). Thus 
T* ez H1(T,2), and, for any commutative group, T*®A=H'(T,A). We 
shall make this identification and, in particular, identify H> (T, R} with V* 
and H'(T,2Z) with the integral linear forms on V. Also, the roots discussed 
in Chap. I wall be considered in this way as elements of H (T, Z) or H'(T,A). 

Let é be a principal T-bundle. Then rg maps all of H*(T,A) in 
H*(Bz,A). Unless this may lead to a confusion, we shall denote by the 
same symbol wE€T*@A, the corresponding element in H'(T,A), and 
— relw) € H? (Bz, A). 

Let G be a compact connected Lie group and let T be a maximal 
torus of G. First assume G to be semi-simple and simply connected. Then 
the transgression in (G,G/T,7') is an isomorphism of H'(T,Z) onto 
H’”(G/T,Z) since G/T is simply connected. Thus the previous conventions 
identify H?(G/T,Z) and H*(T,Z) with the weights of G (see 3.3). Let G* 
be the quotient of G by a finite invariant subgroup and T* the image of T 
under the natural map of G onto G*. Then G/T is homeomorphic to G*/T*, 
as is well known (see e.g. [2], §26); however the transgression in 
(G*, G*/T*, T*) will be an isomorphism of H'(7'*,Z) onto the subgroup 
of H?(G/T,Z) corresponding to the weights which are integral on the unit 
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lattice of G*. In the general case, let G, be the greatest semi-simple sub- 
group of G (2.9); since maximal tori are maximal abelian subgroups, 
Tı =G, N T is a maximal torus of G,, and moreover (2.9), G/T may be 
identified with G,/7,. Since a toral subgroup of a torus is always a direct 
factor, the map H'(T',Z)— H1(7,,Z), induced by inclusion, is surjective, 
and the map: p= (Gu G,/T,,T,) >v = (G,G/T,T), defined by inclusion, 
shows then that r,(H'(T7,Z)) =7t,(4'(T;,Z)). 

Let now G’ be the quotient of G by a closed subgroup of the center, 
r:G—G the projection, U a connected subgroup of maximal rank in G, 
U0,=G,NU, U’ =xr(U). Then rank U, =rank G, rank V’ = rank Q, 
and it follows from 2.9 that G/U = G;/U;. Also, the argument cf [2, § 26] 
referred to above shows that U is the full inverse image of U’ in G, and, 
consequently, that G/U —G’/U’. Therefore, when we deal with coset spaces 
G/U (rank @ = rank U), there is no loss in generalitv in assuming that G 
is semi-simple and simply connected. 


10.2. The weights and the character of a homomorphism. Let G, G’ 
be two compact Lie groups, À: G—>@ a homomorphism, T and 7” toral 
subgroups of G and @ such that A(T) C T’, and (x':) a base of H! (T, Z). 
Then À induces homomorphisms of H1(T7”,Z) and V’* in H!(T, Z) and V*, both 
to be denoted by A*. The elements w;—1À*(x;), viewed either as elements 
of H1(T,Z) or as integral linear forms, will be called the (7,7”)-weights 
of A, or simply the weight of A when T and 7” are maximal.” The formal 
power serjes HO Ses 
considered as an element of H** o or of H**(Bz,R), where é is a 
principal T-bundle, will be called the character of À. 

Assume now T, T to be maximal and @ =U (n). Then for tET, 
the matrix A(t) is diagonal with the coefficients exp(27iw;) ; in other words, 
the w; and the sum of the exponentials of the 2riw; are, respectively, the 
weights and the character of the representation À in the usual sense. 

In the case G— On), i.e. of a real linear representation, we have 
analogously 


D(2nw;) | D (Er) 


0 


Maye] A(z) = | 
D (rom ) D (22m) i 


-1 More precisely, with respect to the basis {z’,), which is always supposed to be 
chosen as in § 9 when @’ is a classical group. 
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for n==2m and n—?%m + Í respectively, where D(«) is a 2-dimensional 
rotation of angle a; the weights of A, considered as a representation in U(n), 
are then the forms +w;, together with the zero form for odd n. 


10.8. THEOREM. Let G, G be two compact Lie groups, À: G— G@ a 
homomorphism, T, T” maximal tort of G and G’ such that A(T)C T’, and 
(w;) the weights of À. Let é be a principal G-bundle, n its X-extension, p the 
projection of E/T onto Be. Then 


(a) If F—U(m), then 
p*(¢(y)) =I +e); p**(ch(y)) = ch à. 
(b) If Œ@ =SO(m) or O(m), the Pontrjagin class p(n) satisfies 
e*(p(n)) = (8 (1)) = (+ (05)°). 
(c) If @ = SO (23m), the Euler-Poincaré class Wom(n) satisfies 
P*(Wam(n)) = II oj. 


(a) We have a commutative diagram 


E:—> E/T ee. 
(1) $ | | Pi ; | 
RES IPS o 
where ¢ is a A-map. By (9.1), putting c’ for c(7), we have 
p*(¢) =I (1—7 (7); 
where 7’ is the transgression in (Hy, H,/T’, 7’) ; and therefore 
P(e) =p 6"*(¢) =TIO — dur (a). 
Since ¢ commutes with transgression, this gives 
p*(e’) =I (1 —2a# (x) 


and our assertion follows from the definition of the weights and the notation 
convention of (10.1). The proofs for (b) and (c) are similar. 


10:4. COROLLARY. Let G=U(n), Œ =U(m),T the standard maximal 
torus of G, o; = È dix; the weights of À expressed in terms of the canonical 


basis of HT(T,Z), (i=1,: : -;n;1—1, : -,m). Then 
= c(a) = HG + È ayy) 
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where the yÿs are formally defined by c(£) =][(1+y:). The class c(y) 4s 
a polynomial with integral coefficients in the classes ¢;(&). 


By (9.1), we have p*(c(é)) —[T(1—7r(x;)), and our first assertion 
follows from 10.3 and the fact that p* is injective when G is the unitary 
group. Moreover, the Weyl group W(U(n)) operates in a natural way on 
the fibration (E/T, Be, U(n)/T,p) and induces the identity on Beg (see 
[2],§27). Therefore the image of p*, and in particular, p*c(y), is made 
up of invariants of W(U()); since the latter is the group of permutations 
of the z, or equivalently, of the r(x;), it follows that c(n) is a symmetric 
function in the y,’s, whence our second assertion. 


10.5. COROLLARY. Let G=O(n) or SO(n), & be O(m) or SO(m). 
Then p(n) reduced modp (p 2), ts a polynomial in the mé), and if 
G==SO(2m), in Wom(é). If À can be extended to a homomorphism of 
U(n) into U(m), then p(y) is a polynomial in the classes pit E), Pial é), 
and, in particular, p(y) reduced modp (p£), is a polynomial in the 
classes p;(&). 


The first assertion is proved in the same way as 10.4, using 9.3, 9.5 
and the properties of the invariants of W(G@) recalled in 30.2. The second 
one follows from 10.4 by considering the Pontrjagin classes as the Chern 
classes of the complex extension. 


10.6. Examples. (a) Let é be a complex vector bundle, &* the dual 
bundle. Then, if c(£) —[[(1+ 2), we have c(é*) —[[(1—x;). In fact, 
the principal bundle 8 associated to £* is the A-extension of the principal 
bundle of é, where À is the contragredient representation, whose weights are 
obviously the forms — 2%. 


(b) Let G==U(n), 7 be a positive integer =n, and À the natural 
representation of U(n) in the j-th exterior power A/C" of €. Let (a) 
be the canonical base of C”. Then the products 


en AN Cig N***A bi, GEUL <ÿ£n) 
form a base of A/C", and we have 
A(x)(e, À + A eu) = exp [Rrit ++ + + + Ey) ] (0, A+ + A &,); 
i.e., the weights of A are the sums 
Byte = cae, Geen). 


Here y is the principal bundle associated to the bundle of contravariant p- 
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vectors in the complex vector bundle associated to é This bundle has, 
therefore, as Chern class 


= JL (Feat H ty). 


IS Liin 


(c) In the same way, the Chern class of the bundle of contravariant 
symmetric tensors of degree 7 will be 


H a Hdi + + ++ 9i,). 


(d) Let & (t=-1,2), be two complex vector bundles over B and let 


ni . 
Ci = IT (1 + 2) 
I= 


be formal decompositions of their Chern polynomials. Then 


C(&, @ é) = il Ñ (1+ at) + 2). 
=ł g=1 


To see this, we take as é the principal bundle with group U(n,)X U(me) 
associated to the sum é @ &, whose Chern class is €(1)-¢i2) by the multipli- 
cation theorem (9.7), and as À the representation of U(n,)X U(n,) in 
U(n,-m2) defined by (91,92) > g: © gə, considered as an automorphism of 
Cx@C~, The products ¢,@f, where (e) and (f;) are the canonical bases 
of € and C2, form a base of C= @ C2; hence the weights of À are the forms 
2) + 3,8), and our contention follows fram (10.3) and from the fact that 
the A-extension of £ is the principal bundle of 4 @ é. 


(e) To compute the Pontrjagin classes of real vector bundles, it is 
often more convenient to look at the Chern classes of the complex extensions ; 
as an illustration, we take the case where G = SO (2n) and A is the repze- 
sentation in AFR?» Let p, v denote the complex extensions of é (as 
defined in 9.4), let T, T’ be the standard maximal tori of SO(2n), U(2n), 
and let (a), (x) be the canonical bases of H1(F,Z) and H*(T', Z). We 
have a commutative diagram 


p 
He our Ee/T — Be 
$ 1 Id 

0 G 
En E/T -— Bg, 


and it follows from (9.4), (10.3) that 
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Ti == À" (24-1) = — )* (Za) (i < 4 = hr), 
(E) = TT (+20), 


o*(o(u)) = TT +2), 


Now, v is clearly the extension of p corresponding to the “complexification 
of À,” Le., to the natural representation of U(2n) in A?*C**; therefore, by 
example (b), 

o*(c(v))= IT (++). 


1Si<jS2n 
This gives 
prot (eo) = TT (1— (ata)? (1 (ais), 
= JEn 
_ pX(c(r)) = I] [(1— z? —a;*)? 4-4? a7], 
1Zi<jsn 
and finally 


p*(B(n)) = e*(p(n)) ie [14 re +e) — A n er]. 


(f) It may be shown in the same way that if é, & are two real vector 
bundles over the same base space B with Pontrjagin classes reduced mod p 


(px&2), equal to 


pé =i A+) pé) = IT +9), 
then 


p(&@&) =] T+ (aHa): (LH (e—a). 


10.7. THEOREM. Let G be a compact connected Ine group, U a closed 
subgroup of G, S a maximal torus of U, and (+ b;) (17554), the roots 
of G with respect to S which are complementary to those of U. Let é be a 
principal G-bundle, p the projection of Es/S onto Ez/U, and n the bundle, 
along the fibres (7.4) of (H:/U,Bz, G/U). Then p*(5(n)) =I (1 +37) ; 
if, moreover, U is connected and dim G/U =m is even, then p*(Wy(n)) 
= + JT b; 


By (7.5), n is the extension of (Hz, Ee/U,U), where « is the isotropy 
representation; according to the definitions in (1.3) and (10.1), the bys 
are the weights of . (up to a certain number of zero forms, but this does not 
alter our formulas), and (10.7) follows then from (10.3). The sign for 
the Euler-Poincaré class will be determined by the conventions made in 9.5, 
once the bundle along the fibres has been oriented. 
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10.8. We keep the previous notations. Let J be an invariant almost 
complex structure on G/U and y’ be the complex vector bundle structure of y 
constructed by means of J (see 7.4). J is defined by a complex structure 
on the tangent space (G/U),, invariant under U; this complex structure 
gives vise to a linear representation t of U in C™? (m = dim G/U), which 
goes cver to « by taking real anc imaginary parts. The weights of & are 
some of the forms + b; and (10.3) also implies: 


THEOREM. We keep the notations of 10.7; assume, moreover, that G/U 
has an invariant almost complex structure J, and denote by 7 the comglex 
vector bundle structure of n associated to J. Then p*(c(n’)) = IT (1 + 4)), 

gel 


(= +1), where ejb; runs through the weights of the complex isotropy, 
representation i defining J. 


The weights of ., will be discussed in detail for the case where rank G 
= rank U in Chapter IV. 


10.9. In order to study the tangent bundle to G/U it is usually con- 
venient to consider the bundle @ along the fibres of (By, Bo, G/U, p(U, @)) = 90 
and restrict to a fibre of 6, since this allows one to make use of known results 
about classifying spaces. We consider here, in particular, the case where 
U =T is a maximal torus and show the 


Proposition. Let T be a maximal torus of G. Then the total Pontrjagin 
class p(y) of the tangent bundle u to G/T ts 1. 


Let 8 — (Br, Bo, G/T) and let à be the inclusion map of a fibre. 
H*(G/T,Z) is torsion free ([5], or R. Bott, Bull. Soc. Math. France 84, 
(1956) 251-281), and therefore the subgroup $ of invariants of W(G) in 
H*(G/T,Z) is a free abelian group; since by a lemma of Leray (see [2], 
Lemma 27.1), H*(G/T,R) is the space of the regular representation of 
W(G), it follows that S—H°(G/T,Z) and that the kernel of 4* contains 
the subgroup J¢* of invariants of W(G) in H*(Br,Z) having strictly positive 
degrees. 


By (10.7) we have 


p(6) =I + bf), 


where the + 0,’s are the roots of G. Since W(G) permutes the 5,7, it leaves 
.p(6) invariant, whence | 


Du) = (5(0)) 1. 
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11. Representations and Stiefel-Whitney classes. In this section, Q, 
Q’ denote commutative groups of type (2,2, : :,8). The following discus- 
sion applies to any arbitrary compact Lie group, but has an interest only 
for groups in which maximal commutative subgroups of type (2,: : :,2) are 
conjugate and play in cohomology mod2 the role of maximal tori in real 
cohomology. We therefore assume tacitly that G, G’ are products of copies 
of O(n), SO(n), U(n), SU(n), Sp(n), Gz (see [3]). 


11.1. Characters of Q as cohomology classes. Q being discrete, H*(Ba, A) 
is the cohomology ring of Q in the sense of Hopf-Hilenberg-MacLane, and, 
in particular, H1(Be,A) = Hom (Q, A). Thus ze Hom(Q,A) may be con- 
sidered as a 1-dimensional cohomology element in Bg or, via the characteristic ` 
map, in the base space of any principal bundle (E, B, Q), which will be usually 
denoted by the same symbol (s € H1(B,A)) in particular, the 2-roots intro- 
duced in §5 will be considered as elements of H*(B, Z). We note that if 
A: Q> Q is a homomorphism, then 


p(A)*: E (Be, A) > H! (Bo, A) and N: Hom(Q’,4) — Hom(Q, A) 
are carried into one another by the previous identification. 


11.2. The 2-weights of a homomorphism. Let À: G—>G be a homo- . 
morphism, Q, Q’ maximal and such that X(Q)C Q’, and (x), (x) bases 
of Hom(Q,Z.) and Hom(Q’,Z.), considered as Z,-modules. ‘Then aA*: 
Hom (Q’,Z.) — Hom (Q,4.) is characterized by elements w;==A*(z2’;) 
— >) ati, to be called the 2-weights of À. Here, also, we assume, in case of 
an orthogonal group, the basis to be chosen as in (9.2). 


11.8. THEOREM. Let G be a compact Ine group, Q.a maximal commu- 
tative subgroup of type (2,:°*,2),A: G— O(n) a homomorphism, (w;) tts 
2-werights, Ea principal bundle, & tts A-extension, and p the DORE of E/Q 
onto B. Then p“(w(£)) = [[(1 +w;). 

The proof is the same as for (10.3), except that instead of (1) $ 10, we 
use the commutativity of the diagram 

g 
Be/Q — E:e/Y 


g a’ 
Bo — Be, 


where o and o’ are characteristic maps, and the end remark of (11.1); 
therefore, we shall not reproduce it here. 


A 
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Remark. For the groups mentioned at the beginning of §11, P* is 
injective [3]. 


11.4. COROLLARY. Assume, moreover, that G=O(n). Then w(£) 
= [[ (1 + Daya), where the x; are the formal roots of w(€). In particular, 
w(é’) is a polynomial in the classes w,(Ë). 


Same proof as for (10.4), except that instead of using the Weyl group, 
we take the quotient by Q of its normalizer in O (n) ; its inner automorphisms 
also induce the group of permutations of the sys. 


Examples. Computations paralleling those of 10.6, (b), (c), (d) will 
lead to the same formulas for the Stiefel-Whitney classes of bundles of p- 
vectors, symmetric tensors, and for tensor products, the +; and y; standing 
now for 1-dimensional classes mod 2. Details are left to the reader. 


11.5. THEOREM. Let G be a compact Lie group, U a closed subgroup, 
and Q a maximal commutative subgroup of type (R,: - :,R8) of U. Lev é 
be a principal G-bundle, p the projection of He/Q on He/U, and x the bundle 
along the fibres G/U. Then 


p*(w(r)) =I + a), 


where the aÿs are the 2-roots of G with respect to Q, complementary to 
those of U. 


The a,’s are the 2-weights of the isotropy representation; hence (11.5) 
follows from (7.5) and (11.3). 
Applications will be given in Chapter V. 


Chapter IV. Roots and Invariant Almost Complex Structures. 


In this chapter, G is a compact, connected, semi-simple, Lie group, l its 
rank, U a proper closed connected subgroup of the same rank, and T a 
maximal torus of U. If y is a set of roots, we put — y = {—a,a€y}. 


12. Integrability of invariant almost complex structures. We recall 
here some known facts in a form convenient for the sequel. 


12.1. Let V be a real 2n-dimensional vector space, endowed with a 
complex structure defined by a linear transformation J, and let Ve be its 
complexification. Then 


rerit., TT,  TNT-— (0), 


17 
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where Z* (resp. 7-) is the eigenspace of the extension Je of J to Ve corres- 
ponding to the eigenvalue + 4 (resp: —1) and where the bar denotes complex 
conjugation with respect to F. Conversely, given such 2 decomposition of V°, 
we define Je by Je(r) =1-@ (xE T+), Jo) == te, (x€ T-); then J° leaves 
V invariant and induces there a complex structure such that z>2-+@ is a 
complex isomorphism (v€ T+). In particular, given a linear transformation | 
A without real eigenvalues, we define T* (resp. T-) as the sum of the eigen- 
spaces of its semi-simple part corresponding to eigenvalues with positive 
(resp. negative) imaginary parts, and thus attach to A a complex structure 
on FV. 


= 12.2. The roots of G with respect to T define linear forms on the Lie 
algebra t of T, and it follows from (1.3) and standard facts about the adjoint 
representation that 
EH 0. ~ Rady (x) 
edz la (o 0 ce) 0 ), (ze tf), 
adx being defined by (adx)(y) =[a,y], (x,y €g). 
We have then, superscripts denoting complexification, that 


ge = t + a +: L + ans, Qi == De, + Da, 
[T, Cag, | = + ridi (2) eza; (esa; € Deas) 3 


since any two roots are different from each other, the 1-dimensional eigen- 
spaces Deg, are well determined by t. We recall that if a, 8 are two roots, 
we have 


[ba De] = 0 if a-+- 8 is not a root and not zero, 
(1) | [bas De] = Barg if ¢-+- 8 is a root, 
[Da D-a] C t, [be D-a] 50. 


12.3. Assume now that G/U has been endowed with an invariant almost 
complex structure and let + b; (1S7 & k) be the complementary roots. The 
almost complex structure is characterized by a linear transformation J, 
(J? ==—— Id), of (G/U). which commutes with the linear isotropy group 
(1.1). Since 6:4 bd; for 143, J must also leave the subspaces b; invariant 
and it induces complex structures on them which characterize it completely. 
Now on each b; there are two complex structures commuting with tae isotropy 
representation of T in b;, differing by the oriéntation they induce; to each b, 
we attach a sign «e, equal to +1 (resp. —1), according to whether the 
ordered pairs (e, Adé(e)} and (e,J(e)) define the same orientation or not 
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(e€b,,2-<0,t€ T such that 0<b;(t) <4). The eb; will be called the 
roots of the almost complex structure, which they describe completely. 

We extend J to a linear transformation J of g by putting it equal to 
zero on u, and to a linear transformation J¢ of g°; it is readily seen that 


Je (ley) m 0 ° bejby > J°(2_¢,0,) =. — 4" Ceb (es, E€ Dapy). 


The space T+ of (12.1) may be identified with the space spanned by the 
Veb; Which, by the foregoing, is invariant under AdgU. Since t>2-+4 @ is 
a complex isomorphism of T* onto (G/U), the previous identification carries 
the restriction of Ade U onto the complex isotropy representation to defined 
in §10, and, therefore, the «jb; are the weights of tu. 

The almost complex structure is integrable, i.e. (since we are in the 
real analytic case), derives from an automatically invariant complex analytic 
structure, if and only if 


n = N° + Den Fe e ob Deny 


is a Lie algebra [14,§ 20]. In view of the properties of the bracket recalled 
above, this proves the first assertion of: 


12.4. Lemma. Let 6 be an invariant almost complex structure on 
G/U, y the system of its roots, and & the system of roots of U. Then @ is 
integrable if and only if SU y is closed in the sense of 84. In this case, 
y ts ciosed and contained in a system of positive roots. 


As to the second assertion, we remark that by 4.10, we have 3 = 6 U — 0, 
where 0U ẹ is a system of positive roots for some ordering. Since SU y 
and OU y are closed and since yM—y—=—4, it follows immediately that y 
is closed. | 

More precise statements about y will be given in 18.7. 


13. Applications. 


13.1. The following known facts will be used in this section. A compact 
connected Lie group K is semi-simple if and only if H1(K,R) = 0, and then 
H°(K,R) —0 (see, e.g., Chevalley-Hilenberg, Trans. Amer. Math. Soc., 63 
(1948), 85-124). A simple spectral sequence argument then shows that, if 
K is compact and semi-simple and E is a closed connected subgroup, the 
transgression is an isomorphism of H1(L,R) onto H?(K/L,R), and, in 
particular, that H?(K/L,R) = 0 if and only if L is semi-simple, too. 


13.2. Coset spaces with second Betti number zero. As a first application 


x 
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of §§ 4 and 10, we prove anew a theorem of H. C. Wang [31, Theorem C] 
to the effect that a coset space G/U with rack G —rankU and second Betts 
number zero is not homogeneous complex. 

' Assume that G/U has an invariant almost complex structure with roots 
(gb), (127); let © be its first Chern class and p be the projection 
of G/T onto G/U. By (10.8) and (12.3), 


p* (c) == — 7 (€,0; + Den + erby) 


(r transgression in (G,G/T,T)). Since H?(G/U,R) =0, c, must be a 
fortiori zero as a real cohomology class, and hence, by (13.1), X, «b; = 0. 
But then, by $4, the system (e;b;) does not satisfy the condition of 12.4, 
and thus the almost complex structure is not integrable. 


13.3. Hzamples of (13.2). Now let G be simple and U be a maximal 
connected subgroup of maximal rank. A complete list of such inclusions 
is given in [7]; to discuss it, we assume, moreover, the center of G to be 
reduced to the identity, which is no loss in generality. These inclusions 
may then be diviced into three classes: 


(a) U is the connected centralizer of an element of order 2, which 
generates its centar. 


(b) JU is the centralizer of a one dimensional torus S, and S is the 
identity component of the center of U. 


(c) U is the connected centralizer of an element z of order 3 or 5, 
which generates its center. 


The coset spaces G/U corresponding to the classes (a), (b) are irreducible 
Riemannian and kermitian symmetric spaces respectively. In the class (c) 
we find seven spaces, namely G/A, = Se F/A X Ao, Eo/As X Ao X Az, 
E,/Az X As, Es/As, Es/A2 X Es for z of order 3 and E./4, X A, for z of 
order 5. 

U being the connected centralizer of z, its algebra u is the set of fixed 
points under Adz; consequently, Ad z has no real eigenvalues on the comple- 
mentary subspaces b;, and we may attach to it a complex structure on. (G/U) >», 
as recalled in (14.1), which will be invariant under U, since the latter 
commutes with Adz, and defines, consequently, an invariant almost complex 
structure on G/U. Here since U has a discrete center, it is semi-simple, and 
H°(G/U,R) =0 (see 13.1). Therefore, by (18.2), we have the 


PROPOSITION. The seven coset spaces of the class (c) above are homo- 
geneous almost complex but not homogeneous comoples. 
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This generalizes a known result for §ẹ (Ehresmann Libermann, C. R. 
Acad. Sci. Paris 282 (1951), 1281 [14,§10]). 


13.4. Proposition. Let G/U be homogeneous almost complex, and let 
t=xi,-+---+1, be a decomposition of the isotropy representation into real 
irreducible representations; then the u are unique, each one has the complex 
numbers as commuting field, and G/U admits exactly 2° invariant almost 
complex structures. 


Let (G/U) = Wi +° +--+ W, be a direct sum decomposition of (G/U) 
such that the restriction of + to W; is u. Since these subspaces are invariant 
under T, they are direct sums of subspaces b;, and the corresponding roots 
+ b; are the weights of «u; since any two roots are different, the complex 
irreducible components of the x; will be pairwise inequivalent, from which 
follows the uniqueness of the 4 and of the W,. Also, a straightforward applica- 
tion of Schur’s lemma shows that any linear transformation commuting with 
ı leaves the Wys invariant. Since, by assumption, there is at least one 
transformation without real eigenvalues commuting with 1, we see that the 
commuting field of 4 is either the field of complex numbers G or of quater- 
nionic numbers K; in any case «à is not complex irreducible and its exten- 
sion to. W,@C decomposes into y,+ Y where y; is complex irreducible and 
y; is the complex conjugate representation of y;; the weights of 7, are opposite 
in sign to the weights of 4. Since the roots of @ are pairwise distinct (§ 2), 
yi is not equivalent to y, and it follows from Schur’s lemma again that the 
commuting field of 4 is the field of complex numbers. Thus we have on 
each W; exactly 2 invariant complex structures, from which our contention 
follows. 


Remark. Let o be an automorphism of G leaving T and U invariant, 
do the induced automorphism of g; let y be the root system of an invariant 
almost complex structure @ on G/U, and y’ the transform of y under do. 
From the formula (1) in §1, it follows readily that the homeomorphism øo’ 
of G/U defined by e carries É onto the invariant almost complex structure 
with roots y”. If, in particular, o(s) =g X g> with gE NrN U, then o’ 
reduces to the left translation defined by g and leaves @ invariant; hence the 
element of W(U) represented by g must leave y invariant. 


13.5. Centralizers of tori. The following proposition is due to H. C. 
Wang [31]: 


PROPOSITION. G/U (with rank U ==rank G; U connected) ts homo- 
geneous complex if and only if U is the centralizer of a torus in G. 
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Proof. Let U be the centralizer of a torus S, which we assume, as we 
may, to be in T, and let s€ 8 generate an everywhere dense subgroup of S. 
Then U is the centralizer of s, u the space of vectors fixed under Ads, and 
we have 6;(s) =£0(1) if and only if b; is complementary. Let e;==sgn (b;(s)) 
(1755); since s centralizes U, the ejb; are the roots of an invariant almost 
complex structure; moreover, being characterized by «b;(s) > 0, these roots 
satisfy the criterion of 12.4, and the structure is integrable. 


Assume now, conversely, that G/U has been endowed with a homogeneous 
complex structure and let (eb;) (1Sj%), be its roots. By (2.9), the 
group is locally isomorphic to the direct product of its largest semi-simple 
subgroup U’ and of a torus 8; moreover, by 18.1 and 18.2, S = {e}. Now 
let W be the centralizer of S. We have W = Sı: W’, where #8; is a torus 
containing S and W’ a semi-simple subgroup containing U’ and W’NS, is 
finite. The equalities 


rank G = rank U’ + dim § == rank W’ + dim 8, 


show then that S= S., that rank W’ — rank U’, and that W/U is to be 
identified with W*/U’ ; since W’ and U’ are semi-simple, we have H?(W’/U’, R) 
= 0 and W/U is not homogenous complex (13.1, 18.2). 


Let J C [1,#] be such that the + b,’s, with j € J, are the complementary 
roots of U in W. The roots (e;b;) (3€ J), define a complex structure on 
(W/U), which is invariant under the linear isotropy representation «’ of U 
in (W/U), since / is nothing but the restriction to an invariant subspace of 
the isotropy representation of U in (G/U) o; moveover, since the system 
(e5b;) (17S), satisfies the condition of 12.4, so does («b;) (JEJ). 
Therefore, if W 4 U, then we get on W/U an invariant integrable almost com- 
plex structure, in contradiction to what has already been proved. Thus U = W 
and U is the cencralizer of the torus 5S. 


13.6. For the sake of completeness, we recall the proof of the following 
well-known lemma. 


Lemma. Let U be the centralizer of a torus in G, S the connected 
center of U and k—dimS. Then, for a suitable ordering 3, there are 1—k 
simple roots a, (1S151—k) vanishing on S and such that the roots of 
U are exactly the roots of G which are linear combinations of the a, 
(1SiSI—k). ie | 


The roots of U are those of Œ which vanish on S; since the semi-simple 
part of U has rank 1—k, U has 1—k& independent roots. We consider in 
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the dual space Vr* of the universal covering Vr of T the lexicographic order 
which is associated to a base whose first k elements span the covering Vs 
of S. It is then clear that if a sum of positive linear forms b, with strictly 
positive coefficients vanishes on Vs, so does each bi; the lemma follows readily 
from this and from the fact that U has 1— k linearly independent roots. 


Remark. In the ordering 4, the complementary roots are linear com- 
binations of the as with at least one of the k last ones appearing with a 
non-zero coefficient. Therefore, if the sum a + 6 of a root a of U and of a 
complementary root b is a root, then it must be a complementary root. Also, 
the set of positive complementary roots is closed. 


13.7. Number of invariant complex structures. In this section, we 
assume G/U to be homogeneous complex; U is then the centralizer of a torus 
by 13.5, and we keep the notations of 13. 6. 


Proposition. Let © be a system of positive roots of U. The roots of 
an invariant complex structure form a closed system Y such that OU Y is a 
positive system of roots for G. Conversely, a closed set ¥ of complementary 
roots such that © UW 1s the set of positive roots of G for a suitable ordering 
is the system of roots of an invariant complex structure of G/U. 


_ Let © be the root system of an invariant complex structure @. Then 
(12.4) Y is closed and is contained in a system © of positive roots of G. 
© is necessarily of the form @’U Y, where ©’ is a system of positive roots 
for U. There exists, therefore, w€ W(U) which carries ®© onto ©; since w 
leaves & invariant (remark in 13.4), it carries ®’ UW onto ©U Y, and the 
latter is also a positive system. | | 
Let now % be a closed system of complementary roots such thet © U # 
is the set of positive roots relative to an ordering 3’. The remark in 13.6 
and the fact that © is closed show that if a€ @ is a sum of two positive 
roots for 3’, then these two roots also belong to © ; this means that the simple 
roots of @, considered as a positive system for U, are also simple for 3’. 
Let then a; (171) be the simple roots of 3’, with a€ ® for j= 1-—k; 
the elements of @ (resp. ¥) are then linear combinations with positive 
coefficients of a1,- > >, ap (resp. @1,° * -,&, where at least one a; (j >1—k) 
has a non-vanishing coefficient). This implies first that © U — © U Y is closed 
and second that there is an s€ § such that 0 < b(s) <4 for all bE ©; thus 
the map of (G/U), =g/u onto itself, defined by Ads, has no real eigenvalues 
and the complex structure attached to it by the rule of 12.1 has the root 
system %. Since s commutes with U, this structure is invariant under the 
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isotropy representation, and hence, by (12.4), gives an invariant complex 
structure on G/U. 


_ 18.8 Prorosrrion. Let G/U be homogeneous complex, let k be the 
dimension of the center of U, and let 1 be the rank of G. If k—1 (resp. 
k=l, t.e., U =T), then the number of invariant complex structures is equal 
to two (resp. the order of W(G@)). Gwen two of them, there is a homeo- 
morphism of G/U induced from an (resp. inner) automorphism of G leaving 
U invariant and carrying one onto the other. 


Let k=}. Then in the notations of 13.7, ®© is empty and the invariant 
complex structures are in 1-1 correspondence with the different systems of 
positive roots of G, by 13.7 (or directly by 4.9 and 12.4). Since W(G) 
operates transitively on the set of systems of positive roots, it is obvious by 
the remark of 13.4 that the inner automorphisms of G defined by the elements 
of the normalizer of T induce homeomorphisms of G/T which permute 
transitively the invariant complex structures. 


Now let k=1. We first take an ordering ð having the properties 
mentioned in 18.6. Then the set of positive complementary roots © defines 
an invariant complex structure’ by 18.7. Let W be the root system of another 
invariant complex structure. As in 13.7, we denote by @ the set of roots of 
‘U which are posit-ve for 3 and by a, the simple root of 3 not belonging to @; 
Y’ U @ is the set of positive roots for some ordering 3’, and the proof of 
Proposition 13.7 shows that a1, - ‘,@:, are also simple for 3%. If mew, 
then YU © contains all simple roots of 3’, and hence ¥=wW’, Let now 
— & € W’ and let 2’; be the i-th simple root of 3’; — a is a linear combina- 
tion with positive coefficients of a,,- + *, Q1 a’, and therefore, if we express 
a’, as a linear combination of a,’ * -,a,, then the root a, must have coefficient 
— 1. But then the elements of & which are combinations with positive 
coefficients of a, °° ,@i1,01, where the last coefficient is 40, must also 
have at least one negative coefficient when expressed as linear combinations 
of @,° * *,@:; this means that they are negative for ð, and therefore that 
W =y, Thus we have only two invariant complex structures. 


It is known (see [23] or Gantmacher, Rec. Math. Moscou 47 (1939), 
101-144) that any automorphism of t permuting the roots extends to an auto- 
morphism of g. In particular, there is an automorphism o carrying each 
root into its opposite; since we may assume here G to be simply connected 
(10.1), o also decines an automorphism of G leaving T invariant; it maps 
Y onto — ¥ and leaves invariant the set of roots of U. Therefore e leaves U 
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invariant and defines a homeomorphism of G/U carrying the complex struc- 
ture with roots ¥ onto the complex structure with roots — Y. 


Remarks. 1) The argument which ends the preceding proof shows more 
generally the following: let Y, © be the root systems of two invariant 
complex structures @, 6’ on G/U. If there is an automorphism of Vy 
carrying Y onto W and leaving the root system of U invariant, then @, 6° 
are equivalent under a. differentiable homeomorphism of G/U, which is 
induced from an automorphism of G leaving U invariant. 


2) If Yis the set of roots of an invariant complex structure 6, then 
— ¢ is clearly the roct system of the “bar structure” or conjugate of Y, 
that is, of the structure in which the vectors of type (1,0) are those of type 
(0,1) for @. Thus the last part of the above proof shows that on G/U an 
invariant complex structure and its conjugate are equivalent under an auto- 
morphism of G. In the case P,,(C) = U(n)/U(n—1)X U(1), the auto- 
morphism may be taken as complex conjugation and therefore has to be an 
outer automorphism for n= 8. 


}8) The case k= 1 in 13.8 includes the hermitian symmetric spaces for 
which our assertion has already been noticed by I. Satake, “A remark on 
bounded symmetric domains,” Sci. Papers Coll. Ed. Gen. Univ. Tckyo 3 
(1955), 131-144). | 


13.9. Hxamples of inequivalent structures. There are cases in which 
G/U carries at least two invariant complex structures which are not equiv- 
alent under a differentiable homeomorphism. For instance, take G == U (4), 
U —U(2)x U(1) xX © (1), embedded in the standard fashion. With respect 
to the standard maximal torus, the roots of U(4) are H(m—7;), (lS1<7 
<4), and those of U are +(2,—2). Let 3, (resp. 32) be the ordering 
defined by z, > 2, >2%,>2%3>0 (resp T, > Za D> T3 D> z4 > 0). Then by 
13.7, the set Y, (resp. Y) formed by 2,—2, %—2%2, Ta — Ts, %1—2s, 
Ta — Ta (resp. Ti — La, Tı — Ta, Vo — Lz, Ta — Ts, Ta — T4) is the root system of 
an invariant complex structure @, (resp. 6:2). The image in H?(U(4)/T,Z) 
of the first Chern class of @, (resp. #2) is, by 10.8, equal to 3(x;—x:) (resp. 
Ra + te — 2: — 3v4). Now U(4)/T—SU(4)/T where T =T N SU(4) 
is a maximal torus of SU(4). The inclusion map of T’ in T identifies 
H'(T',Z) with the quotient of HT(T,Z) by Z- (tı + + 23 + x); since 
SU(4) is simply connected, the transgression is an isomorphism of H1(T”,Z) 
on H?(SU(4)/7T’,Z). It follows then that the first Chern class of @, 
(resp. Gz) is divisible (resp. not divisible) by 3. Hence @, and @, are 
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not equivalent under a differentiable homeomorphism of G/U. Moreover it 
will be shown in Section 24.14 that the Chern numbers c,5 of @, and @, 
are equal to 4860 and 4500 respectively. 

The following observation leads to other examples: 


PROPOSITION. Assume that G/U carries two invariant homogeneous 
structures @, 6” with root systems &, ©’, and that G° is the greatest con- 
nected group of automorphisms of 6 and of @’. Then @ and 6’ are 
equivalent under a differentiable homeomorphism of G/U if and only if 
there is a linear transformation a of t leaving the root system of U invariant 
and carrying © onto W. 


`æ 


The “if” part follows from Remark 1) in 18.8. 

Let now B be a differentiable homeomorphism of G/U carrying @ onto 
6’. By the assumption on G°, 8 defines an automorphism of G Using 
homogeneity and the facts recalled in 14.3, it is then seen that @ and £” 
are also equivalent under a homeomorphism y which is induced from an 
automorphism of G° leaving UC, Te invariant. Since y permutes the roots 
of g° with respect to f¢, and since t is characterized as the subset of f° on 
which the roots are real valued, y leaves t invariant, and its restriction to t 
13 the desired «a. Q. E. D. 


According to Bott (unpublished), G° satisfies our assumption, for instance, 
if G = E, Es. Moreover, E;,E, have no outer automorphisms, hence the auto- 
raorphisms of t keeping the root system of G invariant are just those of the 
Weyl group. Let now a, b be two different simple roots with respect to an 
ordering ð and let w€ W(G) be a transformation carrying b onto a. (This 
exists because the roots of E, or E, all have the same length and W(@) is 
known to be transitive on a set of roots of the same length.) 

Let æ be the set of positive roots for 3d, and Y =  —a, W —w(6—b). 
The symmetry to a= 0 carries ® onto —-aUwW (see the proof of 3.1). 
Therefore, if there existed an « carrying + a onto itself and ¥ onto W’, 
there would also be a w’€ W(G) carrying a onto b and leaving ® invariant, 
but this contradicts the fact that W(G) is simply transitive on the Weyl 
chambers (2.7). Now +a is the set of roots of the centralizer U of the 
singular torus defined by a=0. Thus, by our criterion, ¥ and W are the 
root systems of two invariant complex structures on G/U which are not 
equivalent under a differentiable homeomorphism. A similar discussion 
would also show that the complex structures on U(4)/U(2) U(1)X U(1) 
discussed above are not equivalent. 


\ 
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14. Complex Lie groups, embeddings, representations, invariant dif- 
ferential forms. We collect here some results to be used in the sequel. For 
more details about the facts mentioned without proofs in 14.3, 14.4 or about 
related questions, see [5], [7a], Goto “On algebraic homogeneous spaces,” 
Amer. Jour. Math. 76 (1954), 811-818, J. Tits, “Sur certaines classes 
Vespaces homogènes de groupes de Lie,” Mém. Acad. Royale Belgique 29 
(1955), Chapitre ITT. 


14.1. Notations. G is semi-simple and simply connected, d is an 
ordering of the roots with respect to T, and a,’ - *,a are the simple roots 
for 3. If I is a (possibly empty) proper subset of [1,7], we denote by Uy 
the centralizer of the torus 8; defined by a(t)—0 (1€1,tEeT) and put 
M,;—G/U; We consider it to be endowed with the invariant complex 
structure @, defined by the set % or W of positwe complementary roots 
(whose existence follows from 13.7). Uy is the semi-simple part of Ur. Thus 
we have Ur== Sr: Ur with 8; Ur finite. 


. Remark, Let G be a compact connected Lie group and G, @, U, U1, U’ 
be as in 10.1. Then G/U = G/U’ == G/ U,. By a result of Hopf (see e.g. 
[23, Exp. XXI]), the centralizer of a toral subgroup in a compact connected 
Lie group is connected; hence, if one of U, U’, U, is centralizer of a torus, 
so are the other two. Thus the assumption G semi-simple and simply con- 
nected made in §14, which allows one to avoid some slight irrelevant 
technical complications, is no real restriction, and the results of this para- 
graph are valid, with little or no modification, in the general case. In 
particular, in 14.4 one has to consider then the representations of the group 
G mentioned in 2.9. 


14.2. The natural map vz: G/T — G/U; is the projection in the fibering 
(G/T, G/Ur, Ur/T) ; the spaces G/T, G/Ui, U,/T have no torsion and have 
vanishing odd dimensional Betti numbers ([5] or R. Bott, Bull. Soc. Math. 
France 84 (1956), 251-81). Therefore [2,§4], for any commutative group 
A of coefficients, the fibre is totally non homologous to zero, v;* is injective, 
vi" (H?(G/U;, A)) is the kernel of the map of H?(@/T,A) into H?(U1/T, À) 
induced by inclusion. It follows that v;*(H?(G/U;,A) is a direct summand 
of H*(G/T,A); also, since the transgression in (G,G/U;,U1) is an iso- 
morphism of H1(U;,Z) onto H?(G/U,, Z), the former group is free abelian. 


Lemma. Let A be a principal ideal ring. Then vr* is an isomorphism 
of H?(G/U1,A) onto the submodule of H?(G/T,A) formed by the elements 
orthogonal to the as (1€ I), that ts, which is spanned by the fundamental 
weights ws (i¢ I). | 
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By the abovz and the universal coefficient formula, it is enough to prove 
the lemma for A =Z. The fundamental weights w: (1 SiS rank G), form 
a basis of H'(T, Z), (see 3.4), hence of H?(G/T,Z), and the subgroup B, 
spanned by the w,’s (tg J) is a direct summand whose rank equals the 
dimension of Sr. 

The group T” =T N Ur is a maximal torus of Ur, whose covering in 
the universal covering Vr of T is spanned by the contravariant images of the 
a; (tE I). Since Ur is semi-simple and Uz is locally isomorphic to the product 
Sr X Ur, the map H,(8;,,R)—> H,(U7,R), (resp. H (T, R) > H, (U, R)), 
induced by inclusion, is an isomorphism (resp. has zero image). Since 
H°(Ur,Z) is free, it follows immediately that a*:H*(U1,Z) > H*(T,Z) is 
injective, with its image contained in Br, and of finite index in By, where « 
is the inclusion of T in Ur 

The projection vr defines a representation of the fibering (G,G/T,T) 
into (G, G/Un Ur), whose restriction to a fibre is a. Therefore, using trans- 
gression, we see that the image of v;* is a subgroup of finite index of By. 
But we have already shown that it is a direct summand, whence the lemma. 


Remark. Ey transgression, we also see that a* identifies H*(Ur, Z) 
with By. 


14.3. Complexification. G° denotes the complex Lie group containing 
G, with Lie algebra g°, whose existence and uniqueness up to an isomorphism 
is well known. We use the notation of §§ 1, 12 and, moreover, put 


Dy = Ur + > Dp: 


-bhe Y 


It is a subalgebra which generates a closed, connected, complex analytic sub- 
group Pr of G°, equal to its normalizer, such that P; N G = Ur; it follows 
then that G is transitive on G°/P,; and that there is a natural identification 
of G/U; with G*/P; which carries r onto the quotient complex structure, 
as defined in the theory of complex Lie groups (see e.g. [%a]). If, in 
particular, Z is empty, then b = pz is solvable and G°/B = G/T, where B = P3. 


14.4. Representations and embeddings. Let 3- be the ordering of the 
roots which is opposite to æ, that is, which has the negative roots of ð as 
positive roots. The highest weights of the irreducible representations of G 
with respect to á- are then the opposite of the highest weights in the order 3. 
If T has highest weight w for ð and I” highest weight — w for d-, then 
T” is the contragredient representation to T, and its weights are the opposite 
of those of T. 
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Let [ be an irreducible representation of degree g +1, 


= 60, + + am: 


its highest weight in the ordering 3, À the contragredient representation, 
Ý and T” the associated representations by means of projective transforma- 
tions in P,(C). Let V be a representation space for À and m be the 
projection of V—0O on P(C). There is in V exactly one 1-dimensional 
subspace W which is invariant under B, and we have 


f(t) (x) = exp[— win (t)]-2, (te Te, sE W). 


z’ =r ( W— 0) is then the unique point of P(C) fixed under Ý (B). 

We say that M, is associated (resp. strictly associated) to T if ci —0 
for 4€ I (resp. and, moreover, if c;=£0 for j ¢ I). If Mr is associated (resp. 
strictly associated) to T, then the map ¢: g— Ù (g) : x induces a holomorphic 
(resp. bijective and bi-holomorphic) map Br of Mr onto a projective non- 
singular variety Mr. In particular, each irreducible representation yields a 
holomorphic map 8, of G/T into some projective space. Since a given Mr 
is strictly associated to infinitely many representations, it therefore admits 
projective embeddings. 


The cone x1(Mr) over Mr is, in the obvious way, a C*-bundle y over Mr; 
on the other hand, let N be the subgroup of B whose Lie algebra over C is 
spanned by the ba (a < 0 for 3d). N is the commutator subgroup of B, and 
B/N =T*. The quotient G¢/N can be considered as the total space of a 
principal 7°-bundle == (G/N, G¢/B,T°). If y is the representation of T° 
with character exp(—?mw), it is then easily seen that 8. induces a y- 
homomorphism of £ ony. Therefore, by 10.4, w = — Bo*(c,(y)). It follows 
from this and from 14.2 that if Mr is associated to T, then — w may be 
identified with an element of H?(M,,Z) which is the Chern class of the 
bundle over M, induced from y by Br: Mi Mr. But ¢,{7) is —e*, where 
e* is the dual of the homology class containing a hyperplane section of My 
(see §29). Thus w is the dual of the homology class of a divisor on Mr, 
namely, the inverse image of a hyperplane section of Mr. It may be shown 
[7a] that the inverse images of the hyperplane sections of Mr form a complete 
linear system on Mr, and that this system is the only one on which. the 
natural representation of G is I’. 


14.5. Positive classes. Since we want to use some facts about complex 
Lie algebras, we now identify Vp with its tangent space t at e, and assume 
the invariant metric to be the restriction of —-K, where K is the Killing 
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form. The roots of g° with respect to t° in the sense of infinitesimal theory 
are then the forms 2rta, where a runs through the roots as defined in this 
paper (or, more precisely, through their extensions to t°, since they were 
originally defined on Vy or t). If a is a linear form on t°, we denote by ha 
its contravariant representative with respect to — K ; if a is real valued on t, 
then hg€t. It is known (see, for instance, [23], Exp. 10, 11) that we can 
' find eg€ be with the following properties: 


(1) [6a ea] = riha, K(é,,¢4) =—l, 


g is spanned over the reals by t and the vectors €a + e-a, i(€a— ea), and the 
Killing form is tae direct sum 


K == Kı — $, Tota, 
: a>0 


where K, is the restriction of K to t¢ and the Za, Z-a form the dual base to 
(gla): 

Finally, we recall that if X, Y are left-invariant vector fields and w is a 
left-invariant 1-form on a Lie group H, then 


(2) do(X,¥)=—o([¥,¥])  ([X,¥]=¥:Y—Y- X) 


(see e.g. Chevalley, Theory of Ine groups I, Princeton, Chap. V, §4; it is 
there stated for real Lie groups, but the proof is also valid in the complex 
case). | 

Let us denote by wa the left-invariant 1-form on G° whose restriction to 
g? is annihilated by t° and which is such that w,(e,) == 1 if a ==b and is zero 
if asb. A straightforward computation using (1), (2) and 12.2 yields 
then the 


LEMMA. Lei np be the left-invariant 1-form on Ge whose restriction to 
ge is zero on >) Da and which induces the linear form b on t°. Then 


(3) Any = — Sri F, (b, 0) wa A oo 


We are interested only in the case where b is real valued on t; then (b,a) 
is also real valuec. Assume now that b is orthogonal to the roots a; (t€ I), 
i.e., that hE 8; Then 

(4) dy, = — mt À (b,a)ws A ong 


aes 
The restriction neje of ya to G is left-invariant. By (4), dy is zero on u, 
and hence, by invariance, it vanishes on U; thus moju and, a fortiori, mr are 
closed. Since mir is clearly in the class b€ H'*(T,R), it follows by 14.2 
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that mu represents the eae of H*(U,R) which we have identified with b. 
We want to show that dmje is the inverse image of a 2-form on Mz; for this, 
it is necessary and sufficient that the 2-form defined by dm on g vanishes 
whenever one of the arguments is in uy and is invariant under Ad, Ur (see 
e. g. Chevalley-Eïlenberg, Trans. A. M. S. 63 (1948), 85-124, Theorem 13.1). 
The first property is obvious from (4); as to the second, we may argue as 
follows: by (4), we have only to show that the restriction of dm, to 2, b is 


invariant under the linear isotropy group U. From the properties cf the 
Killing form recalled above, we see that if we take in b the real and imaginary 
‘parts of x, as coordinates, then the Killing form is the negative unit form, 
and therefore, the isotropy group U is orthogonal; this means that dm is 
invariant under U if its matrix commutes with U. But it follows from (4) 
and 12.2 that this matrix is equal to the restriction of the matrix of ad, Ap. 
Since hy € 8, it centralizes u, and ad, a does commute with Ad, U. 

By the foregoing and by the definition of transgression, dyxj¢ may be 
identified with a closed 2-form on G/U, belonging to the image of b € HU, R) 
under transgression; in view of the conventions made in 10.1, this form 
represents the cohomology class which has been identified with — b. More- 
over, by the definition of the complex structure r on Mz, the by (2€ Fr), 
span the subspace of M&C which contains the differentials of local holo- 
morphic functions, and we have w,—%, in the standard notations. Thus | 
we have shown the following: 


14.6. Proposrrion. We keep the notations of 14.1, 14.2. Let b be a 
linear form on Vr orthogonal to the simple roots a, (1€ I). Then the 
element of H?(G/U1,R) identified with b in 14.2 contains the invariant 
2-form of type (1,1) 


(5) w= Rat À, (0, a) a À Ge. 
ac Yr 
w is the imaginary of the hermitian form 
(6) _ 4r X, (b,a)wa' wa (symmetrie product). 
acy 


A 2-dimensional complex cohomology class on a complex manifold M is 
positive in the sense of Kodaira if it contains the imaginary part of a 
positive non-degenerate hermitian metric, which is then necessarily kählerian. 
From (5), (6) and the remark in 13.6, we get: ” 


14. 7. COROLLARY. b is positive in the sense of Koira if (b, ne 0 
for a € Vi, that is, if (6,a;)>0 for i¢ I. 
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This is in agreement with the fact (14.4) that when 6 is the highest 
weight of an irreducible representation T to which MM; is strictly associated, 
then it is dual to the class of a hyperplane section in the projective embedding 
provided by the representation I’. 


14.8. COROLLARY. The first Chern class c, of the tangent bundle to 
My is positive. 


c, is the sum of the positive complementary roots (10.7%) and, by 13.6, 
these are the linear combinations of the simple roots in which at least one 
a; with té I has a strictly positive coefficient. Thus, if a € Yz, its transform, 
by the symmetry to the plane a; —0 (2€ J) belongs to Yr. Since (a; Sia + a) 
== 0, it follows that (a;,c,) —0. This is also a consequence of 14. 2. 

In view of (5), (6), we have to show that if a€ %, then (a,¢,)> 0. 
Let bE Y and assume that (a,b) <0. Then (§2) 


(7) b,b+a,b+ Ra, -+ +, b -+ ka (x = —2 (a, b) (a,a)~*) 


are roots of G and, in fact, belong to &, since the latter is a closed system 
(13.7). We have (a,6-+ ka) = (a,a)k/2>0 and 


(a,b +b +a: ++ ka) = (k +1) (a,b) + (aa): (k+1)/2—0. 


From this we deduce readily that we may represent % as a union of 
disjoint subsets &;, where %; consists either of one root b with (a,b) 20 
or of a string of type (7), whose sum is orthogonal to a; in the first category 
we have the set consisting of a itself, and hence, finally, (a, c1) > 0. 


14.9. Using some properties of the constants of structure of g°, one 
can show that 14.6 gives all invariant 2-forms on Mr, as indicated in [5]; 
this implies that the condition of 14.7 is also necessary for b to be positive 
as will also follow from $ 24. 


14.10. We recall that for a kählerian compact manifold M, the d- and 
the d-cohomology are identical, and that Hi(M,C) is a direct sum of sub- 
spaces H?7(M), (p—+q—i), where HP is the space of i-dimensional co- 
homology classes which can be represented by exterior differential forms of 
type (p,q). This applies, in particular, to the projective variety G/U1. 


PROPOSITION. In the previous notations, we have H> (M, C) —0 
and H” (Mr, C) = H*+(M,) for all += 0. 


For the first assertion, see [2, Théoréme 26.1]. 
As remarked in 14.2, the projection vy of G/T onto G/U; induces an 
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injective homomorphism of H*(G/U1,C) in H*(G/T,C). This map is also 
holomorphic with respect to the complex structures on G/T and G/U; defined 
by the positive complementary roots, because, in the notations of 14.3, it can 
be identified with the projection of G°/B onto G°/Pr, both spaces being 
endowed with the natural quotient complex structures. Thus »* identifies 
H»a( Mr) with a subpace of H»a( G/T, G), and it suffices to prove our con- 
tention for G/T. Since H*(G/T',C) is generated by the unit and its 2-dimen- 
sional classes [2, $ 26], it is enough to show that H?(G/T,C) = H> 1(G/T), 
but this follows from 14. 6. 


Chapter V. Special Cases. 


15. Projective spaces. 


15.1. Complex projective spaces. We wish to apply Theorem 10.8 to 
the case where G—UÜ(g) and U—U(1)X U(qg—1) and G/U =P, (C), 
(422). The imbedding of U in G is the usual one; namely, as follows: 
U(q) is the group of unitary matrices and AU X U(q— 1) is the group of 
q X g-matrices of the form 
a 0 
( 0 = 


where 4 € U(1) and A” € U(q—1), which is a subgroup of maximal rank 
of Œ. Let T be the standard maximal torus of diagonal unitary matrices 


g TiD 0 


0 e Tisa 


T is contained in U (1) X U(q— 1) and plays the role of S in Theorem 10. 7. 
The coordinates 2,,- ' -,&q are integral linear forms on Vz (see 1.2 and 
10.1). and the roots of U(q) with respect to T are + (x; —x,), where 
IS] <kS& g. The roots of U(1)X U(g—1) are + (a;—2) with 254 
<kÆq. Hence the roots of U(g) complementary to U(1)X U(qg—i) are 
+ (2,—2;) with 2=j=4q. 
The usual invariant complex structure of P(C) is given by regarding 
P,.(C) as the space of the lines passing through the origin of Ce. Let 
GL(q,C ) operate in the usual way on C4 and thus on Py1(C). Let 
GL(i,qg—1; ee be the subgroup of those elements of GL(q,C) which cree 
the point (1,0,---,0) of P(C) fixed. Then 


18 
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U(q)/(U(1) X U(q—1)) = GL (g, C)/GL(1, g—1; 0) = Pa (C). ` 


Thus P(C) is represented as-a quotient of complex Lie groups and ‘is, 
therefore, endowed with an invariant structure which is just the usual one. 
The complex isotropy representation ts of this complex structure has the 
weights t;— s, (7=—=2," + -,q), which can be seen as follows: The element 
(eëmim,. + - efrita) of T, when operating on the point (1,2.,- - -, 2g) of 
P(C), gives the point 


(1, Zoe Tila) ©. š gere ts) ) 


of P;1(C), which proves the desired result. We may remark here that 
P(C) admits exactly two invariant complex structures and these are 
complex conjugate to each other (see 13.8). 
Let & be a principal U(qg)-bundle. We consider some associated fibre 
bundles and their vrojections according to the following diagram: Let p, o be 
the natural projections 


p O 
(1) E/T ——> Es/ (U (1) X U(g—1)) —— B; 


and m==g0p. Let » be the real vector bundle along the fibres (7.4) of 
(E/(U(1)X U(q— 1), BPa (C)) endowed with the complex structure y 
coming from the usual invariant complex structure on P,:(C); i.e, 7 is 
defined by the complex isotropy representation 1, considered above. Then 
we have for the total Chern class of y 


pte(y’) = ÍI (1 + 2;—a). 

Now let & € H?*(Bg, Z) be the Chern classes of £. ‘Then we have (9.1) 
we(L-+ Gr te fs tg) = (1 +4) (1+%)- °° (1+ To): 
Considering z as an indeterminate over H*(H;/T,Z), we have the equation 
st attat (0) fo + tw (ca) = (2+ 21) (aa): à (aa). 

Replacing z by 1— z, gives 


q : 
pres’) =Ñ (1 +252) = (11) (a). 


Tı Ta, * *,%q are the first Chern classes of the g principal U(1)-bundles 

‘,€, into which the principal bundle (Hz,H2/T,T) splits. The 
principal bundle (Mz, #g/(U(1) x U(g—1)}), U(1)X U(q—1)) splits into 
a principal U(1)-bundle # and a ia à U(q— 1)-bundle £”. Obviously, 
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p*(#) is equivalent to é and p*(y,) —21, where y, denotes the first Chern 
class of #. Since 17* == p*og* and since p* is injective for integral coho- 
mology, we get 


q 
(2) o(!) =È (Ln) 40" (a). 
Since ¢,(y’) —0, we have 
q 4 
(3) $ (12) 0% (ei) — 0, 


Once yı is defined, the Chern classes of é are characterized by (3), a fact due 
to Hirsch (compare [11]). 

To calculate the Chern class of P,:(€C), we now specialize to the case 
where E4=— U(q) and where Bz is a single point. Then 7 is the tangent 
bundle of P(C). Since == (é) == 0 for +> 0, we get 


o(y) = ¢(Pos(C)) = (1 — y1)". 
Now we observe that € correspcrids to the Hopf bundle; i.e., (C4— {0}, 
P,:(C),C*) is the extension of & with respect to the natural imbedding 
of U(1) in C*. Thus — y, —e*, where e* € H° (P(C), Z) is dual to the 
hyperplane of P(C) (see 829). Therefore 
C(Pya(C)) = (14 e*)% 


15.2. Complex projective bundles. In Sections 15.2 and 15.8, all 
cohomology groups are taken with real coefficients. The projective unitary 
group is defined by 

| PU (q) =U(q)/D, 


where D is the 1-dimensional torus of scalar matrices of U(q). Let Ta be 
the maximal torus of diagonal matrices of U(q). Then Te = Ta/D is a 
maximal torus of PU (q), and we have the commutative diagram 


0—»D—» Ti — Te’ ——>0 
(4) | Id 
r 
0 —» D —— U (q) — PU (q) —> 0 
which induces a commutative diagram for the classifying spaces (6.6) 
Bp —— Bye — Bye 


(5) | |- | 
p(@) 


Bo —— Bug, ——> Bru (a) 
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where the two horizontal lines come from the fibre bundles (Bre, Be, Bp) 
and (Buy); Bry q), Bo), see [2]. Then, in the commutative diagram 


| H* (Bre) <——— H* (Brea) 


P an 
| p(a)* 
H* (Bu) <—— H* (Brui) 


which is induced by (5), all arrows indicate injections. If we denote by é 
the universal principal U(q)-bundle and by é the universal principal PU (q)- 
bundle, then p(a)*é is (up to equivalence) the a-extension of é Let 
Tı, ` +, @%q be the first Chern classes (with real coefficients) of the g principal 
U(1)-bundles into which 7r*£ splits. Then 


H* (Bra) == R| z: ° ble 


Using the Weyl group of PU(q) (which is isomorphic to that of U(q)), it 
follows easily from diagram (6) that m*p(a)*H* (Bruin) is the subring of 
those polynomials in R[z,,: > -,2,] which are symmetric in tı’ ` *,% and 
invariant under the substitution t: æ, — x; + b, where b is an indeterminate. 
Roughly speaking, for a PU(q)-bundle the Chern classes c; (i.e., the elemen- 
tary svmmetric functions in the z;) make no sense, but the polynomials in 
the c; invariant under t do. 

Now let (ZL,4,P,1(C);o) be a bundle with PU(q) as a structural 
group. It is known that o* maps H*(X) isomorphically in H*(L) (real 
cohomology) and that, for every element y€ H?(L) whose restriction to the 
fibre equals the generator e* of H?(P,:(€C)), there is (8.4) a relation 
(7) paard aioe (ig yer eats RE te 
with uniquely determined elements d; € H(X) depending only on y. Let 
y be the complex vector bundle along the fibres of L. We recall that 
Poa (C) = PU(g)/((U(1) X U(g—1))/D) and that the complex structure 


7 comes from the complex isotropy representation & considered in 15.1 (e is 
trivial on D). 


15.3. THEOREM. The Chern class (with real coefficients) of the com- 
plex vector bundle y~ along the fibres of a fibre bundle (L, X,P,:(C).0) 
with PU(q) as structural group is given by the formula 


(8) e) = È (1—y) 0" (à), (œ =1), 


where y€ H? (L) is an arbitrary element whose restriction to the fibre gives 
the generator e* and where the di€ H°? (X) are defined by the relation (7). 
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For the proof, we introduce an indeterminate z. The polynomial 


Fa) =S arto" (d), (see (1), 


is then the unique element of o*H*(X)[z] which is a polynomial of degree q 
in z, has the unit 1 as the coefficient of z4, and for which F(— y) vanishes. 
If ÿ—y+o*(b), where b€ H?(X); then F(z) —F(z+0*(b)) is- the 
analogous unique polynomial with F(—¥) =0. Since F(1—y) =F (1—9), 
the right side of (8) is independent of the choice of y. Taking this into 
account, (2) and (3) of 15.1 yield our theorem for bundles whose structural 
groups can be a-reduced to U(q). Furthermore, we see that it is enough to 
prove the theorem for the universal principal PU (q)-bundle £. Since the 
thecrem is true for p( a) *é (see (5)), it follows easily in full generality. 
Theorem 15.3 was announced in the first note of [16]. 


15.4. Real projective spaces. In Section 15.4, all cohomology groups 
are taken with Z, as coefficients. Let é be a principal O(q)-bundle and 7 
the vector bundle along the fibres of (#¢/(O(1) X O(¢g—1)), Bg, Pei (R) ). 
Let @ be the group of all diagonal matrices of O(q). Consider the maps 


p a 
Ee/Q@—— E;/(O(1) X O(¢-—1)) — Bz, 


and let w; (1Æ=1< a) be the Stiefel-Whitney classes of é Then we have 


(9) v(a) =È (11a) t'a" (w), 


where y, is the 1-dimensional characteristic class of the O(1)-bundle over 
Er/(O(1)X O(q—1)). The class y, induces on each fibre the generator 
of its cohomology ring. The proof uses 5.3 and 11.5 but is otherwise 
formally identical to that given in 15.1 (except that the xs are now 1-dimen- 
sional classes), and is therefore left to the reader. (9) implies the well- 
known fact that the Stiefel-Whitney class of P,..(R) equals (1 + a), where 
a is the generator of H*(P,,(R)). 


15.5. The Pontrjagin classes of the quaternionic projective spaces. The 
treatment of the quaternionic projective spaces 


Po (K) = Sp(q)/(Sp(1) x Sp(q—1)), ge, . 
is similar to the discussion in 15.1. 


Sp(q) is the group of all unitary quaternionic q X g-matrices. Sp(q) ~ 
contains U(g), and U(q) contains the maximal torus T of 15.1 which is 
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o also- maximal in Sp(q). When applying Theorem 10.7, we let £ be the 
_ universal principal Sp(q)-bundle. Putting 


G=—Sp(q) and U—Sp(1) X Sp(q—1), 


‘we have the diagram 

P o | 
(10) By = E/T ——> By ——> Bo, 
and the’ integral cohomology ring of P,;,(K) has to be identified with 
H**(By,Z) (see 6.1) modulo the ideal (Z4*}*. As in 15.1, we have the 
elements tı, + -,æ,€ H*(T,Z) which, via the negative transgression, are to 
be regarded as elements of H*(By,2Z). 

By means of (10), the cohomology ring H**(Bg,Z) will be considered 
as a subring of H**(By,Z), and H**(By,Z) as a subring of H**(By,Z). 
The latter ring will be identified with Z{z,,- ` :,æ,}. Thus H*(P,.(K),Z) 
‘ is the quotient of 
(11) P(r} @ S {T + +, 2,7} 


modulo the ideal (Z¢*)* which is generated by the symmetric power series 
in 2,7,- + -,%q* without constant terms. (We use here essentially, that G 
and U have no torsion, see [2].) 

We restrict ourselves to the calculation of the Pontrjagin classes of 
P,.,(K), i.e., of its tangent bundle. The more general case of the bundle 
along the fibres is left to the reader. 

We do the ca-culations following a schema which will also be used in 
other cases. 


Roots of Sp(q): es ale ea J es lt (lS1<j3Q) 
Roots of Sp(1)X Sp(q—1): +rep +err (2Si<jSq) 
Complementary roots: | 
ch (La — Lo, Ta Ta, © *, Ly — Toi Da + Dos Da -F Ta * +, Ti + To). 
We have 


(a) (14 at) o (1Ha) = (+ mt) mod (Ie*)*. 
This shows that the r-th elementary symmetric function in the z} R SÍS q) 
equals (—1)"2,%7 (mod (Ig*)*) and that 2,’ represents an element 
u€ H*(P,.(K),Z) which generates H*(P,.,(K),Z); in particular, u is a 
generator of the infinite cyclic group H*(P,_,(K), 2). 

Introducing an indeterminate z, we have 


ÍI (2 + z) (22) = 2% mod(Za*)*. 
j= 
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Setting z = 1 + zı, this yields oe. 


(12) TG Heat) —(1+a)"(1420)% mod (Io*)*. 


Theorem 10.7 shows that the (integral) Pontrjagin class of P,,(K) is 
represented by the element 


Ú (1+ (es +25) (14 (2, —2)?). 


Taking into account that we are dealing with graded rings and that z,” 
represents the generator u of H*(P,.(K),Z), we obtain from (12) 


(13) p(Poa(K)) = (O +u) (1 + du) 


15.6. Application. Formula (13) implies, in particular, for the first 

(i.e., four-dimensional) Pontrjagin class of Pg- (K) that 
pı = (2q —4)u. 
pı is different from 0 for g—1>1.. 

Since * (pı) = pı for all diffeomorphisms ¢ of P,.(K) onto itself, 
we see that, for g—1> 1, there does not exist a diffeomorphism # with 
o*(u) =—u; i.e for all ¢, we have @*(u) =u. In particular, all diffeo- 
morphisms preserve orientation (#*(u?*) =u). | 

This fact on the orientation is obvious for g—1:==0 (mod£) and 
aribtrary homeomorphisms of P,,(K) onto itself, since then 


pY(u) = + u implies ġ* (ut) = utt, 


15.7. The Siiefel-Whitney class of the quaternionic projective spaces. 
We keep essentially the preceding notations and denote by Q the subgroup 
of elements of order 2 in T. For suitable (1-dimensional) generators u: of 
H* (Bg, 22), we have [4,§11] 


pe" (Q, T) (xi) = Uj? (t==1,- 3 q); 

where here the z; are elements of H? (Br, Z2), namely, the reductions mod 2 
of the z; of 15.5. Thus the images of p.*(Q,Sp(q)) and p2*(Q,Sp(1) 
X Sp(q-—1)) are, respectively, S(us*,-- - ,u,*) and Z.[u,*]® S(u.f,- - +, wg*), 
and H*(P,:(K),Z:) may be identified with the quotient of the latter ring 
by the ideal Z generated by the symmetric functions in the u;* of strictly posi- 
tive degrees; in particular, u,* represents the generator & of H*(P,:(K),Z,). 

By (5.5), the complementary 2-roots are (u;—w;), (t==2,:°-,p), 
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each counted with multiplicity 4, and therefore, 11.5 gives for the Stiefel- 
Whitney class of P,,(K): | 


q q 
w == |] (1 Hu — u) t = TT (1 + u,4—u,*) mod I 
4=2 q=1 
which, modulo J, is equal to (1-+ u,*)%, and hence, finally, 


w(Poi(K)) = (1+ a)4, 
where & is the generator of H*(P,,(K),Z:). 


The characteristic classes of P,.(K) were calculated in [17] by a 
different method. 


16. Hermitian symmetric spaces. 


16.1. We consider here first the homogeneous spaces of the form G/U, 
where U is the centralizer of a 1-dimensional torus §, has a 1-dimensional 
center, and G is semi-simple. As was shown in 13.8, such a space admits 
exactly two invariant complex structures; they are conjugate to each other 
and equivalent under an automorphism of G. | 

We may assume that S is defined by a, ==: - -== 471 == 0, where a,,: : +, 4; 
are the simple roots with respect to some ordering 3. Then (see 13.6, 
18.8), the roots of U are the linear combinations of the as with 1 S1/—1, 
and the set Y of positive complementary roots is closed and is the root system 
of one of the two invariant complex structures on G/U, to be denoted by @. 
Moreover, a root & is in W if and only if, when expressed as a linear com- 
bination of the simple roots, the term containing a has a strictly positive 
coefficient. (The space G/U is irreducible hermitian symmetric if and only 
if G is simple and U is maximal connected. In this case, the coefficients 
of a; in the complementary roots are all equal to one and the sum of two 
elements of % is never a root of G.) 

By 14.2, H*(G/U,Z) is infinite cyclic and has a generator g such that 
v*(g) == © where v is the natural projection of G/T on G/U and w, is the 
i-th fundamental weight. If c,(G/U) denotes the first Chern class of G/U 
with respect to @, we have then, necessarily, that 


€:(G/U) =aA(G/U) -g (A(G/U) € Z). 


By 14.7 and 14. 8, both g and ¢,(G/U) are positive classes, and hence. 
A(G/U) > 0. By 10.8, r*(c,) is equal te the sum of the positive comple- 
mentary roots, and hence 
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A(G/T) = 2 (b, a) / (ay a), (b= > a). 


Since the invariant complex structures on G/U are equivalent, 4( G/U) 
does not depend on the choice of the invariant complex structure. Among 
the spaces considered here are the compact irreducible hermitian symmetric 
spaces which are divided into six classes, see, e.g., A. Borel, Bull. Soc. Math. 
Frances 80 (1952), 167-182) : 


I. U(m+n)/(U(m) xX U(n)) 
Il. SO(2n)/U(n) | 
III. Sp(n)/U(n) 
IV. SO(n+ 2)/(SO(2) X SO(n)), ~ (nm > 2) 
V., E,/Spin(10) x T’ 
VI. E/E, X T. 


a” 


By the preceding formula, we get for A(G/U) the following values 
. I. m+n, IT. 2n—-2, UI. n +1, IV. n, V. 12, VI. 18. 

In the following sections 16.2 to 16.5, we study the non-exceptional 
types I.-IV. and give formulas for their Chern classes. We also obtain 
in these cases the values of A(G/U) in a different way. To describe the 
complex structure on G/U, we choose an ordering having the properties of 
13.6. The maximal torus is always chosen in the standard way, i.e., in the 


cases I, II, III, it is the maximal torus of U(m + n) or U(n) respectively, 
used in 15.1. 


16.2. The Grassmannian W (m,n) =U(m4+n)/(U(m) x U(n)). 
As a system of positive roots of U(m-+-n), we take 
{—a+2;|1Si<jsim+n}, (see 15.1). 


H*(W(m,n),Z) has to be identified with the quotient of 


(1) SC," i +, Um} OQS Em" ae: Tmn} 
by the ideal Z generated by the symmetrie power series in 2,° © *, mın Without 
constant term. The (total) Chern class of W (m,n) is given by 
c(Wimn))— JT (1—n+ z) mod Z. 
isin 


mEn 


Gt 
Ww 
Ww 
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In the tensor product (1), we have 


I (+= IT (+; mod I. 


Izi=m M+L ej Sem+n 
+ 


The r-th elementery symmetric function in the x; (1:15: m) represents an 

element o, of H*(W(m,n),Z). The preceding equation shows that the a, 

(1=r=<m) generate H*(W(m,n),Z). (Recall that we are dealing with 

graded rings.) The element o, generates the infinite cyclic group 

H?(Wi(m,n),Z). Using an indeterminate z, we have 

(2) TL (ca) TT (¢+ z)" mod I. 
1SiSm 


MmHSIEMAEN 


By replacing in the preceding formula z by 1 — z, (1 & s 5 m), respectively, 
we obtain m equations; multiplying all of these together yields 


(8) (W (m,n)) =F (apré TT (4— (@—2)?)> mod I. 


Sisisn 
We recall that a, is the 7-th Chern class of the canonical principal U(m)- 


bundle over W (m,n). Formula (3) expresses c(W(m,n)) by the o,; for 
example, 


a(W(mn))=— (m+ n)a, 
co(V (m,n)) = (0r LE m—1)o, + (n—m) or. 


The formula for the first Chern class gives us the value of \(W(m,n)) and 
shows that —-o, is a positive generator of H?(W(m,n),2) in the sense of 
16.1. For m1, the Grassmannian W(1,n) is the complex projective space 
P,(C) discussed in 15.1. 


16.3. The space Fn = SO(2n)/U(n), (n= 2). As a system of positive 
roots of SO(2n) we take {+a,+2;|151<jsin}. We regard the 2 as 
elements of H?(By,K,). If p2, then H*(F,, Kp) may be identified with 
the quotient of S{zx.,: : :,æ,} by the ideal J generated by the symmetric 


power series without constant terms in @,*,---,@,* and by the element 
Tı © Zn. All power series under consideration have coefficients in Kp. 
The total Chern class of F, is given by 

(4) c(F,) =H (1 -+ zi -+ z) mod J. 


The preceding formula expresses the Chern classes of F, as polynomials 
in the elementary symmetric functions of the z The coefficients are integral. 
Let o, € H?” (Fn, Z) be the 7-th Chern class of the canonical U(n)-principal 
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bundle over F,. If we reduce op to coefficients K, (p42), we get the r-th 
‘elementary symmetric function in the z; (modJ). Since F, has no torsion, 
(4) gives a formula for integral cohomology if we replace the r-th elementary 
symmetric function in the x; by o, For example, we get 


Cı (En) = (n—1)o1. 


co, is not a generator of the infinite cyclic group H” (Fn, Z), but o, equals 29, 
where ĝ is a generator. This is true for n—2%, since F, is the complex 
projective line for which c;(F,) is twice a generator. It follows then for 
all n by induction, using the natural imbedding of F, in Fy, and the fibre 
bundle (Fri, Son Fn), see [26, § 41.18]. Thus we have 
Cı (Fn) = (2n—2)g; 

moreover, ÿ is a positive generator of H?(¥F,,Z) and A(F„) = 2n—} (see 
16.1). | 


16.4 The space Ga = Spin)/U(n). As a system of positive roots of 
Sp(n) we take | 


The integral cohomology ring of G, has to be identified with the quotient of 


S{t1,° * +, 2a} by the ideal J generated by the symmetric power series without 
constant terms in 2,°,:--,æ,%. The (total) Chern class of G, is given by 
c(G,) = II (1 + x; + z) mod J. 
1EiSjEn 


This formula expresses the Chern classes of G, by the Chern classes o, of 
the canonical U(n)-bundle over G,. The element &, +- - -+ x, represents o1, 
and o, is a generator of the infinite cyclic group H?(G,,Z); we have 


| CG (Gan) — (n +- l)e. 
Thus o, is a positive generator and A(G,) ==n +41 (see (16. 1)). 
16.5. The complex quadric Qan = SO (n + 2)/ (S0 (2) X SO(n)). We 


distinguish the two cases (a) n is even and (b) n is odd. 


(a) ` n+ 2 == 2k. 


We have the natural imbedding of U(k) in SO(2k) and take for the 
maximal torus T of SO(2k) the maximal torus of U(k) considered in 15.1. 
As a system of positive roots of SO(2k), we choose 


(a; a | 1Si< jf Sh}. 
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The x; are to be regarded as elements of H?(Br, K,). If p2, then 
H*(Q,, Kp) may be identified with the quotient of the ring V generated by 


SiT, > T} and by the elements 22%: - +a, Tı in Ky{w1,%2,° - +, 2x} 
by the ideal J generated by the symmetric power series without constant 
terms in zf,- °, £p? and by 2go’ - x: 1e. 


H* (Qn, Kp) = V/L. 


Using an indeterminate z, we have 


(5) | Il (2—1) (842) 70 mod I. 
We have also 
(6) (+) (+): (ta) = (1 4 ay?) * mod J. 


From (6), we see easily that the elements 
1,21, %17,* +, mn, and 2%," > 'T,E V 


constitute an additive base of H*(@,,K,). The Chern class of Q, is given by 


(Qu) TI (+a a) (+m +a) mod I 
Replacing in (5) the indeterminate z by 1 + 2, yields 
(7a) c(Q,) = (1 + m4) 2(1 + 22)" mod I. 
(b) n+1—=2k. 


We have the imbedding of U(k) —U(k)xX 1 in SO(2k +1) and take 
for the maximal torus T of SO(2k +1) the maximal torus of U(k) con- 
sidered in 15.1. As a system of positive roots of SO (2k + 1), we choose 


(ay + aj (1Si<j Sk) 32, (1SiSk)}. 
If pR, then H* (Qa, Kp) may be identified with the quotient of 
Kp {ts} © Sr, - -, 2,7} 
by the ideal J generated by the symmetric power series without constant terms 
in @,°,- - -,2,°. As in the case (a), we see that 
Lipa sa 
constitute an adcitive base of H*(Q,,K,). The Chern class of Q, is given 
by 


(Qn) = (1+2) LT (1 + —2) (1 + 2, +), mod I. 
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The subspace u== D; + b4 + bbe is therefore a subalgebra of rank 2 and - 
dimension 6, and hence is isomorphic to the Lie algebra of SO(4), as can 
also be easily checked directly. Thus the subgroup U of G, generated by u 
is a compact group locally isomorphic to SO(4), that is, having the product 
Sp(1)X Sp(1) as universal covering. It is, in fact, globally isomorphic 
to SO(4), as can be derived for instance from [7]. In fact, it is proved 
in [7] that G, contains exactly one class (relative to inner automorphisms) _ 
of subgroups locally isomorphic to SO(4); one of them, say U;, is the cen- 
tralizer of a vertex z of order two of a fundamental simplex, and z generates 
the center of U, ([7], Remarque II, p. 220). Looking at thè diagram of G, ` 
one sees that the two invariant 3-dimensional subgroups of U, are globally 
isomorphic to Sp(1); since U, has a center of order two, it is then isomorphic 
to SO(4). 


17.2. The subgroup Q. The relations (1) imply that the linear trans- 
formation S; (1€ 4,) of WM which keeps bmw Cus, es fixed and changes the 
signs of the other e,’s is an automorphism of &. The seven elements S; and 
the identity form a commutative subgroup Q of G, of type (2,2,2). More- 
over, G, contains no commutative subgroup of type (2,2,2,2) (see A. Borel- 
J-P. Serre, Comm. Math. Helv. 27 (1953), 128-129 or 17.5). 


+ Proposition. We keep the previous notations and denote by x, the 
element of Hom(@,Z.) defined by %(S;) =y (1Si,j3). Then Q CU, 
and the 2-roots of U (resp. G) with respect to Q are zı + to, © + Ta, Lo + 23 
(resp. together with Ti, T2, Ta, £1 + Z2 + z3). Hach has multiplicity 2 and is . 
the character of Q in one of the bis. | 


Tt follows from the definition of U that this group leaves invariant the 
subspaces €, D of WM spanned, respectively, by és, Ca, €s and ei, €z, €s, €y and 
that the restriction to © of the standard maximal abelian subgroup Q’ of 
type (2,2,2) of U consists of the diagonal matrices of determinant + 1. 
On the other hand, it is readily seen that this is also the restriction of Q to 
D; since by (1) an automorphism of & leaving e1, ez, €s, e, fixed must be the 
identity, we have Q’ == Q and @ CU. The other assertions follow from the 
fact that the inner automorphism Ad S; defined by S&; is the identity on 
Disi Diss) Diro and is — Id on the other b,’s. f 


= 17.8. The cohomology ring mod? of G./SO(4). The following facts 
are proved in [3]: H* (Bso), Z2) and H* (Ben Z2) are rings of polynomials in 
three variables of degrees 2,3,4 and 4,6,7 respectively ; the homomorphisms 
p2*(Q,SO(4)) and p:* (Q, G+) are injective. The ring H*(G,/SO(4),Z2) _ 


md y 
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. is the quotient of H* (Bso), Z2) by the ideal generated by the elements of 
strictly positive degrees in the image of p2*(S@(4),G:) ; the Poincaré poly- 
nomial mod 2 of G,/SO(4) is 


P,(G2/SO(4),t) = (1—t*) (1—#) (1— #7) /0—#) 1 —#) A —*), 


and hence 


P,(G,/SO(4),t) =1+# a és Lis LES LES 


Proposition. We keep the previous notations and denote by oi the i-th 
elementary symmetric function in the xs. Then the image of p:*(Q, U) equals 
Zo[ Ua, Us, Us] With te == 02 + 017, Us = C3 + o102, Uy = 0103, and the image of 
paž (Q, G2) equals Æ[94, gogr) with ga =U? + Us, Je== Us? + Ut, and 
Jı == UUs. Consequently, H*(G,/SO(4),Z:) is generated by two elements 
Ur, Ug Of degrees 2,3 with the relations u == ù, and teste” = 0. 


We. identify U with SO(4) by means of the representation in D. Let 
Q, be the subgroup of diagonal matrices of O(4) and x the inclusion of Q 
in Q,. Then, for an obvious choice of a basis (Y1, Y2 ¥3, Ya) Of Hom(Q-, Z2), 
the image of p,.*(Q,,0(4) is the ring of symmetric functions in the y: 
(cf. [8]), and the homomorphism x’: Hom(Q,,Z,) >Hom(Q,Z,) induced 
by a is given by 


we (yi) =t (t= 1, 2,3), w (ys) = % + T2 F Ta. 


Therefore, w annihilates y, + Yz + Y3 + Yı and maps the i-th elementary 
symmetric function in the yÿs onto u; for 1—=2,3,4. Since p2*(Q.Q(4)) 
and p2*(Q,SO(4)) have the same image (see [8]), this proves our first 
assertion. 


The image of p.*(Q,G.) is a subring of Z[u:,us,w,] generated by 
elements of degrees 4,6,7 and its elements are invariant under the action 
of the normalizer of Q in G., operating in the usual way [3]; therefore, in 
. order to prove the second assertion, it suffices to exhibit an automorphism « 
of H* (Bo, Z.) = Z,[21,%2,%3] induced by an inner automorphism of G, 
leaving Q invariant, and for which g; is the only non-zero invariant of degree 
i (t= 4,6,7). ` | 

Let S be the linear transformation of Mt which sends e, + -,e, onto 
E5, Cr, — Ea, C4, C1, — Ce, €» respectively. It follows from (1) that SE G.. 
Moreover, it is seen without difficulty that 


S- Si S = K, S -Sa Su Sa Sam, S:-8,:S=8,:°8.—=S8, 


`a 


19 
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and, therefore, the automorphism « of H*(Bg,Z.) induced by Ad § satisfies: 
(5) a(t) =t A(T) =L, F T3, Q(Ts) = tı + Ta, 
(6) a(o) =o, a(o2) ai? + tt a(o) =t (2? +02), 
æ (Ua) = To? + Ea? + LoL, 
(7) a (us) = Boks (Te + Ta), 
a (Us) = T (21 + on) 04. 


An element 4 € H4(B5,2:) may be written in the form h=-a-u,+ 0-4,’ 
(a,b € Z2), and hence 


& (h) = (10, (1° -+ ce) T1 + bt ta + b (£t —- £st) , 


The coefficients of v, in À and g(h) are b and a respectively; therefore, if 
h==a(h) with hs40 we must have a—b—1 and h==g, That g, is in 
fact invariant under « can be checked directly, but this is not necessary 
since we know a priori that H* (Bes Z) has dimension one. 


The proofs oi the invariance of ge, gz under @ are quite analogous: an 
element of degree six may be written 


h = de® + bus? + cog, (a, b,c € Z2). 


Using (7), one sees that the coefficients of 2.6 in k and a(h) are a+c and 
zero respectively, while those of m4: x are a + b + c and c. Thus a(k) =h 
and k £0 imply e = b = c = ] and k = ge. Finally, starting with a general 
element 

h == U3 (tte? + bga) (a,b € Z) 


of degree seven, we see by looking at the coefficients of v,°- æ, that h=a(h) 
and i540 imply a=b = 1, that is À = g:. 


The last assertion follows then from the results recalled at the beginning 
of 17. 3. 


17.4. PROPOSITION. The Stiefel-Whitney classes of G:/SO(4) are non- 
zero only in the avmensions 0, 4, 6, 8. 


By 11.5 and 17.2, the image under p2*(Q,U) of the total Stiefel-Whitney 
class of the bundle along the fibres of (By, Be» G/U) is 


w= {1 fox)? TT (I + 24)? ; 
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therefore | 
w = (1 + 012 + 027 + 057) (1 + 017) = 1 + Ue? + Us? Hu, 
and 17.4 follows now from 17.8. 


17.5. Remarks. 1) The 2-roots of G» have been computed with respect 
to a particular subgroup of type (2,2,2). In fact, these subgroups are 
conjugate by inner automorphisms, and these 2-roots are therefore invariants 
of G.. To see this, one uses the fact that given three orthonormal purely 
imaginary Cayley numbers u,v, w with w also orthogonal to w-v, there exists 
exactly one automorphism of Q which maps e:, €, €, onto u,v, w, respectively 
(see N. Jacobson, Duke Math. Jour. 5 (1939), 776-783). This implies easily 
that any commutative subgroup of type (2,2,2) of G, can be put in the 
diagonal form by means of an automorphism of G,. Moreover, one deduces 
from (1) that Q contains all diagonal matrices of G:; hence, G does not 
céntain commutative subgroups of type (2, 2, 2,2). 


(2) It follows a posteriori from the proof of 17.3 that p2o(Q, Gz) 
maps H*(Be¢,,Z2) isomorphically onto the ring of invariants of the normalizer 
of Q in G». Thus, the analogy between the role of Q in cohomology mod 2 
and that of a maximal torus in real cohomology, which is the basis of [3], 
is also very complete for G». 


18. Some manifolds with Poincaré polynomial 1 + tt + £. 


18.1. The quaternionic plane P,(K) is an 8-dimensional manifold 
with real Poincaré polynomial 1+ 7¢*-++7¢%. We know (15.5) that the 
(integral) Pontrjagin class of P,(K) is given by 


p= (1-+u)%(1 + 4u). 

‘Thus p;=2u and p, =u’. The Pontrjagin numbers of P,(K) are 
p2[P.(K)]—4 and p.[P,(K)] =. 

Here we use the orientation defined by w?[P,(K) |] — 1. 


18.2. The manifolds G;/SO(4) (see 817) and @, (see 16.6) have 
the real Poincaré polynomial 1+ 7¢4+-¢8. Their Pontrjagin numbers are 
(for suitable orientations) the same as those of the quaternionic plane. For 
Qa, this was proved already in 16.6. In the next section, it will be shown 
for G./SO(4). We do not know whether all differentiable manifolds with 
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real Poincaré polynomial 1+ ¢*- t° have the same Pontrjagin numbers. 
By the index theorem ([19], p. 85), we know for such a manifold X that 
(for suitable orientation ) 


(1) (TP: — pr?) [X] == 45, 


and therefore, it is sufficient to calculate one Pontrjagin number. But, as 
an example, we shall make the computations without the use of the index 
theorem in the case of G,/SO(4). 


-` Remark. Milnor has constructed an 8-dimensional combinatorial mani- 
fold with real Poincaré polynomial 1 + ¢*-+ 4 whose Pontrjagin numbers 
(in the sense of Thom) satisfy (1), but are rational, non-integral numbers. 
This manifold of Milnor does not admit a differentiable structure compatible 
with its combinatorial structure. 


18.3. By the Hirsch formula, the manifold G./SO(4) has the real 
Poincaré polynomial (1 —— t4) (1— t) (1 — t) (1 — #4) == 1 + tt -+ t8. We 
calculate the Pontrjagin class of G,/SO (4) by the schema used in 15:5. All 
cohomology groups are taken with real coefficients. | 


Roots of G2: 
+ Tti, + Te, + (2, — 22), + (41 — 222), t (£, — Bt), + (Rx, — 322) 


with respect to a convenient base T1, & € H?(G./7') for a maximal torus 7" 
of G2. 


Following de Siebenthal [25a] we take ¢,—«a, and ġ:== g, — 83T, as 
simple roots of G.. The dominant root is then 3, + 2¢. = 2g, — 322. By [7, 
p. 218], we know that there is an imbedding of SO(4) in G, for which + 4, 
and + (3¢,-+ 8) are the roots of SO(4). 





Complementary roots: + Ti, + (21 — 2z), + (21 — Ra), + (x, — 322). 


We put y, = 2t; -— 87, and Yz — Va. 


Invariants of the Weyl group of Ga: Since H*(Be,) is the polynomial 
ring over R in two indeterminates of degrees 4 and 12, we have only one 
invariant in dimension 4. Since the dimension of G./SO(4) equals 8, this 
is the only invariant we need. An invariant of dimension 4 is always given 
by the sum of the squares of all roots, which, up to a factor, is, in our case, 


4(a,° — TIT + 32") me (yi? + 3y”). 
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It is convenient to express the complementary roots as linear combinations . 
of Y-,Y2. This gives i 
Tı = $ (y: T 3Y2), 
Tı — T: = 3 (Y1 + Y2); 
Ti Rte = $ (Y1 — Ya), 
Ty me 322 == 4 (y: re BY2) z 
Euler class W of G:/SO(4) : 
+ 16W = (y? — ya) (Y? — 9y") = 4y”: 1y, 
+ W = 3Y2", 
the computations being made modulo the invariants. Since the Euler number 
of G./SO(4) equals 3, we get 
(2) yo (G,/SO (4) ] = 1 
after choosing the orientation ot G,/SO(4) conveniently. 
The. Pontriagin class p of G./SO(4): | 
1 + 4p, + 16p2 
= (1+ (ys + 8y2)?)(1 + (ga — 8y2)?)L + (ya — yA + (an + 72)°) 
= (1 + (y? + 9y) + (ys? — 9yo")?)(1 + RCE + yat) + (yx? — y2’)’) 
= (1 + 12y? + 144y24)(1 — Aya? + 16y). 
1 py + po = (1 + 3y? + Gyo*)(1 — yr? + 42"), 
A= RY”, P: = TY2". 
(AU ,calculations modulo the invariants.) 


By (2), we get for the Pontrjagin numbers (with respect to the orientation 
defined by (2)) 


p2[6;/SO(4)]=4,  p[G:/50(4)] =". 


19. The Cayley plane. 


19.1. The center of the simply connected representative of the local 
structure F, consists only of the unit element, as is well known. The structure 
F, has, therefore, one and only one representative which we also denote by Fy. 
According to [7], the group F, contains exactly one class (relative to inner 
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automorphisms) of subgroups with local structure B,. They are, in fact, 
globally isomorphic to Spin(9). The homogeneous space F,/Spin(9) has 
dimension 16 and may be identified with the Cayley plane W, the projective 
plane over the Cayley-numbers. The Cayley plane W, considered as the 
homogeneous space F,/Spin(9), was studied, ior instance, in [1], see also 
[2], $29 and Freudenthal, loc. cit., §1%. The integral cohomology of W 


is given by 


H? == HS om H oe Z, H? == () otherwise. 


19.2. Let T be the standard maximal torus of SO(9) with the base 
T1, Lo, Ts, Ta € HI (T, Z) (see 16.5(b)). Then the roots of SO(9) are 


(1) +ebaj(lSt<j7S4)3 HH, +, Hos, E ta 


` We have the projection 
r: Spin(9) — SO(S). 


x `(T) — TT" is a maximal torus of Spin(9). The restriction of r to T’ 
induces an isomorphism of H'(T,R) onto H (T R). Thus 2, £a, Z3, £4 may 
be regarded as elements of H> (T', R). They constitute a base of H 1(7”, R). 
By [7, Théorème 4], we can choose an embedding of Spin(9) in F, such 
that the roots of F, with respect to T” (considered as elements of H 1(7’,R)) 
are those given in (1) together with the following (see, e.g., [25a]): 


(2) CH Haha oe ag), : 


which are the roots of F, complementary to Spin(9). We now regard 
Ti, Lo, Ts, Ta as elements of H?(By,R). We introduce the elementary sym- . 
metric functions @,: © >,a, in the z? 


4 
(3) 1+ + Get ta + aa = TT (1 e). 
The polynomials 
(4) Gy, — 603 + dite, 12a, + ae" — da, as 


are invariants of the Weyl group of F,. 


Proof. Since the a; are invariants of the Weyl group of Spin(9), it 
suffices to check that the polynomials 9 are invariant under the reflection 
to the plane 


ee A 
f ` . 


with respect to th2 usual Euclidean metric. 
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19.8. The calculation of the Pontrjagin class of W goes in the same 
way as for G./SO(4) (see 818). We indicate briefly the various steps of 
the computation. We put | 


Tı = À (£1 + Ta + Ta $ T4), (tea 1,2, 278). 
For tae Pontrjagin class with real coefficients, we get, modulo the invariants 
(4), 
p(W) Il (1+ 7?) =1—a, —13a;, ie. 
(5) pı == Pa == 0, Pre, Pa = — 180, 
(6) | po? = On? == — 1804. 


Let u be a generator of the infinite cyclic group H°(W,Z). Then the Euler 
class of W equals + 3u?. On the other hand, we have, after reducing to real 
coefficients and modulo the invariants (4), 


8 
+ Bu? — Il Ti = Og == 7/12. 


The preceding equation and (6) yield, since p, is a real multiple of u, 
(7) p? = 6,  pa—= + bu, 
(8) | Ps == 39u?. 


Since W is without torsion, we conclude that (7) and (8) are also true in 
integral cohomology. We choose the generator u such that p. == 6u. 


19.4. THEOREM. ‘There exists a generator u of the infinite cyclic 
groug H®(W,Z) such that the integral Pontrjagin classes of W are given by 


p.(W)—6u,  pi(W) = 8907. - 


Choosing that orientation of W which is defined by u*, the non-vanishing 
Pontrjagin numbers of W are 


(9) po" [|W] = 36, pil W] = 39. 


19.5. The manifold W, oriented as in 19.4, has the index 7(W) —1. 
By the index theorem ([19], Satz 8.2.2), we have 


(10) (381p,— 19p2) [W] — 34- 52-7. 


We shall see later in this paper by some general arguments that the A-genus 
({19], 1.6) of W vanishes. This, together with (10), gives a system of two 
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linear equations for the Pontrjagin numbers from which (9) can also be 
obtained. | 


19.6. From Theorem 19.4, we can easily draw the following conse- 
quences. 


(a) Let P; be the Steenrod reduced power 
Pa: H*(X,Z;) > Hs (X, Zs). | 
For the generator u of 19.4 we have, by [15] (coefficients reduced to Z5), 
(11) D stu == 4 (Tpz — pi? Ju = — Rpou == — du’. 
(11) implies that, for each homeomorphism œ of W onto W, we have ¢*u = u. 


(b) The manifold W with its usual differentiable structure does not 
admit an almost complex structure. 


Proof. 


c? == (1 + cs + Cg)? = 1 + bu + 39u? 
would imply , 
Cg = 15u’, 


but, for an almost complex structure, we would have 
Ce == + ĝu’, 
(c) The (total) Stiefel-Whitney class w of W is 
w = 1 + u- u? (coefficients nis to Zo). 


Proof. We have (coefficients reduced to Z.), see 9.2, 9.3 and Appendix 
TT, 
Wa? = Ds, Wie == 8u? (Euler class). 
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THE CRITERION FOR UNIT MULTIPLICITY AND A 
GENERALIZATION OF HENSEL’S LEMMA.* * 


By Wai-Liane CHOW. 


To Artin on his 60th birthday 


The well-known criterion for unit multiplicity in algebraic geometry 
states that if two cycles Æ7 and Y? in a variety V” (n—7r+Ss) are trans- 
versal to each other at a simple point « in V, then ¥ and 9) intersect properly 
at a with the multiplicity 1. This is the version of the criterion as 
formulated in Weil’s Foundations of Algebraic Geometry, whereby we have 
restricted ourselves for simplicity to the case r -+ sn. It is possible to give 
this criterion another formulation which is somewhat more elementary in 
the sense that it involves the multiplicity of a specialization rather than that 
of an intersection. It can be stated as follows: If two cycles #r and 9)* are 
specializations of two subvarieties X’ and Y’ respectively in a variety V” 
(n—r+s) over a field of definition k for V, if XY N Y consists of a finite 
set of (distinct) points a, and if X and 9%) are transversal to each other at 
a simple point a in F, then the point @ occurs exactly once in every 
specialization of the set a over the specialization (X’, 9Y) > (X, 9) over k. 
This version of the criterion for unit multiplicity appeared in the earlier 
intersection theory of van der Waerden,® and played an essential role there 
in the development of the concept of the intersection-multiplicity itself. 
However, if one examines very closely the treatment of van der Waerden, one 
observes that only a part of this criterion, namely the assertion that the 
specialization-multiplicity is af most one, was given a simple proof before 
the introduction of the concept of the intersection-multiplicity, while the 
other part, which asserts that this specialization-multiplicity is at least one, 
was proved only later after the concept of the intersection-multiplicity had 


* Received J anuary 17, 1958. 


1 This work was partially supported by a research grant of the National Science 
Foundation. 


*See Chapter VI, Theorem 6. 
_ 4B, L. van der Waerden, “ Zur algebraischen Geometrie V. Ein Kriterium fuer die 
Kinfachheit von Schnittpunkten,” Math. Annalen, 110, 128-133, 1934. 
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already been introduced.* In fact, this second part concerning the positivity 
of this particular specialization-multiplicity was proved by van der Waerden 
in a rather complicated and indirect way, at first only for cycles in a pro- 
jective space and later carried over to the general case. As we have recently 
developed a new theory of intersection which preserves the basic ideas of the 
original theory of van der Waerden, although in an extensively generalized 
form; we become naturally interested in finding a proof of the criterion for 
unit multiplicity which is completely free from any use of the notion of the 
intersection-multiplicity. It turns out that we are able not only to find a 
simple proof of this nature, but also at the same time, by virtue of the 
abstract local form in which we have recast this criterion itself, to obtain a 
more precise result which contains as a special case a certain generalization 
of the Hensel’s Lemma conjectured by Weil some years ago. Although the 
subject forms an integral part of our intersection theory, which will be pub- 
lished elsewhere at a later date, we feel that this connection with the Hensel’s 
Lemma justifies its separate publication here as a short note. In keeping 
with the foundational nature of the subject, we shall make our treatment as 
elementary as posible, using only a few elementary properties in the theory 
of local rings. Finally, we shall show in the last section that this connection 
with Hensel’s Lemma can be extended to a more general result in the inter- 
section-theory, namely the invariance of intersection-multiplicity under 
specialization ; it turns out that this invariance can be easily deduced from the 
Associativity Formula, as generalized in a recent paper® of Nagata. Here we 
shall of course nead the more sophisticated results in the theory of local rings. 


i. Let K be a field, and let v be a real discrete valuation of K; let 
K, be the valuation ring of v in K, let + be a generator of its maximal prime 
ideal, and let K be the residue field of K, modulo the maximal prime ideal. 
"We denote by S” and §” the projective spaces over the fields K and K 
respectively, and we shall be interested in the relation between the varieties 
aud cycles contained in them. Let a be a rational point over À in S™. 
We choose an affine coordinate system in 8” so that in the corresponding 
affine coordinate system in 8” the point œ is at the origin; we introduce 


1 The first part was proved in the paper cited above; the second part is contained 
implicitly in B. L. van der Waerden, “ Zur algebraischen Geometrie, XIV. Schnitt- 
punktszahlen von elgebraischen Mannigfaltigkeiten,” Math. Annalen, 115, 619-642, 1938, 
see § 4, . | 
5M. Nagata, “ The Theory of Multiplicity in General Local Rings,” Proceedings of 
the International Symposium on Algebraic Number Theory, Tokyo-Nikko 1955, pp. 
191-226.. : 
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the indeterminates X,,-:-,Xm corresponding to the affine coordinates so 
that we have «== (0,: - -,0) and consider the ring K[X]—K{X,,: - -,X,] 
as well as the rings K,[X | = K,[X.,---,Xm] and K[X] = E[ X; - -,Xn]. 
The canonical homomorphism Æ of K, onto K can be extended to a 
homomorphism of the polynomial ring K,[X] onto the polynomial 
ring K[X], and for any f(X) in K,[X] we shall denote its image 
under E in K[X] by f(X). Let 2(8/a) be the set of all quotients 
f(X)/g(X) of two elements f(X) and g(X) in K,[X] such that g(a) £0; 
it is easily seen that 2(S8/a) is a local ring and that its maximal prime 
ideal p(S/a) is generated by the m + 1 elements r, Æ,,: © -,X, Similarly, 
let 2(S/a) be the set of all quotients ¢(X)/6(X) of two elements $(X) 
and 6(X) in [X] such that 6(a) +0; it is well known that 2(5/a) is 
a regular local ring of dimension m and that it maximal prime ideal p(S/«) 
is generated by the m elements X,,---,Xm. It is easily seen that the 
homomorphism F of K,[X] onto |X] can be extended to a homomorphism 
of 2(S/a) onto 2(8/a) and that the kernel of the so extended homo- 
morphism Æ is the ideal in 2(S/a) generated by the element x. This shows, 
in particular, that 2 (S/a) has a dimension at least m + 1, and since p(S/a) 
is generated by the m + 1 elements r, X3,- © -,Xm, it follows that 2 (S/a) 
is a regular local ring of dimension m + 1. 

Let r be a positive cycle in 8”, rational over K, and let F(U) 
— F(,U,,U,---,,U) be the associated form of Æ, where each ,U is a system 
of m +1 indeterminates; by a proper choice of the proportionality factor, 
we can obtain that the-coefficients in F(U) are all in K,, but not all in the 
maximal prime ideal, and we observe that in this way the coefficients in 
F(U) are uniquely determined up to a common factor which is a unit in K,. 
If we denote by F(U) the form obtained from F(U) by replacing every 
coefficient by its image in K, then F(U) is the associated form of a positive 
r-cycle € in §”; since the form F(U) is uniquely determined up to a factor 
in Æ by the form F(U}, the cycle’ is uniquely determined by the cycle &. 
We shall call the cycle # the specialization of the cycle £ over the valuation v. 
We shall now express this situation in terms of local ideals at a given point 
in Æ. Let « be a point in Ẹ (i.e. a point in the support of £), rational 
over À, and assume that an affine coordinate system in S$” has been chosen 
as indicated above. Let $ be the ideal in K[X] associated with the support 
of the positive cycle X, i.e., $ consists of all polynomials in K[X] which 
vanish at every point in the support of X; we set $,—K,[X] NB and 
Po=2(8/a)P,. The fact that ¥ has the dimension r can be expressed by 
the property that every minimal prime divisor of P has the rank m—r; 
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we recall that the rank cf a prime ideal is defined as the maximum length 
of a descending chain of prime ideals starting with, but not including, the 
given ideal itself, and the rank of any ideal is defined as the minimum of 
the ranks of its minimal prime divisors. Since every element in $H can be 
made into an element in e: by multiplying with a suitable power of r, 
it follows that every minimal prime divisor of $, must have the same rank 
m—r; since € contains the point a, the ideal p(9/a) contains Pa, and it 
follows then from well-known properties of quotient rings that every minimal 
prime divisor of Ha must have the same rank m—7 as P, Let B, be the 
image ideal of %, under the homomorphism #; then By is contained in the 
ideal associated with the support of Ž, and hence every minimal prime divisor 
of R, must have a rank at most m—-r. If we denote by Ba the image ideal 
of Pa under the homomorphism £, then it is easily seen that Ba = 2 (5/a), ; 
hence Ha must have a rank at most m —r. 

We shall say that the positive cycle X is simple at the point « if exactly 
one component variety Æ, in Æ, with the coefficient 1, contains the point a, 
and if this component is simple at g. | 


Lemma 1. If the cycle X is simple at the point a, then Ba has 
a basis consisting of m— r elements which can be extended to a minimal 
basis for p (S/a) ; and when such is the case, then Pa is the prime ideal in 
Q (8/a) associated with the variety Ža. 


Proof. We assume that =F, + ¥e, where X, is the variety having 
a simple point at « and Xg is a positive cycle not containing æ at all, 
and let F(U) — #,(U)®2(U) be the corresponding factorization of the 
associated form; since X, and hence also Æg are rational over K, the 
forms $, (U) and $,(U' can also be taken to be rational over K. Since 
¥, is simple at the origin a, we can choose the affine coordinate system 


so that the equations Y,,,—---—X,—0 define the tangential space of Xq 
at a. We set gio = Xi, ii 1, su 0 (7 540,12), for i= 1,- - -,m, and con- 
sider the m—-r volynomials P(X) = P(r, au, + +, rt), kr +1," ,m; 


if we assume for the moment that K is infinite, then for a suitable 
choice of the affine coordinate system in S$” we can obtain that the 
determinant | 0¥,(X)/0X;|, j,4—=r-+1,---,m, does not vanish at a. We 
set y(X) = F (pu, au, > +, pe) = Ba (rth, a, + +, pth) Bo (nu, a, + +, ru) ; Since 
the second factor on the right does not vanish at all at a, it follows that 
the determinant | @¢,(X)/0X,|, j,k=7+41,: - -,m, also does not vanish 
at « This shows that tne elements X,,-- c, Ær dris(X),° ° *>¢m(X) form 
a minimal basis for p(S/a). If we now set f,(X) = F (ku, 14, * *,,u), 
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b=r<+ 1, :,m, then it is easily seen~that the polynomials f(X) all 
vanish at every point of Æ and hence are contained in $e, (and hence also 
in, Ba); since we have evidently 6,(X) = f(X) for every k, this shows that 
-the polynomials ¢,(X) are all in Pa Since the polynomials p(X) generate 
in-2(5/a) a prime ideal which has the rank m—r and is contained in Pas 
and since a has a rank at most m—r, it follows that Ba must coincide 
with this prime ideal and hence has the polynomials p(X) as a basis. 
Finally, since the prime ideal in 2(S/a) associated with a has the rank 
m—r and contains Ba, it must coincide with Ba. 

In case À is finite, we take the ring K,[w] obtained from K, by the 
adjunction of an auxiliary variable w over K, and consider the quotient ring 
Kow of K,[w] with respect to the set K,[w]—K,[w]a; if we denote by @ 
the Ky wa-residue of w, then @ is a variable over K, and K (%) is the residue 
field of Ky. If we replace K, by Kow and apply our lemma, and if we 
` denote by 2(S/a,K(w)) the local ring defined in a similar way as 2 2 (S/a) 
with. À (%) replacing K, then we conclude that the ideal 2 (S/a, K (5) ) Ba 
is the prime ideal in 2 (S/a, K(@)) associated with £a; since a is the 
contraction of 2 (S/a, K(w))$ in 2(8/a), it follows that the ideal Bq is 
the prime ideal in 2(5/a) associated with £a 

In the next two section we shall be concerned only with those points in 
S” (and in $") which are finite with respect to the given affine coordinate 
system, so that we shall be really dealing with affine varieties and cycles. 
For the sake of convenience we shall keep the same notations as used before 
for the entities in the projective space; there will be no danger of confusion, 
as the context will make it clear what is meant in each case. 


2. Consider now a variety V” in S”, defined over K, and assume that 
the specialization V of V over v is simple at the point «œ. Let © be the prime 
ideal in K[X] associated with V, and set ©, = K [X] ND, Oa = 2(8/a)D,, 
R = 2 (8/a)/Da and m=p(S/a)/D,; then R is a local ring with m as 
the maximal prime ideal, and since ©, does not contain any element in Ky, 
we can embed K, canonically as a subring in R. Let De be the image ideal 
of Da under the homomorphism F, and set R—Q(S/a)/Oq; then R is a 
local ring, and since D does not contain any element in K, we can embed 
K canonically as a subring in À. It is clear that E induces a homomorphism 
of R onto R, which we shall denote by Fr; and if we denote by G and G 
the canonical homomorphisms cf 2(S/a) onto R and of 2(8/a) onto À 
respectively, then we have the relation £rG—GE. We set ,—G(X;) and 
== G(X;) for i=], m; then the point c— (2,---,2n,) in S” is a 
generic point of V over K and the point Z= (%,,- : -,Zm) is a generic point 
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over À of the component Va of V- containing a, and it is clear that Z is the 
image of z under the homomorphism Hr. According to Lemma 1 above, 
applied to V as a prime cycle in §”, the ideal , is the prime ideal in 2 (3/a) 
associated with Va; since V, is simple at «, this means that À is a regular 
local ring of dimension n. If now ¥,,:--,¥y, are elements in À such that 
their images ¥,,---,¥, under Egr form a minimal basis for the maximal 
prime ideal m in À, then it is easily seen that the n + 1 elements x, Y1,° © -, Yn 
will form a basis for the maximal prime ideal m in Æ; since Æ has the 
dimension at least n-+-1, this shows that this basis is minimal and that F 
is a regular local ring of dimension n + 1. 

' We consider the (affine) coordinate ring K[a#] of V, and the subring 
K,[æx] contained in it; it is clear that K[a] is the quotient ring of K, [x] 
with respect to the multiplicatively closed set of all non-zero elements in Ky. 
Let i be an ideal in K,[a], and let p, t= 1,: + -,c, be the minimal prime 
divisors of i; then, for each p; which does not contain any element in Ky 
(i.e. K[a]p;4K[a]), the ideal K[a2]p; is a minimal prime divisor of the 
ideal K[x]i, and in this way we obtain all the minimal prime divisors of 
K{a]i. It is well-xnown that if the ideal i is the contraction of an ideal 
in K[a], then none of the ideals p; can contain any element in K, and K|2]i 
is the only ideal in K[z] which contracts to į in K,[a]. If we denote by 
W and W; the subsets in V (or rather in the part of V which is finite with 
respect to the given affine coordinate system) defined by the ideals i and p: 
respectively (or by K[a]i and K[x]p, respectively), then each W; is an 
affine K-variety and we have the equation W ==.) W;; it is clear that if i is 


the contraction of an ideal in K[a], then none of the sets W; is empty. 
Consider now the coordinate ring K[Z] of the variety Va and denote 
by Æ’ the homomorphism of K,[x] onto [Z] which is the restriction to 
K,{æ] of Er (E is also an extension of the canonical homomorphism Æ 
of K, onto K); we observe that the kernel of F’ is the ideal K,[z]r. We 
denote by 1 and p; the image ideals of i and p respectively under E”; we have 
evidently the relation 1 C fi On the other hand, if fı are elements in p; 
such that their images f; under Æ” all coincide with one element ¢ in N pi 


then the element ĮI fs is in the radical of i; since the image of the radical 


of i under E’ is contained in the radical of 7, this means that a power of 
the element ¢ is in the radical of 7, and hence ¢ is itself in the radical of 1; 
this shows that f) 6, is contained in the radical of 1. If we denote by W; the- 


+ subsets in Fa defined by the ideals p, then it follows from what we have 


just said that the union |) W: is precisely the subset in V, defined by the 
4 
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ideal i. Now, for each p; which does not contain any element in K, (and 

hence W; is not empty), the set 17; is by definition the specialization oi the 

set W; over E (or over the valuation v); hence the set W = |J’ W, wheré 
i 


the symbol J’ indicates that the union is taken over all à such that p; does 
not contain any non-zero element in Ky, is the specialization of W over Æ. 

Now, the point a in V, is the only zero of the ideal [2] N m, and & 
is the quotient ring of Æ[£] with respect to [2] — (K[4] N iit); it follows 
that æ is contained in W if and only if for at least one ? the ideal Ap; is not 
the unit ideal and the ideal p; does not contain any non-zero element in K». 
Since #§; is clearly the image of Rp; under Hp, it follows that æ is contained 
in W iz and only if for at least one't the ideal Rp; does not contain any non- 
zero element in K,, and it is easily seen that this is so if and only if the 
ideal Ri does not contain any non-zero element in Ky. 

We shall say that the point œ is an isolated zero of the ideal i if the 
ideal Ai is primary for the ideal iit, and the isolated zero æ of 1 is said to be 
a simple zero of ? if ĝi =i.. 


THEOREM 1. If the point « is an isolated zero of 1 and if Ri has a 
rank at most n, then a is contained in. W ; furthermore, if K, is complete 
and tf a is a simple zero of i, then there ts exactly one point a in W which 
specializes over E to a, and this point a is rational over K, and is a simple 
zero of i. 


Proof. To prove that æ is contained in W, we have to show that the 
ideal Ri does not contain any non-zero element in K,; we assume that Bi is 
primary for iit and the Ri contains a non-zero element in K,, and we shall 
show that Ai must then have the rank n +1. In fact, for every 4, the prime 
ideal Rp; K, in Ky is in this case not the zero ideal and hence must 
coincide with the ideal K,7; it follows that every ideal Rp; contains the 
kernel Ra of Hr and hence must coincide with the inverse image under Er 
of the ideal Rp, Since Ri is primary for iit, every ideal Ap; is primary for 
iit; it follows that every ideal Ap; is primary for m and hence has the rank 
n + 1, and this implies that Ri has also the rank n -+ 1. 

If Ri= M, then we have the relation R(i,r) —m. Consider now the 
residue ring T == R/Ri, which is a local ring with the maximal prime ideal 
m/Ri; since Ri does not contain any non-zero element in Ky, we can-embed 
K, canonically in T as a subring. It is clear that T and K, have the same 
residue field K, and the relation m/Ri— R(i,r)/Ri shows that the maximal 
prime ideal of the so embedded ring K, generates in T the maximal prime 
ideal of T. If K » is complete, then it follows from a well-known result that 


20 


546 WEI-LIANG CHOW. 


T coincides with its subring K, Since T = K, is an integral domain, Ri is 
a prime ideal, and hence we have c = 1 and Ri = Rp,; since the quotient ring 
of K,[a] with respect to the set K,[x] — pı coincides with the quotient ring 
of R with respect to the set R— Rp, = R— Ri, we can identify T with the . 
residue ring K,[2]/p., so that Ky[v|/p, also coincides with K,. There exists 
therefore a homomorphism H of K,[x] onto K, which leaves every element 
in K, invariant and whose kernel is the ideal b,; if we set a= H(xi), 
t—=1,---,m, then the point a== (a, ::,a.) in V is clearly the only 
zero of ),, and since the point a has a unique image & under Ẹ and has the 
point « as a specialization over W, we must have the equality d=. Thus 
the rational point a is the only point in W which can specialize over Æ to the 
point «, and it can specialize over # only to œ. Finally, it is clear that 
K{x]p, is the defining prime ideal of the point a in Kfe], and that the 
quotient ring of K{x] with respect to the set K[x] — Kfx]p, coincides with 
the quotient ring of K,[z] with respect to the set K,[z]—p,, which in turn 
coincides with the quotient ring of & with respect to the set R—#p,; it 
follows then from the relation Ei == Rp, that the point a is a simple zero of 1. 
This concludes the proof of our theorem. 

As a corollary of the above theorem we obtain a result which can be 
considered as a generalization of the well-known Hensel’s Lemma: ° | 


COROLLARY. Let K be a field which is complete with respect to a real 
discerte valuation v, let V be a variety in S" defined over K, and let V be 
its specialization over v; if a is a point in V such that a is rational over K 
and V is simple at a, then there exists a point a in V such that a is rational 
over Ky, V ts simple at a, and ä == a. 


In fact, if y1,- © +, Yn are elements in À such that their images a,’ - -,ÿ, 
under Erg form a basis for in, then we can take for i the ideal in K,[2] 
generated by the elements 71, :",7,, which has a rank at most n; our 
corollary then follows immediately from Theorem 1. 


3. Let x= (2@,. + +,2@) be a system of d points in W, which for 
the sake of convenience we shall assume to be distinct. A system of d (not 
necessarily distinct) points B == (89, ::,8®) in VA is said to be a 
specialization of the system x over Æ if thé mapping z(t)— 8 defines an 
extension of # to a homomorphism E, of the ring K,[x] onto the ring K[§]. 
The number of times the point a appears in the system { is then called the 


e Such a genera‘ization of Hensel’s Lemma was conjectured by A. Weil some years 
ago; a special case of it, namely, for the Jacobian variety of a curve, has been recently 
proved by A. P. Mattuck in an unpublished manuscript. 
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multiplicity of @ in the specialization B of x over E. It is clear that in order 
that this multiplicity can be positive, it is necessary that « is not only a zero 
"of the ideal 7, but also contained in the set W; as we have seen above, this 
condition is equivalent to the condition that the ideal Rt does not contain 
any element in Ky. 


THEOREM 2. If the point a is a simple isolated zero of 1, then the multi- 
plicity of a in any specialization over E of any system of points in W is at 
most equal to 1. i 


Proof. If K, is complete, then this theorem follows immediately from 
Theorem 1; for then the point a is the only point in W which specializes over 
E to a, and hence g appears in 8 if and only if a appears in x (observe that, 
since the points in x are assumed to be distinct, a can only appear once in x). 
In order to prove our theorem it is sufficient to show that the homomorphism 
E, can be extended to a homomorphism of K,*[x] onto Æ[P], where K,* 
denotes the completion of K,. Since [P] is an integral domain, the kernel 
to of Eo is a prime ideal, and E, can be extended to a homomorphism Æ, of 
the quotient ring N, of K,[x] with respect to the set Æ,[x]—1, onto the 
field E(B); since the contraction of r, in K, is evidently the kernel Kyr of 
E, it follows that Ky—=N,NK. Let N, be embedded in a complete local 
domain Na which dominates N, (i.e. N, contains N, and its maximal prime 
ideal contract in N, to the maximal prime ideal of V,) and whose residue 
field coincides with the residue field K(8) of V,; for example, we can take 
Nato be the residue ring of the completion of N, modulo a minimal prime 
divisor of its zero ideal. The canonical homomorphism E, of N, onto its 
residue field Æ (Ř) is then an extension of #,. Since N, contains K, and is 
complete, we can embed the completion K,* of K, in Na, and E, evidently 
induces a homomorphism of K,*[x] onto K[B] which is an extension of Fo. 

We consider now the positive cycle X introduced in Section 1, and assume 
that che variety V contains Æ so that P contains © and hence also Pa 
contains Da. Let p be the image ideal of Pa under the homomorphism G, 
and let p be the image of Pa under the homomorphism G; then both 
ideals p and 6 will have ranks at most n—r, and p is the image of p 
under the homomorphism Fr. Since Pa contains Že, the tangential space 
of Va at a contains the tangential space of ¥, at a; by a suitable choice of 
the aifine coordinate system, we can assume that the equations Xps =: > 
== Xm = 0 defines the tangential space of Ña at « Then, as in the proof 
of Lemma 1, the ideal Og has a basis oni(X),* + *,om(X), in KLX], 
such that Xy,° c, Xm wna(X),** -;wn(X) form a minimal basis for 
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p(S/a); using the determinant criterion for the minimal basis, one sees 
readily that the basis ¢41(X),°--,¢m(X) of Pa can be so chosen that 
p(X) =oi(X) for t+=n+1,---,m. Going over to the images in R, 
under the homomorphism G and observing that K remains invariant under 
G, this. means that the ideal p has a basis rı (&),- - +,dn(2) which can be 
extended to a minimal basis i, -Ën dral), © +, 6n(%) for it. Let 
| fe( X), k—=r-+1,---,m, be elements in Pa such that f,(X) = p(X) for 
every k and that fai(X),: © :,fA(X) are in Oa; then fau(v) =: > > —=fn (2) 
— 0 and the elements fra (£), - -,fn(v) are in p, with $,.:(Z),° © +, D) 
as their respective images under Hp. Since the elements m, 2%,- © -,2;, 
fret), © falx) clearly generate the ideal m, they must form a minimal 
basis for m; this shows .that the elements f,,.(æ),: © -,f,(x) generate a 
prime ideal of rank n—vr in R, and since p has a rank at most n—r, this 
prime ideal must coincide with p. We observe also that since the elements 
fral X) © -,fm(Æ) can be extended to a minimal basis for p(S/a), by 
adding the elements r, #:,: : -,Æ#,, they generate a prime ideal of rank 
m —r and hence must form a basis for By. | | 
Now, let 9° (s—n—7r) be another positive cycle contained in the 
variety V, and assume that 9) is rational over K and that the specialization — 
9 of Y over v is also simple at a; we denote by ©, OQ», Qe, and q the ideals 
having the same meanings for the cycle 9) as the ideals P, Pe, Pa, and p 
respectively for the cycle X. Then there exists a basis sı (X), © :,0,(X) in 
K[X] for ©, suck that OX) =a; (X) for i=n + 1,: --+,m, and such that 
6ex1(£),° © *,0,(&) form a basis for q which can be extended to a minimal 
basis for m. The condition that % and 9) are transversal to each other at a 
in Ÿ is equivalent to the condition that the elements ¢rii(Z),° °°, ¢n(2), 
061 (€), © -,6,(£) form a minimal basis for it. If this is the case, and 
if we take elements gs1(%4),- © -,9.(X) in Qa such that g,(X) —90;(X) 
for every 7, then gs (z), - -,gn(@) form a basis for q, and the elements r, 
fra (T), © tafalt), Gent), © *,9n(2) form a minimal basis for m; this 
show that the ideal (p,q) has the rank n (and is in fact a prime ideal). 
If we now apply Theorems 1 and 2 by teking for i the restriction of the 
ideal (p,q) in K,[a], we obtain then the following theorem, which is the 
well-known critericn for unit multiplicity in a somewhat more precise version: 


THEOREM 3. Let V” be a variety in S", defined over K, and let X” 
and Ds (r-+s—n) be two positive cycles in FV, rational over K; let v be a 
real discrete valuation of K, and let V, Z, and 9) be the specializations of 
V, X, and Ÿ respectively over v. If a is a rational point over K in V such 
that V is simple at a and that À and Ÿ) are transversal to each other at a, 
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then a has the multiplicity 1 in the specialization over v of every system of 
points in |X| O| Y| which includes all the isolated points in |X| |Ð |. 
If furthermore K is complete with respect to v, then there is exacily one 
point a in |X| N| Y| which specializes to a over v; and this point a is 
rational over K, (hence à — a), V is simple at a, and £ and Y are transversal 
to each other at a. 


4, In the above treatment of the criterion for unit multiplicity, we have 
kept our arguments on as elementary a level as possible, in consonant with 
the foundational nature of our purpose. In fact, the greater part of our 
argument consists of a precise local formulation of the various geometric 
concepts involved in this criterion; the actual proof of the criterion itself 
is very short and is contained essentially in the proof of Theorem 1. If we 
now take a more sophisticated point of view and assume a knowledge of the 
intersection-theory, then the criterion for unit multiplicity, in the present 
version as an assertion on the specialization-multiplicity, is really only a 
special case of a more general theorem on the invariance of intersection- 
multiplicity under specialization, and there naturally arises the question 
whether, corresponding to Theorem 3, we can also prove a more precise 
version of this invariance theorem. In the following we shall show that this 
can be done, by using the Chevalley-Samuel-Nagata theory of multiplicity 
in a local ring. We shall need some of the results in the paper of Nagata 
cited before." 

As in Section 1, we consider the positive r-cycle X in 8”, except that 
we shall now no longer assume that Æ is simple at the point a; for the sake 
of simplicity, we shall assume that Æ is a prime rational cycle over K, (so 
that P, and hence Pa are prime ideals). Let Q, be a prime rational r-cycle 
over K in §” which contains the point « and whose support is contained in the 
support of £, and let ®,(U) be the associated form of Q); we set À = Q + Qa, 
where Q, is a positive r-cycle with the same support as Q and Q, is a positive 
cycle relatively prime to Qae and let #(U) ==,(U),(U) be the corres- 
ponding factorization of F(U). Let d, and d, be the degrees of (U) and 
®,(U) respectively; the number d,/d, which will presently be shown to be an . 
integer, is the coefficient of Q, as a component in £ and will be denoted by 
m(No €). Let Ñ be the prime ideal in 2(§/a) associated with Qo, and let 
M == Æ- (J) be the corresponding prime ideal in 2 (S/ a); then Y is a minimal 
prime divisor of the ideal (x, Ba) in 2(8/a), and in this way all the minimal 
prime divisors of (m,a) can be obtained. 


LEMMA 2. p(Q,%) = e( (m, Ba) 2 (8/a)y/BaQ (S/a) x). 
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Proof. Let iwp i=1,- < :,r, and j—0,1,: - - "m, be r(m +1). inde- 
pendent variables over K,; we set p0 == (Wo, iW * ` »i@m) and denote by w 
the set of all r(m + 1) variables jw; We set F(U, w) =F (U, 1, > -,,w), 
and similarly for other associated forms; we denote by K,, the quotient 
ring of K,[w] with respect to the prime ideal generated in it by v, so that 
Kw is a real discrete valuation ring; and we observe that if we denote by @ 
the image of w in the residue field of Kew, then # is a set of independent 


variable over K and K(&) is this residue field. We set Li == jw + S wX j 
‘ j=l 


and denote by 2 (8/4, Ky.) the local ring defined in the same way as 2 (S/c} 
but with K,,. replacing K»; we set 


M = 2 (8S/a) Ba, g = A/Pa N = 9 (8/4, Kow) / (Ba Li * *, Lr), 
i b= AQ (S/a, Kow)/ (Bas Lis + +, Lr). 


Then it is easily sean that Np can be obtained from M, by first adjoining the 
rm variables ;w;, j 40, and then forming the quotient ring of the so obtained 
ring with respect to the ideal generated in it by g. It follows that e(rW5) 
= e(rM,) =e( (m, Ba) 2 (S/a) 9 /Ba® (S/a)y). Since Ny* is a finite module 
over Kow“, it follows by a well-known argument’ using the decomposition 
of the ideal hN,* that 


e(a Ny) = e(n Ny*) =I (Ng /rNg*) = [No Kou*]/[N6/6 :K(w)]. 


It is easily verified that [N,/h:K(w)] is equal to the degree of the form 
(oU, Ü) and hence is equal to dy. In order to complete the proof of our 
lemma, it remains to show that [Np*: K w*] =d. This can be done by 
generalizing the usual argument in the ramification theory, first observing 
thatë there exists a factorization F (oU, w) =#¥ (oU )F2(0U) in Kow” loU] 
corresponding to the factorization F(U, 0) —=®, (oU, 8) .(.U, 0), and then 
showing that the number [N,*:K,.*] is equal to the degree of the form 
Fi (oU), which is the same as the degree d, of ®, (U, 0). 

Let A; be the components in the positive cycle Æ which contain the 
point «, let Ñ; be the prime ideals in 2(5/a) associated with A, and let 
%;,— E (M) be che corresponding minimal prime divisor of the ideal 
(m, Ba) in 2(8/a)}. If we denote by a; the image ideals of M in À under 
the homomorphism G, then it is easily seen. that the ideals aq; are the 


and 


7 See e.g. C. Chevalley, “On the Theory of Local Rings,” Annals of Mathematics, 
vol, 44 (1943), pp. 690-708, $ IV, Lemma 2. 

8 See Lemma 1 in our recent paper “On the Principle of Degeneration in Algebraic 
Geometry,” Annals of Mathematics, vol. 66 (1957), pp. 70-79. | 
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minimal prime divisors of the ideal (r,p)R, and we have the equality 
e( (m, p) Ra,/pRa,) = e( (m, Pa) 2 (S/a)y, /Pa2 (S/a) )- It follows then 
from Lemma 2 that n(A:, X) —e((r,b)Ra;/PRa,). For each 4, let ay be the 
minimal prime divisors of a;R*; since a; is analytically unramified (for B/a: 
is a “geometrical” local ring), we have the equality 

e( (m, p)R*o,,/pR*a,,) = e ( (7, p) Ra:/PRa). 

We consider now, as in Section 3, two positive cycles X" and Je in a 
variety V” (n= r+ s), and we shall use the same notation as developed 
there; while Ÿ is still assumed to be a variety which is simple at the point q, 
we shall assume no ‘longer that X or Ÿ is simple at a, nor that they are 
transversal to each other. Instead, we shall only assume that and 9) inter- : 
sect properly at a, which is equivalent to assuming that the ideal (p,q) is 
primary for in; this latter assertion follows from the fact that the radical 
of the ideal p (or q) is the ideal associated with the support of £ (or 9), 
and this fact can be easily proved by a method similar to that used in the 
prooi of Lemma 1. Since (f,q) has the rank n, the ideal (p,q) must have 
at least the same rank n, and since R is an unramified regular local ring, 
the rank of (p,q) must be equal to n. Let e; be the minimal prime divisors 
of the ideal (p,q)R*. Consider the residue ring T; = R*/e,; it is clear that 
K,* can be embedded canonically in T; as a subring. In fact, 7; is a finite 
module over K,*, and we have the equality [T;: K,*] = e((7,e)A#*/e). If 
we denote by H; the canonical homomorphism of R* onto R*/e; and set 
aD, = H;(zx;), then it can be shown exactly as in Section 3 that the point 
a) — (a@,,- - -,a,,) is an intersection point of X and 9); and if we denote 
by 8; the 0-cycle consisting of the complete set of conjugates of the point a 
over K,*, then à; is evidently rational over K,* and its specialization 2, is 
the cycle consisting of the point & with the ccefficient e{(r,e;)R*/e:). We 
set 8 = D4(B:;X-Y)-Bi; then a point a in |X|M|Y| will specialize to 


« over the specialization (¥,9)— (%,9) if and only if the coefficient 
ua, 3) of a in 8 is positive. We shall now show that deg 3 —i(a;%-9)). 

Let Æ be another copy of the local ring R, but with the same basic 
ring K, and let a prime be used to denote generally the corresponding entities 
in Æ; we consider the complete tensor product J of R and R’ (or of R* 
and R’*) over K,* and denote by à the ideal in J generated by the n elements 
Ty — T's © * EnEn. Tt is well-known that the prime ideals (b, e;)J are pre- 
cisely the minimal prime divisors of the ideal (5, p,q’)J, and hence the ideals 
(b, e:)7/(p, q’)J are the minimal prime divisors of the ideal (b, p, q’/)J/(p, gJ 
in the local ring J/(p,q’)J. Applying the Associativity Formula, we obtain 
the equation 
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e( (à, m, P, q \I/ (p, q 7)J) 
= 2e((, p,q Ne e/ (bp; 4)J eu) eC (D, r, e) J/ (d, ed) 


os 2 e( (d, p,q NT aii (p; q) Y oea) | e ( (7, &)RF/eR*) 
= 2 (85; X°9)) -deg ÿi— ceg 8. 


Let By be the components in Ÿ whieh contain the point «, and let b, and 
bx: have the same meanings with respect to B} as a; and ay have with respect 
to A;; then it can be easily seen that the ideals Cie: = (aij, Brr )J are the 
minimal prime divisors of the ideal (+, p,q’)J, and we-have the relation . 


e ( (m, D, deu] (Po WI cesar) = e ( (m, D) Ra, /PR*a,,) (Cr, q) B51 /GR* 0r) 
= e ( (x, P) fic, /pRa,)  e( (r, 4) B5,/qks,). 


Applying again the Associativity Formula, with the ideal à and ~J inter- 
changed, we obtain the equation | 


el (dm BO )I/ (p, 0") 7) 
(2) | a e( (r, p,q VF cay, nt/ (Pq Pe, u) el (D, Ci, ri) I Leas, xi) - 
= 2e (x: D) Ba, /pRa;) 7e q)R5,/qR,) : (Zel (D; Cizer) T/Cij, x2) ) 


= Zalai) p(Br, D) - i(a: Air By) =1(@; £. 9). 


Combining the no (1) and (2), we obtain the equation deg 3—i(a; £9), 
which proves our assertion. 
We can summerize our results in the following theorem : 


THEOREM 4, Let Vr bea variety in S”, defined over a field K which is 
complete with respect to. a real discrete valuation v, and let X* and 9° 
(r+ s=n) be two positive cycles in V, rational over K; let V, x, and Ÿ 
be the specializations of V, X, and Ÿ respectively over v. If a is a rational 
point over K in V such that V is simple at a and that € and Y intersect 
pr operly at a, then there exists exactly one positive O-cycle R in V, with 
support in [|X| ID}, such that B is rational over K and its specialization 
B over v consists of the point a with the coefficient i(a;X-9) ; furthermor e, 
a point a in | £| N'Y | specializes to x over the specialization (£, D) — (À 9) 
if and only if p(a,8) > 0, and when such is the case, we have 1(a;X-Q)) 
= p(&, 8). 
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SPHERICAL FUNCTIONS ON A SEMISIMPLE LIE GROUP IL* 


By HarisH-CHanpra.? 


1. Introduction. Define Œ and K as in [2(i),§1] and let I,(@) be 
the Hilbert space of all square-integrable spherical functions on G. Our 
main problem is to give an explicit “expansion” of a function f in I,(G@), 
in terms. of the elementary spherical functions. We shall construct a sub- 
space I,(@) of I,(@) and give the required expansion for elements in I,(@). 
It seems likely that 1,(G) is actually dense in Z,(G). If this could be 
provec, our problem would be solved completely. 

We have seen in [2(i),$1] that a certain class of elementary spherical 
functions are parameterized by the space #/W. Fix a point À in F. Then 
in [2(i)], we have studied the asymptotic behaviour of 1 on? Ay at points 
which are far away from the singular? set. In this paper we shall consider 
the singular points as-well. The main object here is to show that ¢,(#} goes 
to zero very fast as 2 approaches infinity on G (see Theorem 2 of Section 12). 
Now let da denote the Euclidean measure on Æ and put 


p (2) = f aala (we Gaec (B)), 


where z has the same meaning as in [2(i),§3]. Let J,’(G) stand for the 
space of all such functions «a. Then we shall prove that for f€ Is (G), the 
integral 


To) =f feos (©) de QB) 

is well defined and, in fact, it is possible to normalize dz in such a way that? 
DO f FOPA 

for all f in Iý (G). In order to extend this formula to functions on Z(G), 


* Received July 16, 1957. 

1 John Simon Guggenheim fellow. | 

* As far as possible we keep to the notation of [2(i)]. Hence any symbol wan 
is not explicitly defined afresh should be given the same. meaning as in [2(i)]. 

* We recall that a point h € Ap is called singular if A(h) = 0. | 
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one would have to show that I,’(G) is dense in Z,(G). This however still 
remains to be done. 

The central idea of this paper can be described as follows. We give a 
method of reducing questions about spherical functions on G@ to similar 
questions on a proper subgroup of 7. This process enables us to use induc- 
tion. Again, it is the detailed consideration of certain differential equations 
on G, which permits us to effect this reduction. Since we are primarily 
interested in the asymptotic behaviour of the corresponding solutions, we have 
to undertake a study of the asymptotic behaviour of the coefficients of these 
equations. This is done in Sections 2 to 5. Lemma 17 and its corollary 
bring these equations into a manageable form and we then obtain (in Section 
6) some rather rough estimates concerning the behaviour of the corresponding 
solutions at infinity. These, in turn, enable us to prove certain results on 
convergence in Sections 7 and 8 and to simplify the equations by replacing 
them by their asymptotic form (see Lemma 24). It is this step which brings 
about the reduction of the problem from G to a proper subgroup (see Lemmas 
27, 30 and 35). 

Now we combine the above recuction with induction and first use it to 
make a. detailed study of the function c in Section 9. In particular, we 
show that | e(sd)| =| e(A)| for se W and c> is analytic on E. The same 
method is then applied in Sections 11 and 12 to study ġa and ġa (A€ E, 
aE Ce” (E)). The main results are contained in Theorems 1, 2 and 8. 


In Section 13 we show thas the mapping a f da’ (2) hy (a) dx 


(ae C,”(#)), for a fixed A€ E, is a distribution on H which is given by a 
simple formula (see the corollary of Lemma 41). However this formula 
. involves an unknown coefficient B(A) and the rest of the paper is devoted 
to establishing a relationship between 8 and e. This requires a considerable 
amount of fresh work. First we prove an inequality (Lemma 42) in order 
to ensure the convergence of some integrals taken over a certain nilpotent 
subgroup N of G. The corollary of Lemma 43 expresses the value of these 
integrals in terms of the function $. On the other hand we show in Section 
15 (Theorem 4) that the same integrals can also be expressed by means of € 
and this gives the required connection between B and e. However, the proof 
of Theorem 4 is rather long. It cepends upon a detailed study of certain 
differential equations on the solvable group WA. 

Finally in Section 16, we state two conjectures and show how one can 
obtain an explicit Plancherel formula for spherical functions on G, by 
assuming their validity. 
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The principal results of this paper have been announced in a short 
note [2(k) ]. 


2. The ring R. Define hy as in [2(i),§9] and fix an element H,:<0 
in? Cl(Hy,*). Let m, be the centralizer of Hy in go. Then if @ is the auto- 
morphism of g given by 0(X¥ +Y)==X—Y (XEEYEp), it is obvious 
that @(im0) tt. This implies (see [2(h), Lemma 10]) that m, is reductive 
in go. Let m be the complexification of my in g. We regard g as a Hilbert 
space in the usual way [2(i),§9] and consider the orthogonal complement q 
of m in g. Then #(q) =q and [m,q] Cg. Let I be the centralizer of m 
in by and put Ip =T N Bpo 

As before let P denote the set of all positive roots of g (with respect 
to. D). Then a(H,) 20 for aE P. Let Q be the set of those «€ P for 
which a(H,) >0. Put q = 2 Zo q- = À, CX.a where Xa has the usual 


meaning (see [2(i), § 1). Then q = Qq -+ q- and m—} as 2, (CXa + CX +), 


P’ being the complement of Q in P. It is now divide: that m, qa] Ed: 
[m, q-] C q- 

Let M and My be the analytic subgroups of G corresponding to m, and 
My, == No N Ëo respectively, Put Mp, == No N Po and let My be the set of all 
elements in M of the form exp Y (Y€ mp). Also put* 


Ax(m) = det (Ad (m) — Ad (8 (m) ) Ja, (me M) 


where the subscript denotes restriction on q. I£ m ==kp (k€ Mr, p€ My), 
it is obvious that Ay (m) = det(Ad(#k)}aAx(p). Let M’ be the set of those 
points m€ M where Ay(m) -<0. Then it follows that W—MxM'Mx and 
(M) = M. Moreover | 


Ay (exp H) = IT (es) — ea) (H € Dya). 
atQ 
Let m be an element in M’. Since 8(q,)—q. it is clear that 


A — {Ad(m-t) —Ad(d(m*))}X (XE q) is a nonsingular linear mapping 
of q. We denote its inverse by A(m). 


LEMMA 1. Put q= q Nand qg =q Np. Then if mE W, A(m)q = 

Since 6(Ad(z)¥) =Ad(8(<))ð (Y) (ze G, Y €g), it is obvious that 
under the mapping Ad(x) —Ad(@(z)), £ is mapped into p and p into f. 
From this our assertion follows immediately. 


* Here we have extended 8 to an automorphism of G. 
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For any m€ W’, define a linear transformation c(m) on q by c(m)X 
== Ad(m")A(m)X (X€q). Then both q, and q- are invariant under c(m). 
Let 
o(m) Xu — À Xpcen(m) | ' (ae, Cpa(m) € 0). 
P 


Then csa(m), regarded as a function of m, is analytic on M. Let R, be 
the ring of analytic functions on M’ generated over C by Cga (B, EQ). 
Let ke Mg and me M’. Then it is easy to verify that c(km) —c(m) and 
c(mk) X = Ad(kt)c(m)Ad(k) A (X€q}. Moreover 


6(c(m)X) = Ad(6(m*) )6(A(m)X) = — Ad 6(m*)A(m)6(X) 
= p(X) —c(m)8(X), 
and therefore | 
LS ) = 0 (Xa) — 9 (e(m) Xa) 
—9(Xa) — X 0 (Xg) cga (m) («€ Q). 


Hence we get the flower result. 


Lemma 2. Let k be an element in Mx and g in No Then g(km) — g(m) 
(m€ W) and the function m—> g(mk) is also in My. Moreover the matrix 
coefficients of c(m) (with respect to any fixed base of q), considered as 
functions on M, he in the ring C+. 


. Now for any æ€ G, put ti = 0 (s1). 
us 3. (1—Ad(mtm))o(m)X— X for X€ q and me. M’. 


For c(m)X = Ad(m*)A(m)X and therefore (1—Ad(mtm) )c (m)X 
== (Ad(m 1) — Ad(mi))A(m)X =X. 

Let U be any linear subspace of g containing q, and let T be a linear 
transformation in U which leaves q, invariant. Then we set | T |, = sup | TX | 
where X runs over all elements in q, with | X | =1, Let M, be the set of 
those points me M where | Ad(m*)|,< 1. It is obvious that M, C MW’, 
Ay? C M, and MrM,Mg= M, Moreover if m,, M, are in M,, the same holds 
for mmo. | 


LEMMA 4. Let m be an element in M,. Then 


| e(m) |, | Ad (ma) [241 —| Ad (m) [23 


5 This means that R, consists of those functions on M’ which can be written as 
polynomials in Ca (with complex coefficients), the constant term of the polynomial 
being zero. 
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- It is-clear that Ad (mt) is the adjoint of Ad(m) (in the sense of Hilbert 
space theory). Hence | Ad(mtm)-*|, & | Ad(m*)|.2<1. Therefore since 


(1a ( (mim) +) )e Capone ie D LS _ (FE) 
from inne 3, it is clear that i 


c(m)¥ =— _ 2 Ad ( (mim) x. 


Hence |c(m)|,= £ 2 LAR di 2r ms | Ad (m=) 2{1—| Ad(m=)| p}. 


As usual let 8 dde the universal enveloping algebra of g and consider 
the subalgebra M of B generated by-(1,m). We can regard any element p 
of Mt as a left-invariant differential operator on M. Applying this operator 
to eack coefficient of the matrix of c(m) (corresponding to some fixed base 
of q), we get a linear transformation c(m;u) on q (m€ M’). 


LEMMA 5. Let p be any element in M of degree r. Then there exists 
a positive number a such that 


[c(m;u)l SalAd(m1)[,2{1— | Ad(m 





for all mE M,. 


Let ¢ denote the representation of M on q, defined by «( Y yX == [ Y, X] - 
(Yem, Eq). We shall first prove the following result. 


LEMMA. 6. Let p be an element in W of degree r. Then we can select 
a finite number of elements pE M (115,178) with the following 
properties. ps; are of degree lower than r and 


(1—Ad(m'm)*)o( m5 u)X— X o(m) Ad((mtm)*)o- (ua) (m5 os) X 


+2 o(p) Ad ((m'm)*)o (us) X 
= 9 
for all X€ q, and me M. 

If r= 0, our statement follows from Lemma 8. So now suppose r= 1 
and use induction. It is clearly eer to consider the case. when 
w=Y:Y,:--¥, (Y:Emo). Put m=F; F, and m—=mexptY, for 
mEM and tE R. Then if lea, me W’, it is obvious that 
[(d/at) {(1— Ad (mimi) +) o (ms; po) À Je | 

Ez = (1—Ad(mm)+)e(m; p) X fo(¥,) Aa (mm) CLS 
— Ad(mtm)o(8(F:))c(m ; no) X. | 
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On the other hand our induction hypothesis is applicable to x, and so we can 
choose elements vE M (1S1 5, 1&7 & q) such that the degree of ra; is 
lower than.r— 1 and 


(1— Ad(mtm)-2)c (mm ; m) X = > (rs) Ad(mim) to(r;)c(m ;vs;) X 


Ssg 
2, 


isj= 
as 
i 15g 
for m € M’ and X €q Therefore 
[ (d/dt) {(1— Ad (mitm) 7?) c (mi; po) XJ e=0 
= $, {—o(j¥1) Ad (mim) to(v:;)C(m ; vs;) 
1Sj Eq 
+ o(r,;) Ad (mim) to (8(Pi)ve) 6 (m ; vaj) 
+ om Ad (tm) oba ; Para) etr JAL m o a 
+o(rp Ad(mim) o (6 (11) v5;) }X. 


ofr) Ad(mim) to (v5;) X 


By equating the two expressions for 
| (d/dt) { (1 — Ad (miim) 5) cn; po) X} lizo 


obtained above, the assertion of the lemma follows. 

Now we come to the proof of Lemma 6. If »—0, our statement is true 
in consequence o- Lemma 4. Hence we may suppose that r= 1 and use 
induction on r. But we know from Lemma 6 that 

c(mip)X= © È Ad(mtm)#{o(ws) Ad (mtm) *o (may) ¢(m 5 ps) X 
LSJ Ss 0Sk< o 
+ o (uw) Ad (mlm) (us) X} 
for X € q, and m= M,. Moreover | 
| Ad (mim) Yo {u;)Ad(mtm) to (jus) e(n; naj) |; 
< | Ad (m) 





2) | a (ui) [+ | (mas) [+ | (m5 pay) | 


and the degree of us; is less than r. Therefore if we apply the induction 
hypothesis to ua; and observe that i 


| Ad (mtm) ko (pas) Ad (mtm) to (psy) |a SS | AA (m) | PED | o (45) |e | o (as) les 


the required result follows immediately. 

Let R be the ring of analytic functions on Al’ generated over C by all 
_ functions of the form pes (EM; z, BEQ). It is obvious that if ge R 
and nE M, then ag is also in N. The following result is an immediate 
consequence of Lamma 5. 


} 
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LEMMA 7. Let g be an element in R. Then there exists a positive 
number a and an integer r= 1 such that 


[g(m)|£alAd(mt)|,2{1— | Ad(mt)|2}7 
for all me M, 


3. The mapping o. Let q be the number of roots in Q. Since g is 
the orthogonal sum of m and q, dim g = dim m + dim q = dim m -+ 2q. On 
the other hand, the restriction of ad H, on q is obviously nonsingular and 
therefore it defines a linear isomorphism of q onto qy. Hence dim qr 
== 4 dim q =q. Let a= Ya + Za (Ya€b,Za€f) for «cP. Then 
0(Xa = — Ya -+ Ze Since Xa 0(Xa) («€ Q)spangq, it follows that 
Za (a€ Q)spanq. Therefore Za («€ Q) must be linearly independent 
over C. Put m=mNË and m= mN p. 


LEMMA® 8. Suppose m is an element in MW. Then g =Ad(m>})q 
+ my +- Ë where the sum is direct. 


Since my+f—m+q, and dimg—dimm+?dima, it would be 
enough to prove that Ad(m)qr O (mp +f) = {9}. So let us suppose that 
X € q and Ad(mt)X em, + Then (ad H,)?Ad(m1)X € £ and therefore 


(ad Ho) Ad (m+) X =0( (ad Ho)? Ad (m) X) = (ad Ho) Ad (mt) X. 


This shows that (ad Hoy (Ad m>— Ad mt} X —0. But since ad H, defines 
a nonsingular linear transformation on q and since m € M, it is now clear 
that ¥ ==0. This proves that Ad(m-t)qr N (my +f) = {0}. 

Let X be the subalgebra of B generated by (1,*) and let Oy and My, 
be the images in B of? S(qr) and S(m,) respectively under the canonical 
mapping (see [2(b), p. 192]) of S(g) into 8. Moreover for any € G, 
let b—> bt (bEB) denote the automorphism of % which coincides with. 
Ad(z) on g. Consider the tensor product V == O,X Mt, XX. Then it follows. 
from the above result and Lemma 12 of [2(b)] that for any m € M’, there 
exists a linear isomorphism of VY onto B which maps qXpXez on qus 
(qE Que My, ee X). Hence B= (QM, Let Oy’ denote the sub- 
space consisting of those elements in y whose homogeneous component (see 
[2(i), Footnote 21]) of degree zero is zero. Then since F is the direct sum 
of O XM, A(XE), OY RM, X1 and 1X M, X1, the following corollary 
is obvious. . 


CCR [2(i), Lemma 21]. | 
* Here we follow the notation introduced in [2(g), § 21. 
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°° COROLLARY. Suppose m lies in W. Then 
D — (Or) DE = BE + (DY) "My My 
where the sum is Risch. 
For any finite set of elements À, ' -Xa Eg, put 
a = GA eS 
where the sum is over all permutations (iy st Go (2e å). More- 
over let Ba denote the set of all element in B of degree S d. 


Lena 9. Letbbea given element in Ba. Then we can choose po in 
My N Ba and a finite number of elements pu € Wy N Bar, GER (1E1<Er) 
such that i | | 


1S=iZr 


b—po— 2 gi(m) a E BE + (Qr) My 
for all me W. 3 
We shall use the induction on d. Since g = Qp + My + F, it is obviously 


enough to consider the case when b==o(¥,,---,¥e)u and Y;€ Gp, a E My 
and » is of degree d—e (e= 1). Now for any Y € q, and me M, 


c(m) Fa Ad(m>)A(m)Y = 4Y + 4 (Ad (m) + Adô(mt))A(m)x. 
Since À (m) Y € qy C Ë from Lemma 1, it is clear that c(m)Y —4Y €f. Put 
U;(m)—=2A(m)¥,,  Vi(m) =2c(m) ¥;,—Y; (1<i<e). 


Then U;(m), Vifm) are in ? and Ad(mt)U;(m) —Y;+ Vi(m). Let 
(dis, © *>%e) be any permutation of (1,2,- - -,e). Then 


(Ui (m) +» -Uj,(m) )™ p= (Ya + Va (m)) > e (Fu + Vi(m))u 
| | == (li, + Ra — Di) > + (Li + Bi — Die) n 
= (Li —D;)- © + (Iu, — Di.) mod BF. 
Here L, À; and D; respectively denote the linear mappings a— Yaa, 
a—> aVi(m) and a>[V;(m),a] — Vi(m}a—aVi(m) (a€%) of B into 
itself. Since [X, a] € B, for YE g and a € Bn it follows from Lemma 2 that 
we can select ba: > -,b,€ Baa and gi’, : -,g/€ C+ Rp such that 


(o(Ui(m),- ` -,Ue(m))™ u=b+ Z gi (m)b, mod Bt 


SEMISIMPLE LIE GROUPS, II. 561 


for all me W. But o(U (m), -,Ue(m)) € Oy since U;(m) € qy and 
therefore | 


== — > gi (m)b: mod {Bt -+ (Qr) Dy}. 
1SiZS i 
Our assertion now follows immediately by the induction hypothesis. 


Let NV, denote the set of all differential operators on M’ which are 

of the form À gyu (gi€ Ro, € My). Then the above lemma shows that 
1<tSr 
for anv b€, we can select uo E€ M, -and we Ro, such. that 
b — po — Hm € BE + (Qr) Mey 

for all me W. (Here pm denotes, as usual, the local expression [2(d), p. 112] 
of p at m.) Moreover it follows from the Corollary of Lemma 8 that the 
differential operator wo +- p on M is uniquely determined by b. Now suppose 
bo + u= po Hu (po E My wp E RoW). Then po— po =p — p and there- 
fore py—— po = (w—p)m for every m€ M’. In particular we can take 
m =exp iH, (t>0). Then if gé€ Mo, it follows from Lemma 7 that 
Lim ng (exp tH.) = 0. Therefore po— po’ == 0. This proves that both x, and 


p are uniquely determined by b. We shall denote them by (6) and a(b) 
respectively. | 


Lema 10. Let k be an element in Mi. Then (po(b))" = pm (b*) 
and? p.(b)* = p(b*) for bE B. 
Since b—po(b) —pm(b) EBE + (Qr) M, (mE M), it follows that 
OF — po (b)*¥— (un (db) )¥ E BE + (Qr) My. 
Therefore replacing m by mk, we find that 
DE — po (b)*— (pme (D) JF € BE + (Or) My. 


Now (2(0)*)m = (u(b}x-wme)* from Lemma 14 of [2(d)]. But it is clear 
from Lemma 2 that the differential operator u(b}F lies in RoMtp and pm (b)zimx 
= p(bimx. Therefore 


OF — po (b)* — (u(0)*)m € BE (Qr) My 
and this proves that p(B) = o(b)* and (BE) = p(b)*. 
Let 1, be the centralizer of ? in B and Im the centralizer of m; in WM. 
COROLLARY. If bE-I, then po(b) € Im. 


This is obvious from Lemma 10. 


8 See [2(d), p. 118] for the definition of a(b)". 
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For any 6¢€%, define the differential operator 8’(b) on? A,’ as in 
[2(i),§ 5]. It is obvious that Ay C W. 


Lemma 11. Let b be an element in B and select g,€ Ro, pi E My 

(1Z=1<r) such that 
b — po (5) — À ga Cm) pu € BE + (Or) "My 
for all mE M’. Then nn 
By’ (b) = ôx (po (b) ) + 2 gi(h) èr (m) 

for h€ Ay’. ou 

Clearly ©,’ C FEB and therefore 

b — u9(b) — 2 gi(h) pi € BEL US (RE Ay’). 
1sisr 
Also a— ôr (a) E BE + ES for any a€ V. Therefore? 
By/(B) — By (pa (b)) — I gi(h) By (m) € (BE +2) N Go — (0} 


from Corollary 2 to Lemma 21 of [2(i)]. 


4, The connection between 1, and Y. Define the homomorphism y of 
I, onto I (Dp) as in Theorem 1 of [2(i)] and consider the subgroup W’ 
consisting of those elements? s€ W which leave H, fixed. Now m, is 
reductive in go and Hp, is a maximal abelian subspace of my. Therefore 
since Mo is the centralizer of H, in go, it is clear that W’ can also be con- 
sidered as the little Weyl group? of m, with respect to hy, Let J’ be the 
ring of those elements in p which are invariant under W’. Then corre- 
sponding to Theorem 1 of [2(i)], we have a homomorphism ym of Im onto 
J’. Define the linear function o on by by o(H) = 2 z B(H) where P’ is 


the subset of those roots in P which vanish at Ha. 
Lemma 12. +(q) =e" aa ogo) for qE Le. 


Define 8(b) (bEB) as in Lemma 26 of [2(i)]. Then it follows from 
Lemma 11 that à:(q) = 81 (#0(q¢)) + Sn (ua (q) ) for hE Ay’. On the other 
hand . | 

8 (110(q) ) == 28’ (po (q) ) © eP = ep £078" (uo (Gq) ) 0 07} o ere, 


Now put h;=-exptH (te R) where H is some fixed element in Bt. Then 


® Here we are extending the notion of the little Weyl group [2 (i), § 3] to reductive 
Lie algebras in the obvious way (see [2(d}, p. 1181). 
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h€ Ay’ if t > 0. Hence if d is the degree of q it follows from Lemma 26 
of [2(i)] by taking limits in the finite-dimensional space Ba, that 


Lim ôn, (9) = y(q), Lim 3s, (ur, (q)) =Q. 


(Here we have to make use of Lemma 7 and the definition of w(g).) There- 
fore y(q) == Lim 8,,(y0(g)). On the other hand we can apply Corollary 2 
t> +0 


to Lemma 21 of [2(i)] to m instead of g. Hence for any b € Mt and he Ay’, 
there exists a unique element u in ©, such that b— u € (m) M + Mur. 
But then it follows from the definition of 8’(b) that u —= 8, (b). Now put 
8”(b) = 675’ ( b) oe and apply Lemma 26 of [2(i)] to m. Then it follows 
that Lim ôn (b) —ym(b) provided DE Im. By the Corollary of Lemma 10, 


this holds in particular if b==po(q). But since 


5 (jo (q) ) = 29°78" (po (gq) ) © EF", 
it is obvious that 


y(q) = Lim 8n, (uo (g) ) = 67 67m (9) ) 9 9%. 
This proves the lemma. 
COROLLARY. Suppose qı, Qz are two elements in 1,. Then 
| Ho (91) Ho (92) = po (G2) po (Q1) == po (Q192) mod Vimy. 


Since y(q:9g2) =y(qı)y (q2), it follows from Lemma 12 that ym maps 
10 (a) #o(Gz), no (Qz)s0(qz) and po(qigs) into the same element y(g1)y (q2). 
The required result now follows from the fact that the kernel of ym is 
contained in tm, (see [2(i), Theorem 1]). 


5. Some consequences of Lemma 12. For any linear function A on pp, 
let Hy denote the corresponding element in Hp so that <H, Hay =A (H) for 
all H € by. Also define I and I, as in the beginning of Section 2. 


LEMMA 13. p—o is invariant under W and H, 0€ lo. 


Let (ad H)q, denote the restriction of ad H on q, for H € hy. It is obvious 
that sp(ad H)o,==p(H)—o(H). Since W’ is the little Weyl group of m, 
we can, for any given s€ W’, choose k€ Mg such that Ad(k)H =—sH. Since 
q+ is invariant under k, it follows that sp (ad: H Ja = sp (ad (sH) a, and this 
shows that p —ø is invariant under W’, Now in order to prove that H, 4€ Io, 
it is obviously sufficient to verify that B(H, 5) —0 for any root BE P for 
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which B(H,) =0. Let « denote the restriction of 8 on hy. We may assume 
that «+40. Consider the corresponding reflexion s,€ W (see [2(i),§$3]). 
It is obvious that sa lies in W’ and therefore it must leave Hp-o fixed. Hence 
B(Hp.c) =a (Hp-7) = 0. 
Let o denote the Casimir operator of g (see [2(1), $J). We wish to 
compute po(w). 


Lexma 14. Let X,,---,Xq be an orthonormal base for my, over K.. 
Then mlo) == À +: + XP + RA pc. 


Put p =X: +. +, It is easy to check that 3 € Im and if we 
apply Corollary 2 of Lemma 27 of [2(1 )] to m (in place of 8), it follows 
that ym(70) = a — <a, o>. However it is obvious that 


EG Oo PT w T 2H p-o + <p — T, p — o>). 


Therefore if 9 = + 2Hp.c—2<p—oa,o>, it follows again LE the same 
corollary that 


oP ym (4) © EP =D — <p, p> = y(w). 


But in view of Lemma 12, this implies that ym(y7—po(o)) =0. However 
n—pHo(w) lies in My Nin Therefore it follows from [2(i), Lemma 19] 
that »—po(w). But we have seen above that B(Hp-c) =0 if B(H,) —0 
(BEP). Therefore <p—o,o> —0 and this proves our assertion. 

Put ym (v) = 6°? ym(v) oee (y€ Im). Since p—o is invariant under 
W’, it is clear that oe (Im) == ym Um). Put r—=[W:W’] and choose 
elements. y,==1,v2,:- *,v. in Im such that ymw (n) (1Æi<r) are homo- 
geneous and? J’ == = Jym (vi). From Lemma 8 of [2(i)] this is possible. 


1£i£r 
Let » be a given element in Im. Then ym (v) € J’ and therefore 
ym (v) = © y(q)ym (a) for suitable qe I. since y(1,) =J. But y(q) 
1£i£r - 
= ym (po (qi)) from Lemma 12 and therefore ym (v— © volq))=0. 
1ISi£r . 


However the kernels of ym and ym’ are the same and so by applying Theorem 


1 of [2(i)] to m, we conclude that v— È rmo( gi) € Dmr. This proves the 
lemma. a 


COROLLARY. Suppose | D wmno(q) EMm, for some qEI A Then 
GEBELSiSr. E | | | 


Put v = È vsyo (gi) Then v€ lm (Mm) and therefore ym(v) == 0. 
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This implies that ym (r) = yn (vi)y(qi) = 0. But yw (ui) 1Z£1i<7r are 
| i 


linearty independent over C(J) (see [2(i), Lemma 8]) and therefore 
y(qi) —0 1&i&r. Our assertion now follows from Theorem 1 of [2(i)]. 
‘The following lemma contains the main result of this section. 


Lemma 16. Let v be an element in Im and suppose v— > rio (gs) 
Sis 


E€ Mme (qe Ig). Then we can select a finite number of elements g; € R and 
EWM (1S7 Ss) with the following property. If ¢ is any spherical func- 
tion on G of class C”, 


| p(m;v) = + nE Le 2, giim)p(m;r;) 
1545 =jSs 
for ali me M’. | 
It is obvious that b(m;v}—0 for ve Mmr. Therefore ¢(m;yv) 
= > h(m;viuo(g)). On the other hand since 
4 


| Qi— Po( Gi) — pn (qa) € BE + (Lr) My, 
it is clear that 


pim; Ho ( Gi} ) = (M5; Gi). — $ (mM; w (Gi) ) (me W). 
Therezore 
$ (M ; vipo (Ge) ) = p (mM ; viqi) E Nea pig) 
and 
p(m ; de 2. b(m:; qi) — 2 pm: Oo p(qi)). 
But since (qi) END. it is obvious that 29 (gi —— > gj7; for suit- 
15jSs 


able g€R and 7;€ M. This proves our os. 

Let lo = dim] and let [,* denote the set of those elements HET, for 
which &(H) > 0 for every «€ Q (see Section 2 for the definition of Q). 
Then HE lt. Select a base H, (1Æ=pÆt) for I, over R and choose 
Qi € I, (1<i,j<r, ph) such that 


Hyv;= Dd vito (Yup) mod Mmr Isis 17 Si). 
iSisSr 


Then %;; are unique mod (7, N Sf) from the Corcllary to Lemma 15. More- 
over | 





H sH pv; = È H svito (Gin) = A 2 _ Yro (Gris) no (qup) mod Demy, 


1=i<r 


since po(Gijp) € Im. But T and so we conclude from the 
corollaries of Lemmas 12 and 15. that 


(1) oa, (grisgi — (riple) =Omd BE (1Skh,jSrjlspsSh). 
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Moreover from Lemma 16, we can select a positive integer N and elements 
Jon € À, pa € M (1EpEh,1=jEr,1£<aZ£N) such that 


(2)  p(m;Hn) = S$ (m3 ngu) 7 
+ 2 Irialm) 4 (M ; Tpja) (mE M) 


for any spherical function ¢ on G of class Ce Q=jsrnispsl). 


6. Some rough estimates. Let % be the space of all linear functions 
on hy. For any A€ %, put 


hala) = 9 (aie) — f exp{(— DEA (xk) —p(H (2k) ) ak 
(ze G) 
in the notation of Lemma 3 of [2(i)]. For me M and HE by, we write 
P (Aim: 1) == eMe (A: m exp A ;v;) (lsSjsr) 
and | | 
Wy (Arm:H) =e) E goig(mexp H)d(A: m exp H ; tp) 
1$aSN 
A£j£r1£<p£h) 
. Where gpja and Tipa have the same meaning as in equation (2) of Section 5 
and m,H are so chosen that mexpHE M’. Now let ®(A:m:H) and 
w,(A:m:H) denote the corresponding one-column matrices and define the 
rX r matrices £)(A) (1 S p S lo) by Epis(A) =la: (— DA) A Sij Er). 
Then it follows from equation (1) that E,(A) (lLSp1l,.) commute with 
each other. For any H’€ I, put 


Ua (A:m: H) =F t (A:m: H), F(A: H) =$ cé (À) + 0(f’)1 
p ? 
where H'—Yc,H, (c,)€C) and I is the unit matrix. If me M, and 
P 


H € 1t, it is obvious that mexptH € M, for all t=20. Therefore from 
Lemma 18 of [2(i)] and equation (2), we find that 


a@(A:m:tH)/dt=E2(A: H)@(A:m:tH) + Ya(A:m:tH) (t= 0). 
The following lemma is now obvious. 


LEMMA 17. 
d®(X:m3n:tH) /dt == (A: H)@(A:m3n:tH) + Ya(Aim;in:tH) 
for NER, me M,, HEt, ne Vt and t= 0. 
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Now put 6°(A:m:H) =exp{—E(A:H))®(A:m:H) and 
Fy (Arm: HH) =exp(—E(A:4))¥a (Aim: H) (WEL. 


COROLLARY. d®°(A:m37:tH)/dt=—Wy(A:m3y4:tH) under the con- 
ditions of Lemma 17. 


This is an immediate consequence of the above lemma. 

For any pX q matrix u= (uy) with complex coefficients, put | wu | 
= { È | uy |}. We now intend to obtain an estimate for | Ya°(A:m;n:14)|. 

ij 


It follows from Lemma 46 of [2(i)] and Lemma 7 that for any fixed y, 
we can choose an integer k = 0 and a positive number a’ such that? 


ACER E) 

Sa’(1 + fa |) | Ad(h-tm-t) |? (1 — | Adhom | 2}-@ Yer g((— 1P: mh) 
for me M,, HEÏ+, AE and lspsl,. (Here h==exp H.) Now put 
B(H) = min «(H) and Art —expl,t. Then 

acQ 
| Ad(h-*m-*)|, < | Ad(m-)| e7808% < e-BGog h) 
for m€ M, and he Aït. Hence we get the following result immediately. 


Lemma 18. For any nE M, we can choose an integer k=z0 and a 
positive number a such that 


| YaQ:mh;n:tH)| 
Sall + [AI H | exp{to(H) — 18H) — B(log h)}#((— 1}: mh exp tH) 
for AEF, MEM, ke Ar, Het and tE R provided tB(H) + B(logh) = 1. 
On the other hand 
om Oimin AH) |S feexp(— #8 (a: Z)) || | Yal: m;y: tHE). 


So now we have to estimate || exp(—¢8(A:H))||. Put A* = (—1)4 for 
NE H. 


Lemma 19. Select r elements sı, $2,---,8- in W such that W = U Wsi 
Then tf T is an indeterminate and I the r Xr unit matriz, oe 


det(TI—#*(1:H4)) = TT (T—aA*(s,f7)) 
1S1Sr 
for AEJ and HEY. 


Fix A and H and select qi,€ 7, (11,7 S71) such that Hy == ¥ vipo (qy) 
4 
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mod Mny. Since I is contained in the center of m, it follows by applying 
the homomorphism ym to this relation that Hoy = Su ym(mo(guy)) where 
4 # 


vf ==ym(%). Moreover ei o et? = H —p( H) since o is zero on I. So if 
V = eF Ty! o et, it follows from Lemma 12 that Hv; == p(H)v;+ > vy (qi). 
eee 


Now if we recall the definition of the matrix =(\:H) and denote its 
coefficients by £, it becomes clear that 


Hu = > €xv,mod JJ). 
i 


in the notation of Lemma 18 of [2(i)]. -But it follows from our definition 
of 1° °°, and this lemma that v,,:--,v, are linearly independent 
mod J/’J,«. Hence our assertion is an immediate consequence of the corollary 
of Lemma 15 of [2(i) ]. 


COROLLARY. There exisis a poste number a and an integer k20 
such that | 


(exp: H) Saa + I A pa +) é|yra+ |] I 
X exp{2r | ¢ z max ax | (sH) |} 
for H€ 1o tE R and AE §. 


It follows from the definition of Z(A:H) that we can choose a popite 
number b and an integer d = 0 such that 


(RA EI Sb61+]A/ 14] (AE 3, HET). 
Moreover it follows from the above lemma and [2(i), Lernma 60] that 
| exp(#8(A:H)) | | | 
S exp (2r |t | max [Ar (8H)]) = AA | BCA: A). 
Therefore the statement of the corollary is now obvious. 


For a positive number €, let e denote the set of all X€% such that 
[Ar] <e 


LEMMA 20: Let V be a compact set in Iot. Then there exists a positive 
number e with the following property. Let » be an element in M. Then 
we can choose an integer k= 0 and, for any compact set w in M,, positive 
~ numbers Q;, Q ARA to such that 


| Pa (A:mh; y: tH) || = a (1 p [A [rtre 
for AE Be ME a, he åt, HE V and t>t. 
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Our proof depends on Lemma 18. But first we need an estimate for 
p((—1)ir:mh). 


Lemma 21. Let € be a positive number <1. Then we can select an 
integer d = 0 and positive numbers e and a such that 


f((—1)8Ar: mh) Sa(1 + | log h ||) te-G-e datos h) 


for mio, hE Ar and }E e Moreover d and e may be so chosen that they 
are independent of w. 


From Theorem 3 and Lemma 49 of [2(i)], we can select d, € and a 
positive number a’ such that 


$ ((— I)ri exp H) Sa’(1 + | H |) teto 


if HE Cl(hy,*) and A€ e On the other hand since ¢, is a spherical func- 

tion for any » € %, it is obvious that 6((— 1)3\7: exp H) = b((— 1)fAr: exp sH) 

(sE W, H €E y,). Moreover p(H) = p(sH) forse W and H € ppt. Therefore 

since Hy, == U (CL Bp") ) (see [2(f), Lemma 37]), we conclüde that the 
SE | 


above inequality actually holds for all H € Dye 

On the other hand M == MgApMy (see [2(f), Lemmas 31 and 33]) and. 
since w is compact, we can select a positive number c such that? | log | m | || 
Sc for m€w. For a fixed m€ w, choose h,€ A, such that m € Meh, Mx. 
Then {log hi |= llog |m] | Se and | 


p((—1)iAr: mh) = b((—1)4Ar: hih) 
Sa’(1 + | log (hh) |) exp{—(1— e)p (log (Aik) )} 


if he Ap and AE Be On the other hand we can select a positive number a” 
such that 
(LH | EE den <9” 


for all elements H € by, with [H|Æc. Then if a= wa”, it follows that 
b((— 1)87: mh) Sa(1 + || log h ||) 4 e-G-e edo) 


for mE w, hE Art and AE Fe. . 

Now we come to the proof of Lemma 20. Since V is compact, we 
can choose a positive number a, such that B(H) = 2a, for HEV. Put 
to == max(1,a.7) and select e and e as in Lemma 21. We can assume that 
e and € are so small that ¢p(H) Sa,/2 and ?r|A(sH)| Sa./2 for HE V, 


1° For any w€ @, |w] denotes the unique element p eexpp such that œp €K. 
Moreover log | v | = X where |w|=expX (X€p,). | 
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s€ W and AC %.. Therefore it follows from Lemma 18 and the corollary 
of Lemma 19 that we can select an integer k, = 0 and a positive number a’ 
such that 


| Wx (A: m; q: tH) || 
<a (1+ LAE exp {tp (H) — 8tae/2}o((—1) ar: mexptH) 

if me MM, HEV, t= t, and AEBe On the other hand by Lemma 21, 

@((—1)#Ar: mh exp tH) 

Salt +t] E)E eC (1 + | log h |)? eee 

for m€w, hE Ay and tto Moreover it is obvious that there exists a 
positive number z such that p(H’) = c| Æ | for H’€ Cl(bhy,*). Therefore 
since (1+é)de-G-e)ct 0 as t +o, we can select a number a” > 0 such 


that 
b((—1)2Ar: mh exp tH) S att e-G-e) to) 


for m€w, h € Ar, tat, and A€ e This shows that 
| Pa (As mb 39: tH) Sala’ (1 + fa J)at exp {e'tp (H) — 3ta2/2} 


under the same cenditions. Therefore if we put a, = a'a”, k = max (k, r -+ d) 
and recall that éb(H) = a,/2 for H € V, the statement of Lemma 20 follows 
immediately. 


7. The function @,. Now fix an element H in [,*. Then if e is 
sufficiently small, it follows from Lemma 20 and the corollary to Lemma 17 
that for any € Mt, the integral 


fl de® (A: myn: tH) /dt | dé 


converges uniformly as m and À vary within compact subsets of M, and $e 
respectively. This shows that Lim ®°(A:m:tH) exists and for a fixed m, 


t+ 


it represents a holomorphic (matrix-) function of A on %. We shall denote 

this limit by @x(A:m). Moreover in view of the uniform convergence of 

the above integral, the following facts are obvious. For a fixed A in e 

@x(A:m) is a C” function of m on M, and @g(A:m 37) ra i PAim y: tH) 
+00 


for n€ M. Now suppose w is a compact subset of W. Then we can obviously 
select a. positive number +, such that mexp&H € M, for m€w. Also it 
follows from the definition of @° that 


©°(A:m:tH + toH) = eto) exp{— toZ (A: H) }°(A: m exp toH: tH). 
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Therefore if A€ e and m€ w, 


Lim ©°(A: m: tH) = ef) exp{— to (A: 1) }On(A: m exp tH). 


+0 


Hence we can extend @y on eX M by setting 


On(A:m) = Lim p°(A:m:tH) (AE Hem € M). 
t+ 


The following result is now obvious. 


LEMMA 22. On(A:mexpiH) = et) exp(tE(A: H))@n(aA:m) for tE R, 
mEM and NE Be. 


This lemma shows that for a fixed À in e @x is a C” function on M 
and for a fixed m in M, it is a holomorphic function on Fe 


Lemma 28. For any n€Ÿ we can select an integer k such that 
(1+ FAN) | @x(Atm;n)] remains bounded for any fived mE M as À varies 


in Be 
Select to > 0 such that Mm, = m exp tH eM, Then 
o On(Ai:m;n) —etPUDexp{—HE(1: H)}Ox(A:mo;n). 


Hence in view of the corollary to Lemma 19, it is sufficient to consider the 
case when m € M,. But then 


Ou (Aim 3) =P (Aim; TH) + f WO my: tH) 
p. 
for T= 0. Therefore 


lOn(aim;ml< l exp(—TE(A: H)) | || @(A:m5y:TH)| 
+ fi Wy? (Armin: tH) 4 di. 


On the other hand it follows from Lemma 46 of [2(i)] that 
(PAm; y: 7H) || Sai (1+ | A | )%6((—1)3A1: m exp TH) ef 
(AE Be, TZO) 


where a, is a positive number and k, a nonnegative integer and the latter 
depends only on y. Hence if we apply Lemmas 20 and 21 and take into 
account the corollary of Lemma 19, our assertion becomes obvious. 

Choose # > 0 such that -p(H) < B(H)/3 and é <1. We assume that * 
e is so small that the pair (e,¢) fulfills the condition of Lemma 21 and 
6re | Æ | <8(H). 


rv 
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Lemma 24. Let q be an element in Ig. Then 
Oa(Aïm;p0(g)) = y(g: (—1)4A)On(A: m) 
for AE Fe and me M. 
In view of Lemma 22, we may assume that m € M,. Now 
(AIM; vpo(g)) = P(A Ming) — P(A: m3 n° n(g)) (lo1Sr) 
in the notation of Section 5. But @(A:m3ng) —y(q: (—1)4A) p(A: m5 r) 
and vipto(g) —wo(q)u€ Mm, by Theorem 1-of [2(i)] since uo(q) € Im. 
Therefore 
P(A! mM 5 polg)n) = (gs (—1) A) H(A m5 nu) — P(A mimon(g)). 
Now fix m and À. Then it follows from Lemmas ? and 21 and [2(i), Lemma 
46] that 
| P(A: mexptH ;nou(g))| Sa(1 +t) exp{— tp(H) — (1—e’)tp(H)} 
(t= 0) 
where a is a positive constant. Hence we can select a constant a, such that 
| ®(A: m3 o(g) : tH) —y(¢: (IPB (Aim: tH) | | 
SS a, (1 +t) er BS (f= 0). 
Therefore 
| BOCA: m 5 polg) : tH) — (g: (—1)4A) O°(A: m: tH) | 
SS ay (1 +t) Fe PPC" || exp(— th (A: H) ) |. 
In view of the inequality 6re | H | <= 8(H), it follows from the corollary 
of Lemma 19 that 
Lim | 6°(A:m; po(q) : EH) —ylq: (—1)4aA) @° (A: m: tH) | = 0. 
[+0 
This proves that @y(A: m5 0(q)) =y(q: (—1)4A)Oxu(A:m). 
COROLLARY. For a fixed À in Re O@u(A:m) is an analytic function of 


m on Af. 


Let Y,,° : -,¥, be an orthonormal base for my, over R. Then it is easy 
to verify that Y,?-+---+Y,¢€J and if w is the Casimir operator of g, 
it follows from Lemma 14 that »=po(w) + Yy?4+---+-Y,? is an elliptic 
differential operator (see Garding [1] for the definition of ellipticity) on M. 
On the other hand it is obvious from the definition of @x that Ox (A: kmko) 
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=@y(A:m) for kı k€ My. Therefore @q(A:m37) =—@n(A:m3 po(w)) 
= y(w:(—1)4\)@n(A:m). This shows that for a fixed A, every coefficient 
of the matrix Oy is an eigenfunction of ». Therefore since 7 is an analytic 
differential operator on M of the elliptic type, we can conclude (see John [3]) 
that all these coefficients are also analytic in m. 

We shall now try to determine ©, explicitly. 


Lemma 25. Let & be an analytic function on M such that 0’ (kymkz) 
—#'(m) for kı l€ Mg and m€ M and suppose & is an eigenfunction of 
mo(g) for every qE I, Then the equations @ (134%) —0 (1311) imply 
that 8 is identically zero. 


Let y be any element in W. Put == f y* dic’ where dk’ denotes 
Mx 


the normalized Haar measure on Mg. It is clear that @’(1374) — 8” (1; mo). 
But qo € Lm and Im C Z vigo (Ig) + Muy from Lemma 15. Hence it follows 


from our assumptions that 6’(13;7.) —0. This shows that 6’(1;7) —0 for 
every E M, But since 6’ is analytic, this means that 6’ = 0. 
For any A€ 3, put 


Cm) =O (a:m) = f exp{(—1)!A(H (mk’)) — p(H (mk) ) jak 
(m € M) 


where dk’ has the same meaning as above. Define ym (q) = e?-ym(y) © e*t 
for 9€ Im as in Section 5. Then by applying Lemma 18 of [2(i)] to m 
(in place of g), it follows without difficulty that 


O(A:m 59) = ym (7: (1A (A: m) (3 € Ig), 


where vm (7: (—1)5A) denotes the value of the polynomial function ym (7) 
€ S(p) at (—1)3a Therefore 


O(A: m; po(g)) (qi (—-1)§A)O(Arm) (9€ Iq) 
from Lemma 12. 


Put v= yw (n) 1SSissr and define r, 2’, D = r/r and ri (1Sisr) 
as in Lemma 15 of [2(i)]. Also put A* == (—1)4\ (AE). 


LEMMA 26. Select r elements sı == l1, Sa + *,5 in W such that 
W= |] W's Then 
1£Si£r 
r(AF)On(Aim)— D, elsi) (SAri (SAT) On (À: 13 »)8(SA: M) 
1<4,j | 


sf =r 


for AE Be and me M. 
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For a fixed m, both sides are holomorphic functions of A. Hence it is 
enough to prove the above relation under the assumption that (A) 0. 
Put A=sA. Then the rational functions v}—7*/D on by (1=k<r) are 
all defined at A;** and we have to show that 


f(A:m) =O@y(A:m) — D v)(A*)@n (A215 95) 6 (A: m) 


1&4, jr 


is zero. On the other hand 8 (M: m3 vg) = vx (à) (im) and therefore 


(A:T 5 ve) =Ou(A: 15v) — E V (A) On (A: Le (At). 


_1£t,J£r 


But since spyryy(vlux) = 84? (see [2 (i),§3]), it follows that 
> VIA) UE (AM) = dx? (Sj, k Sr) 


and therefore f(A:13;»;,) =0 (1&k& r). Hence our assertion is a conse- 
quence of Lemma 25. ! 


8. The function ©. We shall now show that if AE r, Ox(A:m) is 
actually independent of H. Let H’ be another element in Iot and for a fixed 
m € M, choose a positive number 7,” such that mexpT,’H’€ M,. Then 


po(xa:m:TH + TBR’) | 
= ©9(A:m:7"H’) + f (49°: mt + T'H")/di}dt 


for T,T’ = 0. On the other hand . 
O° (Am: tH + TEH) = eT exp(— TYE (A: H’)) 8° (À: m exp TH’: tH) 
from the definiticn of ®°. Theretore | 
| d&(A:m:tH + 7’H’) /dt | 
S eT oH) || exp(— TZ (A: H’)) || | Ga? (A: mexp 7H’ : tH) | 
for t= 0 and TZ Të. Now fix À and m and assume that 7’ is sufficiently 
large. Then from Lemma 18 we can choose a constant a such that 
| d°(A: ms tH + T’H’) /dt | | 
S ae) | exp(— TE (A: H')) | | exp (=E (A: 2))| 
Xexp{te(H) —tp (H) — T’B(H’)}o(O:exp(T’H’ + tH)) ` 
for T’Z=T; and t=0. ‘Hence in view of Theorem 3 of [2(i)] and the 
corollary of Lemma 19, we can find a positive number c and an integer 
k= 0 such that 


| Jæ (a: m : tH + TH’) Jdi | < = 7 + tye a BCE) Tea) 
(T'ET,,t=0)." 
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But this implies that 


Lim tl di (A:m:tH + T’H’) /dt | dt =0 


T'3+0 
and therefore ®°(A:m:TH-+T’H’) converges to Lim (Aim: H’) 
Ep + où 
= O®y(A:m) as T’— Lo, uniformly with respect to T. Hence 
Oy (Aim) = Lim ®(\i:m:TH +TH). 
T,T' #00 

But since the right side is symmetric with respect to H and H’, we conclude 
that @q (A:m) = @x(A:m). 


Now put @(A:m)=—@yg(A:m) (AC Gr, MmEM) for any HET,*. We 
propose to obtain an estimate for the difference 6°— ©. 


Lemma 27. For any EPt, we can choose an integer k= 0 and a 
positive constant a such that 


| °(Azh3:H) —@(Azh57)| i 
Sall AIAD EALE era ogh |)er 
for AE Br, hE Apt and HEÏ,+, provided B(H) Æ1. (Here d has the same 
meaning as in [2 (i), Theorem 3].) 
We know that 
O(A:hjy) =O (At hj: H) ) + f; {ape (ach intl) /atyat 
Moreover 
(A: h;y:tH)/dt| = | e(a: h;n:tH)| 
S fexp(—tÆ(\:AH))}}YaQih;ntH)}. 


Therefore it follows from Lemma 18 and the corollary to Lemma 19, that 
we can select integers k, ka = 0 and a positive number c, such that 


| aD (A:h; y: tH) /dt | 
Sall + jape + |H ll)" exp{tp(H) —t8(H)}b(0:hexptH) 


for À € Sx, h € Ay", H € Iot and tz 1 provided B(H) 21. On the other hand. 
by Theorem 3 of [2(i)], 


(O:hexp HH) = ea(1 + Log ISC + 1 D) exp(—te (HE) — p(logh)} 
where ca is a constant. -Therefore 
[dB (A: hip tE) /dt | S e(l + A e + I) 
X exp{— tp (H) —p(logh)} (1 + | log» | e 
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f " pee-tBUD dt mene e` BU) Í “(1 + t) re tp dt 
1 Q 


< oB f (1+ +)e-t dt, 
0 
since B(H) =1. Therefore our assertion is now obvious. 


COROLLARY. For a given n € Mt, we can chose an integer k,=0 and a 
positive number a, such that | 
| p(A:h;n:H) —exp£(A: H)O(X:h;n)| 
Sall IADE + TH rer (1 + | logh |)? ert 
for NE Sr, hE Ay and HE {t provided B(H) Z1. 
This is an immediate consequence of the above lemma and the corollary 
to Lemma 19. 


9. The functions b and b,. Define b as in Lemma 52 of [2(i)]. We - 
intend to show that |Bb(sd)|==|b(A)| for se W and A€ Fe. Let us say 
that ho (hE Apt) if a(loghħh)—>-+œ for every a€ P,. Moreover if f 
and g are two functions on Ay‘, we write f(h) — g(h) if Lim | f(h) —g(h)| 
= 0. | = 

We now use the notation of Sections 7 and 8 and assume that e is 
sufficiently small. Let 3,’ denote the set of those points A€ e where 
@(A) 0. Then it follows from Lemma 37 of [2(i)] (applied to m instead 
of g) that there exists a holomorphic function €’ on % such that? 


erlea (A: h) — $ e’(sr)exp{sa* (log h)} (h € 4;*) 
sew 


for AE Be. Now let Fr = Se N Fr and fix AE Fr and HE. Put 4 = sÀ | 
and h= fe (1Z<1<r) in the notation of [2(1), Lemma 15]. Define the 
rX r matrix F(t) with complex coefficients by 


five > Fi (i) vr mod SJ ys. 
| | k 

Then if J is the unit matrix of degree r, it follows from Lemma 15 of 
[2(i)] that 2e(s)n (A*) Fi) =r (A*)T and F(i)A(A:R) = MX*(H)F (i) 
1<2<7r. Hence 

aw (rX*) (Ath EH) = 2 (A*)exp(— tB(A: 1) ) O(a: h: tH) 

= D'e(s)r (už) ADF (iP (A:h:tH) (1ER,RE Ay). 
4 


a If sc W. and ue, su(H’) denotes the value of the linear function su at R’ € hp. 
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Thereïore 
w(A#)@(Ath) — Lim Se(si)# (ut) NUE (i) (A: h: tH). 
Now put ọ'(A: h) == elge (A: h). Since t =yn (nm) (1 S11), it follows 
without difficulty by applying Lemma 26 of [2(i)] to m (in place of g) that 
Lim |B; (A:h: tH) —¢’ (A: hexp tH ;v;)| —0 


for hE Ay*. Therefore 


a (A*t M@, (À: h) 
Lim D e(n) (Ate "PF, (à) (Ath exp tH 39). 


É + 00 1£E4J3<r 


On the other hand it follows from Lemma 87 of [2(i)] that 
Lim | ¢’(A:hexp tH 3 0;) — 3 e(sd) v;(sd*)exp{sa* (logh + tH)} | == 0. 
> +00 8€ W 


A œ 


But we know from [2(i), Lemma 15] that fiv,==v,(A*)fimod SJ, and 
therefore 


2 Fat) 0; (Am) = Ve (As) (am) = UQAM) bimn D (A) = (£EimEr). 
i 
Moreover H is invariant under W’, since it lies in the center of m. Hence 
> Fauli) E c(sA)v, (SA) es)" logih) 
j sew 
=E Puli YAn") B €(s/Am) ern ete) 
jm * se W’ 
max g", (ME D(A®) D ce(s À) erm loh, 
a’ ¢ W’ 
This proves that 
ot (A*) PCR MO. (Ath) ~ar (A*) DS velt) D c(s’À)es Most) 
1£iZr a’ € W’ 


(1Z=k£r). 
Now put (in the notation of Lemma 26)?” 


‘Tes (A) = (—1)7#e(s;) > 7I(A*) Ox (A215 yy), 
1£j=r 
where d is the degree of D = r/r’. Then it follows from Lemma 26 that 
a (Ar) ele M@ (Ah) — DS Tul (XL) E e(l) 68 Most), 
1SiSr a’ WF 
This shows that 


Lim |D E (ve(A*)w(aye(’an) — Tu (A)r (u) e (sas) Je N tE | — 0. 


h = t 3 


13 For any integer k, (—1)** =((—1)4)*, 
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But since (À) +0, the w elements s'à (# € W’,1 1551) are all distinct. 
Hence we conclude from Lemma 57 of [2(i)] that 


Vz (A*)r(A)c(S A) Fe TA)’ (À) e (LA) (s € W1<Lk< r). 


Putting t= k = 1 and ‘Ta =T, this becomes æ(A)c(s’À) =T (A)r (A) (FA) 
(A€ Hr’). Now if e is sufficiently small, it follows from the results of 
Section 7, that ‘Tj; can be extended to holomorphic functions on + More- 
over there exist (see [2(i), Lemma 52]) holomorphic functions b and b’ 
on Be such that B(A) —#(A)e(Aa) and b(A) =x (A) (à) for AC Fe. The 
above result shows that b(s’)) ==T'(A)b’(s’A) for s’€ W and A€ Fr’. Hence 
by analytic continuation we obtain the following lemma. 


LEMMA 28. 6(s’h) =IT(A)b'(s'A) for SE W and AE Be 
CorozLary 1. |b(s\)| =| B(A)| for se W and AE Sr. 


It is obvious that ¢(—A:h) = conj (A: h) for À € Fr and h E€ Ay. Hence it 
follows from Lemmas 37 and 57 of [2(i)] that e(— À) == conj e(A) for À € Fr’. 
Therefore if d is the degree of m, conj b(A) = (—1)4b(—A) (AE x). 
Let 1 = dim y. If 11, W consists of only two elements. Hence if s5<1, 
sà = -— à and therefore our assertion is obvious. So now assume that / = 2 
and use induction. Define X as in [2(i),§3]. Since the reflexions sa (a € 3) 
generate W, it would be enough to prove that | b(s,A)|==| b(A)| for ac x 
and X€ Br. Now fix g€ X and select the element Ho of Section 2 in such 
a way that «(H,)=-0. Then s,€ W and it follows by the induction hypo- 
thesis (applied to m’==[m,m]) that | b’(s’A)| =| b’(A)| for se W and 
AE Se. But then by Lemma 27, | b(sA)| = | (A) b’ (sad) | = | T(V A)| 
=| b(à)|. This proves our assertion. 


COROLLARY 2. b(A)b(—A) = 6b(srA)b(—sa) for se W and AE Be. 
First suppos2 A€ $e. Then we have seen above that 


b(— À) == (—— 1) 4conj b(A) 
and therefore 


b(A)B(—a) = (—1)4| B(a) 





= (—1)*| b(sd) 





2 = b(sd)b(—sa) 


by Corollary 1. Hence the same identity holds for all A€ % by analytic 
continuation. | | 


COROLLARY 3. Suppose e is sufficiently small. Then if b(A) —0 for 
some À € Be, tt follows that b(sA) = 0 for every s€ W. 
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If 1— 1, our statement is true since. b(A) is never zero for AE He (see 
Lemma, 53 of [2(i)]). So let us assume that ]= 2 and use induction. Fix 
an element «€ %. Obviously it would be enough to prove that b(s,A) == 0. 
Again choose H, in such a way that s,€ W’. If b’(A) =0, it follows by 
induction hypothesis that 6’(s,A) —0. On the other hand if b’(A) £0, 
(A) = (A) /6’(A) = 0. Therefore in either case b(sgA) = T(A)b’(scA) = 0. 

Now we regard % as a complex-analytic manifold and consider the 
divisor d. of the function b on e Select a,°--,a,€% such that 
T == 0G." © *@ and let d; denote the divisor of a, Then it is obvious that 
d; (liq) are distinct prime divisors. Consider an element 1€ Be. 
We claim that b(A) 540. For otherwise it follows from Corollary 3 of 
Lemma 28 that b(sA) — 0 for every s€ W. But since (A) £0, this implies 
that e(sd) —0 for all s€ W. However in view of [2(i), Lemma 37], this 
means that the analytic function $\ on Ay must be identically zero. But this 
is impossible since b(A:1) —1. Hence b(X) is never zero unless (à) == 0 
(AE Fe) and therefore d — k,d, +: > : + k,d, where k,,: + -,k, are certain 
nonnegative integers. The divisors d, are obviously invariant under the trans- 
formation À— — À of e Hence 2d is the divisor of the function b(A)b(-— À). 
But then by Corollary 2 of Lemma 28, d must be invariant under W. We 
claim that kei 1 (11 q). For otherwise suppose kı = 2 and select a 
point As€ Ber such that @,(A,.)==0 while œ(A)=60 (2Z<1i<g). Then 
c == b/r, considered as a meromorphic function on e is holomorphic around 
ào and e({A,) = 0. Since the divisor of e is invariant under W, it follows 
that e is holomorphic around sào and e(sA,) = 0 for every se W. Let U be a 
sufficiently small compact neighborhood of A, in re. We now use the 
notation of [2(i),§10]. Then if N is a sufficiently large positive number, 
(sà: k) is defined for À€ U, s€ W and h € AL(N) and it follows from [2(i), 
Lemme 37] that 


ertloe hs (À: h) = > ete h) (RE Ay(N)) 


for AE UW’ =U N Br’. Hence if we fix hE A (N) and make À tend to À 
it becomes clear (see [2(i), Corollary 2 of Lemma 28]) that 


POEMS (Ao: h) = D ce(s) d (Aik) =O (hE Ay(N)). 
sceW 


However this is impossible because the analytic function n, on Ay is not iden- 
tically zero. In fact #(A.:1) —1. This proves that k;— 0 or 1 (11 9). 
Hence we may assume that the divisor of e? is d, + d; +: : : + d, for some 
integer p (OS pq) . Put ro == 40: ap  (ro==1 if p—0.) Since 
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d,+---td, is invariant under .W, it is clear that m, = eo (S)ro (s€ W) 
where eç(s) = +1. Put ba = rc. Then the divisor of bo is zero. Hence 
we have obtained the following result. 


Lemma 29. The functions c> and b,—me are everywhere holomorphic 
on Be Moreover b, ts nowhere zero on Be. 


Define b, and rọ in an analogous way (corresponding to m). Then 
b’ =m; and b’, 1/b) are both holomorphic on Be Put mı == 2/7, 
wy = 7/70. Then bo == Tr bo /r. But since b, and b, have no zeros, it 
follows that Ip ==Iwz,’/w, and its reciprocal are both holomorphic on e 
Moreover we saw during the proof of Lemma 28 that 


vy (Ait) (A) (M) = Tu (A)r (x) € (u) (1Si,kSr) 


for AE Nr. But æ(A)e(A) = e(s)b(À) ==: ¢(S;)T(A;) b (ài). Also b(A) Æ 0 
since 7(A) £0 (Corollary 3 of Lemma 28). Therefore 


Tul A) = es) (SA*) I (3A) | (1<Si,kSr) 


and so, by analytic continuation, this relation holds for all AE e Put 
Pei A) = eo(Si) 0g (SAT) TO (SA) (114k Sr, ACE %e). Then it follows from 
Lemma 26 and the definition of ‘Ty,{A) that 


To{A)@z (A: m) 5 2 Tri(A) a0! (Ar) (u: m) (mE M) 


for A€ Fr. Therefore since both sides are analytic functions of À, this holds 
for all AE Ser. 


Lemma 80. There exist analytic functions Ti; 1 S177 on Se with 
the following properties. 


(1) we(A)@:(A:m) = 2 Tij(A) aro (BAJO (SA m) 
1Sj=r 
(1SiSrjr€Sp, me IM). 
(2) We can find an integer d=0 such that 
(+A DZ |T4(A50(v))| 
remains bounded for any fired vE S(hy) as À varies in Fr. 


In order to verify the second property we proceed as follows. In view 
of Lemma 58 of [2(i)] and the definition of Ti, it would be enough to show 
that ae (1+ Jaf?) Po(A)| <% for some &>0 and d==0. Since 

E Ser 


o= TIm, /r, and Te has no zeros on e it follows that m, divides m, in 
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S(hy). Therefore by the corollary of Lemma 59 of [2(i)], it would be 
sufficient to verify that sup (1+ | A|)}-#!T(A)| Ko for some d2=0. But 
A c Be 


C(A) = Ta (à) and so this follows immediately from Lemma 23 and the 
definition of ‘Ty. 

If we take into account Lemma 52 of [2(i)], we get the following 
result by a similar argument. 


Lemma 31. We can select an integer d= 0 with the following property. 
For any u€ 8(by), ap (L+ AN) E| Bo(A38(u))| is finite. 
AC GR 


The following lemma will be needed in Section 13. 


Lemma 32. Let p be an element in (bp) such that ps —e(s)p (s€ W). 
Then p= rog for some q€ I (hy). 


Fix an element «€ 3. It follows easily (see the proof of Lemma 10 of 
[2(i)]) that eo(s,)=-—1 or 1 according as œ divides +, or not. Now 
suppose œ divides ao. Then p: ——# and therefore à divides p. This shows 
that 7, divides p in S(Ņp) and our assertion is now obvious. 


10. The relationship between ẹ and ® Lemmas 27 and 30 give us 
an approximate connection between the functions @ and #. Since I lies in the 
center of m, it is obvious that 6(A:mexp H) =exp{A*(H) —p(H)}0(A:m) 
for HEI, AE and mE M. Therefore it follows from Lemma 30 that 

mol AJLO (A: mexp(H)) = DS Ty (A) ea" Mr (AOA m) 
1=j8r 
(l=t=r). 
On the other hand 
Pilih: H) = eM (A: h exp H ; yi) (1<i<r) 


for „E€ Mt. Therefore we get the following result from the corollary of 
Lemma 27. 


Lamma 33. For a given n € M, we can choose an integer k= 0 and a 
positive number a such that 


| mo (A) Poe (A: h exp H 31) — E Dy (A) N Daro (Aj) (Aj: h; q) ert | 
1Sj£r 
sall +A DGH | A) eh -+ | logh |)4 (1<i<r) 


for AE Br he Ay and HEÏ,* provided B(H) 21. (Here d has the same 
meaning as in [2(i), Theorem 3].) 
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Now fix an element bE and consider the differential operators p, (0) 
and (b) of Lemma 10. Then a(b) = À gm where 9€, and mE My. 
15138 


From Lemma 7, we can select a positive number a, such that | 9,(hexp 7) | 
< ae b for hE À,* and HEI,* provided 8(H) 21. Hence 


| $(A:hexpH5n(b))| Saeh Z | o(aArhexp H3))|. 
Sj£s 


On the other hand by Lemma 46 of [2(i)], there exists an integer k, = 0 
and a constant a. > 0 such that 


 2.1#0hexp H 535) | 
San (1+ Pape (A+ ff We + | log A |) teren 


for all A€ Br. This shows that 


eo(H+logh) | b(A: hexp H;b) —(A:hexp A ;w(b))| 
= enter" | (A: h exp H; n(b))| 
Æ ayao(1 + JA heed +f H |)é(1 logh N)? (hE Ayt, HE Lt) 
provided B(H) 21. Since po(b) € Mt and v, = 1, we can now apply Lemma 
83 to y== .(b) and thus obtain the following result. Put T,(A) =T; (à) 
(1SjSr). 


Lemma 34. For any b € B, we can choose an integer k = 0 and a positive 
number a such that 
| aro (A) Poss (AX: h exp H ; bd) | 
— 5 GAA Er (Ag) 8 (Ah; po (B) ) cP G08 | 
isjsr 


Sal -+AA + | A |) PM (1 + | logh |) 
for AE Br, hE Apt and HEI provided B(H) = 1. 

We recall that the element H, of Section 2 has been kept fixed through- 
out our discussion. It is obvious that p(H,) >0. Select a number e such 
that 0<e<1 and let U be the set of all points H € hy, which satisfy the 
conditions a(H) = (1—e)a (Ho) (e€ P) and | H iS (1+) Hol]. Then 
U is a neighborhcod of Ho in Cl(Hy,*). Put He= H— (1—e)H, for HEU. 
Then H,€ Cl(Qp,*) and exp tH —expt(1—e)H, exptH, (t€ R). Hence if 
¢ = tp == {(1—e)8 (H) y>, it follows from Lemma 34 that 
| ro (A) etd (A: exp tH ; b) 

— Sia) exp(#(1—e) A (Hs) Jro’ (M)0 (M: exp tHes po(b) ) 01002 | 
O Sal HADE I tE DEC H If tHe |] tet 
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for HE U and A€ Se. Moreover since H, lies in the center of m, it is clear 
that | 


(A: exp tH 5 4o(B)) | 
— exp{é(1—QA* (Ho) —t(1 6) p(H) }6 (u: exp EH; po(b)). 


Also fH. |S{tH]+0—.e9)| H | 2] Holl. Therefore if we put 
a, = 24(1-+ | H, |] )**4a, it follows that 


ro (A) CD gh (A: exp tH ; b) — E (A) ao’ (Au) e 00 (Az: exp tH ; po(b) )| 
i 
Sa (1 AREL E) ete t/te 


for HEU, AE Br and tÈ to On the other hand by applying Lemma 46 
and Theorem 3 of [2(i)] both to b(A:expiH:;b) and 0(\:exptH ;p,(b)) 
and making use of the second statement of Lemma 30, we conclude that 


| ro (A) P(A: h;b)| + > | Ty (A) a0" (M) (A: h 5 po(d)) | 
SS ay (1 + |A f) eee” (1 + || logh ||) % 


for suitable constants de, kz, da = 0 and hE CLH(Ap*); AE Fr. Since Lim éte-t/2to 
= 0 for any ¢=20, we thus obtain the following result. ae 


| Lama 35. There exists a neighborhood U of H, in Cl(by,*) and a 
positive number to with the following property. If b is any given element 
in B, we can select an integer k = 0 and a constant a> 0 such that 


| ro (AJEA (A: exp LH ; b) — 2 Ti(A)ro (Ax) 0° (Ai: exp tH ; po(b))| 


S a(1+ alter 


for HEU, XE Rr and t= 0. 


11. Proof of Theorem 1. We shall now deduce an important result 
from Lemma 35. | 


THEOREM 1. For any b €%, we can choose an integer k= 0O such that 
(1-A E| ro(A) (Ath; bjerton] remains bounded as À and h vary in 
Sr and Ol(A;*) respectively. 


We shall prove this theorem by induction on dimrg,. Let S, be the 
set of all points H € Cl(§,,*) with | H | —1. Then S, is compact. There- 
fore it is obviously sufficient to prove the following lemma. 
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LEMMA 36. For a given b€ B and HE Sa, we can choose a neighbor- 
hood V of H, in S, an integer k, = 0 and a positive number a, such that 


| ro (A) ofp (A: exp tH ;0)| £a (1+ [A [))* 
for AE r, HE V and t= 0. E 


We now construct m, corresponding to this H, and use the notation of 
Lemma 35. Since m, is reductive, its derived algebra mo’ == [1mo, Mo] is semi- 
simple and dimr mo < dime go because JT, lies in the center of me. Therefore 
our induction hypothesis is applicable to mo’. Define e as in Lemma 12 
and put 


a’(Arm) = | exp{a*(H(mk’)) -—o(H (mk) )}dlé (AE Fa, me M), 


where dk’ denotes, as before, the normalized Haar measure of Mg. Now I, 
lies in the center of m, and mo==lo+ no -my Hence by applying the 
induction hypothesis to mp’, it is easily seen that for any 7 € Mt, we can select 
an integer k = 0 and a positive number a, such that 


| mo (A) eG" (x: exp H n) | E a(t + Ja[)* 
for all A€ Br and HE Cl(hy,*). Also it is obvious that 
G(A:h) —exp(o(logh) —p(logh))@’(A:h) 


for hE Ap. Let uo(b)’ denote the image of p .(b) under the automorphism 
of M over C which leaves every element of mo + nr fixed and maps H on 
H—p(H) for HEI Then clearly 


O(A: h; uo(b)) = exp (o (log h) — p(log h))8" (A: h; wo (B)’) 
and therefore if we take q == p (bY, it follows that 
[mA )e 6 (A: exp H ; po(b))| S aa (1 + J Al)” 


for A€ r and H € Cl (bp.*). But then from the second statement of Lemma 
30, we can conclude that 


| Ero (M) Ts (A) 0°00 (u: exp H 3 po(b))] & a (1 + JA |)” 
(A € Dr H € CL (Eps*) ) 


for suitable constants as, ka = 0. Hence it follows from Lemma 35 that we 
can choose constants. a, kı = 0 and a neighborhood V of H, o in §, such that 


| wo (A) ed (Ar exp tH ; b).| £a (1+ af)" 


for HEV, AE er and $= 0. This proves Lemma 36° and hence also 
Theorem 1. 
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12. The space 1(G). Let + be an element in G. Then x can be written 
uniquely (see [2(f), Lemma 31]) in the form kexpXY (kE K,XE po). Put 
D(a) == {det(sinh ad Y/ad X)y}4, where (sinh ad X /ad X)p denotes the restric- 
tion on p of the linear transformation 


sinh ad X/ad X = À (ad X)*4/(2¢+1)! 
; q= ; 
of g. Then D is an analytic function on G which is obviously spherical. 
Put 7° Dg(x) = (1+ ]log|z|f)D(x). 
DEFINITION. Let I(G) denote the set of all complex-valued functions 
on @ of class C” satisfying the following two conditions: 
(1) is spherical. 
(2) For any b€ B and any integer q = 0, 
sup D(z)| p(z;6)] Ko. 
| æeG 
Put mogl) =supD,(x)|p(xz;b)|. Then rpg is a seminorm on I(G) and 
the collection of these seminorms, for all b€ 8 and g=0, defines a topology 


on {(G) in the usual way so that I (G) becomes a locally convex space. 
We note that (et +e) /2t = 2 t4/ (2q + 1)! is an increasing function 


of t for 0. Hence it follows mans that D(z) Z D(1)=1 (2€ G). 
Moreover (1 — et) /2t remains bounded for t> 0 and therefore D(h) eeGos® 
also remains bounded as h varies in CI(A4p*). We shall need these facts 
presently. 


THEOREM 2. For any b€ 8, we can select an integer g=0 and a 
constant c>>0 such that 


D(z)| wo(a)o(aiz5b)| £e(1 + Hale 
fot all ze G and XE Fr. 


Obviously we can choose a finite number of elements b,,: : :,b,€ B and 
analytic functions a,,:::,a, on K such that bk— © a(k)b, for k€ K. 
Now suppose h€ C1(4,*) and k€ K. Then ol 


PARK; b) = path; DE) = Dai(k)d(aih; bi) 
; i 
and therefore 


| (A: hk 5b) | Sad |p (Aths bs) | 
where a= sup ({a.(%)|,---,{a-(%}|). On the other hand D(hk) = D(h) 


8 


` 
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and D(h}e-rdor#) remains bounded as h varies in Cl(Ay*). Therefore by 
Theorem 1, we can choose an integer q = 0 and a constant c > 0 such that 


D(h)| mo(A) P(A: hk; b)| Sc(1+ af} 


for all AE Br, HE Cl(4,*) and KEK. But G—K(CI(A;t))Æ (see [2(£), 
. $12]) and D and 4) are spherical functions. Hence it is clear that 


D(x) | role(s; b) Se(1 +] als 


for vE G and AE Bx. This proves the theorem. 

Now %r being a real Euclidean space, we can define the locally convex 
space 8 (Ÿr) as usual (see [2(g),§2]). It consists of all complex-valued 
C> functions a on {$r such that en (1+ HAI) a3 8@(p)| Ko for 

€35R 


pE S(hp) and any integer g=0. Let dà denote the Euclidean measure on 
ar. Then if a€ @( Snr), it follows from Theorem 2 that the integral 


Jl @da@yo(aresd)| a (bE B) 


converges uniformly with respect to z€ G. This shows that 


pale) = [| wo(d)a(n) (Ara) dr (ze G) 


is a C? function on G and 


o(03b) = f naan yar (bE B). 


THEOREM 8. For any a€ G(Ÿr), put 


woe famosa (2€ @). 


Then ġaE I(G) and a— dg is a continuous mapping of 6 (Sr) into I(G). 
Also 


o(asb)— f maA: eb) (x E G,bE B). 


It is obvious from its definition that # is spherical. Moreover if 
x= khk, (kı, k€ K hE Cl(Ay*t)), it is clear that 


D, (x) da(@;b) = D, (h) ba(h ; be) 


for b € B and any integer r= 0. Let D(b,) denote the algebra of polynomial 
differential operators on hy, (see [2(g),§2]). Then as we saw during the 
proof of Theorem 2, it would be sufficient to prove the following lemma. 
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> 
Lemus 37. Let b be an element in B and s an integer =0. Then 
we can select a finite number of elements do, d,,- + -,dy in D(B,) such that 


(1+ [logh |)eerteen | do(hsd) SS 


sup |a(A;4;)| 
SN ACIR 
for a€ (Br) and hE Cl(A,*). 


- 


We shall use induction on dim hy. The case fy = {0} is obviously trivial. 
So let us assume that dim}, = 1. Define S, as in Section 11. Since 8, is 
compact, it would be enough to prove the following statement. 


LEMMA 88. Fix b and s as above. Then for a gwen HQE S,, we can 
select a neighborhood V of H, in S, and a finite number of elements 
dy,- © +,dw€ D(hy)such that 


(1+ t)se) | pa(exptH;b)| Æ E sup j4(a;dj)| 
OSiSN AEIR 
for ac (r), HEV and t= 0. 


We use the notation of Lemma 35 (corresponding to the element Ho 
selected above). Then by this lemma, we can choose a neighborhood V of 
H, in §,, an integer k = 0 and two constants c, ta > 0 such that 


| aro (A) eC gs (À: exp tH 5b) — E (Aro (4) 0 Cu: exp tH 5 po(b) etd | 
ixisr 
SS c(1+ FA }fe tte 


for HEV, AE Sr and t=0. Put 
f,(m) = f OAA) (mE M, a€ L(G»)). 


Then by induction hypothesis, Lemma 37 is applicable to mo = [me, mo] 
instead of g and so it follows easily that we can choose a finite number of 
elements d,’,- - -,d)’€D(Hy) such that 


(+ logh I] sere” | f(s mo(b))| SD na | a(A; di’) | 
EIR 


SiS? 


for a € G(r) and hE Cl(A,*). Now put a (A) =Ti(saja(s7A) (A Sis r) 
for a€ É (Fr) and AE Br. Then it follows from the second statement of 
Lemma 80 that a; are also in #(%r). Moreover in view of the inequality 
stated above, it is obvious that 


| ed, (exp tH ; b) 
— Z fa (exp HE; uo (b) pote | Scot È (1+ ALF Ta (a) | ar 
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for HE V'andtZ=0. On the other hand we can choose d, € § (9p) such that 


(LHe f (ADELA dS sup | do(a)a(a)|, 
> A € ŞE 
for t= 0 and a€ (r). Furthermore | 
(1 + t)r | fa, (exp tH ; po (b) )| S 2, oP ja(a; d;)| 


for HE V and ¿= 0 and, in view of the second statement of Lemma 30, 
we can select dı,- - -,dy€ D(hy) such that 


2 sup |ai(rsd/)|S 2 sup |a(a; d)| 
1Si£r 1SjSp Neher SAEN AC Ha 

for a€ € (Sr). Therefore the assertion of Lemma 38 is now obvious. This 

completes the proof of Theorem 3. 


13. The distribution T,. Let dx denote the Haar measure on G. 


Lemma 39. Fix an element u in Sr. Then for any a€ (r), the 
integral 


J, (conj #(u:8) 6e (a) de 


is well defined ard the mapping 


Ta a> f (conj p(u:r})#a(x)dx (a€ 6 (Sr) ) 
is a 6-distribution on Fr. 
. This is an immediate consequence of Theorem 3 and the following result. 


- Lemma 40. Let fe L(G), pEr and 6,,6.€ B. Then the integral 


flo useysdr)F (ws ba) de (ye @) 


converges untformly with respect to y on every compact subset of G. More- 
over the mapping 


fof | (ws25 bs) f ("5 be) | de (fe 1(G)) 
is continuous on I(@). | | 


From Lemma 46 of [2(i)] we can select a positive number c; such 
that | ġ(u:£;b:)| S cp(0:x) for re G. Moreover if Q is a compact subset 
of G, there exists a positive number c, such that ¢(0:zy) = c#(0:x) for 
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ze G and y€Q (see [2(i), Lemma 48]). Therefore it would be sufficient 
to prove that 


f | 8(0:2)f(@ 3b.) | da < 0 
and the mapping | 
f> [| 6(0:2)f(25bs)| ae (Fe 1(G)) 
is continuous on (G). Put A(exp H) = dl (es) gra) (HE fps) as in 


[2(i), $5]. Then if the Haar measure dh on À, is suitably normalized, we 
have | 


Apt KXK 
for any g€ C,(G) (see [2(£),§12]). Therefore 


f |$(0:a)f (esda) damm f AACO: dh f FCs #)] dk. 


We can obviously select a finite number of linearly independent elements 
bs,° > *,bx in B and analytic functions ga," :°,gx on K such that 
bt = D gi(k)b; (KEK). Then 

3SiEN 


| f(A; b) | = 2 | gi(&)| | FC; bi) |. 


Since K is compact, the g; remain bounded on K and so it would be suFcient 
to verify that for any b€ 8%, 


fame: h)| f(h3b)| dh <0 
and the mapping 
p> OCDE. vere 
Apt 


is continuous on T(G). Choose an integer 9:20 such that 


J G+ [log h [) dh <o 
Ap 


Since | A(/) [š e7208) obviously remains bounded for k€ Ay*, we can, from 
Theorem 3 of [2(i)], select an integer q = 0 such that 


(1+ [logh |) | A(h) [#6 (0:4) 
is bounded on A,y*. On the other hand it follows from the definition 
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of D that | A(h)[#(1+ | logh |])-*D(h)+ remains bounded on Ay for a 
suitable integer gs = 0. Hence there exists a positive number c such that 
A(h) (0:2) = cDoug,(h) for hE Apt. Therefore if we put qg = qi + qo + Qs, 
it is clear that 


J, AERE] dh Serva A) S C Mogh (9 dh 
Ap* Ap 


in the notation of Section 12. This proves our assertion. 


COROLLARY 1. Let Q be a compact subset of GX G. Then of fe T(E), 
the integral | | d(p:ay;b,)f (ez; b2), dx converges uniformly for (y,2) € Q. 
G 


Without loss of generality we may assume that Q = w, X w, where w, ws 
are compact subsets of G. Let w be the image of Q in G under the mapping 
(y,2)}—>2*y. Then œ is also compact. Given any « > 0 we can, by Lemma 
40, select a compact set V in G such that 


fa! (u: zy; bi)f (25 b2)| dx <e 


for y€ w. (As usual eV denotes the complement of V in G.) Put U = Vo,>. 
Then U is also compact and ‘Uz C *V for z€ œ, Hence if y€ w, and zE o, 
it is clear that 


f. | p(n: ary; bi) f (xz; be) | az f | b(n: az4y3b,) f(z; b2)| de <e 
U ‘Uz 


from the right-invariance of the measure dx. This proves the corollary. 
Now put 


F(y:2)— f {conj o(p: 2y) }f (er) de (y, z€ G). 


Then the above corollary implies that F is a O”-function on G X G and 


F(y;biz;ba) — f (conj é(uiay;b1))1 (22:02) dr 


. for b,8,€%. On the other hand F(y;bi:2z;b:) =F (zty; bi:1;b2) by the 
right-invariance of dz. Hence if we put y = 1 and z = exp tX (X€ go t€ B) 
and differentiate with respect to t at {—0, we get F(1;b,:1;Xb,) 
= — F(1;Xb,:1;b2). Let b— b* denote the anti-automorphism of 8 over 
R such that (X + (—1)4¥)*=—=—X + (—1PY (X,Y €g). Then the 

above result obviously implies the following corollary. | 


COROLLARY 2. For any b€B, fEI(G) and pe Sz, 


f Cconjg(a:2))f(250)dr = f (conj g(u:z;0*))f(2)dz. 
G G 
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that 


+ 


f aood f Hoe DAG) — o(H@))) dr 
== 1a oP 1)8A(log h) F p(log h)} dh f pe dn 
— J Fexp (Cz 1)@A(log h)} dh. 


Let us now assume that dd is the regular Euclidean measure (see [2(g), 
§2]|) on pr and the Haar measure dh on À, is so normalized that 


J ah f a(aerpt(— 1ra logh) jda =a (0) 


for any ae L (Sr). In view of the relation dr — e?loeMdkdhdn, this fixes 
the normalization of dz as well. We shall call these the regular normalizations 
of dà, dz and dh. Define $ as in the corollary of Lemma 41. 


COROLLARY.. Let a be any element in G(r). Then 


enti) f ha (ñ exp H) di = f. B(A) {r (A) S e(s)a(sX) Jeco? ME) dA 
N yez sew 
for H € Dyo 
Put f= ġa. Then from Theorem 3, f lies in Z(G) and therefore by 
Lemma 43, 
Í F;(h)exp{— (— 1) (log h) }dh = f a (x) conj $y (x) dx (AE Fr). 


Now apply the corollary of Lemma 41. Then 


rola) | Prepi (DA (logh) dh = B(A)_¥ eo(s)a(or), 


Therefore our assertion follows immediately by the Fourier inversion formula. 

We shall see in the next section that the above relation also holds if 
B(A) is replaced by | b)(A)|?. This would prove that B(A) =| 6o(A)|? for 
NE Br. . 


15.. Determination of the function P. Extend 4 to an automorphism 
of 8 and put N—#9(K), Na — 0 (Ra) and y C (g€ Lo). 
Also define Ba as in Lemma 9. 


LEMMA 44. Let q be an element in I, and let d denote the degree of 
y(q)- Then q—y (q) EBE + (Fagy) N Be 
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Define $ as in Lemma 19 of [2(i)]. Then we have seen in [2(i),$4] 
that J, = Ia OP + Ia N ($B). On the other hand I, N (€B) =I, N (BE) is the 
kernel of y (see [2(i), Theorem 1]). So it would be sufficient to consider 
the case when g€ Z N$. But then it follows from [2(i), Lemma 20] that q 
itself is of degree d. Now g is the direct sum of f, pp and n. Hence | 
Ba C EB + (pN) N Ba from [2(b), Lemma 12]. Therefore it follows from 
the definition of y (see [2(i),§4]) that g—+(a) € IB -+ (Si) N Ba 
Let b- bt (b € BY denote the anti-automorphism of B such that Xt == — 4(X) 
(X€q). It is clear that every element of p (and therefore also of 93) is 
left fixed by this anti-automorphism. Hence | 


g—y(g) = (q— y (g) V E€ BEF (Gp) N Ba. 
This proves the lemma. 


Select 43 = 1, t2,° * +, Uw € Sp as in the corollary of Lemma 8 of [2(i)] 
and let u—> u denote the automorphism of &, given by w = ePu o eP (u € Oy). 


Lexma 45. Suppose u— 3 ury(q) (QET). Then we can choose a 
1E 


finite number of elements qw E Ig and nu€ NM 1SkSr,1Sisw) such 
that 
w= Duar D DBD peti’ qu mod BE. 
Iisisw 1SX£r 1S{£=w 

_ We shall use induction on the degree d of u. Obviously we may assume 
that u is homogeneous andd=1. Then wy(q) (1S1 & w) are also homo- | 
geneous of degree d (see the corollary of Lemma 8 of [2(i)]) and it follows 
from Lemma 44 that 


Eug — Euy (u) €BE+ (WG) N Be. 


But this implies that | 
wae Sug + À ov, mod St 
i 1SkSs 


where x € TA and vor € p N Baar (15S k sss). On the other hand Kp = X, Ju; 


iSiSw 

where J = I (by) =y(J,). Therefore our assertion follows by applying the 
induction hypothesis to vg. 

Select @,: + :,&€ X as in [2(i),§3] and consider the additive group 
L generated by 3. Then (x, - -,a) is a set of independent generators of L. 
We say that an element b€ B is of rank 8 (BEL) if [H,b] = Hb —bH 
== B(H)b for every HE hy. Let L, be the set of all elements BE L of the 
form 8B = mi, +: -+ ma where m1, -:,m, are nonnegative integers 
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which are not all zero. Let (TR) (BE L,) denote the set of all elements 
in Ñ, of rank — 8. Then it is easy to see that Ñ, is the direct sum of (N,)-g 


for BE L,. Therefore it is obvious that the elements qu of Lemma 45 can be 
so chosen that yx is of the rank — ri for some B,€ L, Now we use the 
notation of Section 14. 


COROLLARY. Assume that ny ts of rank — Bm (BE L) in Lemma 45. 
Then 


PAS 2 SAONE Ron) 


Ta A EP (qr: (— 1) 8A) hy (05 mm: h ur) 
for AE, AE Ñ and hE Ay. | 
It follows from Lemma 45 and [2(i), Lemma 18] that 
palsu) — 2 yl: (—1)4A) pa(e; ur) tÈ yilgi: (—1)4A) $a (25 gau) 
for € G. Now if we put z= ñh and observe that 
Pr (Äh ; qeti ) = CPR M (A inii hiw), 
our assertion follows immediately. 
Now put 
® (A: nth: H) = m (A) er does) (ish exp H ;u;) d7 w) 
for A€ J, AEN, hE À, and HE Dp Suppose Huy = Susy (qi) where gy € Ip 


Then we put Byj(A: H) =y(ga: (—1)4) (1S%4,jSw). It is clear that 
=ij(A:H) depend on H but not on the particular choice of gy. Now fix an 
element H,€ Dpt. By Lemma 45 we can choose elements gy, ggj in J, and 
me in R (1Si,jSw, 1SkSr) such that 
Hu D ufqat D D mee’ qua mod Bt (LS1Sw). 
1zj=w ISkSr 1=jsw 


Morecver we may assume that muy is of rank — Spy for suitable By; € Da. 
Then it follows from the corollary of Lemma 45 that 


ad (A: nm: tHy)/dt=—= D yqa: (—1)2A) (A: %:h: tH) 
1=jSw 
+ MD yqa: (—1)8A) (A: Riu h: tH) 
1SkSr 1SjSw 


X exp{— Brij (log h + tH) }. 
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In matrix notation, this equation can be written as follows. 


d(A:ñ:h:iH)/dt—#(\:H,)æ(A:ñ:h:tl) HEA: ñ h:t) 


where 


=> ru) Gee TNS eg Peto), 
XK exp(—Auy(logh + tH.) 
Asis w). Put Aiñ: h:t) =A: nh: thy), OA: ñ: h) =O: 71:h:0), 
DO(A:ñ:h:t) —exp(—tE(A: Ho) )O(Ar nih: t), 
WA: HA: t) =exp(—tE(rA: Ho) )W(aArnih:t) (tE R). 


Then the following lemma is obvious. 


Lemma 46. dp'(A:ñ:h:t)/dt— Y(\:ñ:h:t) and therefore 


T 
BALRAT) BAR) + W(x: ah: t) dé 
0 
for TÆ=O0, | 
Put @= min «(H,) and let w denote a compact subset of r. It 


aéP, 


follows from Corollary 2 of Lemma 14 of [2(i)] that (—1)#\(sH,) (s€ W) 
“re all the eigenvalues of =(A:H,). Hence by Lemma 60 of [2(i)], there 
exists a positive number c, such that || exp(—t=(A:H,)) | Sa(1+t)” for 
t{=OandrA€w. Put ct—6(2+) as in Section 2 (xe G). Then 2€ Kak 
and therefore $,(z7) —¢,(2). Let b— bt denote the anti-automorphism of 
B such that Xt——6(X) (XEg). Then if EÑ and uE Sp, it follows 
without difficulty that Oo 


(A: À mt h;u) =d,(hn;d) 


where n= (ñ)! and b= ((qw)*)i. Therefore since D(x) =1 (z€ G), we 
get the following result from Theorem 2. 

Lemma 47. Let U and w denote two compact subsets of Ñ and Sr 
respectively. Then for any hE Ay, we can select a positive constant c such 


that 
NPA: h:t) Se(i +t) ve FF 


for. € w, REU andt=0. 


It is obvious from Lemmas 46 and 47 that P? (A:ñ:h:¢) tends to a limit 
as t—> -+œ if A€ Bx. We denote this limit by ®°(A:2:h:00). 
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COROLLARY. Fora fixed h in Ap, B(\:nñ:h: ©) is a continuous function 
of (AA) on Se X Ñ. 


Ii follows from Lemma 47 that the integral f | Poa: n:h:t) |] dé 
0 


converges uniformly as À and ñ vary in w and U respectively. The corollary 
is an immediate consequence of this fact. 

. As before let fr’ be the set of those points A in r where w(A} 0. 
Fix an open subset ùo of r such that its closure in kr” is compact. We also 
assume that se =w for se W. Select an element p in S(h,) and for any 
a€ 04° (w), put ae(A) = a (A)r (x) ip (A) exp{— (— IMA(Ho)} (tE R, AE Ba). 
Obviously as € C,” (w) for any ¢. Now choose an integer k, = 0 such that 


J PHL + p(H (i) ) dit < ce. 
N 


Lemma 48. Define Q as in Corollary 1 of Lemma 42 and let b be an 
element in B. Then there exists an integer m = 0 with the following property. 
For any a€ Oe” (w), we can select a positive number cq such that 


| $0,(ith ; b)| Æ ca(1 + t)exp{— | p (log h) | — p(H(%))} {1 + (HR) TA 
for RAEN,hEQ and t20. 


F-om Corollary 1 of Lemma 42, we can choose an integer k, Z= 0 and a 
positive number c, such that 


| f(ah:b)| 
Sc, exp{— | pllog 4)| — p(H(A))} {1 + P(E) sup Da(a)| (5 b) 


for any fE [(G). On the other hand by Theorem 3 we can select a finite 
number of differential operators d,,- - -,d, in 9(b,) such that 


sup Dx,(2)| da(#3b)| S 2 oP | a(rA; di) | 
we 1£i£r A iw 


fora € C,*(w). Let m; denote the order of d Then if m=max(m,,---,m,), 
it is obvious that for any a€ Ce” (w), there exists a positive constant c’ such 
that 


S suplæ(a;d)|<e(1+ t)” 
r ACY 


1SiS 
for all ¢==0. From this our assertion follows immediately. 


COROLLARY 1. Let u be an element in Qy and y an element in Tt, of 
rank — Bo (Bo€ L,). Then we can select an integer m=0 and, for any 
a€ C.” (w) and hE Ay, a positive constant c(a,h) such that 


£ 
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ne | be. (ñ; q: h exp tHo; w) | e-Pollor ate) 
So(a,h) (1+ £) mer (1-4 p(H (A) }% | 
for RE Ñ and t= 0. 
This is obvious from the above lemma if we note that 
da, (yn: h exp tHo; wu) e Polos tte) — ha, (Ah exp tHo; mu). 
For any a€ C.” (o), put 


d(aiñikit)— f aP (Ah: tda, 
| Yr | 

Y(a:ñth: = fia on. hit) da 
and @(a:n:h) —=®#(a:ñ:h:0). 


COROLLARY 2. There exists an integer m=0 with the following 
property. For ary aE C.” (wo) and hE Ay, we can select a positive number 
c(a,h) such that 


| B°(a: ash: t) | S ela h) (1+ Eren + p(H(A))}* 
for all nE N and t=0. | | | | 
We use the notation of ee Lemma 14]. Put A= (—1)# and 
and e= >» ot (A*) uy (AE Bx). Select vy;€ J such that urt == D vx; 
J 


isisw 


(S£ kS w) and put Ey = D otvn€ S. Then it is obvious that 
k 
Ath, = > Hy (A*) uy; mod SJ, (1 = = w) : 
| 1SfSw 


Let Æ(XF) denote the w X w matrix with the coefficients Hi;(A*). Then we 
have seen during the proof of Lemma 51 of [2(i)] that** 


E(SA*)E (A: Ho) = 2 (A: Hy) E (sr*) —s\* (Ho) E (8a*) (s€ W) 
and D e(s)E(sA*) =xr(A*)I where I is the unit matrix. Hence 
ac W 
r(A*)exp{—1E(1: H,)}= 5 e(s)exp{— tsr* (Ho) }E (sr*) 
sew 


for 4€ R and A€ Fe. Therefore 
D(a:ñ:h:t) = X e(s) J poan 
| X exp{— tsA* (Ho) JE (s\*)® (A: 2h: t) dd. 


But since Æ € S, the statement of the corollary now follows from Lemma 48. 
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Lemus 49. The integral f [P (a:ñ:h:t)| di is convergent for 
N 


aE Ce (w), RE À, and t= 0. Moreover 
f B(a:hich) dim f P(a:ñ:h:t}dñ (t20). 
Ñ Ñ 


The first statement is obvious from Corollary 2 of Lemma 48. Moreover 
it follows from Lemmas 46 and 47 that 


T 
(aiik: T) =D (aiñ:h) + f Y(a:ñn:h:t)di 
0 
for T= 0. On the other hand 


Wla:ai:hith= > e(s) f_a(a)n(at)> 
sey wR 
X exp{— tsr* (Ha) JH (SA) E (A: ahs) da. 


Therefore if we take into account the definition of #(A:%:A:1), it follows 
from Corollary 1 of Lemma 48 that 


fi ARAME ETAREN G=0), 


where c’ and m are independent of t. This shows that 


T 
J an fe (aiachity| at <oo. 
N a 


Hence by Fubini’s Theorem, 


T 
faaan: Pdi S o(aiñih)da+ È at f Y(a:n:h:t)dn. 
N N 0 N 
So in crder to prove the second statement of the lemma, it is enough to 
verify that f Y(a:ñ:h:t)dnñ —0 for any tÆ 0. But in view of the 
N 
definiticn of Y(A:ñ:hk:t) and the expression for Y°(a:ñ:h:t) in terms of 
Y(A:ñ:h:t) given above, it would be sufficient to show that f balñ;n:h;u)dn 


= 0 for hE Ay, nE Ju, WE Sp and a € C.” (w). But this is a consequence of 
Theorem 8 and Corollary 3 of Lemma 42. | 


Put S'{a:ñ:h: co) = f a(AJD (A ñ:h: œ )dà (a€ C.” (w)). Then it 


follows from Lemma 47 that D°(a:ñ:h:c)—Limp(a:ñ:h:t). On the 


t+ 
other hand 
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to +00 


Í (a: ñ:h)dñ = Lim P(a:ñ:h:t}dan 
N N 
by Lemma 49. From these facts we intend to deduce that 
f b(a:ach)dim f p (añ: h: œ )dà. 
Ñ N 


(Here æ, and ®,° stand for the first coefficients of the one-column matrices 
@ and ° respectively.) However first let us compute ®,°(A:n:h:o). In 
order to do this we need the following lemma, 


Lemma 50. Fis AEN and for hE Ay let h’ denote some element in 
Cl(Ap*) such that nhe KWE. Then |llogh’—logh—H(n)||>0 as 
TONG OE) ear | 

Let o be an irreducible finite-dimensional representation of G on a vector 
space V and let A denote the highest weight of o. Select an orthonormal 
base Wo,¥i1,°°°,Wp for V such that y; belongs to the weight A; OS1Sp 
(o= A). Put | T| = ( È | Ty, |*)4 for any linear transformation T on F. 

DZi=p 


Then 
ll o(h’) |? = | o (äh) PF = £ | o (HA) yi |. 


oSisp 
Let 8; (1&1 p) denote the restriction of A— A; on by. Then it follows 
from [2(e), Lemma 2] that 6,¢€ LD, if B,-<0. Suppose B—0 for lSi<r 
and 8€ L, for r&=i<p..Then the above relation implies that 


e?A(log k’) {r -—— >> e778: (log h’)} 
TELE 


e2A (log h) { D | a (fh) Wi |? + > | a (A)y |? Pilen, 
Sicr rSixp 
Now suppose ¢ <r and a€ P,. It is obvious that | 


C(H)o(Xa)hi= {A (H) +a(H)}o(Xa)yi 
for HE hy. On the other hand @ cannot coincide on hy with — for any 
BE L,. Therefore A + & cannot coincide on §, with A; for any j (0&7 Sp). 
This implies that o(Xa)¥i=0. Hence o(n)y;—y; for n€N and so 
| o (A)yi | = AE (OSi<cr). Now put H'(h) =logh’ —logh —H (a). 
Then the above equation becomes | 


- r+ X [olay |*exp(—2B,(logh) —24(H(4))) 
rSizsp : 
== PACH) {y Sgr 2Bellogh’)} 


r=ixp 


SEMISIMPLE LIE GROUPS, II. 605 
Now let h->o in the terminology of Section 9. Then £;(logh) — + 
(rtp) and hence we get 


r == Lim e248") {r +. > e-28: (log n'y} = r Lim sup e24 (H' (h). 
œ 


h-> © rsi=p h> 


Since r= 1, this shows’ that LimsupA(H’(h)) 0. On the other hand 
h-> © 


ñh == kıh'ka (kı, k€ K) and therefore H (ñ) -+ logh = H (k'k). But it 

follows from Lemma 35 of [2(i)] that A(logh’) = A(H(h'k;)) and hence 

A(H’(h)) 0. This proves that Lim A(H’(h)) =0. This being true for 
h-> 00 


every highest weight A, we conclude from Theorem 1 of [2(a)] that 
Lim | H’(h)| == 0. 
hoo 


Define the function Bb, on %r as in Section 9. 
LEMMA 51. 
PCA: Th: 0) = er H F eg(s) bo (sr) exp{(—1)4sA(logh + H(n))} 
sew 
for AE Br, RE Ñ and he Ay. 


Let tr” be the set of all points A€ Be such that A(s,Ho) = A(Ss2Ho) 
for any two distinct elements sı, s2 in W. Then x” C x and since He €E Dpt, 
it is obvious that x” is dense in $r. Now, for fixed ñ^ and A, both sides cf the 
above equation are continuous functions of A (see the corollary of Lemma 47). 
Therefore it is enough to prove their equality for À € Hr”. 

Since ®(A:a:h:t) —exp{iÆ (A: Hy) }@°(A:n:h:t), it is clear that 


m(AF)B(A:ñn: hit) = > e(s)exp{fs\* (H,)}E(s\*)S(A:ñn:h:t) 


for {€ À. (Here the notation is the same as during the proof of Corollary 2 
to Lemma 48.) Hence i 


m(AF)PB. (ARR: EE) — X e(s)exp{isA*(H)}g,(A:n:h) — 0 
as &—> +, where “ 
gA: h) = X Hyj(srA*) BP (Arathi: o) (se W). 
On the other hand ~~ 
PAR: RE) = mg (A) erer H) d, (Ah exp tHo). 


Now fix A, h and ñ (A€ r”) and for tZ 0, select an element Ag € C1(4;*) 
such that åh exp tHo € Kh K. Also put H’(t) = log hë —log h —tH,— H (ñ). 
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Then it follows from Lemma 50 that | Æ (£) —0 and therefore hg ->c 
(in the termininology of Section 9) as t-> +œ. But 


oAloe tH) (A exp tHo) = exp{—p (H (ñ) ) —p(H’(E) ) }eme™ gn (It) 
and 
Lim [eos (h’) — X, e(sA)exp{sA* (log h’)}| == 0 
K> 00 ser 
from Lemma 37 of [2(i)]. Therefore 
(A: hit) — er H F, ¢,(s) bo (sd) exp{sr* (logh + 1H, + H(n))}— 0 
sew 
as t= +œ. This implies that 
SS e@HHe(s) 9, (Ar fh) 
€ 
— e PHO Sa (A*) eo (5) bo (Sd) exp{sd* (log À + tH, + H(ñ))}— 0 
sew 
ast—>-+o. But since À € r”, it follows from Lemma 56 of [2(i i) that 
Jal Ain: h) = m(ÀAF)e (8) eo(3) bo (sA) eH exp {sr* (log h + H (ñ) )} (s € Ww): 
On the other hand 2 ie CSN) = r(A*)1 and therefore | 
> = «(sg (a: ñ: i as ñih:æ). 
Hence 
a{A*) D(A: Rh: 0) 
= rl A*)e PE) F eo (s) bo (sd) exp{sar* (logh + H (7) ) }.. 
sew 


The statement of the lemma is now obvious since r({A*) 340. 


COROLLARY. The integral f |$: (a: 3h: c)| dñ converges if a€ C,” (w) 
Ñ 
and h€ Ay. 


Fix h and a. Then it is obvious that for any sE W, 
sup (1+ |H|])*| f by (sd)a(A)exp{sa* (logh + H)}d4A | <o. 
H € Ypo OR 


Hence there exists a positive number c such that | 
| B°(a:f:h: 0) | So(1+ | H(A) p erra (AE Ñ) 


and from this the corollary follows immediately. 
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Now we regard the Lie group Ÿ as an analytic manifold. For any 
vE Ce” (Ñ) and a€ C.” (w), put 


(aivi ño:h:t) -Í v(A)B (a:üoñ:h:t)dù (MEN, hE Ay t=O) 
z” 


and @®(aivito:h) = (a:v:ño:h:0). It follows from the corollary of 
Lemma 47 that the integral 


$ (a:v:ño:h: o) =- r(A) (a: fight: h: o) dn 
5 
is also well defined. 
LEMMA 52. The integrals 


f S(arviash) di [sain oo) di 
N | 


N 


are both well defined for a€ C.” (w), v€ Ce” (Ñ), hE À, and they are equal. 


In view of Lemma 49 and the right-invariance of the Haar measure of 
the nilpotent group Ñ, it is clear that 


f | P(a:v:n:h)| das f |v(ñ)| an f || P(a:nih) || dñ <w. 
Moreover it follows from Lemmas 46 and 47 that 


®(a:viti:h:o)—@(a:v:inih) + f Wlarvifichi tae 
0 


where 


W°(aivitio:h:t) -Í v (2) (a: not hit) di (EN). 
We claim that 


L ai f | Z(a:r:ñ: ie #4) || dio. 


If we recall the in of YW{A:n:h:t) Ré + it becomes clear (see 
the proof of Lemma 49) that for this it. would be sufficient to prove the 


- following lemma. Put g(n:h) —p(ñh) (a€ Ce” (w)) and use the notation 
of Corollary 1 of Lemma 48. 


Lemma 53. For any a € C.” (w) and vE C.” (Ñ), put 


palv: ño: h) = f r(A ba (Aot: h) dit (RE Ñ, h E€ Ay). 


N 
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Then for any u€ Sy and h€ Ay, the integral 


f a { | da, (vitisnihexptH;u)| 
« N 0 
X exp{p(logh + tH.) — Bo (logh + tHo) }dt 
is finite. 


Let ££ denote the anti-automorphism of §t such that XY’ ——X 
(X€ it). Then in view of the left-invariance of the measure dñ, it is clear 
that 

palv: ygi hiu) = palv tihsu), 


where y (A) =r (ñ; (y’)") (REN). Hence ga (viñ;y:hexp tHo; u) 
= ġa (v :A:hexptHo;u). Now fix v, h and a. Then from Lemma 48, 
we can choose a positive constant c and an integer m = 0 such that 


| da, ( fio: hk exp tH, su) gptlog ht tH) 


for all € Ñ and t=20. Since B(H,) > 0, the assertion of the lemma is 
now obvious. 
This proves that 


f (E (a:v:ñ:h: œ) || an 
<f | G(a:y:h:h) If a+ | di fi P(aiviñih:t) | di <o. 
Therefore it follows by Fubini’s Theorem that 
f alairik: co) dive f P(a:r:ñ:h)dñ 
+ fous Y(a:v:ñ:hit)dn. 
Hence in order to prove Lemma 52, it would be sufficient to verify that 
f W(aiv:ñ:h:t)dä=0 
for any t20. But we have seen during the proof of Lemma 49 that 


the integral f | W (a:ñ:h:t)|| d is finite and f Y(a:n:h:t)dn — 0. 


Hence it is obvious that 


façonner f (a) ai Í Yo(a:n:h:t)di—=0. 
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This completes the proof of Lemma 52. 
Now select y in such a way that f v(ñ)dñ—1. Then it follows from 
Lemmas 52 and 49 and the corollary of Lemma 51 that 


f artaik: oai f BY (arvinih: o)di 
-Í d,(a:viñ:h)dà = | aaka 
for a € C” (w) and kE Ay. Now fix @ and h and put 
a; (H) = f ba (sà)a (à) exp{sà* (logh + H)}dà 


for s€ Wand H € Dp Then it follows from the theory of Fourier transforms 
that sup (1+ || ])*|a/(H)|<o. On the other hand, 
H € Ẹpo 


b,°(a:ñ:h: 00) = eA HM) S e(s)a/(H(ñ)) 
sew 


by Lemma 51. Therefore it is obvious that 


f $P (a:ñ:h: o)di== X e(s) f Qs (H (ñ) eh AM dì, 
aeWw 
Now let ô be a sufficiently small positive number. By the corollary of Lemma 


45 of [2(i)], f exp{— (1+8)p(H(ā))}dā <% and therefore, by Fubini’s 


Theorem, . 
fa) Dept (1-48) p(H(@))}aa 
a f bo (sà Ja (A) e00 dA f exp{sà* (H(ã)) — (145)o(H(4))}df 
= f by (Aja (sA )eè logh conj e (As) dà 
from Theorem 4 of [2(i)], where As==A— (—1)%8p. But since w C $r, 
e is a holomorphic function on a complex neighborhood of w in %. Therefore 
if we recall that w is invariant under W, it becomes obvious that 
f a, (H (ñ) ) eno Odi = Lim f ag (H (2) ) eG) dy 
=== f by (A)a (sa) "Cee Deon] e(A) da 


= J | bo (A) |? mo (A) a (sA) eM le Dy, 
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Hence 


f $P (a:ñ:h: co) dtm | | bo(X)|# (ro(A)* S ea(s)a(sr) Joe nan 


But we have seen above that 


f PP (a:ñ:h: ojd — Í #i(a:ñ:n)di — etoen f pa (ñh) di. 


Therefore it follows easily from the corollary of Lemma 43 that B(A) 
== | ba (à) |? for A€ w. But since this holds for any choice of œ and since 
B and b, are both continuous on nr, it is obvious that this relation actually 
holds for all À € er. 


THEOREM 4. Let a be an element in (Fr). Then 
em f ba(ñexp H) dit = f, | ba (A) P {r (A) E eo (Sja (sA) Je NDAN 
N a/ Or se W 
for H € pos 


In view of the result obtained above, this is an immediate consequence | 
of the corollary of Lemma 43, if we use the regular normalization of da. 
On the other hand the statement of the theorem is obviously independent 
of the normalization of dA. Hence it holds in general. 


THEOREM 5. Let a€ (Fr) and AE Nr. Then 


mo(A) fl da(r)conÿ dx (2) ds = | Bo(A)|* X ce (s)a (sa) 
SE 
if we use the reçular normalizations of dx and dà. 


This is merely a restatement of the corollary of Lemma 41. 


COROLLARY 1. Let w denote the order of W. Then under the above 
normalizations, 


J. pa(%) |? dr = w7 f ba (A) |? | Èe (s)a(sà) |? dà 


for a€ (Fr). 
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This would follow immediately from Theorem 5 by Fubini’s Theorem, 
as soon as we can verify that 


f | ro (A) a(A) ox (2) ba) | dzd < co. 


This is done as follows. We know (see [2(f),§12]) that if the Haar measure 
dh on Ay is suitably normalized, 


f f(x) dt = J sua Ga 


for ary spherical function f in C,(G@). (Here A has the same meaning as 
in Section 13.) Now select an integer g = 0 such that 


a= f (14 logh [}-2 dh <o. 
Ay 
Then 


S eledel Jen (ét) a (Han 


= ee Up a) (1 +4 | log k |} | wo (A) by (2) be(h) |. 


Hence it follows from Theorems 1 and 3 that there exists an integer 4 = 0 
and, for a fixed a, a positive number c such that 


Jmol) fo Jarl) da(e)| do & e( + TAN) 


for all AE Be. Therefore 


Lima énte)ge(e) | dadas e f (+ | al)*laQay[aa<eo. 


Let 7,(G) denote the subspace of Z(G) consisting of all elements of 


the form pa (a€ @ (Hr) ).- 


COROLLARY 2. For any fin I(G), put 


TOS J, f(x) conj da (x) dx | Hess 
Then 


Í, | F(z) |? de = w7 fle I-2 | F(A) |2 dà 
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and 
f(x) =w f [e F(a) dala) da 
for f€ Io(G) and zE G, if dx and da are regularly normalized. 


This is an immediate consequence of Theorems 5 and Corollary 1 above. 
We have seen (Lemma 29) that e* is analytic on r. Moreover Theorem 5 
of [2(i)] gives a geometric interpretation of e. 


16. Two conjectures. Let I,(G@) denote the subspace consisting of 
those elements of I (GŒ) which have compact support. Also let La( G) denote 
the Hilbert space of square-integrable functions on G and J,(G@) the closure 
of 1,(G) in Z,(G*. It is seen without difficulty that Z(G)C1(G) CZ(G). 
Therefore if the statements of Corollary 2 of Theorem 5 could be extended 
to all functions fE Z(G),.we would immediately get an explicit Plancherel 
formula (see [2(j)]) for J,(@). Moreover Theorem 5 of [2(i)] would then 
provide a simple interpretation for the Plancherel measure. For this, it 
would obviously be enough to show that J,(G)CI,(@). However this 
appears to be a rather difficult problem which I have not yet been able to 
solve. Its solution seems to depend on the following two unproved statements. 


(1) There exists a polynomial function pE S(hp) such that | bo(A)p(A)| 
= 1 for all NE Sr. 


(2) For any fE I(G), define F; as in Corollary 4 to Lemma 42. Then 
F; 0 unless f =0. g 


Assuming these two conjectures, we shall show that J,(G)C I,(@). 
Let f be any element in /,(G@). Then it follows from Lemma 48 and Corollary 
4 of Lemma 42 that FE G (Sr). On the other hand if we take Lemma 31 
into account, it follows from the first conjecture that the function a(A) . 
= Wro (A)| bo (A)| F (A) (AE Sz) also lies in (r). Now put g= dy. 
We know from the corollary of Lemma 17 of [2(i)] that da (se W) 
and therefore f(s\) = F (à) and rot AJ (A) =m (AJF (A) (AE Fr) by Theorem 
5. Moreover ĝ end f are both continuous functions on x (see Corollary 3 
of Lemma 40). Hence Gf. But then by Lemma 43, F, = F, and therefore 
f = g = pa by the second conjecture. This proves that f € I (G) and therefore 
I.(G) C (G). 


Although there seems to be considerable evidence in support of these 
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conjectures, I have at present no clear idea as to how to proceed to prove 
them. | 
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ON NILALGEBRAS AND LINEAR VARIETIES OF NILPOTENT 
MATRICES, L* 


By MURRAY GERSTENHABER.' 


Let 4,,° - °, Ay be nX n matrices with coefficients in a field K having 
at least n elements, and which have the property that every linear combination 
of them with coefficients in K is nilpotent. The main purpose of this paper 
is then to demonstrate that k= n(n—1)/2 and if in fact k==n(n—1)/2, 
that there exists a matrix C with coefficients in Æ such that the CA,C are 
all triangular matrices. Letting denote the subspace of n?-space of all 
linear combinations of Ay,- © +, An, one may say: dim V=n(nm—1)/2 and 
if dim V = n(n—1)/2, then V is in fact an algebra, and one may choose a 
new basis for the space on which V operates relative to which V is just the 
algebra of all triengular matrices, where here a triangular matrix shall be 
one with zeros both below and on the diagonal. For the matrix Č of the 
change of basis one can choose any matrix transforming an arbitrary element 
of V with nilindex exactly n into triangular form; from what has been 
asserted, it follows that V indeed contains such an element of maximal nilindex. 

The assumption that K has at least n elements is used, as will be seen, 
to insure that if £’ is any extension of K and Vx the linear space obtained 
by extending the field of definition of V to K’, then it is still the case that 
that every matrix in Vx is nilpotent; one may then say of the variety deter- 
mined by V that every element in it is nilpotent. 

It is easy to exhibit a pair of n X n matrices with coefficients in a field 
of fewer than n elements all of whose linear combinations over that field are 
nilpotent but not over a larger one. Nevertheless, 8. A. Hoffman has shown 
[unpublished] that if three 3 X 3 matrices with coefficients in the field of 
two elements have the property that all their linear combinations over that 
field are nilpotent, then it is still the case that they can simultaneously be 
brought to triangular form. This suggests that the assumption that K have 
at least n elements may be unnecessary; no counterexample is yet known to 
the author. 


* Received October 11, 1957; revised January 23, 1958. 
1 The author gratefully wishes to acknowledge the support of the National Science 
Foundation through contract NSF G-2270 with the University of Pennsylvania. 
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Proof of the theorem. A necessary and sufficient condition that an n X n 
matrix M be nilpotent is that the sum s (M) of its rX r principal minors 
vanish for all r—1,: -> n, for these sums are, up to sign, the coefficients 
of the characteristic polynomial of M. Let-V denote always the given vector 
space of nilpotent matrices defined over a coefficient field K. If A, B are in 
VY, then «A + B is in V for every a in K, hence is nilpotent, and s (ad + B) 
== 0 forr—1,:::,n. The expression s, («A + B) may be written as a poly- 
nomial in « of Pent r— 1], say | 


S (AA + B) = atts, r1 + aS pro +: + +--+ aSr, where Sri 


is simultaneously a homogeneous form of degree 1 in the coefficients of A and 
of degree r— +i in the coefficients of B. Keeping r ‘fixed and letting « range 
through the non-zero elements of K, the equations s,(&A + B) —0 may be 
viewed as a system of homogeneous linear equations for the r— 1 unknowns 
Si Since r&n, there are, by assumption, at least r— 1 distinct non-zero 
elements of K. Choosing such a set of elements, the determinant of the 
system is of Vandermonde type and does not vanish; therefore’ sp; = 0 for 
allr andi. It follows that s (zA + B) —0 for x in any extension K’ of K, 
whence tA + B is nilpotent. Equivalently, v14, + 2,4, is nilpotent, where 
Cı, % are arbitrary elements of K’ and A,, À: are arbitrary elements of V. 
Now if it has been shown that any linear combination of, say, t elements 
of V with coefficients in K’ is nilpotent, then it follows that 


tA, Ss See Etat- + 21(Ar + GA tas) 


is nilpotent for all zı - -,æ, in KR’, Ai,---,An. in V, and « in K. By 
the same argument as that just given, it follows that one may again replace g 
by an element of K’, whence v4 +. © : Lx,4, + uien is also nilpotent 
for all 2,,- + °, £u, in K’, and by induction, this holds for all £ We may, 
therefore, whenever it is suitable, enlarge the field of definition for V, and it 
will remain the case that every matrix in the enlarged linear space is nil- 
potent. Therefore, in general, no subscript will be used to indicate the field 
of definition, particularly when it is clear from the context. 

If the linear variety V is spanned by A,,°--,Az, then a generic 
element of V over K is a matrix of the form 2,A,+---+2%,Ax, where 
(£) = (a, + * ,æ) is a set of & independent transcendentals over K. The 
elements of this generic matrix are linear functions l; of 2,,- © °, a, and may 
be viewed as vectors in a k-dimensional space with components ((A,)«, 

-, (Ax)i). This set of vectors indexed by pairs of indices (ij), 
i,j==1;:- ,n may be considered associated with the variety V and uniquely 
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determines it. Fer convenience, we shall occasionally denote a pair of indices 
(i,j) by-a single symbol, say o, and the corresponding vector by le. Among 
the vectors lo the number of linearly independent ones is dim V. | 

If X is any n X n matrix with coefficients in an extension field of K 
and with non-vanishing determinant, then we may form the linear variety 
V(X) =XVX" defined over the field K(X) =K((2y)}; it has the same 
dimension as V, and every matrix in it is again nilpotent. ‘The vectors 
associated with V(X) will be denoted by 1,;(X) or lo(X); for À —1, we 
will write as before just Jc. If S is a subset of the set of all pairs of indices 
(4,7), j=l,- n, then the linear space spanned by the L(X), o€ S, 
will be denoted by Lg(X). If S and S’ are two sets of pairs of indices such 
that Lg (X) CLs(X), then S’ will be said to be dependent on S; such 
dependencies usually vary with X. Further, if dim Zs(X) = dim V, then 
every S’ is dependent on S and § will be called complete. 

Given r, ©, and X such that 1,(X) € Ls(X), then we may write (£) 
— Sac(X)le(X), the summation ranging over o€ S, where ao(X) is an 
element of K(X ). If ¥ is a specialization of X over K with non-zero 
determinant, it does not necessarily follow that I-(Y)¢€ Ls(F); for some 
&o( Y) may not be finite, although, since there always exists a a, for which 
all @o(¥)/ac,(¥) are finite [1], one finds, in that case, a dependence tela- 
tion between the Jz(Y) foro € S. However, if Y is a generic specialization of 
X, then certainly all ao(¥) are finite and we may write 1,(Y) = Diac(Y )lo(Y). 

The set of all pairs of indices (1,7), ,7—=1,---,n, may be divided 
naturally into three disjoint subsets: ê, the set of all (1,7) with 7 > 2, ie, 
the elements above the diagonial; 8), the set of all (i,j) on the diagonal; 
and é.,the set of all (i,j) with j< +, or the elements below the diagonal. 
Given a o= (i,j), we may occsionally write o* for the pair (7,1). The set 
of all o* for o in a set © will then be denoted by S*. Instead of Zs, we will 
write simply L,; analogous definitions will hold for Z and L. _ 

For a linear variety of nilpotent matrices, it is always the case that 8) 
is dependent on 8, (and, of course, 8), else there would exist a matrix in V 
with zero entries above the diagnoal and a non-zero entry somewhere on the. 
diagonal; but such a matrix can not be nilpotent. Since V(X) =XVX7 
is also a linear variety of nilpotent matrices, the same holds for it. From 
this will follow now the first major lemma in the proof of our proposition: 
Let X be a matrix whose elements are n? independent transcendental quantities 
over K, the field of definition for V. Then D,(X) is complete. 


Since Lo(X) CL,(X), were this false there would exist a r= (i,j) 


| 
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- in & such that l (X) € L,(X ) ; assume r so chosen that +-——j is minimal. 
To see that this leads to a contradiction, we shall consider the effect of 
replacing X by X’ = (1 +6.) X, where z is transcendental over K(X) and 
es is the matrix with 1 in the j-th row, i-th column, and zeros elsewhere. 
Given a matrix A, the matrix (1 + 2e,+) A (1 + 2er+)-1 is obtained from A 
by adding z times the i-th row to the j-th and then subtracting z times the 
j-th column from the i-th (for note that (1+ zers} = — 1 — zer.). Let now 
S denote 8,—+*. Then it is the case that Lg(X’) CLg(X). For if «€ & 
but o not in the j-th row or i-th column, then Io(X’) =lo(X). If o€ 4, 
and o in the j-th row but o54r*, then we may set e= (j,k) and 1j,(X’) 
== lip (X) + 2liy,(X). Here k > 7, and by choice of +, for such k, we have 
lin(X) € L,(X) (for note that this is so for k > 7 but k < i by choice of 7; 
that lu(X) € L,(X) since & is dependent on ô,; and that (4) € L,(X) 
by definition for k >i). Therefore, 1;,(X’), being a linear combination of 
elements of Z,(4), is in L,(Æ), where, however, we must now construe 
L,(A\ as a vector space over K(X,z). Similarly, for o € 8,, ¢ in the i-th 
column but o 5#r*, we have o == (#%,1) and lal X^) = lal X) — 2x; (À). There- 
fore, for all o € S, we have le( X’) € Lg(X), so Lg(X’) CLg(X). However, 
for l;e (X), we have lr (X) = lr (X) + aly (X) — 2; (X) — zl, (X), and for 
(Xi, we have 1,;(X’) —1,(4) +, ( X). Now 1,;(X’) is in L,(X4’}, and 
from -hese equations and the fact that 1,-(X) and 1;;(X) are in £,(X) but 
1, (4) is not, it follows that ly (X) —— z tlr (X) + Sao(X’)lo(X"}, where 
the sumation ranges over g in S. Therefore, _ 


z1;;(X’) PEE, (4) + 22a (X Jlo (X”), 


and this is an identity in z, where X’ may be considered a function of z 
taking on the value X when z==0. Since the entries in X are independent 
transcendentals over K, it is the case that any matrix X’ is a specialization 
of X over K, but since z is transcendental over K(X), it follows that the entries 
in X’-are likewise independent transcendentals over K; so X and X’ are 
generic specializations of each other. Therefore ac(X) is finite for all ø € S, 
and setting z==0, we find J,.(X)—0. But again, since XY’ is a generic 
specialization of X, it follows that [,.(Y’)=-0, and from the equation 
for 1;.(X’), we find 0 = zlu(ăX) —2l;;(X) —2*l-(X) which implies that 
l, (X) € Lo(X) CL,(X), ‘contrary to assumption. Therefore, indeed, if the 
elements of X are n? independent transcendental quantities over K, then 
L,(X) is complete. . | 
Since 6, contains only n(n—1}/2 elements, it follows that dim V 
< n(n —1)/2, which proves the first half of our main proposition. We shall 
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suppose henceforth that dim V =n(n—1)/2, and we must show that V is 
then similar to the set of all triangular matrices. Since by choosing X a 
generic n X n matrix over the field K of definition for V, we have L,(X) 
complete, we shall henceforth assume simply that the transformation has 
been made and L, is complete. We must assume, however, that the field of 
definition, K, has been extended to K(X), a pure transcendental extension 
of dimension n? over K. 

Let P now be any invertible n X n matrix with zeroes above the diagonal 
and remaining coefficients in K(X). We may form V(P)=PVP* and 
L,(P). It is then the case that L, (P) =L, For if À is any matrix in V 
and P, as before, has zeros above the diagonal, then the 1-th row of PA is a 
linear combination only of rows 1, - +, of A. Similarly, if @ has zeros 
above the diagonal, then the j-th column of AQ is a linear combination of 
columns 1,- - -,7, and P is such a Q. Therefore, if o € 6,, then le(P} is a 
linear combination of ls for o€ 8,, so L,(P\CZ,. Transforming by P~, 
the reverse inclusion holds, so indeed L,(P) = L. 

Suppose now that dim V =n(n-——1)/2 and that L, be complete. Since 
ô, has only n(n —-1)/2 elements, there must exist a matrix A == (ay) in V 
for which @rm = 1, +=1,-::,n—1, and aj;—0 for j>7+1. Of the 
entries in A below the diagonal nothing need be known, but it is the case, 
nevertheless, that A, being nilpotent, has index exactly n. For letting 
€:,' © *,@, now denote the basis of the space on which the elements of V 
operate, the 1-th row of A is just eA. But then from the form of A, we 
have eA == 6, + multiple of e,, 6,4? == e; + linear combination of e, and e,, 
etc., so that eA” == e, + linear combination of e, to en-1; hence A* is not 
zero. ‘Therefore, if dim V == n(n—1)/2, it must contain at least one element 
of index exactly n. 

Let N = (vy) denote the matrix for which mia 1, i=1,: - :,n—1, 
vij—=0 for 7547-+-1. Then N is nilpotent of index n and is the Jordan 
canonical form for any n X n matrix of index n. Although usually a matrix 
can be transformed into Jordan cancnical form only over an algebraically 
closed field, if A is any matrix of index n, then there exists a matrix P such 
that PAP =N and the elements of P are in the field of definition for A. 
In fact, for P, we may choose the matrix whose rows are 6, ¢,4,° * * ,e, Am, 
for relative to these vectors as basis, the linear transformation A has the 
matrix N. For the matrix A given above (api 1,11, * -,n—1, ay= 0 
for 7>1+1), the matrix P. whose rows are e, ¢,4,'°°,¢,4"? has zeros 
above the diagonal since the i-th row cf P is ¢,A*+ — 6, + linear combination 
of e, to eim Therefore L,(P) = L, whence £,(P) is still complete, and 
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further, V (P) = PVP contains the matrix N. We may therefore assume 
henceforth that L, is complete and that V contains N. It is then already 
the case, as we shall see, that V is the algebra of all n X n triangular matrices. 
To show this, we shall have to prove that V contains not only N but also 
NS NS, , SN 

Denoting, as before, by s (M) the sum of the rX r principal minors of 
M and setting s,(aÀ + B) =a? srra +: e aSr we have observed that 
sx is a doubly homogeneous form of degree 7 in the coefficients of A and of 
degree r— t in those of B and that sn vanishes for all A and B in V. Let 
us set À = (ac), and if æ is the pair (1,7), then o* will denote, as before, 
(j,i). Then s» is a bilinear form in the elements of A and B, and a simple 
computation shows that so, = Si@e+be, the summation ranging over all pairs 
of indices o. Keeping A fixed and varying B, we see that if A is in V, then 
a dependence relation between the vectors lo of the form Sacele =0 must 
hold. Let us now denote by D the set of all triangular matrices in V and 
by D’ the set of all triangular matrices A == (ac) for which Saoele = 0 holds. 
Then D and D’ are linear spaces, and it follows from what has just been 
shown that DCD’. If A is triangular, then SMaoele—O is a relation 
involving only those lo for o in &., i.e., below the diagonal, and it is clear then 
from she definition of D’ that dim L- = n(n — 1)/2 —dim D’. But L, is com- 
plete and has dimension n(n —1)/2; therefore dim D = n(n —1)/2— dim L, 
(for a matrix in V with zeros below the diagonal is in fact triangular). We 
see therefore that dim D == dim D’, whence in fact D==D’. Since it has 
been shown that V contains N, we may choose N for B, and with that choice, 
the s,;, being linear forms in the elements of A, are easily computed. In fact, 
Sry = lur- the sum ranging from i==1 to i=n—r+ 1. Since s,,—0 
for al’ A in V, it is therefore the case that Si: 0 for r==], -n 
Now for r==2,- - - n, the pairs (¢-+r—1,7) are all in &, and the relation 
Xlr- == 0 is in fact equivalent to having N’-1 in D’. Therefore Nr-tis in 
D for r==2,° - -,n, which implies that V contains not only N but N°, N%,---, 
N™* as well. It follows, therefore, that if a matrix A is in V, then 
A--aN+:---+a,,N"* is nilpotent for all a,,:--,¢,,. But we shall 
show that this Fr that A is actually Lae. 

Suppose now that A == (ay) has the property that A+a,NV iis 
+ ana N" is nilpotent for all y, © +, 0%... Choosing ai == — t,i the first 
row ot the matrix A -+ N 4 --,a,.N"" is (a,0,-- ,0). Therefore, 
a =0, else À +N +--+ --+%,,N"* would have a non-zero latent root. 
Let P now be the matrix 1 + 6,N +---+,..N*% 1. Then P is non-singular 
and commutes with N, whence A + aN +: - --+ Zna N” is nilpotent for all 
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%1 * ‘y Œn-1 if and only if PAP*+a,N+---+a,,N** has the same 
property. ‘Therefore, for every choice of 8:,- - *,Br1, the element in the 
first row and column of PAP? must be zero. It follows that the first column 
of A is zero, for choosing Ba— 1 and B;—0 for 7541, the element in the 
first row and column of PAP" is Gi. Let e,° ©  ,e, be, as before, the 
basis vectors for the space # on which the matrices of V (defined now over 
K(X)) operate and let Æ denote the subspace of Æ spanned by ¢9,- ©, en. 
Then it is clearly the case that ÆN is contained in Æ’, and we have just shown, 
in effect, that FA is contained in Æ also. In particular, Æ is carried into 
_ itself by both N and A, and we may consider, therefore, the restrictions of N 
and A to this space; the matrices of these restrictions are obtained by striking 
out the first row and column from the matrices of N and A, respectively. 
Now for n=1, the lemma in question is trivial, and we may therefore make 
the inductive-assumption that it holds for all smaller values of n than the 
one we are considering. Stripped of its first row and column, therefore, the 
matrix of A is triangular; but since the first column is zero, A itself is 
triangular, which was to be proved. | 

It has therefore been shown that if V is a linear space of nilpotent n X n 
matrices wtih elements in a field K having at least n elements, and if 
dim V =n(n—1)/2, then there exists a matrix which we will denote by Y 
such that every matrix in Y VY is triangular. If K is the field of definition 
for V, then Y may be taken to have coefficients in a field K(X), where 
X = (vj) is a set of n? independent transcendental quantities over K. It 
was asserted, however, that one could choose for Y a matrix C with coefficients 
in K, and this must still be shown. Let Æ now denote the n-dimensional 
vector space over K on which the matrices of V, defined over K; operate. 
We must prove, in effect, that a basis can be chosen for Æ relative to which 
every matrix of V is triangular. Agreeing with the previous notation, 
E will denote the space obtained by extending the field of coefficients to 
K(X). Then we have seen that Vxix) is similar, over K(X), to the algebra 
of all triangular matrices. It follows, therefore, that there exists a non-zero 
vector in Æ which is annihiliated by every matrix in Vg,x), or what is the 
same thing, that the intersection of the null spaces of the elements of Virix; 
is of positive dimension. From this, it follows that the intersection of the 
null spaces of the elements of V (these are subspaces of E) is not zero, being 
in fact of the same dimension. There exists, then, a non-zero vector v in Ẹ 
annihiliated by every matrix of V. Let (v) denote the linear space spanned 
by v and E* the quotient space Æ/(v). Then every element A of V induces. 
a linear transformation of Æ* whose matrix is that obtained from A by 
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deleting the last row and column. Of the 2n— 1 elements deleted from A, 
n are zero; hence if V* denotes the linear space of operators on L* so obtained, 
dim V* = n(n— )/2 — (n— 1) = (n—1) (n —2)/2. Now the theorem is 
trivial for n = 1, and we have dim #* == n— 1. We may therefore make the 
inductive assumption that a basis »,",- © `, Un-1” can be chosen for Æ* relative 
to which every matrix in V* is triangular. Then letting 2,,---,¢,+ be 
representatives for v1”, * *,Un1, V form a basis of Æ relative to which every 
matrix of V is triangular. 

From the foregoing, one sees that there indeed exists a matrix C with 
coefficients in K such that CVC is the algebra of all triangular matrices. 
It was asserted, lastly, that if A is any element of V of index exactly n, then 
it is sufficient to choose for C any matrix @ such that QAQ- is triangular. 
One may show by direct computation that if AZ is a triangular matrix of index 
n and P a non-singular matrix such that PMP-1 is again triangular, then 
P has zeros below the diagonal. Therefore, if A has index » and if Q is a 
matrix such that QAQ is triangular, then Q is unique up to left multiplication 
by such a matrix P with zeros below the diagonal. Thus if C is a matrix such 
that CVC" is the algebra of all triangular matrices, then, in particular, CAC 
is triangular, so C == PQ for some P with zeros below the diagonal. Then 
CVC = P(QVQ") P+, but conjugation by P carries the set of all triangular 
matrices onto itself, so that it must already be the case that every matrix 
in QVQ> is triangular. In order to effect the actual reduction of V to the 
set of triangular matrices, the only problem that remains is the finding of an 
element of index n. If A: <, Ap kn(n—1)/2, is a basis for V and 


Tı’ * *,@, are independent transcendentals over K, then A(2,,- ©, Tp) 
= tid +: -+-%,Ax, being a generic point of V over K, has index n, but 
has coefficients in K(X). There must exist a specialization of 2,- : -,2x 


in K for which A”-1540; it is therefore a finite process to find such a 
specialization, and this, in principle, solves the problem. Somewhat easier, 
perhaps, is to find a Y with coefficients in the ring K[X] such that 
YA (T1: + ',%,)¥-1=N. We know that there must exist a specialization of 
(@1,°.° °, 2n) in K over which Y and Y have finite specializations C and C+; 
this gives the desired C. 

Comments. The orginial motivation for the present paper is in the 
following theorem whose proof will be given in the second paper of this 
series: Let A be a commutative, not necessarily associative and not necessarily 
finite dimensional algebra over a field of characteristic zero, and suppose there 
exists an integer ¢ such that the ¢-th power of every element of Y in every 
association vanishes. Then the linear transformation Ra: z—> ga of & onto 
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itself is nilpotent for every a in Y (in fact of index not more than 26— 8). 
If Y is finite dimensional, then the set of right multiplications Re, for all a 
in Y, is precisely a linear space of nilpotent matrices. Unfortunately, the 
theorem proved here yields only meager results about such non-associative 
nilalgebras. A more complete description of linear varieties of nilpotent 
matrices would prosably shed further light even on the structure of the radical 
of an associative algebra. It is interesting to note that there is nothing in 
the statement of the main theorem of this paper that involves an extension 
of thé the field of definition. Nevertheless, transcendental extensions, or 
what are in effect algebrized versions of geometric arguments, played an 
important role in the proof. Such arguments may be unnecessary, but it 
is also possible thas they may prove a valuable tool in studying the structure 
of the radical of an algebra. 

Finally, the author wishes to thank Professor Olga Taussky-Todd for 
ideas communicate] in personal correspondence, and Professor A. A. Albert 
for much help and stimulation. 
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ON THE STRUCTURE OF LOCAL HOMEOMORPHISMS 
OF EUCLIDEAN n-SPACE, IL* 


By SHLOMO STERNBERG. 


1. In this paper we continue the study of local homeomorphisms of 
n-space begun in [6]. The main result is that every C° mapping of some 
neighborhood of the origin onto itself, keeping the origin fixed, is equivalent 
via a C” change of coordinates to a linear transformation, provided that a 
certain formal condition on the Jacobian is satisfied. If this condition is 
violated but no eigenvalue is of absolute value one, we show that the trans- 
formation can be brought to a simple but non-linear normal form. This 
result was proved in [6] for the case of contractions; the remaining cases 
will be treated here. In view of the connection between local mappings and 
differential equations (cf. Lemma 4 of [6]), our results include a C” version 
of a well known theorem of Siegel [3] and results of Birkhoff [1] and Birkhoff 
and Famforth [2]. The theorem becomes false when extended to the analytic 
case. In future publications we shall deal with the analytic case, and study 
in some detail the structure and representations of various groups of local 
mappings. We shall also see the true meaning of conditions (*) below in 
terms of the root.structure of the group of all local maps. 

In Section 2 we state the theorem and give a sketch of the proof m two 
dimensions. In Sections 3 and 4 we prove some preparatory lemmas and 
in Section 5 we complete the proof of the main theorem. Sections 6 and 7 
are devoted to a discussion of applications and of the situation where condition 
(*), below, is violated. 

We should like to thank Dr. Fred Brauer for many helpful conversations. 
Above all, we wish to thank Professor Wintner for his encouragement and. 
advice throughout the progress of this work. 


2. We now state the main theorem. 


THEOREM 1. Let T be a homeomorphism of class C! of E” —> En defined 
in some neighborhood of the origin, keeping the origin fixed. Let 8,,- - +, Sy 
be the (possibly complex or multiple) eigenvalues of J(T), where J(T) is 
the Jacobian of T at the origin. Then if 
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(*) S38 + + 8,™ for all non-negative integers Mmi,’ + *, ma with Dm >] 
holds, there exist a neighborhood N of the origin and a function A= A(S, 
` ‘,8n3l) such that there is a change of coordinates R of class À defined in 


N which linearizes T. Furthermore, for any fixed Sı, + * ,8n, A(Say" © +5 Sn5 2) | 


—> 00 as l—>co. In particular, for l=00, R can be chosen. to be of class C®. 


We first observe that (*) implies that | s| £0, 1 for any à The first 
inequality is trivial and the second follows from the fact that since J(T) 
is real, any eigenvalue occurs along with its complex conjugate. If we set 
ri = | sı |°, we can order the r; as | | 


(1) OLL LLIT Lu 


For the purposes of this paper, we may assume that O<k <n. In fact, 
if k =n, the mapping T is a contraction, and if k = 0, T~ is. Both of these 
cases have been treated in [6]. We shall now sketch a proof of Theorem 1 
for the case n —%?, =œ, in orded to motivate the considerations of the 
following'sections. By Theorem 7 oz [6] or Theorem 5 of [4], we can assume 
that the axes are invariant curves. Furthermore, (*) implies that a formal 
change of coordinates can be found which formally linearizes T. Choosing 
coordinates properly, we can then assume that T has the form | 


(i). sı =se[1 + f(2,y)]} —=—tyfitg(s,y)], 
where we can assume that 

(ii) O<s<1<t 

and 


(iii)  f(a y) —=0((x +y°)”) and g(x,y) =0( (2 + y°)™) for all m. 


We can also assume, by [5] or [6] Theorem 2, that f(x, 0) —g(0,y) — 0. 
We then seek a change of coordinates 


(iv) t= t(x, y}, Y = yy (x, y) 

which linearizes (i). Since the four quadrants are left invariant by (i), it 
suffices to construct ġ and y in each of them and to prove that and y tend 
to 1, together witk all their derivatives, as a point approaches the axis. The 
functional equation to be satisfied by ¢, for example, is sz [1 + f(x, y) ]p(21; 41) 
= szo (£, y) or | 


(v) E E Trés y). 


Now we can view (v) as defining ¢@ at (zu yı) when p(x,y) is known. If. 
wé choose œ to be identically one on the lime C: y =z, then (v) defines ¢ on 
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the images C” of C. If (i) were actually linear, these images would be the 
lines t-"y == s“"a, which tend to the axes as n—> oo. Since (i) doesn’t differ 
very much from its linear part, the images C” also approach the axes as 
n—> +œ. In the case of (i) which is defined only in some small neighbor- 
hood of the origin, any point will eventually get out of N. What we mean by 
C” approaching an axis is that C” N N does. If we call W the region bounded 
by C and C1 and contained in N, we can define p in W so as to be C” and 
to be —1 on © and to satisfy (v} which imposes a condition only on ©. 
We tken define ¢ on W” N N as 


(vi) $ (En Yn) = [1 + f(a, y) ]"b(2, y). 


The point now is that, although n may become arbitrarily large, in order for 
all the images (£r Yp) of (z, y) to remain in N for k&n and n large, (x,y) 
must be very close to the origin; this makes f(7,y) small enough to prevent 
any difficulty. | 

In the general case, no simple pre-normal form such as (i) exists and, 
since complex eigenvalues can enter, no ‘2"-tant’ need be left invariant. We 
can carry out the proof by replacing the half line æ— 7 > 0 by the complete 
cone +? = y? or, in general, a similar cone in n dimensions. 


d. In this section, we study in some detail the linear transformation L 
without multiple elementary divisors whose eigenvalues, s; satisfy (*). We 
first choose coordinates x; corresponding to these eigenvalues. We then intro- 
duce the following three norms 

|v | = oP +--+ a’, HS -= tra? + Han, 
Lal = hel t lel- a? +--+ ay, 


where & is given by (1). We also introduce the cone 


C: a2: Lam - '— Tr? = 0, 
On C. || x ||, == || x |-—4 || x] and the complement of C consists of two open 
sets 
S,= {z| el< iel) 
and 


-= {z| | zl- < | 2 ll). 
It is clear that LS, C 8,; in fact, any point of LS, satisfies | x |,/| x | 


a 


S rr/Tem Similarly,  L°9,—1,, where I, is the subspace I, = {z] | elh 


n=0 
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= 0}. Let W denote the closed wedge W = (S,—JLS,); W is bounded by € 
and the cone 


Cys ry ta? ee gta? — te Bpa —* + ro tant = 0. 
We collect these facts as 


LEMMA 1. The closure of the set S, can be decomposed into the union 
(2) = (U LW) vu Z, 
n=0 
For any y€ L™W, we have the inequality 


(3) rer = dre 


Now for any point æ in the space, 


_ (4) n” |e j S | L”z h S rn” |e ll 
and 
(5) rea” Ja f- | Le -S re e | 


If 3€ W, then a consequence of (3) for m =Q is 


(6) Rel Siel S (rH ra) le il 
and 
(7) (i+ ta)/ra |e l-SE lel S2 | |- 


If we combine (5) with (7) we obtain, for z € W 
(8) | || Lee || = || Le |- = aren” | |. 
In particular, we have 


LEMMA 2. Let B, denote the ball of radius r and let W,=WOQOB,. 
Then 


(9) Byt = By, NSC U (L"W,.) U (L N B,). 
n=0 


If we set W,” = L”W N B,, then another consequence of (8) is that the 
set L-™W,” is very small for large m. More explicitly, we have 

Lemma 3. Let D," denote the set rir W,, then 
(10) LW cC Dy", 
In particular, if cE LW, then x can be written in the form 


11 g= a eres z* € D,”. 
2 


1 
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Finally, if y € B,t—TI,, then y= L"x for some se W. We shall call 
z a pre-image of y. Combining (4), (6) and (8), we obtain an estimate 
of || s|] in terms of | y || namely, 


Lemma 4 If y€ Byt—T, and if x is a pre-image of y, then 


(12) | y | (1-log r/log ry+1) < (4) log ra/log risa (r -l Tn) Jri: | y la . 


4, In this section, we will show how to bring every C* mapping into 
a prepared form so that the considerations of the following section apply. To 
this end, we need the following well known lemma. 


Lemma 5. Gwen a real formal power series T = >) @j,...4,01%° © ° Ty's in 
n variables, there exists a C” function & having T as its. Taylor series at the 
origin. 


Proof. Let a(x) be a C° function such that a(x) =1 for x < + and . 
a(æ)—=0 for r>35 Let M,—Y X, (ai). The the function 
p & 


137D 
P= È Wig ight + + tyina(p |My || x |?) 
satisfies the requirements of the lemma. 

It follows from Lemma 5 that the natural projection œx of G* onto FF 
described in [6] is onto for all #, including the case k=œ. Let T be an 
element of G* satisfying the hypotheses of Theorem 1. Then ¢,(7') satisfies 
the hypotheses of Lemma 1 of [6], and hence, since ¢, is onto, we can find 


a C* change of coordinates so that ¢,(7) is linear in the new coordinate 
system. Hence, we have proved 


Lemma 6. Let T be an element of C? and let L be the linear approa- 
mation to T at the origin. Then, by an appropriate change of coordinates, 
we can arrange that T = L + F, where 


Fu ‘ ee j “y fn (2, ° i ‘,Tn)) 
and the f’s satisfy 


(13) f—o(lel"?) if 1<o; follie] for all q if Ime, 
If we examine the proof of Theorem 7 of [6], we see that, without 
destroying (11), we can arrange that I, and I_ == {x | || x ||. 0} are invariant 


surfaces and T reduces to the identity on J, and Z.. We have thus achieved 
the desired preliminary normalizations. | 


Lemma 7. If T satisfies the hypothesis of Theorem 1, then by a C! 
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change of coordinates it can be arranged that T = L+ F, where F satisfies 
(13) and vanishes on I, and I. 


5. In this section we shall complete the proof of Theorem 1. We first 
prove 


Lemma 8. Let f* be a C! function defined on C, N B, and such that f* 
satisfies (18). Then there exists a function f € CT satisfying (13), defined 
on W, and reducing to f* on C, and to 0 on C. 


Proof. Since C, is a smooth retract of W, we can certainly find an f** 
of class C}, defined on W,, reducing to f* on C and satisfying (13). If a 
denotes the functions of § 4, the function f = a([|] x |,/| x ||_Jieeoere/rew ) FE 
satisfies the requirements of the lemma, where we set f (0) = 0. g 


Proof of Thecrem 1. We wish to find a change of coordinates Æ which 
satisfies the functional equation 


(14) RL=TR. 


Now if R were defined so as to satisfy (14) on W,, then R could be extended 
to L™W, by the simple device of A( Lx) to be T'R(x). By its very definition, 


R would be a smooth homeomorphism on all of (J ZW except possibly at 


the origin. We shall construct an Æ on W, which can be extended to all of 
B, for sufficiently small positive e. 

We define À to be the identity on C. Then the functional equation 
(12) imposes no ccndition on Æ in W except on Ci. In terms of coordinates, 
if R(w) =a; + 9i(21,' © *,%,), (14) becomes 


(15) gi{ La) = fila). 


We can view (15) as defining gẹ and hence À, on C,. The g’s satisfy the 
hypotheses of Lemma 8, so that we can extend them to all of W, so as to 
vanish on © and satisfy (13). Thus, for sufficiently small r, the mapping À 
will be a smooth homeomorphism at all points of IV, save the origin. By the 
remarks above, we can extend F to be a homeomorphism on all of B;, with the 
exception of F, and J_. We would like to show that À with all its derivatives 
approaches the identity as a point goes to I, or I. Now R is getting more 
and more complicated in L*W, as m—>co. In fact, for y == La” in L’W,, 
we have, by (14), 


(16) R(Lte) = T"Re = (L+F)"Ra. 
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But here, Lemma 3 comes to the rescue. In fact, although the expression 
for R gets more involved, the æ occuring in (16) gets smaller and smaller. 
We can formalize the situation by introducing certain function spaces as in 
[6]. Let G4 be the space of all C2 mappings of the form G == (91° © gn) 
where the g; vanish at the origin with order g, which are defined on We 
On this space, we introduce the norm. l 


, : 
(17) IGl=supZ Z  (ôg/ômin + Oty)’, 

We 1 hteti 
where 1s q. It is clear that, given any 6> 0 and any M, we can choose € 
so small that | 


(18) | G 2S (8/nM) | G fet, for p <1. 
Now let Dr denote the operator on G given by 
(19) Dr: GC) (LAP) (E+ G) (tea) —L Tea 


Then, since G admits a factor of || x |? and we can choose à as small as we 
please, we have, given any o, for sufficiently large q, 


(20) || Dr? Jè Sa G le + | F le 


In particular, we can choose a < r,t. Then, by Lemma 3, (16) and 
(20), we have that E approaches the identity with its first | derivatives as 
m—> if q is sufficiently large. Thus, at any point of I, and I- other than the 
origin, À is of class C’. At the origin, we can assume that the approach to the 
origin is through points of L™Wr with m bounded, since, for M >œ, R> E. 
But then the estimates of Lemma 4 apply, since the expression for À is of 
one of a finite number of forms. Thus À can be defined on all of B,, proving 
Theorem 1. 


6. It should be noted that the estimates occurring in the proof of 
Theorem 1 depend, really, only on the ratios of the 7; Thus, by Lemma 4 
of [6], if T; is a continuous one parameter group of transformations, it can 
be linearized provided the eigenvalues of a Jacobian (and hence of all 
Jacobians) at the origin satisfy (*). If we apply the considerations of 
Section 7 of [6], we obtain the following theorem on differential equations 
(which we state for, simplicity, in the O” case). 


THEOREM 2. Lei the system of differential equations 


(21) da,/dt = X: (£1, * `, £n) 
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be C” and such that X,(0,: > :,0) —0. Let À; denote the eigenvalues of the 
matrix of linear terms of the X; Then af 


(7) UA MA, for any positive integral m; with nu > 1, 
there exists a O” change of coordinates linearizing (21). 


This theorem is the C” version of a well known result of Siegel [3]. 
It also generalizes to n dimensions the results of Birkhoff [1] in two dimen- 
sions and Birkhoff and Bamforth [2] for real eigenvalues in three dimensions, 
without their unnatural analyticity requirements. 


7. In this section we wish to consider what happens when (*) is 
violated. We still retain, however, condition (1). In fact, if (1) were 
violated and some eigenvalue were of absolute value one, then the linear 
term is stable (on some lower dimensional invariant surface) and cannot be 
indicative of what happens in the non-linear case. We also note that the 
considerations of §3 apply to non-linear as well as to linear transformations, 
provided that a small modification is made in all of the constants occurring 
in the lemmas. We shall asume, for simplicity, that the eigenvalues s; are 
real; complex eigenvalues add no essential difficulties. Let M; denote the 
“set of n-tuples of positive integers (m1, + -,m,) such that 
(22) S; == sgh - $ ant, 

If m and m* are two elements of M;, then m—-m*€ S, where S is the group 
of those n-tuples {ma,- © -,m,) such that. 

(23) 1 sue §, M2 - e à 4. 

Then choosing a basis B for the positive elements of S, we can express all 
_ but a finite number of elements of M; as products of some one element m and 


multpiles of elements of B. Combining these considerations with Lemma 9 
of [6] and Lemma 5 above, we obtain 


THEOREM 3. Let T be a C* local mapping whose eigenvalues at the 
origin satisfy (1). Then there exist a finite number of monomials depending 
only on the eigenvalues, such that T is equivalent to a transformation of the 
form L +F, where L is linear and F depends only on the Pÿs 


For example, if n= 2 and s, = s71, we can find a change of sonatas 
80 that T has the form 


aeu da HORS 
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ON THE PONTRYAGIN CLASSES OF CERTAIN 
SO(n)-BUNDLES OVER MANIFOLDS.* 


By MICHEL A. KERVAIRE. 


One of the main steps in the proof of the well known 


THEOREM (Rochlin [4]). Zf wa(M,) =Q, then p.(M1,) is divisible by 48, 
is the following lemma due to Pontryagin who stated it without proof in the 
Doklady Akademii Nauk 8.8.8.R., XLVII, N. 5, pp. 827-330. (In Rochlin’s 
theorem, wa(M,) is the 2-dimensional Stiefel-Whitney class of the 4-dimen- 
sional, orientable, closed, differentiable manifold M, and p,(M,) the first 
(4-dimensional) Pontryagin class of M4.) 


Lemma. Let the closed differentiable manifold M, of dimension 4 be 
the base space of a principal SO(n)-bundle N. Assume that NM admits a 
cross-section over the subset M — U of M, where U is a spherical neighborhood 
of some point in M,. Let X€a3(SO(n)) =Z be the integer representing, 
up to sign, the obstruction to the extension over M of the cross-section given 
over M—U. Then, pi(M,) =2A, up to sign. 


A tentative method toward generalizing Rochlin’s theorem starts with 
generalizing this lemma. This is done below. I do not know whether this 
will actually lead to a reasonable generalization of Rochlin’s theorem. How- 
ever, the generalized lemma might have some interest in itself. 

T am indebted to A. Borel for valuable discussions during the preparation 
of the present paper. 


1. Let M4, be a closed manifold of dimension 4s. Let N be a principal 
SO(n)-bundle over M,, which admits a cross-section over M—U. We shall 
say for brevity that the bundle Yt is “almost trivial.” Assume that 4s <n 
and let À denote the integer representing the homotopy class in mas (80 (n) ) 
=: Z (see [1]) of the obstruction to the extension over M,, of the cross- 
section given over M -— U. All manifolds considered in this paper are assumed 
to be orientable. | 


* Received January 10, 1958. 
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LEMMA (1.1). The value on M,, of the 4s-dimensional Pontryagin class 
Ps of the bundle N is given by the formula: ps[ Mis] = as" A: (2s—1)!, up 
to sign, where a, is equal to 1 or 2 according to whether s is even or odd 
resnectively. 


Fesults concerning the same question in the non-stable range (n < 4s + 1) 
can be deduced (using Lemma (8.1) below) from results in a forthcoming 
paper by A. Borel and F. Hirzebruch: “On the characteristic classes of 
homogeneous spaces.” 


Before we proceed to the proof of the above lemma, let us recall briefly 
the argument by which it implies Rochlin’s theorem: 


2. Let the orientable, closed, differentiable manifold M, be imbedded 
in euclidean (n -+ 4)-space En, in such a way that U is the hemisphere 
Zo = 0 of the unit sphere S, C E; C En, Assume that M— U lies in {x = 0} 
and that the imbedding of M,s in En is differentiable of class C?. The 
assumption w2(M,) — 0 is equivalent to the existence of a field of n-frames 
F, defined over M — U and orthogonal to M, in Ens, (because M, was assumed 
to be orientable and #,(SO(n))—0). By Lemma (1.1), fi [M,] = 2a, 
where p, is the 4-dimensional Pontryagin class of the normal bundle over 
M, in En. The integer A represents the homotopy class of the mapping 
u: S3— SO(n) which sends a point se U’ (identified with S) into the 
matrix of components of the vectors of F, at x relative to the vectors at x 
of some field of normal n-frames over S; in H,,, (Take for instance the field 
consisting of the normal to S, in F; followed by the vectors of an orthonormal 
basis of the orthogonal complement of FE; in En). By the interpretation 
of J (the Hopf’s homomorphism) given in [2] and the fact that F, | U` can 
be extended over M— U, it follows that the element Ju € an,3(Sn) is zero. 
Since Ji3(SO(n)) = ru (Sn) © Za, it follows that À is divisible by 24. 
Consequently 7.[31,] is divisible by 48. By Whitney duality (which holds 
over the integers in this special case), we have p.[M,]——3,[M,]. Hence 
the theorem. 


3. Using the following lemma, we reduce the study of almost trivial 
bundles over a closed manifold W4 to the study of bundles over the sphere Sa: 


LEMMA (3.1). Let f: Ma— Be be a mapping of Ma into the classifying 


space for G and assume that the induced principal G-bundle over Ma is 
almost trivial (i.e. admits a cross-section over M — U). Then f is homo- 


6 
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topic to a composite map f oa, where a: Ma—> Sq has degree 1 and f’ maps 
Sa into Be. 


Proof of lemma (8.1). Denote by m: He — Be the projection_in the 
classifying fibration. Since the bundle over Ma induced by f is almost trivial, 
there exists a mapping F: M— U — Hg, such that ro F=f|M—U. We 
may assume that f is constant on U: f(U) =b € Be. The map F is homotopic 
to zero (EG is contractible). Let F, be a homotopy: Fa = F, F, maps M — U 
into some points of Hg. It is convenient for later purposes to assume that 
F,=F for 0St<4. Introduce generalized polar coordinates (x,r) in U 
(x€ U`, r= distance from (z,r) to the center of U). The required homotopy 
between f and a map of the form f og is given by 


f:(z) = rF (2) for z€ M—U, 
file, r) =7rPu(s,l) for (2,r)€ 7 
(We take the radius of U to be 1). 
Clearly,.f,(z) is continuous in both z and ¢. We verify that fo =f: for 
z€ M—U, fo(z) = «Fo (z) =rF (2) =f (2) ; for 
(2,7) EU, folt, 7) =a, (4,1) =a (2,1) =f (2,1) =f(2z,r) =b. 
For t = 1, we have 
fr(z) =F, (z) = 0’ a constant point (z€ M—U), 
fic, r) =aF,(2,1). 


Clearly, fı has the form foga, where a: Ma—> Sa shrinks M — U into a point 
and maps the interior of 7 homeomorphically into Sa (thus «æ has degree 1), 
and f sends «(z,r) into rF,(x, 1). 


4. Let f: M4,—2 Bsom) induce an almost trivial bundle over M, 
(4s +1<n). We may assume, without loss of generality, that the section 


over M— U is given by a mapping F: M—U— Esom (such that rF- 


—f|[M—U). Assuming for convenience as in §3 that f(U) =b € Bso), 
F | U: defines a mepping of S45 into SO(n). Since we assumed 4s + 1 <n, 
one has by [1], masa (S0 (n)) =Z. Let À be the integer (determined up to 
sign) representing the homotopy class of #|U in SO(n). Denote by 


a nn, ho 


+ 


PONTRYAGIN CLASSE \ 635 


ps € H**(M,,;Z) the Pontryagin class of dimension 4s of the SO (n)-bundle 
over Af,; induced by f. We have to prove that ps M4s] as’ À (Rs — 1)! 

Let f oa~ f be the factorization given by Lemma (3.1). Denote by x 
the characteristic map of the bundle over 8,4, induced by f. We shall prove 
(up to sign): 


(1) y=A, (we use also x to denote the integer representing the homotopy 
class of x), 


(2) pel Ms] = p’[ Sas], where p's is the 4s-dimensional Pontryagin class of 
the bundle over S;, induced by F. 


(3) p’s( Se] = as x" (28—1) 14 


Proof of (1). Define F’:,83,-——-V—> Eson) by F’(a(2,7)) = F,(2,1), 
where VY is the image by œ of the set of those (x,r) € U with OSrS#. 
Since we assumed F;=F for 0St4 (see §3), eh’ (V) =aF (Uy) 
=-f(U,) =b, where Uy is the set of points (2,4) € U. On the other hand, 
rE” == f’|8,;—V. In other words, F” | V defines a mapping Sss- > SO(n) 
which is precisely the characteristic map x of the bundle over S,, induced 
by f {we use y for the map and its homotopy class). But F’ (7,4) = F;(x,1) 
== F(zx,1). This means that y is also represented by F | U. Hence y =À. 


Proof of (2). Trivial by naturality of the Pontryagin classes (and the 
fact that « has degree 1). 


Proof of (3). We are left with the following situation: Let (F, SO(n), S4) 
be a principal SO (n)-bundle over ıs and x its characteristic map. x = Ot, 
where ĉ is the boundary operator in the homotopy sequence of m: E— Sas 
Let ps be the 4s-dimensional Pontryagin class of (E, SO(n), S4). We have 
to prove: 

ps[Sis] =a’ x° (2s—1)! 
(up to sign). 

Let a: SO(n) > U(n) be the standard injection and denote by cz, the 
4s-dimensional Chern class of the extended bundle (#’,U(n),S4.,). By 
definition p,[ Suis] = Col Sse] up to sign. It is well known that mis ( Wan25+1) 
mh. We have Otis = Cos[ Sas] ew, where ĝa: mas( Sas) mss- Wan-2s11) is the 
boundary operator of the homotopy sequence of the fibration with fibre 
Wan associated with (Æ”, U(n), Sss) and ew is a generator of a45-1( Wn, n-os). 

To evaluate c.,.{ Sis]; consider the commutative diagram 


? The divisibility of p’,[S,,] by (2s—~1)! is also known to R. Bott. 
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Ge gq 
T4s-1 (SO (n) ) > Nagi (U (n) ) poe Mag- ( Wangari) 


ĝ | Oa 
identity identity 
Tas (45) RRS Tas (Daa) a g (Sys), 
where q: U(n) > Wnna-zs is the natural projection. Using the definition 
of Cl Sis], we get 


Cag [Si] “ew = 04 (is) = Qayt (tas) == Yip CSG == bs X' GaU, 


where y denotes also the integer representing the homotopy class of y. 


Consider the homotopy sequence of the fibration U(n)/U (2s—1) 
= Wy now: With projection q: : 


> Tss1(U(n)) ai Or de me-2(U (2s sé 1)) > mis U(n)). 


By R. Bott, ras o(U(n)) == 0 and rise (U (28 —1)) == Z/(2s—1)!Z. There- 
fore, gy is the multiplication by (2s-——1)! (precisely, qey = (2s — 1) lew). 
It follows that 

Psl Sas] = as’ x’ (28—1) l, 


up to sign. It was proved in [3], Lemma 3, that @zzx,ı = 2 and asy == 1. This 
completes the proof of Lemma (1.1). 


5. kemarks. The same method gives the Chern class c, of an almost 
trivial U(n)-bundle over a 2s-dimensional manifold (s&n) and similarly 
the symplectic Pontryagin class e, of an almost trivial Sp(n)-bundle over a 
4s-dimensional manifold (for the “symplectic” Pontryagin classes, see A. 
Borel and F. Hirzebruch, loc. cit., Chapter I, 9.6). 


LEMMA (5.1). Let M, be the base space of an almost trivial principal 
U(n)-bundle N. Let A(F) be the obstruction to the extension Mas of a cross- 
section F in N given over M —U (A(F) E maesa U (n))). Assume s <n, thus 
mos (U(n)) =Z. Let c, denote the 2s-dimensional Chern class of N. We 
have [Ma] = (s— 1) !A(F). 


Similarly, let M4s be the base space of an almost trivial Sp(n)-bundle 9. 
Assume s < n, then the obstruction to the extension over M of a cross-section 
defined over M — U (U some spherical neighborhood in Jf) can be represented 
by an integer A(rs(Sp) ÆZ by R. Bott [1]). Let o be the standard 
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-inclusion o: Sp(n) > U(2n) and o*: H* (Bun) ) > H*(Bsp(n) the induced 
homomozphism in integral cohomology of the classifying spaces. The sym- 
plectic Pontryagin classes of an Sp(n)-bundle induced by a mapping 
f: M — Bs, are, up to sign, the images by f*oo* of the universal Chern 
classes Cu € H**(Bu tony). 


LEMMA (5.2). Let e, denote the 4s-dimensional symplectic Pontryagin 
class of N. We have e,[M,,] = bs: à- (2s—1)!, where b, is equal to 1 if s 
is odd, to 2 af s is even. 


The proofs are entirely similar to the one of Lemma (1.1) and are 
left to the reader. For the proof of Lemma (5.2), one has to use that 
Ou: T4s-1(Sp(n) ) > ris (U(?2n)) maps a generator into b.-times a generator, 
a fact which follows from [1], formula (8.6) and the knowledge of the 
stable homotopy groups of Sp(n). 

We have two more remarks: in the situations of Lemmas (1.1), (5.1) 
and (5.2), it follows that A(#’), the obstruction to the extension of the 
partial cross-section F, does not depend on F, a fact which could also be 
proved cirectly (the Hurewicz homomorphisms 


wos-1(U(n)) > Hoss (U(n)), m43-1(SO(n)) > Has (SO(n) ), 
mas- (Sp(n)) —> Hasi(Sp(n) ) 


are monomorphisms * for large n). 
Finally, we notice that R. Botts result: 7, (U(n)) = Z/n!Z whica was 
used in both Lemmas (1.1) and (5.2) implies 


(5.3) a4s-2(Sp(s—1)) = Z/b,(2s—1) !Z. (b, as in Lemma (5.2)). 
Indeed, the projection ką in the homotopy sequence 


ky 
- +> maea (Sp (8) ) — masa (Sas) > ras- (Sp(s—1)) > ris (Sp (8) ) 


is the composition k= Q00, where ou: m431(Sp(s))— ma (U(28)) is 
induced by the standard inclusion o: Sp(s)— U (2s) and q: m4s-1(U(28).) 
— mas- (Sis1) is induced by the projection q: U(2s) > Si51 Now, oy sends 
generator into 0,-times generator and 7, sends generator into (2s—1) !-times 
generator. Therefore, k, sends a generator of 7::1(Sp(s)) =Z into 
bg (2s—1)! times a generator of mas1(Sas-1). Since mas 2(Sp(s)) —0, we 
have mgs-2(Sp(s—1)) © rss-1(Sas-1)/ kxr (Sp(s)). Hence (5.3). 
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ON THE à-VARIANT OF MERTENS’ s-HYPOTHESIS.* 


By AUREL WINTNER. 


Let M(x), L(n); J(n), K(n) denote the n-th partial sums of the series 
Sani, SA(n); Za(n)/ Vn, SA(n)/V nr respectively, where p(n) and A(n) 
are Möbius and Liouville’s factors, defined by 1/£(s) —%Su(n)/n® and 
ECs) Els) = A(n)/ns. According to Littlewood, the convergence of either 
(or both) of the latter series for s > + is equivalent to Riemann’s hypothesis 
(—R.H.). According to Landau, the unilateral boundedness of any one of 
the funstions M,---+,K of n implies, without being implied by, R.H. In 
particular, more than R.H. is implied (for trivial reasons) not only by 
Mertens’ hypothesis | 


(1) MNO), Wiel ys a); 
nes 


but also by Pélya’s hypothesis (= P. H.), which claims that L(n) =0 (or 
even L(n) <0) holds for every n > 1 (or n > 2); for references and certain 
conclusions cf. a paper of Ingham [1] (and, concerning a A-hypothesis which 
is distinct from P. H. and was propounded by Turán, the recent conclusions. 
of 8. Selberg [2]. 

Neither the necessity nor the sufficiency of (1) for P.H. is known 
(and, what is more curious, no implicative connection is known between 
Pélya’s and Turân’s A-hypotheses). On the other hand, the formal À- 
analogua of (1) is not P. H. but 
(2) L(n) =O(Vn), where L(n) =$d(m). 

mal 

I do not know of an implicative connection between either (1) or P. H. 
(or, for that matter, S. Selberg’s version of Turdn’s hypothesis) on the one 
hand, and the hypothesis (2), which does not seem to have been considered 
in the literature, on the other hand. But something like P.H. (a certain 
“negative preponderance” of the same type as P.H.) can be expected to 
follow from (2), and even from R. H., which claims less than (2). Such an 
expectation rests on the circumstance that 


(3) res £ (2s) /E(s) < 0. 


* Received May 14, 1958. 
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As a matter of fact, the available rumerical evidence for the truth of P. H. 
could be merely a reflection of (8). [Needless to say, (8) follows not only 
from the value of (4) but, more immediately, from the circumstance that, 
whereas £(2s) does not change sigr when s passes from s > 1 to s <1, the 
function ¢(s), having a simple pole at s— 1, must change sign at s—1 on 
the real axis. | 

Actually, while (3) does not seem to be able to lead from (2) to a 
“negative preponderance” in terms of L(n) (which is P.H.), it does lead 
to a “negative preponderance“ in terms of Æ(n). In fact, (2) turns out 
to imply that 
(4) K(n)/logn—c, where K(n) = 3A(m)/Vm, 
holds for a certain negative constant c, and so K (n) —>—œ. But much more 
than (4) can be concluded if an argument applied to (1) in an earlier note 
[3] is adapted to (2). 

Consider the following refinement (1*) of (1): 


CL) J(n)=O(1), where J(n) —Sp(m)/Vm. 


À partial summation shows that (1*) implies (1). On the other hand, a 
partial summation fails to lead from (1) to (1*). In fact, 


LE om =0(Vn)]> LE om/ Vm = 0 (logn) | 
for arbitrary cı, Ca: * - but, as shown by the example c, =1/Vn, nothing 
more can in general be concluded. But the O(log) can be improved to O(1). 
in the particular case cn == u(n), which means that (1) is equivalent to (1*). 
As shown in [3], this follows for function-theoretical Tauberian reasons. 
Since the truth of (1*) appears to be quite unlikely (it may or, in contrast 
with (1), it may not at all, be indicated by the begirning of a numerical 
table), the usual “theoretical” objection against Mertens’ hypothesis appears 
in a strengthened form. 

It turns out that the “theoretical” objection to (2) can be straightened 
correspondingly, and in a manner which appears to be even more striking 
(though actually it is not). In fact, the following relation (2*) proves to 
be equivalent to (2): 


{ 


(2*) K(n)=clogn+0(1), where K(n)=SA(m)/Vm 
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(here c denotes, as in (4), a certain negative constant). This speaks much 
against (2), since the truth of anything like (2*) seems to be unlikely. 

| Proof of (2*) > (2). This requires nothing but a partial summation 
(no matter what the given value of c may be). 


Proof of (2) > (R*). In [8], the proof of (1) > (1*) resulted, on 
the one hand, from the fact that 


(i) the function 1/6(s) is regular at the point s = 4, and, on the other 
hand, from an application of 


(ii) a lemma Tauberian in nature, representing an O-variant of 
M. Riesz’ convergence theorem concerning Dirichlet series (the convergence 
theorem which extends Fatou’s theorem on power series to Dirichlet series). 


Condition (i) becomes violated if the’ function 1/Z(s), occurring in (i), 
is replaced by the function £(2s)/£(s), since the latter has a pole at s= à. 
This pole can, however, be eliminated if £(2s)/£(s) is replaced by the sum 
y(s) defined by 
(5) (8) = €(28)/t(s) — et (s+ $), 
where c is a constant, to be determined by the condition that the simple pole 
possessed at s—+ by the first term of (5) be compensated by the simple 
pole possessed at s == 4 by the second term of (5). Accordingly, condition (1) 
is satisfied if the function 1/f£(s} is replaced by the function (5), where 
c< 0, ky (8). 

Since 


£(28)/£(s) = SA(n) /n® and €(s) = 3 1/n’, 
n=l n=l 
it is seen from (5) that the series 


(6) 1/t (8) =3 a(n) /n 


must be replaced by the series 
(7) (8) = 3 Lin) —0/ Vn] /w. 


But what corresponds to the hypothesis (1) for the Dirichlet series (6) is 
the hypothesis 


(S) 3 [A(m) —0/V m] —O(Vn) 


m= 
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for the Dirichlet series (7). Consequently, if the Tauberian lemma, referred 
to under (ii), is used in precisely the same wey as it was used in the proof 
of (1) > (1*) in [8], then, since what now corresponds to (1*) is the 
estimate 


(9) SLA (m)—e/Vm]/Vm—0(1), 


there results the truth of the (unconditional) implication (8) > (9). 
Finally, 


31/Vm=0(Vn) and 3 (c/Vm)/Vm=elogn +0(1) 


(the O(1) claims less than the existence of the Euler-Mascheroni constant). 
Hence, (8) and (9) are equivalent to (2) and (2*) respectively. Conse- 
quently, (8) > (9) is equivalent to (2) > (2*). Since (8) > (9) was just 
proved, the proof of (2) > (2*) is complete. 


THE Jouns HOPKINS UNIVERSITY. 
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PARTITIONS OF LARGE BIPARTITES.* 


By E. M. WRIGHT. 


1. In a recent article [4], I found an asymptotic formula for the 
number of partitions of a bi-partite number (m,n) whose components m, n 
are large but of the same order, i.e., their ratio is bounded above and below. 
I also gave without proof the first few terms of an asymptotic formula 
for the logarithm of the number of partitions of a multi-partite number 
(M1, ne © *,2;), the ratios of whose components are all bounded below. 
Just before the article appeared, I found that Auluck [1] had dealt with 
one of my four cases for bipartites, under the same condition, and that 
Meinardus [2] had found the first term of my formula for multi-partites. 
Auluck indicates that his results for bi-partites (and any results obtainable 
for multi-partites) have applications to the study of the thermodynamical 
properties of assemblies characterised by the conservation of two or more 
parameters. He found an entirely different result true when m is fixed and 
n large, and Nanda [3] has shown that this is true for m = o (nè). 

A much more precise approximation for the generating function has 
now been found [6], and this enables me to deal here with all large m and n 
such that 


(1-1) + + e < logn/logm < 2—e 


for any fixed positive «,, «. This is a substantial relaxation of the restriction 
imposed in both [1] and [4] that m/n should be bounded above and below. 

Auluck’s result and the result in two of my four cases involved a definite 
integral Z(m/n) which neither of us was then able to evaluate (except that 
Auluck evaluated J(1)). This problem has since been solved [5], and I use 
the results here. 


2. Notation and Result. A bi-partite number (m,n) is a two-dimen- 
sional vector whose components m, n are non-negative rational integers. 
A partition of (m,n) is a solution of the vector equation 


(2.1) E (my, n) = (m,n) 
: k 
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in bi-partite numbers other than (0,0); two partitions are regarded as 
identical if they differ only in the order of the bi-partite numbers on the 
left of (2.1). We write p© (m,n) for the number of partitions of (m,n) 
and p (m,n) for the number of such partitions in which no part has a zero 
component. Again, we write p® (m,n) for the number of partitions of 
(m,n) into different parts and p“(m,n) for the number of partitions into 
different parts, no one of which has a zero component. Our object is to 
find an asymptotic formula for p® (m,n) for large m and n satisfying (1.1). 

In what follows, s= 1,2,8 or 4; any statement involving s is true for 
these four values of s. The letter s is ifrequently omitted, so that, for 
example, p(m,n) is written for p® (m,n), a for a, and so on. 

We write 


a) — a = E (3) = Br? = 1.20205690- - >, 
ri 


a = a = (3/4)E(3), DO = — BO = 7/12, bO —— 3 = 7?/24, 

and y for Euler’s constant, so that 
y— Ent + 1/2 + 1/3 +: - -+ 1/r—logr) = 0.572157- -. 

Again, for all complex z such that R (z) > 0, we write 

c (z) = (2 +3 +21) /24, (2) =c (2) — 4, (z) =c (2) =0, 
and i 

I2) = f“{(u(e#—1) (e)a p ptt 

l © —2oa(2) (e —1) +} du. 


It is readily verified that this integral converges. Its evaluation is dis- 
cussed in [5]. In particular, if n==o(m), we have 


(2.2) . I (n/m) =a ym/n + a -+ O(n3/m), 
where æ == (1—y)/12— ¢’(—1) == .20065317- - -, 


ao = flog (27) — dy = .81516535- : - 
We write also 


I (z) = 0 (2) (log z + 2y) + I (2), 
where logz has its principal value, and 
| dE (2) = d (z) —log ?r, dO — %cM log?, d9 — 20 log 2, 
D(z) = d(z) — log (27a34) — b?(2—1 + 2%) /3a. 
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A little calculation shows that d(@)(1/z) — d®(z), and a similar result 
follows trivially for c, d®, d®, d® and D. 

The numbers e, «, é are positive numbers, to be thought of as small. 
Cis a positive number, not always the same at each occurrence, which may 
depend upon any of e, e1, €, 8, h, k, but not on m, n, x, y, X, Y, 6, $, & mn, U, t 2. 
The symbols O( ) and o( ) refer to the passage of m and n to infinity or of 
a, Y, X, Y to zero. The constant implied in the O( ) notation is of type C 
and all statements are subject to the implied conditions “for m > C and 
n>C” or “for |z|<C and |y| <C,” as may be appropriate. 

We write 


(2.3) | p= (amn), y= (anm), 


so that, when (1.1) is satisfied, » and v are o(1). We shall repeatedly make 
use of zhe relations 


(2.4) pv = a? /mn, v/p= n/m, 


We write T, (t) —0 and 
2H-1 
Pu(t) =a > Pit (H = 2), 
#=3 


where F,% and P, are polynomials in log ¢ of degree [4h], whose coefficients 
can be calculated, and P, and P,™ are numbers depending only on À and s. 
In particular, 


P,O = (—1)'P,, PhO = (— 1) *P,®. 


We show how to calculate P} in §7 and give a table of Pa for h=7 at 
the end of the paper. 


Our object is to prove the following 


THEOREM. If m and n tend to infinity subject to the condition (1.1), 
we have p(m,n)—e, that is 


log p(m,n) =o + 0(1), 
where 
o=3(amn)*+ b(m + n)/(amn)§ + (1/8) {2 — e(n/m)} log (a?/mn) 
+ D(n/m) + Tru) + eT (v) 


and 
K = [8 /8e, +- 3/2], K’ == [3/26 + 1/2]. 
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Since o is symmetrical in m and n, we can confine ourselves to the case 
in which 


(2.5) $ +a Slogn/logmS1, 
1. €., 
. (2.6) . ma En EM. 


If we write e, = 4e,/3, we have 
(2.7) pS pS, 
Hence Te (r) = O(* logy) —o(u) and we may replace o by 


oy = Ba/ pr + b/p + b/v + {2—c¢(v/p) } log (ur) 
+ D (v/u) + v7 TR (n). 


83. The integral for p(m,n). We take X, Y small, positive numbers 
which we define more precisely later. For the present, we require only that 


(3.1) X ~y, Y ~p, 


so that ¥ =0(FY) by (2.7). 
We write t= Li =X(1 -4+ if), y= Y +ib—Y(1<+in), where 
—r %0, p&r. We write also 
AM) (h, k) = A0 (h, k) = (1 — etetu), 
AP) (h, k) = AM (h, k) = 1 + otetu, 
and 


FO (x,y) = ITA (h, k), 


where, for s= 2 or 4, h and k each take all positive integral values, while, 
for s= 1 or 3, k and k each take all non-negative integral values, except 
h == k ==0. We see at once that 


(3.2)  fO (x,y) = fO (x,y) /f (2a, 2y), FO (a, y) = fO (x, y)/f® (Rx, 2y). 
Tf we put p(0,0) ==1, we verify from the definitions that 


(3. 3) f(x, y) = > > p (m, n) granny, 
m=0 n=d 


Hence 


p(n) = (1/4) J" f Heyden ads 


en/Y¥ 
= (XY /4n*) f fr eau) déd 
-T/X 


~7/Y¥ 


(3.4) 
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where 
F(x,y) = ma - ny + log f(x, y). 
We choose € a fixed positive number small enough to ensure that 
(3.5) Re <l, 1%<e 
and that 
(8.6)  [Z(1 + 66) (1 + 1/6) ] = [$ (1 + 1/6) ] = 18/84 +4] =E —1. 


We write 


== (pv) 3-8e = C(mn) e-(1/6) UF cous t(XY)A~ C (mn) E, 


By a similar argument to that used to prove Lemma 1 of [4], we can 
prove 


Lemma 1. If 4S |é <r/X or if Sly) S/Y, then 
| F(x, y)| £ F(X, ¥) — 00° 
We shall prove later 
Lemma 2. We can choose X and Y to satisfy (8.1) and such that 


Fay) — F(X, ¥) =— (a/XY) (€ + én +7?) + 0(1), 


whenever 
(3.7) [é{ +] | Se. 


Using these two lemmas, we have from (3.4) that 


p(m,n) (XY eM /tat)( f f oxp{— (0/XF) (£ + én +99} dédn 


[ei+lalSo ` 
+O(e CC /XY)}. 


If we put 
= (XY) (u+), y= (XT)i(u—v), 


we have 


f f epi (a/X7) (E+ +9) déd 
[é]+|n|ser i 


v pU | 
== 2XY f : f exp(— 3au? —av?)dudv 
-U J -U 


mm BRAY f ° f exp (— 8au? — av?) dudv = mX Y /3%a. 
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Hence | 

p(m,n) = X Y eF) (3%: 3ra) {1 +.0(1) + OCA TT 2e CU) | ~ es, 
where | , | 
T2 = F(X, Y) + à log (uv) — log (34 | 2ra). 


It remains to prove Lemma 2 and to show that 


o: = 0, + 0 (1), 
that is, that 
(3.8) F(Z, Y) = 3a/pv + b/n + b/v—c(v/p)log (pv) 
4: D(v/p) + log (33: 2ra) + vTr (u) +0 (1). 


4. Further results. We use By for the k-th Bernoulli number, where 


u/(e#—1) —1—Jut+ 5 (1) Bay (2k) (Ju | <2), 


and write 


yy) = yu? = — B, Bry /2ka™ (2k + 2) LA 
ye) = yi, == Bp Byyy (2* 1) /2ka® (2h +R)! (kh 221) 


H-1 
S1(T) == 0, Sa(t) = X, pic (H = 2). 
h=1 


Henceforth we suppose that (3.7) is satisfied. Then, for any H > Ty- 
we can deduce from Theorem 1 of [6] that ' 


F(a, y) — ma + ny + a/y + b/t +6/y—aSa(æ)/y—aSu(y)/x 
— c(x/y)log(xy) + d(x/y) + O(x) + O(y) 
+ O (Hti) + 0 (yta) : 
By (8.1) and (2.7), we have 
t~ X ~r, y~Y ~p, l æ—=0(y) =0(1), 
and so 
Sa (s) =0 (£) = 0 (4°) —o(u), zay = O (ey) =0(1). 
Hence | 
F(z, y) = ma + ny + a/ay + b/x + b/y—aSx(y)/x — c(x/y)log(xy) 


(4.1) | 
+ d(z/y) + O(y?#"/2) + 0o(1). 
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We now introduce the linear operator Q defined by 
2g(x, y) = g(x, y) — g (X, Y) — 6X (0/0X) 9g (X, Y) — mY (9/07 )g(X, Y) 


where g is any function of the two variables z and y with continuous first 
derivatives. Trivial calculations show that 


O(1/zy) = — (E + é + n)/XY + O(E/XT), 
O(1/2) =O(2/X),  O(1/y) =E), Ue) = Oy) =0. 
Now 
| E/(XT) = O{ (uv)#**} = 0(1), 
JT = O(E/X) = 0 (piv) = O (yesse) — o (1), 


since 12e < es by (3.5). Again, 


(42) Q(g™/s) = O(2¥*™4/X) — o(£2/X) =0(1) 
when / = 0, and 

(43)  Q(ylogy/x) =0 (£Y log ¥/X) = 0 (£/X) =0(1). 
Hence © 


Q(1/2y) = — (E + & + 97) /XY + 0(1); 


and 
Q(1/x),0 (1/7), A(x), 2(y), A(y?***/a), Q (ay log y) 
are all o(1). 
We now consider separately the case in which m’“=n=m and ne 


in which mita <n < m'5/6, 


5. The case m°=n=m. In this case we have 


logy = log n & 4 log v/T + C 
and so | 
2 log p — logy = C + log v/7, 


Ne de (1 — 6e) log p — 6e log y 
=£ 0 -+ (4/7 — 66e/7)log v < C + log v/7, 
since 22e < 1 by (3.5). Hence | 


SD w/v O(N), P/r= OM"), a= OC"). 


=Z 
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From the first of these it follows that y?/x ~ uÿ/v—0(1). Hence, if 
we put H —1 in (4.1), we have 


(5.2) F(0,y) =F, (2,9) + Fa(e,y) +0(1), 
where | 


Fy (2,y) = ma + ny + a/xy + b/z + b/y, 
F(x,y) = d(x/y) — ¢(x/y) log (ay). 
It follows from the results of the last section that 


OF, (2, y) =— (a/XY) (8 + én +°) +0(1) 
and so that | 


(5.3) F,(a,y) —Pi(X,Y) : a 
— XOP, /0X + inVOP,/O¥ —(a/ ET) (€ + én +7) + 0(1). 
We now choose | 
(5.4)  X—v{1+ ba (2u—v)/3}, mel + ba (2v — p) /3}. 
We have | 
X(0/8X) P(X, Y) = mX —a/X¥ —b/X = (mX°Y —a—bY)/XY. 
Since »— O(u), 
mX2Y — mp{1 + ba (Qu —v) /3}°(1 + ba (2v—p) /3} 
at bat O( 2) =0-+ BY + O(ut) 


and 
(5.5) EXOF,/0X = O(éu?/XY) = O(Eu/v) —o(1). 


À similar calculation shows that | 

(5.6) nY (0F,/0Y) —0o(1). 

and so (5.3) becomes 

(5.7) F, (a, y) —P.(X,¥) =— al + én+ 9°) (ZY) + 0(1). 


The choice of X, Y in (5.4) is, of course, designed to ensure the truth of 
(5.5) and (5.6), i.e., to take X, Y not at the “saddle-point” but sufficiently 
near to it. | 
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By (5.4), 
(5.8) a/y = X (1+ €)/¥ (1+ ™) = (X/Y) +0 (£)} 


= (v/u) {1+ O(n) + O(L)} = (v/a) + O(v) +O (S/n). 

Again, 

| Fa (2 y) — F: (r, p) | = Cy? /v? | log (uv) | | t/y—v/p| + | L(2/y) —E (v/e) | 

+o(1). 
We car show, by the methods of [5], that 
| I(2/y) —I(v/n)| S C| 2/y—v/p | wf, 
provided that this is 0(1). Now — 
(u?/v*) | @/y—v/p | = 0 (p/v) + O(Eu/v) = 0 (xC) 

.by (5.8) and (5.1). Again, log(ur) == O (logy) and so 
(5.9) F,(«,y) — Fa (v, n) =0(1). 





In the special case £ == X, y= Y, this is 
(5.10) F,(X, F) — F, (v, p) =0 (1). 


From (5.2), (5.7), (5.9) and (5.10), we have Lemma 2 for this case. 
Again, in this case, 


Tx (1) — O (ut log p) = 0 (7) 

and so, to prove (3.8), it is enough to show that 

FX, Y) + P(X, FY) == 8a/uv + b/p + b/v— ¢(v/p) log (py) 

| + D(v/p) + log(84-2ra) + 0(1), 

that is, in virtue of (5.10) and the definitions of D(z) and F,(X,¥), that 

mA + nr +a/XY + b/X + b/¥ . 

= 3a/py + b/p + b/v— b (v/p—1 + u/v)/8a + 0(1). 

This follows from (5.4) and the first part of (5.1) with a little calculation. 


6. The case mats < n < mës, In this case we have 
s/y~ X/Y ~v/u=n/m—o(1), wlogy/y—=o(1), 
log y = log a + 0(1). 
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Now, by [5], if [argz|.< 4r — O, 
I(2) ={(1—y) 12 (—1) }/z— (y — log 2x) /4 + 0 (2). 

Hence, if we write «== 0/84, 

yo = (12 (—1) —1)/12a,  B——1/12a (s—1,2), 

vo = — log 2/12a, B—0 (s=3,4), 

AO == [log (ur”/87") ]/4, A = [log (?7/x) 1/4, 

"AB —— (Blog2)/4, A= (log?)/4 
we have 


(6.1)  d(v/p) —c(v/p) log (ur) = A + apr (B log u— yo) + 0(1) 
and l 


(6.2) d(z/y) —c(x/y)log(ay) = A + aya*(B log y — yo) + 0(1). 
Again, by (2.7) and the definitions of K, 
PRE Je pK fy D (EX) — 0 (1). 
Hence, if we take H == K in (4.1), we have 
(6.3) F(s, y) = F, (2,4) + A+ by? + 0(1), 


where | 
By (£, y) = ma + ny +a(xy) xx (y), 


xa (y) == 1+ say + y?(B log y —yo) —ySu(y). 
Now | 


b/y — b/Y = —/ YC + in) — O(£/n) = O (pri-8,3-8e) 
: aif} (nâtemr-ite) = O (m Pet) /12) ze () (1), 


since 2 m°/6 and 22e< 1. Hence 
P(2,y) —F(X,¥) =Fa(z,y) — F(X, Y) +0(1). 
Now the results of §4 show that | 
OF (x,y) =—a (E + £4 + 9?) (XT) + o(1) 
and so, to prove Lemma 2, we have only to choose XY and F so that 


EX(0F,/0X)—o(1),  nY(6F,/8Y)—o(1), 
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that is, so that 


(6. 4) mX?Y — aux (Y) = 0(XY/£) = 0{ (pv)#**} 
and | 
(6.5) nX Y? — aox(7) = of{ (pv) 3%}, 
where 


wal Y) =xu(¥)—Yxn(Y) =1— (Blog Y + B—yo) + YS a(¥). 
We write = 8log u— yo so that C <8/|logu| < C when s=1 or 2, 
and §==—-yg=C when s==3 or 4. 


In the next section we shall prove 


Lexma 3. For every positive integer h, there exist two polynomials 
Qr Ra of degree [4h] in 8 whose coefficients depend only on h and s and: 
which have the following property. If 


HA H-1 
(6.6) Ln=1 + 2 Bap! Yu=1 +È One", 
then 
(6. 7) Xi? Yu xu (pl¥ un) + 0 (p881), 
(6.8) XaY n° = on (pl x) + O (p868), 
By (3.6) 


K = | (4 + 86) (1 + 1/68)] +1 > G +8) +1/a) +0 
and so i 
e (K —$—3e) > 4 +3e+-C. 
Hence, by (2.7), 
pK -%3 < pea(K-4-3e) < patserC 
and so 


(6.9) BABA] < (py) Bey? = of (pv) ie}. 


We now choose Y==vXy, Y=ypYx, so that XY ~yv and Ÿ — y as we 
have supposed. We remark that muy? = nv —a. Then, by (6.9) and 
Lemma 3 with H = K, we have 


m/X?Y — ayr(Y) = 4r Y r — ayn (nY r) = of (pv) 8} 
and . 


n/XY* —awg(Y) == OX gY gK — ox (ur) = 0 { (uv) iter, 


Hence (5.4) and (6.5) are satisfied and the proof of Lemma 2 is complete. 
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‘With these values of X and F, we have 

F(X,Y) =P,(X, Y) +4 + (/¥) +0(1) 
== mX + nY +axr(Y)(XF)> + 4 + 0/¥ +0(1) 
= aAx/ur + A + b/p—bQ: + 0(1), 


where 
(6. 10) An = Xn + Yy + xa (uY u)/XuY u 
2H-1 
= 3} À Pap” + O (n°754) 


and P, is a polynomial of degree [Zh] in 8 In the next section we shall 
see how to calculate 


O,==—o, P,=38a, , P;,=8— 3%. 
Hence 


| 2K-1 
F(X, Y) —3a/pv + b/p + b/v + À + ba + ap — 3a?) /v + D a Put 1/v 
| h=8 
+ O (phy 78%) 0 (1), 
and (3.8) follows from this and (6.1) and (6.9). 


7. Proof of Lemma 3 and calculation of Pa. From (6.7) and (6.8), 
we obtain 


(7.1) o  Vabxa(u¥ 1) = {o(uYn)} + O (pF 884), 
whence | 
H-1 a 
(7.2) Yu = 1 -4 È gau Y u” + O (p8), 
Azi 


where g, is a polynomial of degree [$A] at most in Blog(uŸ x) —yo. 
== ô -+ Blog Yy. With sufficient labour, we can solve (7.2) by successive 
approximations to Yy of the form | nä 


Ya =1 + Qiu +O),  Ya=1 4 Qiu + Qui + O (pò), <. 
and eventually we have 


Ha 
Yu=1+ È Qnp*. 


h=2 


From this and (6.8), we deduce 


H- 
Xy = Yy Pw (eV) + O (u78) == 1+ E Bap". 
‘i | i - h=1 
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Retracing our steps we see that these Xy and Yy must satisfy (6.7) and 
(6.8). 

We could, of course, add any terms in p” and higher powers to Xy 
and Fy without affecting the truth cf (6.7) and (6.8). Again 


Aa = Xn + Yu + yn (ela) (Ln x)” 


and so 

(7.3) GAn/OX u = 1 — yg (bY u) /X u Yu = O (p2884)) 
by (6.7), and similarly 

(7.4). 6/07 a — 1 — vg (F u) /X uY n° = O (p288) 


by (6.8). Hence a change in Xy or Yy of order O(»%88#!) will produce a. 
change of not more than O (p°#88) in Ay. Now Xunn- Xag and Yan — Yg 
are O (u28) and yamala un) —xa(uY un) = O (p°). Hence 

ip ene, (u248H) 


and s0 11 (6.10) the polynomials P, are independent of H. 

We have shown above that Qm, En, Ph exist and can be calculated, but à 
the method of calculation is plainly very laborious. We can, however, 
shorten the calculations considerably by the following considerations. From 
(6.7), we have 


(7.5) An=Xn + Yn + xo (e¥n)/Xa¥u = 2Xn + Yu + O (188) 
and so, if we equate coefficients of »", we have 


(7.6). 2h, + Oy — Py. 


Again, 
2H-1 co 
Au = Xu + Vu + xa(uYu)/XaYn = 8 + 2 Prp? + 2 La, 


where L, is a polynomial in 8 of degree [4h]. This infinite series and its. 
derived series are uniformly and absolutely convergent when 0<y< © for 
some C. Hence | 
2H-1 
p.(dAn/dp) — 2 (AP, + B(4Ps/d8) ) p" + O (2454). 
Now 
p(dAn/dp) = n(0Ax/0X x) (dXx/du) 
+ p(GAn/OV 1) (8Y u/dp) + ux'a(uYn)/Xx. 
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The first two.terms on the right are O (p288) by (7.3) and (Y. 4y. 
Again 

xa(uYa)pY n= xa(nYn) — on (el) = Xu? Yu — XHY n° + O (RASE) 
by (6.7) and (6.8). Hence 

w(ddn/dp) = Xn — Yu + O (HAE). 

Thus, if we equate “coefficients” of w*, we have 
(7.7) Rr — Qnr = hPa + B(4P;/d8). 

From (7.6) and (7.7), we have at once 
(7.8) — Qa=— (2h —1)P,/3 — (28/8) (dPr/d8), 

Ry == (h+1)P;,/8 + (8/3) (dPr/d8). 


Our method of calculation is now ïairly simple. Given Q, and A, for 
1<h<H— 1, we use (6.10) to calculate P, for H Sh SR2H —1 and 
(7.8) to calculate Q, and Er for Hh 2h —1. We then repeat the process 
with 2H for H. We start with H == 1, Ÿ, = Y, == 1 and can thus calculate 
Pa for any h. We thus avoid having to solve (7.1) or (7.2), which would 
be troublesome. The only stage of each cycle which is at all elaborate is the 
use of (6.10). Using (7.6) in (6.10), we have 


H-1 2H-1 
xa (aY nr) /Xn¥u =1 + X Raw + E Pan — O (uth), 
=I z 
Now 
| H-2 
xo (el n) /Yu == Yg” + Ban + SH Pa — 2 yp Y Et 4. O (pE) 
21 


2H-1 
=1 -+ © Mont + O (HE), 
k=l 


where we can calculate the M x. Finally, 


2H-1 H-1 H-1 2H-1 
lr 2 Mu = (1 + 2 Ana”) (1 + 2 fy" + 2 Pap") 
t= i= a= Rz 
+ O (pSr) 
and we calculate Py,- - +, Pur, from 


H-1 
Pa =Ma — Riu, 


h=1 


H-1 
Pan = Myan LS K;Py ES 2 BB usr 


h=2 
and so on in succession. 
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If we replace & by ——a, p by — p but leave 8 unchanged (i.e., leave 
log» unchanged), the sums ya(uY n) and wm(uYn) are the same functions 
of a, m à, Yy as before. Hence the equation (7.2) is unaltered and so Yy 
is unchanged, and so, also, Xy and Ay. Hence P, is an odd or even function 
of æ according as À is odd or even. ‘Since ¢@ ==—a™ and aff = 96), 
we have 

PO = (—1)"P,®, PO (—1) *P, 


This remark exactly halves our labour. 

We conclude by giving Pa for h=7, first as a polynomial in 6 with 
coefficients in terms of @, B, yı, y2 and secondly with numerical values. 

We have 


Po = 83, Py = 3a, Pa ==§—3a*, Py = —3a8—e8+ Ta 
P, == — 8? + 8 (12a? — B) — 82/3 + 11Ba2/2 — 220—y,, 
Pa = 828° + òa (98B — 54a?) + 387a — 57Bañ/r + Bla + 5yia, 
Po = 28° + 8° (238/6 — 55a?) -L 8 (882/3 — 668a? + 2600 + 4y,) 

+ 1783/27 — 133 8?a?/6 + 1787 Bat/12 — 988a°/3 

-+ YBy:/3 — 25710? — ys, 
P, = — 97088 + 8a (1078a2/3 — 3198/6) 
+ Sa (— 1128/3 + 13518a°/3 — 1309a* — 38y,) 
— 242 BIa/27 + 2753 B2a°/13 — 47477 B2°/60 + 4301a7/3 
— VIB 10/8 + B85y,0°/3 + Ty. 


If we write 
Ba] | 
PO = F pr (log u}*, 
k=0 


we have the following table for par. 


AN 0 1 2 8 
À .68421639 
2 .05088999 ——~.06932561 
3 —.04273573 047438372 
4. .01982883 -01938670 —,00480604 
5 -—.00728059 00192568 00876899 
6 00133717 00576762 —-.00905955 —.000666386 


ti 00097131 ——00713373 00615476 00205172 
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For s == 3, we find that 


Py== 45614426 P; = —.00029313 
P, = —,00528539 Pa== .00001197 


P = —.00461938 . P= .00001981 
P,== .00152613 | 


The following short table of values of Z (n/m) was caluculated from the 
results of [5] by Mr. M. M. Robertson. 


I(0.1) == 2.321694 (0.6) = 0.648918 
I(0.2) = 1.313405 I(0.7) = 0.600774 
I (0.3) == 0.983921 I(0.8) == 0.564468 
I(0.4) == 0.815592 I(0.9) = 0.536012 
I(0.5) = 0.715076 1(1.0) = 0.513011 


UNIVERSITY OF ABERDEEN, SCOTLAND. 
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PRINCIPAL HOMOGENEOUS SPACES OVER ABELIAN 
VARIETIES.* 


By SERGE LANG and JOHN Tare. 


Lat A be a commutative group variety defined over a field k. It K/k 
is a Galois extension, the group Ax of points of A rational over K is a 
module for the Galois group G(K/k), and we denote the associated coho- 
mology groups simply by H*(K/k,A) or by H*(k,A) in case K is the 
separable closure of k. In case K/k is infinite, we mean of course the coho- 
mology groups constructed with cochains of finite type, i.e. coming by 
inflation from finite extensions. 

In $1, we have carried over to the infinite case the basic propositions 
of Galois cohomolgy which are familiar in the finite case [2]. This generaliza- 
tion is essentially trivial, but it furnishes a good review for the non-expert, 
it fixes our notation, and mainly, it is urgently called for when one studies 
algebraic groups for the following reason: If À — B— C is an exact sequence 
of (separable) homomorphisms defined over k, then Ax— Bx—Cx is not 
necessarily exact but is exact if K is the (separable) algebraic closure of k. 
Actually, in the remainder of the paper, we require the cohomological results 
only for dimension 1, and most of our applications are based on the special 
“Kummer sequence” discussed at the end of §1. 

In 32 we discuss systematically the representation of principal homo- 
geneous spaces for A over k by elements of the 1-dimensional cohomology 
group (a set if A is non-commutative) H*(k,A). One establishes an injec- 
tion o= the classes of #-isomorphic spaces into H*(k,A), and as Serre has 
remarked, using Weil’s theorems concerning the field of definition of a 
variety, one sees immediately that one actually gets a bijection. Since this 
representation has been carried out in special cases by F. Chatelet, we call 
H*(k, A‘ the Chatelet group. 

Although the rest of the paper is essentially independent of the principal 
homog2neous space interpretation, it is mainly this interpretation and the 
consequent relation of the cohomology to diophantine problems which moti- 
vates out study of H1(k,A). For example, as Chatelet has shown, an 


* Received January 7, 1958. 
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elliptic curve T is a homogeneous space over its Jacobian A, and the question 
whether T has a rational point in an extension field K is.the same as 
whether its cohomology class &(T) € E (k, A) is split by K.. 

The essential content of this paper is contained in the theorems of 
the last two sections, which concern the structure of H*(k,A) when A is 
an abelian variety. 

We first consider the case where k is a local field. After recalling in 
§3 some basic facts concerning reduction mod p, we treat in §4 the case 
when A has a non-degenerate reduction. We show (Theorem 1) how the 
study of elements of order prime to p in H'(k,A) can be reduced to a study 
of the reduced variety. There results (Theorem 2) a complete description 
of the part of H*(k,A) prime to p when k is a p-adic number field. In 
particular, it is a finite group. 

In §5, we deal with global fields, essentially number fields, function 
fields over algebraically closed fields, or fields of finite type, and obtain various 
qualitative results. Theorem 3 gives a new variant of the proof that A,/mA;, 
is finite. (For another variant, cf. Roquette [10].) From it, we deduce 
the finiteness of H*(K/k, A) for finite K/k and all r > 0, in Theorem 4. We 
then consider the subgroup of H*(k, A) consisting of those elements which split 
at all primes. Although it is known that this group is not necessarily trivial, 
we can show that for each integer m (prime to the characteristic of k), its 
subgroup of elements of period m is finite. 

Theorems 6 and 7, which are independent of the preceding five, show 
on the other hand that H? (k, A) is large, in different senses. From Theorem 
7, it is a corollary that given any positive integer m one can construct a 
function field in one variable of genus 1, over a suitable algebraic number 
field Æ, the degrees of whose divisors rational over k are exactly the multiples 
of m. One still does not have such examples when k = @ is the field of 
rational numbers. 


1. Galois cohomology. Let k be a field and Q an algebraically closed 
field containing k. In Galois cohomology, one deals with a functor A which 
attaches to each field K between k and Q a group A(K) and to each 
k-isomorphism ¢: K—K%*, an isomorphism A(¢): A(K)->A(K#*). The 
functor is subjected to three axioms: 


(Al) For each K we have A(K)=(JA(F), the union being taken 
over all finitely generated subextensions F/k of K/k. 


Notice that (A1) implies that all of our groups 4(K) are subgroups 
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of one big group, namely A (Q), and that we have A (K) C A(L) whenever 
KCL. ; 


(AR) If y prolongs ¢, then A(ÿ) prolongs A(ẹ). If y and ¢ can be 
composed, then A (yo¢)=A(y)oA(¢$). A (identity) — identity. 


From (A2) it follows that any group of k-automorphisms of a field L 
operates on A(L). 


(A3) If L/K is a Galois extension, then A(K) is the set of fixed 
points for the operation of the Galois group on A (L). 


In most of our applications, À will be (the functor derived from) 
an algebraic group defined over k, for which A (K) = Ax is the group of 
points of A which are rational over K, i.e. whose coordinates lie in K, and 
A () is the map obtained by applying ¢ to the coordinates. 


From now on in this section, we assume that our functor A is commu- 
tative, that is, each A(K) is a commutative group. Let K/k be a (possibly 
infinite). Galois extension. Then A(K) is a module ior the Galois group 
G(K/k), and we can consider the standard r-cochains a—a(o,,: * *,æ,) of 
G(K/X) with values in A(Æ). We shall say that such a cochain is of finite 
type if there exists a finite sub-extension F such that a(o,,- - : ,a,) depends 
_ only on the effects of the automorphisms o; on F. The cochains of finite type, 
which are the only ones arising from the usual algebraic processes, form a 
subcomplex of the standard cochain complex. We shall denote this sub- 
complex simply by C(K/k,A) and its cohomology groups by Ht(K/%,A). 
These latter are what we mean by Galois cohomology groups. Of course, 
if K/k is a finite extension then every cochain is of finite type, and 
we have ‘achieved nothing but a simplification of notation: H*(K/k,A) 
= Hr(G(K/k),A(K)). Also, even for infinite K, we have H°(K/k, A) 
= H°(G(K/k),A(K)) and this group is just A (k) because of (A8). How- 
ever, for r > 0 and K/k infinite, our groups may differ from the usual ones. 
For example, if A(k)=-A(K), that is, if G(K/k) operates trivially on 
A(K), then H*(K'/k, A) is the group of continuous homomorphisms of G(K/k) 
(Krull topology) into A(K) (discrete topology), whereas H?(G(K/k),A(K)) 
is the group of all homomorphisms. 

Let K’/k’ be another Galois extension, such that K’ > K and k’ Dk. 
Then each cochain a€ C(K/k,A) determines a cochain «€ C(K’/k’,A) by 
the rule a’(-- -,0’,- - +) —@( + - ,o’x, -*), where o'g denotes the effect 
on K of o € G(K’/k’). The cochain map a—a’ induces a homomorphism 
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Hr(K/k, A) > H"(K’/k’, A) which we simply call the canonical homomor- 
phism. However, in the extreme case k =k’, it goes by the name of inflation 
(inf), and in the other extreme case K = K”, it is known as restriction (res). 


i 


Proposition 1. Let K/k be Galois and let k be an arbitrary subfield. 
Then | 
H'(K/k',A)=Îlin {H" (B/E 1k’, A)}, 
F 


the limit being taken inductively with respect to the canonical homomor- 
phisms, as F runs over the finite subextensions of K. 


Since passage to (co)homology commutes with inductive limits (cf. [2], 
Ch. V,. Prop. 9.3*), our proposition will follow if we can show that the 
corresponding formula holds for the cochain groups. Each of the canonical 
maps Cr(F/FNk,A)—Cr(K/k',A) is an injection, because the inclusion 
A(F Ok’) > A(k’) is injective and the natural map G(K/k’) > G(F/F NF’) 
is surjective. Thus we have only to show that each element a € C"(K/k’, A) 
is in the image of C'(F/F' N k, A) for some F depending on a. Since a is 
of finite type, it has only a finite set of distinct values and by Axiom (A1), 
it follows that we can find a finitely generated, hence finite, sub-extension 
F/k of K/k such that all valuesof a lie in A(F). Enlarging F, if necessary, 


so that a(o.,: -°,0,) depends only on the effects of the s; on Fk’, we can 
well-define a cochain be C’(F/FMk’,A) whose image is a by putting 
DC" -,or,* > +) =a(- : -+,0,° + +), where op denotes the effect of o on F. 


Taking the special case k’—k, we find as a corollary 
H" (K/k, A) —lim (H*(F/k, A)} = lim {H" (G (F/k), A (F))}. 
F F 


Thus our. cohomology groups are just the inductive limits, under inflation, 
of the ordinary cohomology groups of the finite subextensions. 

Let L/K be a Galois extension. A k-isomorphism ¢: L— L? induces 
an isomorphism C(L/K,A)—C(L9/K%, A) by the rule a°(- - :,a,: ::) 
= ¢i(: > -,¢%od,: : +), and it is a fact that the induced cohomology map 
AH’ (L/K, A) > H"(L9/K*%, A), called conjugation, depends only on the effect 
of ¢ on K. In particular, if L and K are Galois extensions of k, then the 
Galois group F(K/k) operates on A'(L/K,A). 

Although there is no doubt that the whole spectral sequence of Hoch- 
schild-Serre carries over to the case of infinite Galois extensions we are content 
here to discuss only a small corner of it, namely: 


Proposition 2. Let KD k’ be Galois extensions of k.- Then there exists 
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a canonical transgression homomorphism (tg) such that the following sequence 
ws exact: i 


| inf res 
0 AH (k/k, A) —— H'(K/k, A) —— H (K/k', A) oe 


tg inf 
— H (k’/k, A) ——— H(K/k, A). 


Inceed, this proposition is known in the case of ordinary cohomology 
groups (Cf. Hochschild, G. and Serre, J-P., “Cohomology of Group Exten- 
sions,” Trans. A. M. S., Vol. 74,1953). Consequently, for each finite Galois 
subfield F of K, we have, exactly, with obvious abbreviations of notation: 


0 HHF OK /k) > H (F/X) > H(B/F 0 k) CP ox) 


tg 
——> H (FA k/k) > H?(F/k). 


The commutativities required for passing to the inductive limit over F are 
satisfied and, by Proposition 1, the limit sequence is the one we are looking 
for. The superscript G on the middle term carries over to the limit because 
each (F N k’/k) is finite. 

Tt is easy to see that our limiting transgression map cap be characterized 
in the same way as the ordinary one, namely, we have a==tg@ if and only 
if there is a cochain b€ CT(K/k, A) whose restriction to C'(K/k’,A) is a 
cocycle representing 6 and whose coboundary 8b is the inflation to C?(K/k, À) 
of a cocycle a € O? (k/k, A) representing g. 

If K/k is Galois and Ha finite (not necessarily Galois) subextension, 
there exists a transfer map 


tr: Ht(K/E, A) > Hr(K/k, A) 


going in the opposite direction from restriction, whose definition we recall 
here, although we have little use for it in the sequel. Let & be the set of 
[Z: k] distinct k-isomorphisms of E. For each # € ®, let 6, € G(K/k) be a 
choser prolongation of ¢ to K. Then for o€ G(K/k), both od, and (cd) 
have the same effect on FE, and, consequently, the automorphism (op) tabs, 
which we shall denote by (c,¢) leaves Æ elementwise fixed, i.e. belongs to 
G(K/E\. The cohomology transfer is that induced by the cochain transfer 
a—>tr(a) defined by 


(tr(a)) (ex * +, 07) 
= À, (oi : orb) a ( (01, 02° ` orp), (2, 03° opp), os (or, ¢)). 
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Although this cochain transfer depends‘on the choice of prolongations, the 
‘induced cohomology map does not. The main relation between transfer and 
restriction is the rule trores—[Æ:%]. This and all other such relations 
can be guessed from the case of dimension 0, where the transfer A (E) — A(k) 
is just the trace: a— $ ġa, and the restriction A(k)—>A(H) is just the 
inclusion map. 

The relation trores— [Æ: k] shows that if an element «€ Hr(K/k) 
restricts to 0 in HT(K/E), then [#: k]a==0. Applying this remark in 
case E — K is a finite Galois extension of k, we see that HT(E/k) is a torsion 
group of exponent [#: k] for r> 0, because H"(H/H, A) = 0 for positive r. 
From Proposition 1, it now follows that the Galois cohomology groups in 
positive dimension are torsion groups for arbitrary K/k. 

We conclude this section by considering the cohomology maps induced 
by a homomorphism f: A— B of one of our functors into another. By this 
we mean a collection of homomorphisms f(K) : A(K) — B(K) satisfying 


(1) If LDK, then f(K) is the restriction of f(L) to A(K). 
(f2) If p: K— K? is a k-isomorphism, then 


f(P) ° A (p) == Bld) of (KH). 


For example, suppose A and B are algebraic groups defined over k. Then 
a k-homomorphism f: A—>B (that is, an everywhere defined rational map 
over k which is a group homomorphism) yields a homomorphism of the 
functor A into the functor B. We simply let f(K) denote the restriction of 
f to A(K). Condition (£2) is satisfied because f is defined over k. 

A functor homomorphism f: A—B gives rise to cohomology homo- 
morphisms 


H (K/k, A) Hr(K/k,B), 


namely, those induced by the cochain map a->f oa, and these induced 
cohomology maps obviously commute with canonical maps, conjugations, and 
transfers. A sequence of functor homomorphisms 4’ -> A — A” is said to be 
K-exact if the sequence 4’(K)-—>A(K)—A”(K) is exact in the ordinary 


sense. 
Proposition 3. Let K/k be Galois. A K-exact sequence 
0—> A’ A> A” 0 


gives rise to an infinite exact cohomology sequence 
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D ad 
+. H'K/k, A) H'(K/k, A”) —> H (K /k, A) — A (K/h, A) >` > > 
This proposition follows as usual from the lemma: If A’ >A—>A” is 


K-exact, then the cochain sequence 
C(K/k, A’) —C(K/k, A) > C(K/k, A”) 


is exact. If a cochain a € C(K/k, A) goes to 0 in C(K/k, A”), then each of 
its values goes to 0 in A” (K). Hence, by K-exactness, we can pick a pre- 
image in A’(K) for each of these values and thereby define a cochain a’ 
whose irnage is a. Moreover, a’ will be of finite type, provided we select one 
single pre-image for each of the distinct values of a, because of Axiom (A1). 

In many applications, we shall deal with the case where K is the 
separable closure k, of k, and where the sequence of Proposition 3 is K,-exact. 
The resulting cohomology sequence involves the cohomology groups H" (k/k, A) 
which we shall simply write H” (k, A) since they occur so frequently. 

Such a sequence arises from commutative algebraic groups. As a matter 


of notation, if X is an abelian group and m a natural number, we shall denote 
m 
by Xm the kernel of the map XY—~>X. Let A be a commutative group 


variety defined over k. If m is prime to. the characteristic, the sequence 


m 
0 Ån > À — A = 0 


is k,-exact. Writing Ax instead of A(K), our cohomology sequence becomes 


m m 
0 Åm N Ay Ar — A, HR, An) > HR, A) — > Hk, A): > 


A porticn of this exact sequence may be written more simply as follows. 
0 — A;/mA;,— H! (k, An) > H! (k, A)m > 0. 


The group A;/mA, is well known to be of interest in arithmetical questions, 
and we shall investigate it from this point of view in $5. For the moment, 
we assume further that 4, C Az, and let Gy be the Galois group of k, over 
k, i.e. C= G (k/k). Then Gy operates trivially on A», and our sequence 
becomes 

0— A,/mA,— Hom (Grk, Am) > H (k, A)m—> 0, 
where Hom means, of course, the continuous homomorphisms as always. 


We shal have many applications for this sequence, and we shall call it-the 
Kummer sequence, because, in case A is the multiplicative group, we have 


+ 


‘8 
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H (k, A) —0 by Hilbert’s Theorem 90, so that we find the familiar Kummer 
duality 
k* /k*" = Hom (Gr Am), 


always provided that the group of m-th roots of unity À, is contained in 
À x = k*. 


2. Principal homogeneous spaces. Let A be a functor of the type 
described in the first paragraph of § 1. If the groups A (K) are not commu- 
tative, we cannot define cohomology groups H" (K/k, A) for Galois extensions 
K/k. The best we can do is define cohomology sets in dimension one, as 
follows. We consider 1-cochains a of finite type and we call 1-cocycles those 
satisfying the identity Go =op. Here we write A(K) multiplicatively 
and write av instead of a(o}, for «€ G(K/k). We do not attempt to multiply 
1-cocycles, but we explain when two 1-cocycles a and a’ are cohomologous, 
namely, when there exists an element be A{K) such that a’¢=bd-acb’. 
The cohomology thus defined is an equivalence relation, and we denote the 
set of equivalence classes by H'(K/k,A). This set is not a group but it 
does have a distinguished element, namely the class of coboundaries of the 
form do = b"1b9, which we call the trivial class. 

The reader will easily verify that the canonical maps, in particular, 
restriction and inflation, the conjugation maps, and the induced maps make 
sense for this non-commutative cohomology. 

Proposition 1 holds in dimension 1. 

Proposition 2 holds in a weaker form, namely, in the sequence 

inf res 


0> HY (k/k, A) — E (K jk, A) ——> E (K/k', 4) 6% 


inf is an injection whose image is the inverse image of the trivial class under 
restriction. 


Proposition 3 collapses to the exactness of the sequence 


8 
0 A (k) > B(k) > C(k) —> HE (K/k, A) > (K/h, B) > H (K/h, C), 


where we now deal with a K-exact sequence 


g 
0 A B — C= 0. 


Here exactness means that the image of each map is the inverse image of the 


“ey 
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trivial clement under the succeeding map, and there is the additional feature 
that 6 injects the right coset space U(k)/gB(k) into H*(K/k, A). 

Suppose now that A is a group variety defined over k. We wish to 
explain the connection between the 1-dimensional cohomology sets and the 
right principal homogeneous spaces tor A. To recall the definition of this 
latter object, a right phs for A over & is a variety V defined over k on which 
A operates simply and transitively, in such a way that the map (v, w) —->vu7'w 
of V X V into A is an everywhere defined rational map over k. Here we 
use the symbol vw to denote the uniquely determined element of A which 
carries the point v into the point w, so that the formula v (vw) = w becomes 
an identity. Two phs’s V and V” are said to be k-isomorphic if there exists 
a birational biholomorphic transformation f: V — V’ such that f(va) =f (v)a 
for vE V and «€ A. Among the k-isomorphism classes, there is a distin- 
guished class, namely, the class of spaces which are k-isomorphic to A itself, 
viewed as phs under right multiplication. A space is in this class if and 
only if it has a rational point in & In case À is commutative, Weil [13] 
has defined a geometric law of composition which makes the classes of phs’s 
into a commutative group. 


The following proposition has been proved by F. Chatelet [3], [4] for 
various special groups. 


PROPOSITION 4. Let K/k be a Galois extension. There is a canonical 
bijection between the first cohomology set H*(K/k,A) and the set of k- 
isomorphism classes of principal homogeneous spaces for A over k which have 
rational points in K. This bijection 1s a group isomorphism when A ts 
commutatwe. 


Proof. Let V be a phs with a rational point v in K. Each such point 
gives rise to a 1-cocyle ao = vwe. The different choices of v lead to cocycles 
filling out a cohomology class. Denote this class by «(V). If V and V” are 
k-isomozphic, then points v and +’ which correspond under a k-isomorphism 
yield the same cocycle; hence ¢(V) ==a(V’). Conversely, if V and V’ are 
given such that «(V) =a(V’), then there do exist points v and v yielding 
the same cocycle. When this is the case, the map æ— (vx) is a k- 
isomorphism of V onto V’. Indeed, it is a K-isomorphism, and a simple 
computation shows that it is invariant under all o€ G(K/k). We have 
thus chtained an injection of the classes of spaces into the cohomology set. 

As Serre has observed, it follows immediately from Weil’s theorems 
concerning the field of definition of a variety that every cocycle comes from a 
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space. Indeed, consider the transformations fo: À — À defined by foi) = Got. 
They satisfy the identity fo©fr° — for. Since the cocycle a is of finite type, 
it follows from [14] that there exists a variety V defined over k and a 
birational biholomorphic transformation F :A— V defined over K such that 
‘fom Fo F°. The operation vb =F iF 1(v)b) for ve V and b€ A makes 
V into a phs for A over &, not only over K, because a simple computation 
shows that (vw)? = ((v7)-'w7). Finally, one sees that the cocycle a with 
which we started is that arising from the point v—#(1}) on V. 

If A is commutative, let U, V, W be phs’s and suppose f: U X V>W 
is an everywhere defined rational map over k which exhibits the fact that 
the class of W is the product of the classes of U and V (cf. [13], prop. 5). 
Select u€ U, vE V rational over K and put w—f(u,v). Using the charac- 
_ teristic property of f, namely f (ua, vb) = f(u,v)ab, one finds that the cocycle 
derived from w is the product of those derived from u and v. This concludes 
the proof. 

Since every variety defined over k has a point whose coordinates lie in 
the separable algebraic closure k, of k, it follows from Proposition 4 that 
the set (group) of all principal homogeneous spaces for A over k is isomorphic 
to H*(k;/k,A) which we have agreed to write H' (k, A), and which we shall 
call the Chatelet set (group) for A over k. 

If k’ is an extension field of k, it is obvious that the canonical cohomology 
map H'(k,A)—>H'*(k’,A) reflects the homogeneous space operation of 
extending the ground field from k to k’. The cohomology classes in the 
kernel of this map are said to be split by k’, and the same terminology is 
applied to the corresponding homogeneous spaces. Thus a phs for A over k 
is split by an extension k’ if and only if it is #-isomorphic to A, or what is 
the same, if and only if it has a rational point in k’. In case k’/k is a Galois 
extension, the exactness of the sequence 


inf res 
0 > E (k/k, A) ——> H! (k, A) —— H (k, A) 
is obvious from the point of view of homogeneous spaces, for the cohomology 
inflation map simply reflects the inclusion of the set of phs’s split by k’ in 
the set of all phs’s for A over k. 

Let X be a variety defined over k. We define the index of X over k 
(ind X) to be the greatest common divisor of the degrees of the 0-cycles on 
X which are prime rational over k. The degree of a prime rational 0-cycle 
is equal to the degree of the extension generated over & by the coordinates 
of one of its points. Thusyin the case of a principal homogeneous space V 
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for A over k, we see that ind V is the greatest common divisor of the degrees 
of the finite extensions of k which split V, and is consequently subject to a 
cohomological analysis. 

From now on, we assume that A is commutative. Defining the separable 
index of V (ind, V) as the greatest common divisor of the degrees of the 
finite separable splitting extensions, and the period of V (perV) as the 
period of V in the group of classes of principal homogeneous spaces for A 
over k, we have 


pe 


PROPOSITION 5. Let V be a principal homogeneous space for À over k. 
Then per V divides ind V divides ind, V, and all three numbers have the 
same prime factors. 


Proof. It is trivial that the index divides the separable index. Let vo 
be a rational point of V in some Galois extension of k. Let f: V— A be the. 
map v—> v; v, and let Go== vo tv" be the cocycle determined by vo Then 
for any point vE V, we have ao(f(v)}))}—f(v), and consequently, by 
linearity, we have | 


aade (f(D) }? — f(b?) 


for any 0-cycle b on V. If p is rational over k and of degree d, then b7 = bp, 
and the d-th power of the cocycle & is split by the coboundary of f(b). 
This proves that the: period divides the index. 

Finally, let » be a prime number not dividing the period. We must 
show that p does not divide the separable index, that is, we must construct 
a finite separable splitting extension #, whose degree is not divisible by p. 
To this effect, we simply take any finite Galois splitting extension K/k and 
let Ep be the subextension cut out by a p-Sylow subgroup of G(K/k). 
If «€ H'(K/k,A) is the cohomology class of V, then the period of 
resa€ H'(K/E, A) divides the p-power [K: E] on the one hand, and 
divides per V on the other. Consequently, resa==0, i.e. # splits V. 

The reader will have noticed the analogy between the Chatelet group of 
classes of principal homogeneous spaces for A over k and Brauer’s group 
of classes of central simple algebras over k. We have in fact taken over 
Proposition 5 and its proof almost word for word from the theory of 
algebras. In the case of algebras, the period is not in general equal to the 
index as a counterexample of Albert [1] shows. We have found a similar 
counterexample in the case of principal homogeneous spaces (end of §4). 
Neverthzless, our counterexample, like Albert’s, involves a comparatively 
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complicated ground field k, and over number fields and their completions, all 
examples which we have satisfy the condition period == index. 

The theory of algebras suggests other questions. Since every central 
division algebra contains a separable splitting field, it is true for algebras 
that (1) the index equals the separable index, and (2) the index is not only 
the greatest common divisor, but is actually the minimum of the degrees of 
the finite splitting fields. We have not investigated the corresponding state- 
ments for homogeneous spaces, except to notice that (2) is true in case A 
is an elliptic curve, for in that case, the Riemann-Roch theorem shows that 
every divisor class of positive degree contains positive diivsors. 

The divisibilicies of Proposition 5 imply 


COROLLARY. Suppose a € H'(k,A) is of period m and is split by an 
extension E/k of degree m. Then the corresponding homogeneous space has 
index m. + 


This corollary will enable us to construct, with abelian varieties A, over 
various ground fields k, examples of spaces whose index is a preassigned 
integer m (cf. Theorem Y, §5). These examples are of particular interest in . 
case A is an elliptic curve. Then F, which becomes birationally equivalent 
to A over an extended ground field, is also a curve of genus 1. The point 
is that the index of a curve of genus g 4 l'is bounded bv, and in fact divides, 
2g — À, for the Riemann-Roch theorem shows the existence of divisors rational 
over k of degree 2g—-2. On the other hand, our examples show that the 
index is completely arbitrary for gi, a fact conjectured by Artin, but 
unknown until now. 


8. Non-degenerate reduction. Throughout this section, we assume that 
we have a field k and a place of k onto a field # such that any two extensions 
of it to the algebraic closure & of k are conjugate over i’. Jn terms of 
valuations, this means that the extension of the valuation is unique, and 
this condition is certainly satisfied if k is complete, and the valuation discrete. 

We denote by 6 a definite extension of our place to $Å. An auto- 
morphism o of Gik/k) ‘induces an automorphism o” of the algebraic closure 
of k’, characterized by the relation ðs == gð. The map o->o’ is a homo- 
morphism of G(f/k) onto G(k’/k’). 

We shall also assume that the valuation is discrete, although this can 
presumably be dispensed with. If Z is a cycle rational over an algebraic 
extension K of k (say in some projective space), then it has a reduction, or, 
as we shall also say, a specialization Z’ in the reduced projective space deter- 
mined by 6, and rational over K’ (Shimura [12]). The only facts concerning 
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the specialization Z — Z’ which we shall use in the sequel is that it com- 
mutes with projections and intersections, i.e. under suitable hypotheses, 
(prZ)’== pr(Z’), and for two positive cycles X, Y, we have (X: YY =X’: Y. 
We refer to [12] for the proof. 

Our place 0 induces a mapping of points P of our projective space, 
algebraic over k, onto points P’, algebraic over k’. We shall also write 
P =P. We have for any automorphism o of £/k, (oP)'==0"P", IEZ isa 
positive cycle, then supp(Z’) = (supp ZY. 

We shall now list a few properties of reduction of cycles, and especially 
varieties In non-degenerate cases. 

To begin with, we have a result which will serve as Hensel’s lemma for 
points on varieties. 


Lemma. Leta be a positive 0-cycle rational over k. Let P’ be a point 
of a’ which occurs in a’ with multiplicity 1. Then there exists a unique 
point P of a specializing to P’, and P is rational over k. 


Proof. Note that P’ is rational over k’ since a’ is rational over k’. 
Let P be in a, specializing to P’. Then obviously P occurs with multiplicity 1, 
so that P is separable over k. If o is any automorphism of & over k, then 
(oP)’ == (d P) = F’, and hence oP also specializes to P’. Since a is 
rational over k, it follows that oP also occurs in a, and since P” has multi- 
plicity =, we conclude that oP =P, and hence that P is rational over k. 

We now have the surjectivity of 6, whose proof is due to Chow. 


Proposition 6. Let the cycle Z be a variety V, and assume that Z’ 
is also & variety V’, i.e. consists of one component with multiplicity 1. Let 
P be a simple point of V’, rational over k. Then there exists a point P 
of V rational over k which specializes to P’. 


Proof. Our statement being local, we may assume that V’ is affine. 
There exists a linear variety L’ defined over k’ such that V’- LZ’ is defined 
and contains P” with multiplicity 1. Lift Z’ to a linear variety L over k, 
such that V:L is defined. Then FV: L contains a point P specializing to P’. 
Since V-Z is rational over k, we need merely apply the lemma and the 
compatibility of specializations with intersections to conclude the prooi. 

For the applications, we are principally interested in abelian varieties. 
Let A be an abelian variety defined over k. Its specialization A’ is then a 
cycle. If this cycle has one component with multiplicity 1, which is an 
abelian variety whose law of composition is obtained by reduction of that 
of A, then we shall say that the specialization A— A’ is non-degenerate. 
(The uniqueness of non-degenerate specializations has been proved in [5].) In 
that case, if a, b are two points of A algebraic over k, then (a+ bY — a +0’, 
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the first + referring to addition on 4 and the second on A’. In view of 
Proposition 6, we have an exact sequence 


0 — Sk Apr A’y O, 


where S; is simply the kernel of the specialization homomorphism 8. If K 
is a finite Galois extension of k with group G then each one of the groups 
Sx, Ax, A'r is a G-module, in view of the relation (ot)’—02",. It is to 
the exact sequence 

O— Sgr Agre A’x — 0 


that we shall apply the cohomology theory in the next section. 


Suppose for a moment that k is a p-adic field Q, and A is an elliptic 
curve of the type considered by Lutz [8]. Then-.A, contains a subgroup 
isomorphic to the integers of Qp, which is none other than our kernel Sp 
when A’ is non-degenerate. More generally, if & is an arbitrary p-adic field, 
and A an abelian variety of dimension r, then Mattuck [9] has shown that 
A; contains a subgroup isomorphic to r copies of the integers of k. We can 
always choose such a subgroup My of Lutz-Mattuck such that My C Sp We 
shall prove below that S+, is uniquely divisible by an integer m prime to p. 
From this one sees that (Sp: Mx) is a power of p. 

We return to an arbitrary field & subject to the conditions stated at the 
beginning of this section. Let m be an integer not divisible by the charac- 
teristic p of k’. Let a be a point of A rational over k. The cycle 


(m8) (a) = pr-{T: (4 X (a) )}, 


where T is the graph of mô, consists of the points x on A such that mx — a, 
each one occurring with multiplicity 1. Specializing, we see that 


| [ (m8)-*(a) = (m) (a), 
where & is the identity on A’. Taking a==0, this shows in particular that 
0 induces an isomorphism of the points of finite order prime to p on A onto 
those points on A’, i. e. of Ay onto A'm. Actually, from Hensel’s lemma, 
we get 


Proposition 7. Assume that the specialization A — A’ is non-degenerate. 
Let m be an integer prime to p. Then the homomorphism 6 induces an 
isomorphism of Am N Ax onto A’m N A'r. 


Furthermore, we also get information concerning the kernel S; in our 
exact sequence above. 


PROPOSITION 8. Assume that the specialization À — A’ is non-degenerate. 
Let m be an integer prime to p. Then Sy is uniquely divisible by m. 
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‘Proof. Let a be in Sr, so that a’ —0’. The cycle (mô)?(a) specializes 
to the cycle (m8) (a) = (m8) (0) which consists of the points of order 
m on À’. Since (0’) occurs with multiplicity 1 in the reduced cycle, it tollows 
by Hensel’s lemma that there is exactly one point on (m8)-*(a) which 
specializes to 0’ and that this point is rational over k. 


PROPOSITION 9. Assume that the specialization A — A’ is non-degenerate. 
Let m be an integer prime to p. Let a be a point of Ar, and let K —k(1/m-a) 
be the field obtained by adjoining all points x such that mz =a. Then K 
is unvamified over k, and K’ =k (1/m-a’). 


Proof. This is again an immediate consequence of Hensel’s lemma. 
-Taking into account the fact that the points in (m8’)-1(a’) are all separable 
over it’, we see that K is in fact the uniquely determined unramified extension 
of k such that K’ == k’(1/m-a’). 

We conclude this section by a remark on the reduction of principal 
homogeneous spaces. Let V be such a space over A, defined over k. Suppose 
that V’ has one component with multiplicity 1. Then V’ has a simple 
rational point in some separable extension of k’, and hence, by Proposition 6, 
V has a point in, and is split by, an unramified extension of k. 


4, Cohomology and non-degenerate reduction. Let k be a field com- 
plete with respect to a discrete valuation and let A be an abelian variety 
defined over & which has a non-degenerate reduction A’ modulo the prime 
in k. The only fields we consider are the algebraic extensions K of k and 
their residue class fields K’. From the preceding section we know the 
following facts: 


(R1) The reduction map 6x: Ax—A’x is surjective for each K and 
its kernel Sx is uniquely divisible by an integer m prime to the residue 
class characteristic, p. 


(R2) If K’ is separably closed, then A’x: is divisible by m and contains 
A'm for m prime to p. 


The following cohomological analysis makes no reference to the details 
of the reduction process itself, nor even to abelian varieties. It applies to 
any par of commutative functors 4 and A’ of the fields K and K’ (in the 
sense of §1) which are linked by a natural homomorphism 6: A —> A’ so 
that conditions (R1) and (R2) are satisfied. Note that (R1) implies, 
trivially, 


(R1’) 6x induces a bijection Am N Ax—->A’m N A’ for each K, and 
m prime to p. 
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Let k, denote the maximal unramified extension of k. Then the residue 
class field of k, is the separable closure of the residue class field of k, or in 
symbols, (kay = (k’).. 

For the rest of this secticn, we let m be an integer prime to p. Our 
goal is now Theorem 1 below. 


LEMMA 1. If K D ky, then Ax ts divisible by m and contains Ay. 


Proof. K’ is separably closed because K Dk, Hence, by (R2), we 
know the divisibility by m of the factor group Agr/Sx~A’x. Since from 
(R1), we know Sx is also divisible by m, we conclude that 4x is. We also 
know from (R2) that A’, C A’e. This together with (R1’) implies that 
Am Ax is independent of K for K > k,, and consequently, Am C Ax. 

The group 2m of m-th rocts of unity is contained in k, and the group 
of units in ky, is divisible by m. ‘Therefore the maximal abelian extension 
of ku of exponent m is the field k,(rt/*) obtained by adjoining the m-th root 
of any prime element a of rą The Galois group of this extension is 
canonically isomorphic to Qm. Indeed, the map o— o = (a*/")*"! is a homo- 
morphism of Gr, onto Om, whose kernel cuts out k,(r!’”), and this homo- 
morphism is independent of m and its chosen m-th root. 


LEMMA 2. There is a canonical isomorphism 
Hom (Qn, Am) = AR, A) 


which attaches to each homomorphism x: Qm An the cohomology class of 
the cocycle a — (lc), a € G(ks/ky). 


Proof. Since Ax, is divisible by m, the Kummer sequence at the end 
of 81 is applicable, and since Ax, is divisible by m, it yields an isomorphism 


Hom (Cro An) = HA (ky, A) m- 


Since À, is commutative of exponent m, any homomorphism A: Gr, > Am 
will have the property that h(o) depends only on the effect of « on an 
abelian extension of exponent m. Consequently, according to the discussion 
preceding this lemma, we can factor A through o->%o, ie. we can write 
h(o) =yx(€c) for some y: Qm Am. 

The Galois group G; of k./k operates on H' (ku, A) as explained in §1. 
It also operates on Om and on Am, and consequently, on Hom (Qm, Am) in 
the usual manner, so that 


(x°) (£7) = $(x(€)) 
for PE Gh 


Lemma 3. The isomorphism of Lemma 2 is a Gy-tsomorphism. 


pes 
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Proof. - Let: x € Hom (Om, Am) and let as—=x(£s) be the corresponding 
cocycle. Let HE Gr. Then for o€ Gk „ we have 


(a?) o = pagiog == px (Lp-z09) = x? (Ep10?) = xŸ (Ec) 


{ 


because | 
Eros? = (1M) — ( (x0) — Zo. 


Note that because of the way Gy is defined to operate on Hom (Rm, An), 


we have 
Hom (Om, Ami Gr — Home, (Qn, Am) ; 


in other words, a homomorphism is left fixed by the operation of Œy if and 
only if it is a G,-isomorphism. | 


Lemma 4. The sequence 


r inf res 
0 —> H! (ky/k, A )n — H! (k, An [H (ku A) mn] 0 


is exact. 


Proof. Of course, it is only necessary to prove that the restriction is 
surjective. By the preceding lemmas, an element æ € H1(k,, A), which is in- 
variant under Gy will be represented by a cocycle of the form ao == x((#/")*"*), 
o € Gy, where y: Qn >A» is a G,-homomorphism. Here + is an arbitrary 
prime in ką. Choosing v in k, and choosing a definite m-th root, we see that 
that the expression for a¢ makes sense for all o€ Gy, not only for o€ Gr, 
Now 

g — (Cu Lin 


is a cocycle in Qm (it is a coboundary in Q), and since y: OQm—> Ám Is a 
Gx-homomorphism, it follows that ao is still a cocycle. By construction, its 
class 8€ H> (k, A), restricts to & | 

Since k,/k is unramified, its Galois group may he identified with the 
Galois group of its residue class extension. We shall make this identification 
from now on, and will designate both groups by the simpler symbol Gw. 
Of course, 8: Ar, > A'r, is a Gy-homomorphism. | 


LEMMA 5. 8 induces an isomorphism H*(ky/k, A) m = H*(k’, A’) m. 


- Proof. Since Ar, and A’,, are divisible by m, we can apply the Kummer 
sequence to the extensions k,/k and k’,/k’, obtaining the exact horizontal 
rows in the diagram 


0—> Ax/mA, — H*(ky/k, Am) > H*(hy/k, A) m0 
8 i 6 0 
0 ~> A’, /mA’y—> HHE, A m) — H*(k’,A’)m —0 
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The left vertical arrow is surjective by (R1). The middle is bijective because 
Am is Gy-isomorphic to 4’, (recall that G;— G(k,/k)i. Consequently, the 
right vertical arrow is bijective as contended. 

Putting our results together, we see that we have proved a good part of 


THEOREM 1. Let k be a field complete with respect to a discrete 
valuation with residue class field k of characteristic p= 0. Let A and A’ 
be two commutative functors as in $1, satisfying (R1) and (R2). Then for 
each natural number m not divisible by p, there exists a canonical exact 
sequence 

O— H (k, A )m— HE (k, A)m— Home, (Qm, A’m) > 0, 


where Ym ts the group of m-th roots of unity in the residue field. Further- 


more, tf K is a finite extension of k with ramification index e, the following 
diagram is commutative: | 


HE, A") m > H (k, A)n— Homey (Ym, A'm) 
Tes Tes € 
HE’, 4')n—> H! (K, A) m—> Home, (Ym A'm). 


Proof. The indicated exact sequence results from the preceding two 
lemmas and the trivial replacement of Qm and A,» by the isomorphic Qm 
and 4’, The commutativity of the left square is obvious. That of the right 
follows from the relationship | 


x (rt) 02) = ye ( (st!) =) 


for c € Gg, „ where 7, is a prime in K, and m~ më is a prime in ky. 

Naturally, we are interested here in the case where the functors are given 
by an abelian variety A defined over k, and a non-degenerate reduction A’. 
Theorem 1 gives especially precise information when #7(k’,A’)=0. This 
is the case, for example, if k’ is algebraically closed, or finite [7]. Then 
we obtain simply an isomorphism 


H’ (k, A) = Homo (Ym, A’ a): 


From the commutative diagram of the theorem, we obtain the following 
corollaries. 


COROLLARY 1. Assume k is either finite or algebraically closed. Let A 
be an abelian variety defined over k, with a non-degenerate reduction A’. 
Then a finite extension K/k splits an element a€ H'({k,A)m tf and only if 
the ramification index e(K/k) is divisible by the period of a. 


In terms of homogeneous spaces, this means that the homogeneous space 
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$ 


V corresponding to a has a rational point in K if and only if e(K/k) is 
divisible by its period. 


CÖROLLARY: 2. Let A, A’ be as in Corollary 1. Let V be a principal 
homogeneous space of A defined over k, of period prime to p. Then the 
index of V is equal to its period. | 


Proof. There exist ramified extensions, e.g. k(w'/*), with preassigned 
ramification index, whose degree is equal to that index. 

To describe Hom(Q'», Am) more concretely is, of course, easy. We 
choose a generator £ for Q’,. Then a homomorphism y is determined by the 
image x(£) of £, and this may be anv element of A’m. In order that y be a 
G,-hemomorphism, it is necessary and sufficient that y(¢7) = oy(£) for each 
o€ Gw. Defining the integer vo (modm) by (°—£'*, we see that the 
condition becomes vox(£) —=ox(£). Thus, Home, (Ym, A’m) is isomorphic 
to the group of solutions v€ A’m of the equations or = voz, o€ Gy. The 
isomorphism is not canonical, but depends on the choice of a primitive m-th 
root of unity ¢. 

In particular, suppose that kX’ is a finite field with q elements. Then 
Gw has a canonical generator, namely the Frobenius automorphism §-—> #4. 
Its effect on an element x of A’ is denoted by 2, We may therefore express 
our result in this case as follows. 


THEOREM 2. Let A be an abelian variety defined over k with a non- 
degenerate reduction A’, and suppose k is a finite field with q elements. 
Then the group of elements of order prime to p in H*(k, A) is tsomorphic 
to the group of solutions of e®==qgz on A’, of order prime to p. 


We observe that &—> 2 — qa is an endomorphism of A’. Furthermore, 
if + denotes the Frobenius endomorphism of A’, then its transpose #7 on 
the Picard variety is easily seen to be given by the formula 


Consequently, the transpose of rw—§ is given by the endomorphism 
y—> gy —y on A’. Raising the kernel of this endomorphism to the q-th 
power, we see that the kernel is isomorphic to the subgroup of A’ satisfying 
y = gy. In particular, we see that the group of solutions of æ® == gg on 
A’, of order prime to p, is dual to the group of rational points of A’ in K’, 
of order prime to p. i 

We close this section with an example of a homogeneous space whose 
index is not equal to its period. Suppose first of all that we could construct 
an abelian variety A over a field k such that 4, C A; and such that Ax is 
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divisible by m for each algebraic extension K of k. Then the Kummer 
sequence gives isomorphisms | 


Hom (Gr Am) = H (k, A) m 
and, moreover, for each K/k, a commutative diagram 
Hom (Gr An) = H (k, A) m 
res res 
Hom (Gx, Am) = H*(K, A) m, 


where the left hand res means restriction of homomorphisms from Gy to Gr. 
If f: Gx— Am is a homomorphism, we see that K splits the corresponding 
cohomology class if and only if Gx is in the kernel of f. Thus the index of 
the corresponding homogeneous space would be the order of the group f (Gx), 
whereas its period would be the exponent of the group f(G;). In particular, 
if Æ has an abelian extension whose group is isomorphic to Am, i.e. to the 
direct product of 2r cyclic groups of order m (r—dimA), then we can 
construct a homogeneous space with index m?” and period m. 

An actual example can be constructed easily enough. Let A be defined 
over an algebraically closed field ko Define k;==ki.((t:)) (power series in 
one variable) for 1-127. One proves by induction that A,,=—mA,,, and 
a similar divisibility statement for finite extensions. Then we can construct 
our example with k= ka and the abelian extension &(t,/™,- + +, topl/™). 

One could also construct a similar example over a purely transcendental 
function field in 2r variables. Incidentally, we note that the Kummer 
sequence shows, for any A and k, that if A, C A, and per, V =m, then 
ind, V divides m’. Thus out example is as bad as possible under the 
conditions À, C Ap. 


5. Global fields. Let À be a field with a fixed set of (inequivalent) 
discrete valuations p which we shall call primes. By a prime in a finite 
algebraic extension K of k, we mean, of course, a valuation of K which 
extends a prime of k. Let m be a natural number not divisible by the 
characteristic of k. We shall say that k is an m-global field if each finite 
extension K of k has the following two properties. 


(Gl1) If A is an abelian variety defined over K, then A has a non- 
degenerate reduction at all but a finite set of primes p of K. 


(GI2,m) The set of primes of À dividing m is finite, and if S is any 
finite set of primes of K, there is only a finite number of abelian extensions 
of K of exponent m which are unramified outside 8. 
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Ey well known elementary properties of number fields, one sees imme- 
diately that an algebraic number field of finite degree is m-global for every 
m, if we take as primes all the inequivalent discrete valuations. 

The same remark applies to a field of algebraic functions of one variable 
over a finite constant field, and shows that it is m-global for m prime to its 
characteristic. 

More generally, let k be an algebraic function field in n variables (the 
case n==( is not excluded) over a constant field k, such that k,*/(ko*)”™ 
_ is finite, for instance, a p-adic field, or an algebraically closed field. Choose 
as set of primes of k those arising from the prime divisors rational over ko 
of a projective normal model of k. Then it is easy to see (using results of 
algebraic geometry) that k is m-global. 

Firally, if k is a function field over an algebraic number field of finite 
degree, then k is m-global for every m. The set of primes is then to be the 
set of prime divisors on a “mixed characteristic” model. This can easily be 
seen by reducing the proof to a geometric statement. As this, and the above 
fields are meant mostly to give concrete examples of m-global fields to the 
reader, we do not go in detail into the proofs that they are m-global, since 
they are essentially well known. 

For the convenience of the reader, we indicate very briefly a sketch of 
the manner in which the above fields can be proved to satisfy our two global 
axioms. 

(G11) actually depends on the fact that an element of the field & has 
only a finite number of zeros and poles. To check that a reduction is non- 
degenerate, one checks that each property entering into the definition of 
an abelian variety has a non-degenerate reduction. For instance, we have: 
the absolute irreducibility (say of the Chow form if the variety is in projective 
space); the non-singularity (which depends on the non-vanishing of a deter- 
minant which is an element of i); the fact that some mappings are avery- 
where defined; associativity; etc. 


As for (G12), say for number fields, one may look at it either from the 
point of view that there is only a finite number of unramified extensions of 
degree m (abelian or non-abelian), a fact already stated in Hilberts Zahl- 
bericht, or from the point of view of Kummer theory: After adjoining the 
m-th roots of unity, the extension can be obtained by extracting radicals, and 
one uses the finiteness of class number and unit theorem. In the geometric 
case, one uses the analogous facts, which involve the Jacobian for the case 
of curves, and the Picard variety as well as the torsion part of the Neron- 
Severi group in higher dimension. 
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We shall now reprove for global fields the weak part of the Mordell- 
Weil theorem, i.e. Theorem 3 below. 


Proposition 10. Let A be an abelian variety defined over a field k. 
Let m be prime to the characteristic of k and let K =k(1/m: Ar). Then 
(Ar: mAr) is finite if and only if [K: k] is finite. 


Proof. It is trivial that if (A,: mA;) is finite, then [K: k] is finite. 
Conversely, consider the exact sequence 


0 — An > Âr— MA rx —> 0 


Let G=G(K/k). We have the cohomology sequence 
0 Am Az Apa mAgrN A: H(G, Ám). 
By assumption, mÁg N Ág = Ap, and thus we get the injection 
0—> A;/mA;,— E (G, Am) 
which shows that A,/mA, is finite. 


COROLLARY. Let À be an abelian variety defined over a field k, and 
let m be a natural number prime to the characteristic of k. Let L be a 
finite extension of k. If Ar/mAx is finite then so ts also A;/mA,. 


Proof. By the proposition, £(1/m-Az,) is finite over L. This implies 
a fortiori that &(1/m-A;) is finite over k. Using the proposition once 
more, we get what we want. 


THEOREM 8. Let A be an abelian variety defined over an m-global 
` field k. Then Ax/MAx 4s finite. 


Proof. By the corollary, we may assume that A, C Ax Let K 
==k(1/m-A;). By Proposition 9, we know that K/k is unramified at every 
prime p not dividing m at which A has a non-degenerate reduction. From 
the definition of m-global, it follows that K is finite over k because it is 
abelian of exponent m over k. We now app'y Proposition 10, to conclude 
the proof. 

If K is a finite Galois extension of k, and if A is an abelian variety 
defined over k such that its group of rational points Ax in K is finitely 
generated (i.e. satisfies the strong Mordell-Weil theorem), then obviously 
HT(K/k, A) is finite for r>0. However, Theorem 3 will suffice to prove 
the analogous result for m-global fields. For use in the statement of our 
next theorem, we recall that the m-primary part of an abelian group consists 
of those elements whose period divides a power of m. 


THEOREM 4. Let A be an abelian variety defined over an m-glabal 
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field k. If K/k is a finite Galois extension, then the m-primary part of the 
group H*(K/k,A) is finite for each r > 0. 


Proof. This is an immediate consequence of the following general 
cohomological fact. 


Lemma. Let G be a finite group and X a G-module such that X/mX 
and Xm are finite. Then the m-primary part of H(G, X) is finite for each 
r> 0. 


Freof. Since H’(G,X) is a torsion group of bounded exponent (G: 1), 
it is encugh to prove H'(G,X),, finite. The map m: À — X can be written 
as a product m==goh of the maps g and A in the exact sequences 


h 


0 Xm > À —>» m > 0 


g 
0 mX —> X > X/mX -> 0. 


For the induced cohomology maps in dimension r, we have my —=gxhs. 
From tke exact cohomology sequences derived from our two exact sequences, 
we see that the kernels of hą and gẹ, are finite, being homomorphic images 
of H' (C, Xm) and H(G, X/mX) respectively. Consequently, the kernel 
of m, is finite, which is what we wanted to prove. 

If À is an abelian variety defined over an m-global field k, we say that 
an element « € H1(k, A) splits at a prime p of k if a is in the kernel of the 
canonical map H*(k,A)— H*(ky,A), where ky denotes the completion of k 
at p. In other words, « splits at p if the Se once homogeneous space 
has a rational point in fey. 

Selmer [11] has given examples of principal homogeneous spaces for 
abelian varieties of dimension 1 over the rational number field @ which 
split at all primes p but do not split in Q. The elliptic curve 3X* + 4Y% + 52° 
— 0 is such a space over its Jacobian. On the other hand, we can show that 
the number of such spaces with given period is finite. More precisely, let 
us denote by H(k, A, S) the subgroup of H'(k,A) consisting of the elements 
which split at all primes outside a finite set S. We have 


THEOREM 5. Let A be an abelian variety defined over an .m-global 
field k. Then H'(k,A,S)m 18 finite. \ 


Proof. Without loss of generality, we may assume Am C Ay. Indeed, 
the restriction of H*(k,A) to H'(K,A), where. K — k (Am), has finite kernel 
by Theorem 4, and a fortiori that of H4(k,A,S)» to H?(K,A,8)m. 
Furthermore, we may enlarge S until it contains all primes p dividing m 


\ 
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and all primes p where A does not have a non-degenerate reduction. Now 
for pé S, consider the commutative diagram 


0—> A;/mA;,— Hom (Gr, Am) > H (k, A Yn 0 


0 —> Ap/MmAp — Hom (Cp, Am) —> IP (kp, Am 0. 


Here we have abbreviated by Ap the group Ax, and by Gp the decomposition 
group Gk, which we may view as a subgroup of Gr, uniquely determined 
up to a conjugaticn. The horizontal arrows are the exact Kummer sequences 
and the vertical arrows are the canonical maps, the middle one therefore 
denoting simply the operation of restricting to Gy a homomorphism of Gp. 
What we shall actually prove is that the inverse image of H'(4,4,8), in 
Hom (Gr, Am) is finite. To this effect, it will be enough to show that if 
x: Gr Åm is a aomomorphism whose cohomology class in H> (k, A) splits 
outside S, then the abelian extension Kx/k of exponent m which is cut out 
by the kernel of y is unramified outside S. By the commutativity of the right 
square of the above diagram we know that the restriction of y to Gp is of the 
form x(o) = (o—1)(1/m:a) for some a € Ay. Thus we have Kx C ky(1/m-a), 
and, by Proposition 9, it follows that Kx is unramified at p. This completes 
the proof of Thecrem 5. 

It is natural to raise the question whether, given an element of H’ (hy, A), 
there exists an e.ement of H (k, A) which restricts to it. We can prove 
this in a special case. 


THEOREM 6. Let k be any field with a discrete valuation p and let ky 
be its completion. Let m be prime to the characteristic of k and assume 
that the group of m-th roots of unity Q lies in k. Let A be an abelian 
variety defined over k such that Am C Ax. Then given ay € H* (hy, A)», 
there exists an element a€ H*(k,A)m whose canonical image in H*(ky, A) 
US Qy. 


Proof. We use the Kummer sequence again, and the exact commutative 
diagram 


Hom (Gp, Am) —> H*(k, A) m~> 0 


Hom (Gy, Am) —> H* (ky, À }m— 0. 


| We are trying to prove that the righ* hand vertical arrow is surjective. To 
do so, it is enough to prove the left hand vertical arrow is surjective. Since 
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Am i3 isomorphic as an abstract group to the direct sum of 27 copies of Q,, 
(r= dim A), we have 


Hom(G, Am) = (Hom (G, Qn) )*, 
and, ecnsequently, it is enough if we show the surjectivity of 
Hom (Gr, On) > Hom ( Gy, Qn). 


Recall now that Hom means here continuous homomorphisms, so that by the 
usual Kummer duality, we have Hom ( Gr, Om) = k*/(k*)™, and similarly for 
ky. Thus, we must simply show the surjectivity of k*/(k*)™— Ity*/(lty*)™. 
This is now obvious since (k)*)™ is an open subgroup of &,*, m being prime 
to the characteristic. 


Remark. Under the same hypotheses as in the theorem, one can deal 
with a finite number of discrete valuations, and use the approximation 
theorem to show that there is an æ restricting simultaneously to a finite 
number of given @.. 


In analogy with Grunwald’s theorem in class field theory, one may 
conjecture that if & is an algebraic number field and p a given prime, then 
given ap € H'(ky, A), there exists «€ H*(k,A) restricting to a. 

Finally, we prove a result indicating that H+(k,4) is usually a large 
group when k is a global field. 


THEOREM 7. Let m be a natural number and let k be a field with an 
infinite number of abelian extensions of exponent exactly m. Let A be 
an abelian variety defined over k such that (1) A:/mA ts finite and (2) Ax 
contains at least one element a of exact period m. Then H*(k, A) contains 
an infinite number of elements of period m, and, in fact, an infinite number 
such that the corresponding homogeneous spaces have index m as well as 
period m. 


Proof. Let L—k(1/m:A;). Since we have assumed A,/mA; finite, 
L is a finite extension of k. Consequently, by our hypothesis about the 
existence of abelian extensions of exponent m, there exists a Galois extension 
K of k linearly disjoint from LZ whose group G==G(K/k) is the direct 
product of an arbitrarily large number of cyclic groups of order m. For 
each homomorphism x of G into the cyclic group <a> of order m generated 
by a, let x€ H*(K/k,A) C H1(k, A) denote the cohomology class of the 
1-cocycle o— x(o). We claim that the map y— ax is an injection. Indeed, 
if x(a) = (o—1)b, DE Ar, o € G, then my(c) = (oc —1) mb —0 for all o; 
hence mb € Ax. Since K is disjoint from L, it follows that b € A, and y — 0. 
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Thus, H1(k, A) contains a subgroup isomorphic to Hom(G, <a>), that is, 
to the direct product of arbitrarily many cyclic groups of order m. More- 
over, for each element of this subgroup, the corresponding homogeneous 
space has index = period. This follows from the Corollary of Proposition 5, 
§ 2 because, since <a> is cyclic, the index in G of the kernel of the homo- 
morphism y: G-> <a> is equal to the period of y, and the subfield of K cut 
out by this kernel splits a. 


PARIS. 
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EXTENSIONS OF VECTOR GROUPS BY ABELIAN VARIETIES.* : 


By MAXWELL ROSENLICHT. 


This paper gives, among other things, the detailed proofs of a number 
of results previously announced by the author (cf. [10, §5] and [11]; also 
[7, §2] and [8]). The point of departure was the problem of finding a. 
good gzometric theory for the simple differentials of second kind on an 
algebraic variety. Such a theory, at least in the case of characteristic zero, 
is essentially contained (via the Albanese map) in the corresponding theory 
for abelian varieties, and it quickly became apparent that the proper object 
of study is the set of all algebraic group extensions of direct products of 
additive groups over a given abelian variety. The set of equivalence classes ` 
of extensions of the one-dimensional additive group by a given abelian variety 
A is naturally endowed with the structure of.a vector space (over the universal 
domain), and the main results say that this vector space has the same 
dimension as A (Th. 8) and is naturally isomorphic to the cohomology space 
H*(A, Oa), Ga being the sheaf of local rings on A (Th. 1). (A form of the 
first result that concerns the possible direct product decompositions of group 
extensions over A is misstated in our previous papers; this hinges on the fact 
that a product of additive groups may be susceptible of more than one vector 
space structure. The correct statement is in Prop. 11.) We leave aside the 
question of differentials of the second kind, concentrating on the matter of 
group extensions, but the relation between the two subjects can be gathered 
_ trom the characteristic zero part of the proof of Prop. 11 (see Lemma 3 and 
the remark following the Prop.). This last mentioned part is the only place 
where cur methods are not purely algebraic and where there is an essential 
difference between the case of characteristic zero and p 340. A purely algebraic 
proof of the point in question could have been given, but would have been 
long. (Such a proof of the dimensionality of the space of extensions can be 
found in [1], a paper which is mostly restricted to characteristic zero and is 
in large part an algebraization of [8]; Barsotti has also published a proof 
of the same fact for characteristic p30 that is based on the infinitesimal 
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-analysis of inseparable isogenies [2].) Some additional information on differ- 
entials of second kind can be found'in an appendix where we prove some facts 
on the invariant differential forms on generalized jacobian varieties (stated 
without proof in [7] and [11]) which will have future utility. 

A correspondence with J-P. Serre resulted in the simplification of some 
of the author’s original ideas, as well as in a number of corrections. Serre 
will publish shortly some of his own contributions to the theory, notably the 
fact that the cohomology ring of an abelian variety (sheaf of local rings) 
is an exterior algebra. Part of a recent course of his ([16], to be published 
eventually in book form) was devoted to the present theory, and many sections 
here are very close to his notes (although there is a quite different proof of our 
Th. 1, whose full generality was discovered independently). We are especially 
indebted to Serre for certain of the useful trivialities on group extensions 
(beginning of our §2) and for the exact sequences of Propositions 6 and 7. 


1. Products of additive groups. The results of this section are prob- 
ably well-known in the correct circles, although mainly unpublished. We have 
added something in the way of rationality statements and simplified proofs. 
The basic reference to linear algebraic groups is [3]. 

By a vector group we mean a commutative algebraic group G together 
with a regular operation of the multiplicative group G,, on G with the property 
that there exists a biregular birational correspondence between G and the 
ordinary affine space of the same dimension which is such that the group 
structure on G and the operation of Gm on & are those induced by the usual 
vector space structure on the affine space. It is clear what is meant by a 
linear function on G, vector subgroup of G, linear homomorphism (from one 
vector group into another), etc. If & is a field of definition for G as an 
algebraic group and for the operation of Gm on G, we say that k is a field of 
definition for the vector group G. Such being the case, any linear function 
on G is a linear combination with constant coefficients of linear functions 
that are defined over k, and if n = dim G it follows that functions %,,: © -,æ, 
on G can be found such that the map g— (a#,{g),: - -,x,(g)) is a biregular 
birational correspondence, defined over k, between G and the n-dimensional 
affine space and the vector group structure on G is given by the usual rules 
Ui(9r + 92) = 2i(gi) + mi(g2), mcg) = cri(g); such functions 2,,-- -,% 
will be called linear coordinate functions on G. 

The additive group G, consists of the affine line with the composition 
law (2) (@) = (£, -+ z2). The additive parameter x on G, is characterized 
to within multiplication by nonzero constants as an everywhere finite rational 
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function on Ge that vanishes to first order at the identity 0 and has no other 
zero. Thus G, can be considered, in a well-defined way, to be a vector group. 
The a-gebraic group (Ga)" (= Ga X Ga X: + +X Ga n times) can be endowed 
with the structure of a vector group (namely that induced by the natural 
vector group structure of each direct factor), but if n > 1 the group (G,)” 
may possess various distinct vector group structures consistent with its under- 
lying algebraic group structure. Functions x,,- * -,2, that are linear coordi- 
nate functions on (G,)* with respect to one of its admissible vector group 
structures will be called additive coordinate functions on (G;)". 

Suppose we have a rational homomorphism G,-> Ga. Fixing a coordinate 
function on Ga, this homomorphism is given by æ— f(x}, where f(x) is a 
polynomial satisfying f(z, + t2) = f (z1) + f (z2). One deduces immediately 
that we can write 


f(x) = (Lot + (642? -+ Aath 4- + * + Ama”, 


where m is some positive integer, do, * *,@m are constants, and p is the field 
characteristic, if this differs from zero; in the case of characteristic zero, 
f(x) — az, with a constant. In either case we call a function f(x) of this. 
form a p-polynomial in x (a term originally due to O. Ore), and we note that, 
conversely, any p-polynomial in + produces a rational endomorphism G,-> Ga- 
As a consequence, if 7: (G,)"— (G,)” is a rational homomorphism and 
(tas * En), (Y° *;,Ym) are additive coordinate functions on the two 
groups, we have 


yi(rx) = fu (ai) +: i “+ fin (2n); t= 1,: a M, 


where each fy is a p-polynomial in one variable. Such a function fu (21) +---- 
+ fit) we call a p-polynomial in Tı,’ - :, £n, and we note that, conversely, 
any m such p-polynomials in 2%, - -,æ, give a rational homomorphism 
T: (Ga)”—> (Ga)”. In characteristic zero, a p-polynomial is a homogeneous 
linear function. All this implies that if zı, -+,2, are additive coordinate 
functions on (@)" and yi, ` ', Yn are rational functions on the same group, 
then this latter set is also a set of additive coordinate functions on (G,)* if 
and orly if each of the y’s is a p-polynomial in the various 2’s, and conversely, 
each of the 2’s is a p-polynomial in the various y’s. This enables us to find 
all possible admissible vector group structures on (G,)", and it is clear that 
if the characteristic is p40 and n > 1, an infinite number of such vector 
group structures is possible, whereas in the case of characteristic zero the 
vector group structure is unique. 
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Proposition 1. Let H be a connected algebraic subgroup of (G)", k 
a field of definition for the solvability of H (cf. [12, §4]). Then (G)" 
possesses an admissible vector group structure, also defined over k, aa respect 
to which H ts a vector subgroup. | 


This is trivial if dim H = 0, so suppose dim H > 0. Then there exists 
an algebraic subgroup T of H which is biregularly isomorphic to Ge over k. 
Letting x€ k(T) be an additive parameter on T and 2,- - -,2, be additive 
coordinates on (G,)", each of the n functions q(x) is a p-polynomial in x 
with coefficients in k, and not all z;(x) are zero. Consider coordinate changes on 
(G,)" which interchange the coordinates 2,: - `, €n, or which replace 2,,- `, En 
by Ty Ta, * +, Gy’, Where each z? (4=2,---,n) is the sum of a and a 
p-polynomial in k[zı]. By interchanging x, - -,2,, we can guarantee that 
the minimal degree of the nonzero 2,(z)’s is attained for 11, then by a 
coordinate change of the second type we can arrange that each nonzero (x), 
for à > 1, has degree less than that of ,(x). . Hence, by repeated changes of 
this sort, we can insure that x;(x) =0 for 1=2,: ---,n, which completes the 
proof if dim H =1. If dim H > 1, we continue the same r reasoning on 
(G,)*/T, ete. 

The following proposition seis among other things, that any algebraic 
group that is isogenous to a direct products of G,’s is also of this type, as 
is any homomorphic image of such a group. If such a group has k as a field 
of definition for its solvability, then it is biregularly isomorphic to a direct 
product of Ggs over k. Note that by [14, Prop. 5, Cor. 2], a perfect field | 
of definition of such a group is always a field of definition for its solvability. 


PROPOSITION 2. Let the commutatwe ‘algebraic group H be defined 
over k. If the characteristic is p40, suppose that p-h—0 for each he H, 
while if the characteristic is zero, suppose merely that H 1s linear and each 
of its elements is unipotent. Then there exists a biregular isomorphism, 
defined over k, fram H into a direct product of Gos. 


‘In the case of characteristic p30, the condition p:h= 0 shows that 
no homomorphic image of H, is an abelian variety, so that here too H is linear 
and each of its e.ements is unipotent. Thus, in any case, we can suppose 
that H is a group of square matrices, each of which is of the form I +, 
where I denotes the identity matrix, » a nilpotent matrix (of order p if the 
characteristic is p40), and “+” ordinary addition of matrices, and where 
any two such matrices u commute. Denoting by M the linear space spanned 
by all matrices » such that I 4+ pE H, we get that M is defined over k and 
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is a commutative algebra under matrix multiplication each of whose elements 
. is nipotent (of order p if the characteristic is p-<0)., The set & consisting 
of all matrices J + m, with m € M, is a commutative algebraic group, defined 
over k and containing H. We prove that G is biregularly isomorphic over k 
to (G_)", where n=dim M. For this, note that M D M?> M?>5-.-., all 


these inclusions being proper until 0 is reached. Chocse a basis mi,’ * `, Mn 
of M, each m; being rational over k, such that for each 1=1,: - -,n—1 the 
elements: Mi, * Mp Span a subspace of M that is an M-submodule con- 


taining m,°. For any quantities z,,---,2,, consider the expression (exp tım) 

` LEXPEnMp) (where in characteristic p40, exp denotes the first p terms 
of the exponential series); this clearly gives us a rational homomorphism 
defined over k from (G,)" into Œ. It is easy to verify that 


k((exp2ym,): + © (exp wym,)) = k (2t * +, an), 
which completes the proof. 


The remainder of this section is devoted to finding canonical forms for 
homomorphisms of products of Gys. 


LemMa. Let k be a field, £1,’ : -,x, quantities that are algebraically 


independent over k, let vı,’ - *,v, be integers > 0, and let Yı, **,Yn be 
elements of k[x] such that y; — x": is an element of k[x] of total degree less 
than w, t==1,---,n. Then k(x) is an algebraic extension of kly) of 
degree viva” * va. 


We shall in fact prove more, namely that &[a] is a free module over kfy] 
having as generators the various quantities 7,%7,%: > -,%, where 0.0; < vi 
i==1,---,n. Let M be the k[y]-mcdule generated by these quantities. Any 
power product of tı, - +,2, can be written in the form gz, fwo. . - g,Bnvntan, 
with 8,,: :-,8, Integers = 0 and @;,:::,a, as above, and this monomial 
differs from yfr: - -Yna - -Ep by an element of k[x] of total degree 
< Die” (Bm + ai) ; thus each element of k[æ] can be written as an element 
of M plus another element of k[x] of smaller total degree, and we deduce 
that [z] =M. Finally, we must show that an expression 


CB, en Pros, ee any Kea Yn Pray Fes Cn 


(where each cg, € k and not all are zero) cannot vanish. If r is the subset 
of {(8,%)} consisting of those 2n-tuples (8,a) for which cg,540 and 
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Dia (Bai + &) is maximal, then the above expression is congruent modulo 
terms of lower total degree to 


> CB Prt s 8 > LyPrvntan 
(Ba) er 


But the various terms in this last sum are distinct, so our original sum is 0. 


PROPOSITION 8. Let H be a vector group of dimension n, t: H— (G,)" 
a surjective rational homomorphism (of the additive structure of H only), 
all defined over the perfect field k of characteristic p340. Then there exist 
linear coordinate functions 2,- > -,2, on H and additive coordinate functions 
Ya’ Ym on (G,)™, all defined over k, such that r is given by 


yı = TP” + (a p-polynomial in k[x] of degree < p”), i—=1,::-,m. 


Furthermore, if + is an isogeny, tts degree is p” p. 
First pick any linear coordinate functions %,,: © :,x. on H and additive 
coordinate functions 7,: © °,Ym on (G,)™, all defined over k, and write 


yı =u?” + (a p-polynomial in k[w] of degree < p”), i—1,: : -,m, 


where U:,' ' ‘,U» are each nonzero linear combinations of 2,-° :,æ, with 
coefficients in k. Keep zı, : -,x, fixed and alter the additive coordinate 
functions ¥1,°- °,Ym on (Ga)™ so that (v:,v2,° * *,vm) is minimal in the 
lexicographical ordering, i.e., y1,° : °,Ym are so chosen that v, is minimal, 
v is minimal for this fixed n, ete. Then 0S n S&S -`S ym. If for some 
Gon, --,m we had wu; linearly dependent on w,,---,u%., then by sub- 
tracting from y; a suitable p-polynomial in 4:,°-°,y::, we could get new 
additive coordinate functions on (G,)" giving rise to the same v,’ > -,via 
and a strictly smaller vi; thus Ui, - -,w, are linearly independent. Hence 
we may alter our 2’s so that Ty = Un, * `, Em = Um; all is now proved, except 
for the last statement, which comes from the lemma. 

PROPOSITION 4, Let r: (G)"— (G,)™ be a surjective rational homo- 
morphism, defined over the infinite perfect field k of characteristic p30. 
Then there exist additwe coordinate functions Tı, : -,æ, on (Ga)" and 
Ya” © +> Ym on (Ga)”, all defined over k, such that t is given by 


eae Gi à: A ee m i 
Yı TP, s Ym- = Ema” H, Ym = Em” ™ + >, Ce? "Ts, 
s>0 


where OSS a Œ + SS am are integers and C1, Cr, Ek. 


e—a 


Using Prop. 1, additive coordinate functions for (G,)”, all defined over k, 
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can be found such that the component of the identity of the kernel of r is 
got by setting certain of these coordinate functions equal to zero. It follows 
that we can assume that 7 is an isogeny, i.e., that its kernel is finite. (This 
implies, in particular, that n—m, but we shall maintain use of the two 
letters to distinguish the two groups involved.) The result is clear if n & 1, 
so assume n > 1 and use induction. Take any additive coordinate functions 
on the two groups, say %,°°+,%, and 41," © °;Y%m respectively, all defined 
over k. Let a, be the greatest integer a such that k[y] C (k[x])**; since 
k[x] is the ring of all everywhere finite rational functions on (G,)" that are 
defined over k, and similarly for k[y], the integer a, is independent of the 
choice of the 2’s and y’s. When we express the y’s as p-polynomials in the 
a’s, all powers are at least to the p%-th, and this power actually occurs. 
Choose elements a:,- - -,@,€ k, not all zero, so that the one-parameter sub- 
group T of (Ga)” given by 2, ==a,t,- ` -,tn==a,t meets the kernel of r only 
at the identity and so that the degree of the map r: T— (G@;)" is p% (and 
no higher). By a linear change of the coordinates 2,,- > -,v, we can assume 
that a, = 1, @ =: + -—a,=0, and by a suitable change of y,,° : -,u%m, we 
can suppose that rl is the subgroup y =' ` -—Ym=—=0 of (G,)™ Then 
Yo,’ ` °>Ym are independent of z, and y, is a linear combination of vp% and 
powers of 22,° ' -,2Z, at least as high. Thus y, == (v,/)°, where 2,’ differs 
from a nonzero constant multiple of v, by a p-polynomial in £a, ` -,2q. 
Altering z, to +,” we get y,=2,°% and Yz’ - +, Ym€ k[t" + +, 2al, so that 
our induction assumption is applicable to the homomorphism (@G,)"1— (Ga) 
given by (Sa - -,%) — (Y2," ‘ *>Ym). We remark that a standard argu- 
ment (considering [k(y, av”): k(x®”)],, for various v) shows the unicity of | 
@1,° © “Am, and that we can dispense with the condition that k be infinite 
if the kernel of r is connected. 


2. Algebraic group extensions. Let G,, Gz, Gs be algebraic groups. 

A sequence of homomorphisms 
Pi 2 
Ga re G —> Gs 
will be called exact if, as usual, Im ġ, = Ker ġ; and, in addition, ¢, and œz 
are separable rational homomorphisms; similarly for longer sequences. If the 
above sequence is exact, then the corresponding sequence of Lie algebra 
homomcrphisms 
E gı > g2 — gs 


is also exact (e. g., ef. [18]). Conversely, if we are given a sequence of 
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rational homomorphisms of algebraic groups that is exact in the purely group- 
theoretic sense (i.e. we drop the condition that the various homomorphisms 
be separable) then we get a corresponding sequence of Lie algebra homo- 
morphisms, and if the latter sequence is exact, so is the sequence of algebraic 
groups. (This amounts to showing that if y: G— G is a purely inseparable 
isogeny of algebraic groups such that the corresponding Lie algebra map is 
an isomorphism, then y itself is a biregular isomorphism. This follows from 
the fact that we have an induced isomorphism between the spaces of local 
differentials at the identities of G and G”’ respectively, so y is separable.) 

Let H and A be algebraic groups. By an extension of H by A (or over 
A) is meant an algebraic group G together with an exact sequence 


00> H — GA 0, 


0 being the group with one element. Here H can be identified with a normal 
algebraic subgroup of G and A with G/H ; when no confusion is possible, we 
shall often call G itself an extension of H by A. If the various groups and 
homomorphisms: are defined over a field k, we say that the extension is 
defined over k. Another extension G’ of H by A is called equivalent to the 
above extension if there exists a commutative diagram 


0- H — GC — A 0 


| | | 
0 H — —» A> 0, 


where y is a rational homomorphism and each of the two outside vertical 
maps is the identity; in this case, y is automatically a biregular isomorphism 
(for it is bijective, hence a purely inseparable isogeny, and the Lie algebra 
diagram associated with the above is commutative, so that yw induces a Lie 
algebra isomorphism, hence is separable). The extension G of H by A is 
called inessential if, r being the natural homomorphism from @ to A, there 
exists a rational homomorphism ¢: A —> G such that ré = identity. In this 
case, ¢ must be birational, so that A may be identified with an algebraic 
subgroup of G. This being done, we conclude from G=HA, HNA=0O, 
the separability of the homomorphism 4 -> G/H and [12, Prop. 2] that.the 
map H X A— G defined by h X a— ha is biregular. 

If H and A are commutative algebraic groups, we shall denote by 
Ext(4, H) the set of equivalence classes of commutative extensions of H 
by A. (Much of what follows will go through under more general circum- 
stances, namely that H be commutative and the restrictions of the inner 
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automorphisms of the extension group to H be given by a specific operation 
of A as a group of rational automorphisms of H. In any case, we are mainly 
interested in what happens when H is connected and commutative and A is 
an abelian variety, and here an extension group is always commutative [12, 
Th. 18, Cor. 2]; thus all algebraic groups in the remainder of §2 will be 
assumed commutative.) We proceed to outline the functorial properties of 
Ext(4, H), leaving most of the details of proof to the reader. These details 
are all easy, except for the occasional question of separability, which is always 
to be handled by [12, Prop. 1]; at any rate, the next proposition is almost 
trivial from the point of view of factor systems (see below), which will be 
applicable in all special cases we later consider. . 

If ¢: A’-> A is a rational homomorphism and G€ Ext(A, H), let G be 
the subgroup of A’ X G consisting of all a’ X g such that a’ and g have the 
same image in A. If we map H into G’ by h—>0 X h, we get that @ is an 
extension of H by A’. Hence we have a map $*: Ext(A,H) — Ext(4’,H). 
If p = identity, then ¢* — identity, and if ¢’: A” —> A’, then (pp )* = ¢’*¢*. 

If y: H— H’ is a rational homomorphism and G€ Ext(4, H), let 
G’ = G X H’/A, where A is the kernel of the homomorphism H X H’— H’ 
defined by A X h’ > yh+h’. If we map H’ into G by first mapping W € H’ 
into X h’€ GX H’, G becomes an extension of H’ by A. Hence we have 
a map w,: Ext(4, H) — Ext(A, H’). If y is the identity, so is y, and if 
y: H — H”, then (wW'W).—wW,wW,. In addition, if ¢ is as in the preceding 
paragraph, the two maps žy% v4.6": Ext(A, H) — Ext(A’, H’) are equal. 

The method of Baer can now be used to put a composition law on 
Ext(A, H): If G, G’ € Ext(A, H), clearly G X GE Ext(A X A, HXH). Let 
6: À — À X À be the diagonal map and y: HX H — H be the group com- 
position and set G + G’ —$*y,(G X G’). This gives a map 


Ext(4,H4) X Ext(A, H) — Ext(A, H) 


which is clearly commutative and admits the trivial extension A X H as an 
identity. Associativity is established by reference to the map 


Ext(A,H) X Ext(A,H) X Ext(4,H)Ext(AXAXAHXHXH), 


the diagonal map 4 — A X À X À, and the group composition H X H X H 
—> H, while the inverse of an element of Ext(A,H) is obtained through the 
automorphism of H that sends h into —h. Thus Ext(A,H) is a commu- 
tative group. It is easy to verify that the maps ¢*,y, of:the two preceding 
paragraphs are homomorphisms, and equally straightforward, if slightly com- 


694 MAXWELL EOSENLICHT, 


plicated, to verify that if d,d:: 4’— A then (à, + de)* =Q," -+ p” and 
if Yi, y2: H — H’ then. (yı + ve). = Vix + Yay All this can be summarized 
as follows. 


Proposition 5. If A,H are commutatwe algebraic groups, then the set 
Ext(4,H), together with the composition law gwen above, is a commutatwe 
group whose zero element is the trivial extension AX H. With respect to 
this and the other operations gwen above, Hixt(A,H) is a functor that ts 
contravariant in A, covariant in H, and additive in both A and H. 


COROLLARY. Ext(4 X £’, H) = Ext(A,H) X Ext(A’,H), 
Ext(4, H X A’) = Est (4, H) X Ext(4, H’). 


We denote by Hom(4, H) the group of rational homomorphisms from A 
into H. This clearly satisfies all the functorial properties in Prop. 5. 
Now let 0— A’ —> A —> A”— 0 be an exact sequence of algebraic groups. 
For any r€ Hom(A’,#H), consider A to be an element of Ext(A”, A’), and 
hence get t44 € Ext(A”, H). The map r—7,A thus produces a canonical 
map | 
Hom (A’, H) > Ext(4”,H). 


By Prop. 5, this map is a homomorphism, and is natural in the sense that a 
rational homomorphism y: H — H” produces the usual commutative diagram. 


Proposition 6. Let 0— A’ — A A” —> 0 be an exact sequence of com- 
mutative algebraic groups and let H be another commutatwe algebraic group. 
Then the sequence of canonical homomorphisms 


0—> Hom(4”, H) — Hom(A, H) > Hom(A’, H) 
> Ext(A”, H) — Ext(4,H) > Ext(A’, H) 


as exact. 


The proof of this is a long but largely mechanical recourse to the various 
definitions, hence will be omtited. Note that if we have a rational homo- 
morphism y: H— H’ and write the corresponding exact sequence for H’, 
we get the usual commutative diagram. Each of the groups in the above 
exact sequence being a module with respect to the ring of rational endomor- 
phisms of H, we see that the various homomorphisms are actually module 
homomorphisms. Later, we shall be concerned with the case H == Gae, and 
here the homomorphisms are vector space homomorphisms, the scalar field 
being the universal domain. 

Analogously, consider an exact sequence of algebraic groups 0-> H’ > H 
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— H”0. For any r€ Hom(4,H”), consider H to be an element of 
Ext(H”,H’) and hence produce r*H € Ext(A,H’). This map r—>r*H gives 
a canonical map 

Hom (A, H”) — Ext(A, H’). 


Again by Prop. 5, this map is a homomorphism, natural in the sense that a 
rational homomorphism A’—> A produces the usual commutative diagram. 
Although it will not be used in this paper, the following analogue of Prop. 6 
is included for completeness. The proof (omitted) is straightforward. 


Proposition 7. Let 0-H’ +~H->H”—>0 be an exact sequence of. 
commutative algebraic groups and let A be another commutative algebraic 
group. Then the sequence of canonical homomorphisms 


9— Hom(A, H’) > Hom(A, H) > Hom(A, H”) 
> Ext (A, H’) > Ext (A, H) > Ext(4, H”) 


48 exact. 


Before proceeding, we indicate one consequence of Prop. 6: In most of 
what follows, we shall be concerned mainly with Ext(A,H), where A is an 
abelian variety and H is a connected commutative algebraic group of uni- 
potent matrices. Suppose, more generally, we consider Ext(G, H}, where G- 
is an extension of a torus by an abelian variety, and H is as above. Then we 
have an exact sequence 0-» T —> G— 4 — 0, with T a torus and A an abelian 
variety, so Prop. 6 gives the exact sequence 

Hom(T, H) — Ext(A, H) — Ext(G, H) > Ext(T, H). 
Here the extreme groups are zero, so Ext(G, H) is isomorphic to Ext(4, H). 

We now consider briefly the matter of factor systems. If GE Bxt(A, H) 
we call a rational map o: A — G a cross section if ro == identity, r being the 
canonical homomorphism G— A. (By a rational map from one algebraic 
set, not necessarily irreducible, into another, we mean a law assigning to each 
component of the first set a rational map from that component into some 
component of the second algebraic set.) Ifo: A— G is a cross section, then 
the map A X H — G sending a X h into ca + h is birational (in the chvious 
sense) and we can define a rational map fo: À X A->H by 


fo(Q1, 2) = ol; + ol — o (a, + ae). 


fo is a factor system, a factor system being a rational map f: 4 X A — H 
satisfying the equation 


f(a + Go, as) + f(a, Ge) == f (Qi, Qe + Qs) + f (ae, Qs), 
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and is symmetric (fo(a,, a2) =fo(as,)). Conversely, if f: AX AH is 
a factor system, we can define a “normal law of composition” on A X H 
(obvious extension to reducible sets of the definition of [21]; associativity 
will correspond to the above equation) by 


(a, Xhi) (Go X Ne) = (di + Ge, hi + ho +f (as, a2) ), 


and thus use [21] (with a slight additional argument if A and H are not 
both connected) to get an algebraic group G that is birationally equivalent 
to A X H and has the above composition as group law. If we map H into 
_G@ by associating to any h, € H the point of G which has the effect on A X H 
of moving aX h into aX (h-+4A’,), it is clear that G becomes a central 
extension of H by A. Commutativity of G will correspond to symmetry of 
the factor system f, and the factor system f itself can be recovered from the 
cross section o: A -> G defined by o(a Xh) =a 0 (a legitimate definition, 
since the map from A X H to G is biregular at almost all a X h, and we can 
use the regular operation of H on both A X H and G to translate by —h). 
Thus there is a one-one correspondence between cross sections of elements of 
Ext (A,H) and symmetric factor systems f: AX AH. 

If GE Ext(A,H) admits the cross section o: A—> G, then for any 
rational map u: À — H we have a cross section o’ defined by o'a == oa + ua; 
conversely, any cross section go’: A> & is of this form. We get fo-(a;, a2) 
= fo (r, Q2) + ud, + uag—u(d,-+a,). The factor systems from À X A to 
H form a group and those of the form (@,, a) — ua; + ua; — U (a; + ae), for 
some rational map u: A— H, form a subgroup, the group of trivial factor 
| systems; the quotient group is the group of classes of factor systems. 
GE Ext(A,H) corresponds to the trivial class if and only if there exists a 
cross section o: A —> G such that fe=0; thus o(a,-+ a.) = ot, + oa, and 

we get G=A XH. | 
| Let G € Ext(4,H) admit the cross section a: À — G and let 7: G— À be 
the canonical homomorphism. Then for any g € G, the map a — o(a + rg) — g 
is another cross section, which proves, in particular, that a cross section can 
be found that is defined at any given point of A. Let ¢: A’->A be a 
rational homomorphism such that o is defined along each component of 4A’. 
If = ġ*G is taken to be a subgroup of A’ X G in the standard way, the 
map o’: aa’ X oda’ is-a cross section a’: A’—> G’ and the corresponding 
factor systems fo: A X À — H and for: A’ X A’ — H are related by fo(ay’, a2’) 
— fo ($, ba’). Similarly, if we have a rational homomorphism y: H— H’ 
and G” — yG is taken to be a quotient of G X H’ in the standard way, the 
map o”: 4— @ obtained by first mapping a into oa X 0 is a cross section 
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and the factor system for: AX AH is given by for (ai, a2) == yfo (tr, a2). 
It follows that if G., @,¢€ Ext(A,H) correspond to factor systems f, fo: 
AX 4—> H, then G,-+ G, corresponds to the factor system fı -+ fe. 


Proposition 8. If A,H are commutative algebraic groups, then the 
subset of Ext(A,H) consisting of those extensions which admit cross sections 
is a subgroup, naturally isomorphic to the group of classes of symmetric factor 
systems from AXA into H. If H is connected and linear, this subgroup 
is all of Ext(4,H). | 


Only the last statement remains to be proved, and this follows from the 
cross section theorem [12, Th. 10]. Note that if A is an abelian variety and 
H is anv connected commutative algebraic group, then ail factor systems from 
À X À to H are symmetric: this comes from the fact that all extensions of H 
by A are commutative [12, Th. 13, Cor. 2]. 


3. Principal fiber spaces. For the convenience of the reader, as well 
as to fix terminology, we recall some concepts familiar in topology. Let H 
be an algebraic group that operates regularly on an algebraic set B, the 
operation being indicated by (hk,b)— bh". B is called a principal space 
with respect to H [22] if the subset cf B X B consisting of all points b X bh 
is closed and if there is an everywhere defined rational map 0 from this 
subset into G such that 9(b X bh) =A. If, in addition, we have another 
algebraic set V and an everywhere defined surjective rational map m: B— V, 
then B (more properly the triplet {B, V,r}) is called a principal fiber space 
over V with group H if, for any b£ B, m*(rb) is precisely the orbit bH 
and if, for any v€ V, there exists a rational map o,: V —> B, defined in some 
neighborhood of v, such that wo,==identity. It is clear what is meant by 
isomorphic principal fiber spaces. If the local cross section e: VB is 
defined on the nonempty open subset U of V, the map v X h— (ov)h is 
clearly & biregular birational map between U X H and wU. In particular, 
if V is irreducible, then it is the variety of H-orbits on B, in the sense of 
[12, Th. 2]. If {U:},., is a finite open covering of V and o;i: V->B is a 
cross section that is everywhere defined on U; then, for v€ VU, NU, we have 
(ov) hy = (ojv)h; if and only if hi == (sv)h;, where sy: V — H is the rational 
map, regular on VU; NU; defined by syv == 0 (ow, op), and sisi = Sy, for all 
1,j,k€ I. Conversely, such an open covering {Ui};er of V and regular 
rational maps sy: Ui N U;—> H satisfying sisy == Siy for all i, j, k € I give rise 
to a principal fiber space B == |]J zer Ui X H, with the points v Xhu EU; X H 
and vj X hje U;X H identified if and only if v=o; and Iu = (siv) h; 


19 
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H operating on B by the rule (A, v; X hi) > v: X Ash and ru X hu) = v 
(this is the definition of Weil [19]). As usual, two sets of transition func- 
tions {sy} and {sy} with respect to the same open covering {U,},,., of V give 
rise to isomorphic principal fiber spaces if and only if there exist everywhere 
regular rational maps t: U;— H such that sy; == ¢;*s,;t;, and the isomorphism 
class of the fiber space got from {U4 sy} is not altered by passing to a refine- 
ment of the covering {U;} and using the same {sy}. Thus (cf. [5, pp. 40 ff.]) 
the classes of principal fiber spaces aver V with group H can be identified 
with the elements of. the cohomology set H*{V,&), where Y is the sheaf 
of germs of locally regular maps from V into H. If H is commutative, we 
have the usual commutative group structure on H*(V,&#) [15]. 

The simplest example of the preceding is the case of an algebraic group 
G and a connected solvable algebraic subgroup H, H operating on G by the 
rule (h,g)—>gh*. If ~ is the natural map from G to the left coset space 
G/H, then by [12, Th. 10] there exists a rational cross section o: G/H > G. 
If o is regular on the nonempty open subset U of G/H and g€ G, then the 
map v->g“o(gv) is a regular cross section on gU. The various sets g?U 
cover G/H, so G is indeed a principal fiber space. 

Let A,H be commutative algebraic groups with H linear and connected. 
Any extension of H by A is a principal fiber space over A with group H, 
hence we have a well-defined map Ext(4,H)— H(A, H), & being the 
sheaf of germs of locally regular maps from A into H. If A’ is another 
commutative algebraic group and ¢: A’->A a rational homomorphism, we 
have induced homomorphisms ¢*: Ext(A,H) > Ext(A’,H), 6%: H1(4, 4) 
-> H*(A’, X), and it is clear from the definition of ¢* that the diagram 


Ext (A, H) > H(A, %) 


Ext (A’, H) -> H(A, H) 


is commutative. (Cf. the cross section arguments immediately preceding 
Prop. 8.) Similarly, if H’ is another connected commutative linear algebraic 
group and y: H— H’ a rational homomorphism, we have induced homomor- 
phisms yy: Ext(A,H)— Ext(A,H’), y’: H(A, Y) > H(A, H’), and it 
follows directly from the definition oë the former that the diagram 


Ext(A, H ) > H(A, H) 


Ext(A, H’) > H*(A, W’) 
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is commutative. Referring to the definition of addition in Ext(A,H), we 
conclude that the map Ext(4, H) —> H'(A,#) is a homomorphism. 


PROPOSITION 9. Let A, H be commutative algebraic groups with H linear 
and connected and let & be the sheaf of germs of locally regular maps from 
A into H. Then the canonical map 


Ext (A, H) > HE (4, %) 
is a homomorphism. If A is an abelian variety, the map ts injective. 


Al. but the last statement is known. So suppose A abelian and that 
GE Ext(A,H) gives rise to the zero cocycle. Then there is an everywhere 
regular cross section g: A—> G, and we may assume that og: 0-0. The 
complete subvariety oA of G generates an abelian variety, so « must be a 
homomorphism. Hence G is trivial. | 
The homomorphism of Prop. 9 is natural in the sense that the com- 
mutative diagrams in the paragraph preceding it hold. In particular, if H 
is a vector group, the homomorphism is a vector space homomorphism. Note 
that if H = Ga then & is the sheaf of local rings @u. 


Lemma. Let À be an abelian variety, H a connected commutative linear 
algebraic group each of whose elements is unipotent, and B the sheaf of 
germs of locally regular maps from A into H. Then each translation on A 
leaves fixed each element of H*(A,&). 


The meaning of this is the following: Any é€ H*(A,#) is determined 
by an open covering {Ui};.7 of A and rational maps {S4}; jez from A to H, 
each sy being regular on U; N U; such that Sy -+ Si = S For any g€ A and 
any rational function f on A, define the translated function Agf by A.f(a) 
== f(a— ax). The open covering {al/;} of A and rational maps {Asi} deter- 
mine another element of H? (A, &) which depends only on é and which we 
denote aé. We have to show that A,é = é. 

The lemma is trivial if dim H =0. Let dim H ==1; then H = G, 
and H1(A,&%) =H (4A, Oa), a finite dimensional vector space over the 
universal domain (using, for example, [15, §66, Th. 1} and the projective 
embeddibility of À [20]). For each a€ A, À, is a linear transformation on 
H(A, O4) ; let Aa be the matrix of A, corresponding to a fixed basis &,---,&- 
of P(A, O4). The map a«— A, is a homomorphism (not a priori rational) 
from A to GL(r). Take an open covering {U;} of A, sufficiently fine so that 
s’ - cér can be represented by sections {s;;)},- - -, {s{9} regular on the 
respective U; N U;’s, and let k be a field of definition for A and each s4 such 
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that each U; is k-open. Then each Asép is represented by a covering of A 
by k(a)-open subsets and sections defined over k(a@). By the unicity of the 
matrix A, and the algebraic nature of the cohomology, A, must be invariant 
under all &(«)-automorphisms of the universal domain, hence must be purely 
inseparable over k(a). Take a generic for A over & and let q be a sufficiently 
high power of the field characteristic (g—1 if the latter is 0). Then the 
matrix A,® (whose terms are the g-th powers of those of Aa) is rational 
over ka) and a—A, defines g rational map from A to GL(r); by 
[12, Th. 3] this is a homomorphism, hence trivial. Thus A,é=& for all a, — 
completing the proof for dim H==1. Note that the same argument shows 
that each translation on A leaves fixed each element of H"(4, 64) for any 
m = 0. 

Now take dim H > 1 and use induction. Let H, be a connected one- 
dimensional algebraic subgroup of H. The sheaf &, of germs of locally 
regular maps of A into H, is a subsheaf of 9 and, since H is a fiber space 
over H/H, the quotient sheaf 9{/9/, can be identified with the sheaf of 
germs of locally regular maps of A into H/H,. The exact sequence 


O> HY, > — YA 
gives rise [15, §24, Prop. 6, Cor. 1] to the exact cohomology sequence 
H°(A, 9) > H(A, H/H) > H*(A, H1) > E (4, H) >H (4, X/H). 


Note that translation by an a€ A induces an endomorphism A, of each of 
the above cohomology groups, these endomorphisms being allowed with respect 
to the above exact sequence, i.e. producing the usual commutative diagram. 
Now H° (A, 2) consists of all everywhere regular maps from A to H. All 
such maps being constant, H°(A, %\ is isomorphic to H, and similarly 
H(A, X/A) is isomorphic to H/H,. Thus H°(4, Y) —> H° (A, Y/24) is 
surjective and we have the exact sequence 


0> H*(A, H) > H*(A, H) > H(A, X/A). 


Let é be a fixed element of H1(4,%). Letting + be the last homomorphism 
above, for any «€ A, our induction assumption gives Agré == ré, 80 7(AgE— é) 
=Q, i.e., Aå — éE H(A, #1). For any BE À, Ag(AgE—&) = oé — é, 80 the 
map œ—>Aé—# is a (purely group-theoretic) homomorphism from A to 
H*(A,H,). Since X, is isomorphic to Oa, H*(A, 9f,) is a vector space 
with a basis &,,---+,&. Choose an cpen covering {U:} of A so fine that 
Ss ° *,&,€ can be represented by sections {0}, - +, {si}, {sy} regular 
on the respective UN Ujs (into Wa, : -,H,,H respectively), and let k be 
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a field of definition for everything here. Writing Aé — é= (a) +: 
+ c,(x)&,, for suitable (unique) constants c,(a@),° * -,¢-(a), we see as before 
that ¢,(@),---+,¢-(%) are invariant under all k(a)-automorphisms of the 
universel domain, hence are purely inseparable over kia). Again taking a 
to be generic for A over k and q to be a sufficiently high power of the field 
characteristic (or 1 if the characteristic is 0), we have (c;(«))}1€ h(a) for 
v==1,---,7 Again by [12, Th. 3] «—> (¢;(«) )2is a rational homomorphism 
from A into Gg, hence trivial. Thus each ¢,(¢) =0, completing the proof 
that A é == é. l 


THEOREM 1. Let A be an abelian variety, H a connected commutative 
linear algebraic group each of whose elements is unipotent, and S the sheaf 
of germs of locally regular maps from À into H. Then the canonical homo- 
morphism 

| Ext(4,H)— H1(4, 4) 
is bijective. 

Injectiveness has been proved in Prop. 9, so it remains only to show 
that any principal fiber space over A with group H can be endowed with 
the structure of an element of Hxt(A,H#) in a manner consistent with the 
fibre space structure. Let V be such a principal fiber space, m: V — A the pro- 
jection. Define a translation on V to be a biregular map T: V—V such 
that (T's)h==T (vh) for all ve V, hE H and such that 77% — rv is constant 
(i.e. T is a bundle map lifting to V a translation on A). The translations 
on V form a group, the set of maps of the form v— vho, for fixed h€ H, 
a subgroup. The lemma says merely that any translation on A can be lifted’ 
to one on V; thus the group of translations on V is transitive. Now suppose 
that T is a translation on V possessing a fixed point. Then Tv = rv for 
all ve F, so if 8 is the map of the locus of vx vk on V X V such that 
O(v X vk) == h, we have 8 defined at Tv Xv. But 6(T(vh) X vh) = 0(Tv X v), 
so there exist a rational map ¢: À — H such that 6(Tv X v) = rv. Since 
V is lecally a direct product and the map v —> 6(Tv X v) is everywhere defined, 
so is the map ¢; hence ¢ is a constant, which can only be zero, so Tv =v. 
Thus there exists one and only one translation on V carrying any one given 
point into another. Fix a point e€ V such that re—0. For any ve V, 
denote ky T, the translation on V satisfying T,e==v. The one-one corres- 
pondence v-> T, puts a group structure on V having e as identity element, 
and we have to show that this group structure is algebraic. Let & be an 
algebraically closed field of definition for V, H, A, the operation of H on V, 
and + such that e is rational over k. Let w be a generic point of V over k 
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and k(x) the smallest overfield of k which is a field of definition for 7’, ?; 
then k(x) is a regular extension of œ containing k(w) and (since Tw is 
unaltered by any &(w)-automorphism of the universal domain) purely insepar- 
able over &(w). Hence we have a variety À and generically surjective rational 
maps 7: X -> V, b: X X V — V, all defined over k and the former purely 
inseparable, such that if x X v is generic for X X V over k then k(x) is the 
smallest overfield of k that is a field of definition for Trs and œ (s X v) = Trav. 
We have k(x, Trev) == k(x,v), and if y is generic for X over K(x,v), then 
Tr2(Tryv) == Trav for some generic point z of X over k, z depending only on 
z and y (conditions TGI and TG?’ of [21]). By Prop. 2 of [21], X isa 
pregroup with respect to the composition law «xk y—2 and V a pretrans- 
formation space for X with composition law «xX v- Tv. Without loss of 
generality, we may suppose that XY is already an algebraic group. Now for 
any æ€ X, the map v->¢(e Xv) is a translation on V, since this is so 
whenever x is generic for X over k, and similarly, any translation on V comes 
in this manner from an element of XY. But there exists a nonempty open 
subset of V which is biregularly equivalent to an open subset of a birational 
model of V on which XY operates.regularly and the translates of this open 
subset of V cover V. Hence X operates regularly on V: For x X v generic 
for X X V over k, we have ẹ(z Xv) = Tv: hence ġ(x X e) = Triste ra. 
Thus r is everywhere defined and the equation (x X v) = Trav holds for all 
zE X, vE V;7 is thus a homomorphism, one-one since it is purely inseparable. 
The rational homomorphism wr: X — A has as kernel all x € X for which Tre 
is a translation by an element of H; the kernel being commutative and A 
abelian, X is commutative. Let 2,y be independent generic points of # 
over k. Then r(ry) = Tr2(r1y) is rational cver k(z,ry). Since sy = yz, 
we get k(r(zy)) Ck(a, ry) Nk (ra, y) = k(rz, ty). (For the last step, let 
{é:}, {nj} be bases for k(x) /k(7x) and k(y)/k(ry) respectively, with é == m7: 
== 1, and use the fact that {&m,;} is a basis for k(x,y)/k(rx,ry).) Thus Tre 
is defined over k (rg), so k(rx) = k(x) and + is birational, hence also biregular. 
Map H into the group V by the rule h->eh. The group law on V agrees 
with the operation of H on V and v is now a separable rational homomorphism 
with kernel H, completing the proof. 


*The main point of the rest of the proof is to show that-&(2) is actually k(w). 
A proof different from the one that follows can be constructed by sharpening the lemma 
to bring in fields of rationality; we would reed a result stating that a bounding cocycle 
that is rational over a certain field is the boundary of a cochain rational over the same 
field. But this would involve a lengthy re-working of parts of [15] and would take us 
too far afield. 
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The main point in the above proof, to the effect that any principal fiber 
space over the abelian variety A with group H is a group extension of H 
by A, is well known to be false if H is the multiplicative group Gm, and 
counterexamples can also be given if H is connected and unipotent, but not 
commutative. 


4, Extensions of Ga by an abelian variety. If A is an abelian variety, 
the group Ext(A, Ga) has the structure of a vector space (over the universal 
domain), isomorphic to H*(A,@a). The following proposition will settle at 
the beginning all rationality questions. 


Proposition 10. Let A be an abelian variety that is defined over k. 
Then the elements of Ext(A, Ga) arising from extensions of Ga by A that 
are defined over k span Ext(A, Ga). Furthermore, any number of such 
elements are linearly dependent only if they are linearly dependent over k. 


Let U== {Ui} ,., be a finite open covering of A by affine subsets that are 
defined over k. Then H1(4,G4) and H'(U, O4) are isomorphic [15, § 47, 
Th. 4], so any element of H*(A,@a) can be defined by a cocycle for the 
covering U, i.e. by a set {fi}, jep Where fy is an everywhere regular function 
on UN U; and fir = fyt fix for all 1,7,4€ I. Each fi; has all its poles on 
a k-closed subset of A, hence [17, Th. 10, p. 239] is a linear combination 
with constant coefficients of elements of &(A). Choose constants g, : +, ay 
that are linearly independent over k and functions fy €k(A) (i, JET; 
v= l,- --, N) such that fy = Dra" af, for all 4,€ 1. Then fy” is 
everywhere regular on Vi NU; and for each v—1,:--,N, {fy}, ,¢7 is a 
cocycle for the covering U of 4. Thus H'(A, Ü4) is spanned by those of its 
elements that come from principal fiber spaces over A with group G, that are 
defined over k. For any such fiber space V, we may choose a point e€ V 
lying over 0€ A that is rational over k and get an algebraic group structure 
on V having e as identity element and consistent with the fiber space structure ; 
by the proof of Th. 1, this group structure is unique, hence invariant under 
all k-automorphisms of the universal domain, hence defined over a purely 
inseparable extension of k. (Actually, this group structure can be shown to 
be defined over k; cf. footnote 2). This proves the first statement of the 
proposition if & is algebraically closed. For any k, any extension of G, by A 
that is defined over k possesses a cross section that is defined over k (G 
having k as a field of definition for its solvability), hence is describable by a 
factor system f: À X A—G, that is defined over k. We have proved that 
lixt(A, Ga) is spanned by elements associated with factor systems f: A X A 
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— G, that are defined over the algebraic closure of k. But for such an f, 
we can write f= Y$ asf, where {x,} is a finite set of quantities that are 
linearly independent over k and where each f, is a function on A X À that 
is defined over k. Writing down the equation f satisfies as a factor system 
and using linear Cisjointness, we get that each f, is a factor system, which 
completes the proof of the first statement. It remains to show that if 
fa,” © -fr are factor systems from À X À to G, that are defined over k and 
if there exist constants c,,: > `, Cr not all zero, such that Ñi- cf; is a trivial 
factor system, then such constants c:,: ° -,c, may be found in k. For this, 
suppose Dir Cifi(@, Go) =u (01) + U (a2) —u(a + a2), where u is a rational 
function on A. Each f; being defined over k, hence having poles that are 
algebraic over k, we get that all the poles of u are algebraic over k. Hence 
there exist constants d,‘ > -,d, and functions w,,:--,%, on A that are 
defined over k such that u == Sin? dus Let a, © -,ay be a basis for the 
vector space over & spanned by ¢1,: ` +, Cr, di, © +, dg and write ci == Dja ca, 
for t==1,---+,r and dé SN dya; for t= 1," - -,8, with each ci; and diy 
in k. Linear disjointness gives 


Diet” Cijfi (Qi, 02) = Dia dy (Ui (Qi) + wi (de) —ui(ai + a) ) 
for each 7, completing the proof. 


Lemma 1. Let H, N be connected algebraic subgroups of the algebraic 
group G, with N normal în G, G=HN, and HON finite. Then the 
restriction to H of the natural homomorphism G— G/N is an isogeny whose 
degree is the Kronecker index I(H-N). 


By [12, Prop. 2] we have an isogeny, the inseparable part q of whose 
degree is given by H-N—qg(HMNNi. To get the lemma, note that the 
separable part of the degree of this isogeny is the number of points in HNN. 


Lemma 2. Let the algebraic group G be an extension of (Ga)” by the 
abelian variety A and let the field characteristic be p340. Then G= (G,)"B, 
where B is the maximal abelian subvariety of G, and (Ga) O B is finite. 
Furthermore, there exists an isogeny A® -> B (A®) being the abelian variety 
got from A by taking p-th powers of coordinates) which composes with the 
natural isogeny B-> A (restriction to B of G-> A) to give the map a®) — pa. 


Let +: G— A be the natural homomorphism, c: A —> G@ a rational cross 
section, k a field of definition for everything, and a a generic point of A 
over k. The map a— poa is clearly independent of the choice of the cross 
section o; since there exists such a o that is regular over any given point of 
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A, we have an everywhere regular map 4 — B, B being the image of & under 
the homomorphism g— pg. B is clearly the maximal abelian subvariety of 
G, (Ga O B is finite (being both complete and linear), and G == (G)"B 
(by dimensions). But according to the theory of symmetric functions [18, 
Lemma 4, p. 18], the point poa is rational over k(a®)), hence we have a 
homomorphism y: AP —> B and 7rya == rpoa = pa. 

Note that the homomorphism ¢: A® — A defined by da” == pa induces 
a homomorphism ¢*: Hxt(A, Gae) > Ext (AP, Ga), and Lemma 2 is prac- 
tically equivalent to the statement that #*—0, Note also that nothing like 
the lemma is true in characteristic zero, for in that case, any finite subgroup 
of (Ga)” consists of 0 alone and the lemma can apply only to the trivial 
extensicn. 

Let G be an extension of the vector group H by the abelian variety A. 
We call G decomposable if we can write G == G, X H’, where G, is an exten- 
sion cf a vector subgroup H, of H by A and H’ is a vector subgroup o: H of 
dimension > 0; otherwise G is indecomposable. 


LEMMA 8. Let A be an abelian variety, H a vector group of dimension 
greater than A, and G an extension of H by A. Then G is decomposable. 


Let dim H =n, dim Á =r <n, and first suppose that everything is 
defined over a perfect field k of characteristic ps40. If a is generic for A 
over k, then [k(a): k(pa)] = p” and [k(a): k(a®))] = p”, so [k(a®): k(pa)] | 
=p”. By Lemma 2, G== HB, B being the maximal abelian subvariety of G, 
and the isogeny B— A has degree dividing p”. Using the symmetry in Lemma 
1, we obtain that the isogeny H — G/B also has degree dividing p”. Now use 
Prop. 8 to find linear coordinate functions %,° ° ‘En On H and additive 
coordinate functions Y1, * °,Yn on G/B such that H-+G/B is given by 


yı = tP + (a p-polynomial in k{x] of degree < p”), t= 1, - -,n. 


The degree of the isogeny H — G/B is p”: - - p< p” < p”, so at least one of 
the rs, say va, is 0. Then y,—2,. Let H” be the vector subgroup of H deter- 
mined by z ==' : `= z == 0, H, the vector subgroup determined by s, = Q, 
and Gi = H.B. Then G == G H” and the homomorphism H'— G/G, (which 
can be decomposed into H’ —> G/B-—-> (G/B)/(G./B)) is given by æ— t, 
i.e. is & biregular isomorphism, so G == G, X H’. 

It remains to consider the case of characteristic zero. For simplicity, 
and also to illustrate the connection of the present theory with that of dif- 
ferentials of the second kind, we assume, as we may, that the universal 
domain is the field of complex numbers and give an easy transcendental 
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proof. Let w be an invariant differential (of degree one) on G and o: A > G 
a rational cross section. The induced differential o*w on A is closed, since 
w is. If os’: AG is another cross section then o’a=oca-+ fa, where 
f: A—H is a rational map, and conversely, any such f defines such a o’. 
We know that o’*» = o*w-+ f*w (e.g. see the last paragraph of [18]; here 
(f*w) (a) —w(fa)), that f“o is exact {coming as it does from an invariant © 
differential on H), and for any PE A, such a o exists that is finite at P; 
thus o*w differs by an exact differential from a differential that is regular 
at P, i.e. o*w is of the second kind. ‘The dimension of the space of 
invariant differentials on G exceeds the first Betti number of A (dim @ 
=n+ty>2dimA), so there exists an invariant w=£0 on G such that o*w 
has zero periods. o*w is thus exact. Also, the differential induced on H 
by w is not zero (for then œ would come from en invariant differential on A, 
which would have to be zero), so we can modify ø to obtain o*w=—0. Taking 
a suitable translate of oA, we get a subvariety W of G that passes through 0, 
maps into A in a generically surjective fashion, and has the differential zero 
induced‘on it by œ. These same facts are then true of the algebraic group 
G, generated by W (again use last paragraph of [13]). In particular, 
G, Æ G, and if we set H, = G, N H, H a vector subgroup of H complementary 
to H,, we get G = G, X H’. 


PROPOSITION 11. Let À be an abelan variety. Then there exists a 
vector group H of dimension = dim À and un indecomposable extension T 
of H by A such that any indecomposable extension of a vector group by A is 
isomorphic to the quotient of T by a vector subgroup of H. Furthermore, if we 
associate to each linear functional y: H-> Ga the extension Yar € Ext(A, Ga), 
we obtain a vector space isomorphism between the dual space of H and 
Ext (A, Ga). 


Suppose fi: À X A— Ga i==1,:-+°,n, are factor systems. Then we 
get a factor system f: À X A — (Ga)” by setting 


f (1,42) = (fi (Gi, Ge), © *, Fn (Qi, t2) ), 


and this can be considered as a factor system from A X À to a vector group 
of dimension n with a fixed linear coordinate system. Hence f,,: - -,f, give 
rise to a well-defined extension @ of an n-dimensional vector group by A, 
and clearly any such extension G can be so obtained. We do not alter G by 
adding to any f; a trivial factor system, nor are the isomorphism class of G 
and the vector group structure of its maximal connected linear algebraic sub- 
group changed by juggling fı: > -,f, by a nonsingular linear transformation 
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with constant coefficients. If fa==0, then G is the product of the extension 


of an (x —1)-dimensional vector group by A determined by f,,:- +, fna and 
the vector group Ge, i.e. G is decomposable, and conversely, if G is decom- 
posable, then some nontrivial linear combination of f,,:--:,f, must be a 


trivial factor system; thus G is indecomposable if and only if the elements 
of Ext (4, Ga) determined by f,,- © +, fn (cf. Prop. 8) are linearly independent. 
The previous Lemma 3 now gives dim Eixt(A,G@,) = dim À. If we construct 
an extension of a vector group by A by means of a set of factor systems 
corresponding to a basis of Ext(4, Ga), we get an indecomposable extension 
T of maximal dimension. It is now trivial to verify the various contentions 
of the proposition for this T. 


Remark. It will be shown shortly (Th. 3) that equality holds above, i.e. 
dim H = dim 4. Reference to the proof of the previous Lemma 3 shows 
that this equality, in the case of characteristic zero, implies that the dimen- 
sion of the vector space of simple differentials of second kind on A modulo 
exact differentials is 2 dim A. In the case of characteristic p =£ 0, on the other 
hand, if we write [= HB, B being the maximal abelian subvariety of T 
we deduce that the isogeny A® -> B of Lemma 2 is actually a biregular 
isomorpaism and that the covering B->A is exactly like A® — A, with 
a) — pe; furthermore, each of the n; in Lemma 3 must equal 1, so that there 
exist linear coordinate functions z,,° - -,2, (n==dimA) on H and additive 
coordinate functions %:1,° : °,%, on T/B so that the isogeny H->T/B is 
given by 


Yi = TP + Cyt, +: + inlay i= Jl,---,, all cy constant. 


Finally, we note that in certain problems, we may not be interested in any 
specific vector group structure of a subgroup but merely in what we may 
call the splittabslity of an element G € Ext(A, (G,)”), i.e. in whether or not 
G possesses a direct factor Ga, i.e. in whether or not G is indecomposable for 
all admissible vector group structures on (G,)”. Splittability can thus differ 
from decomposability only if v > 1 and we have characteristic p40. In this 
case, if we write G==(G,)"B (with B abelian) and apply Prop. 4 (instead 
of 3) to the homomorphism (G,)"— G/B, we get G splittable if and only 
if the a, of Prop. 4 is zero, i.e. if and only if the Lie algebra map corres- 
ponding to (G.)’—> G/B is not trivial; thus G unsplittable for v> 1 means 
that the Lie algebra of (G,.)” is contained in that of B. In particular, if 
dim A > 1 then the I of Prop. 11 is splittable except when all the above ci; 
are zero, a very special case since it implies BM H ==0, and hence that A 
possesses only one point of order p. 
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Let C be a complete nonsingular curve. For the convenience of the 
reader, we give a brief account of the cohomology group H*(C,@o). Any 
element of this group is determined by an open covering {Ui}, , ,of C and a 
subset {fi};,j5er Of Q(C) (Q being the universal domain) such that each fi, 
is everywhere finite on U; N U; and fig — fi + fig = 0 for all 4,7,k€ I. Thus 
we can find {fi} iez such that ji f;— 7; and conversely, any set {Us fi}; 7, 
where {U;} is an open covering of C, {7;} C Q(C), and each f; —f; is without 
poles on UN U; will produce an element of H*(C,@c). To such a set 
{U;, fi} associate a repartition {tp}p_eg of Q(C) (cf. [4]) such that fi —7rp 
is finite at P whenever PEU, Deroting by Q(C)* the vector space of 
repartitions of C and, for any divisor X of C, by ¥*(M) the subspace con- 
sisting of repartitions that are everywhere locally multiples of —%, we map 
{rp} canonically into 0(C)*/¢*(0) +Q(C). One verifies directly that the 
resulting map A?(C, Oc) ~Q(C)*/¥¢*(0) + Q(C) is well-defined and an 
Q-linear bijection. If the genus of C is g, we deduce that dim H*(C, Oo) =g. 
Furthermore, if P,,---,P, are distinct points of C such that the divisor 
P,+--+-+P, is nonspecial (such points can always be found), then 
Q(C)* = €*(P,+:-->-+P,) +(C), so that a basis of H*(C, Oo) can be 
obtained from g repartitions the t-th of which (t==1,: - :,g) is everywhere 
finite except for a simple pole at P4. 


THEOREM 2. Let C be a complete nonsingular curve and p: C—J the 
canonical map of C into tts jacobian variety. Then the associated cohomology 
map | 
¢*: H*(J, Os) — HP, Oc) 


ws bijective. 


By Th. 1, the canonical map Ext(J, Ga) — H* (J, Oz) is bijective, so we 
need to prove bijectivity for the composed map Ext(J, Ga) > H! (C, Oc). 
But if g is the genus of C, then dim H1(C, Oo) =g and dim Ext(J,G.) Sg 
(Prop. 11), so only surjectivity need be proved. We shall do this by showing 
that for any P € C, there exists a J’ € Ext(J, Ca) which produces an element 
of H*(C,@c) corresponding to a repartition of C that is everywhere finite 
except for a simple pole at P. Assume, as we may, that g > 0, let k be a 
field of definition for C, J, and @ over which P is rational, and let o be the 
local subring of &(C) consisting of all functions of the form 


(element of k) + (element of &(C’) of order = 2 at P). 


Let J’ be the generalized jacobian variety of C corresponding to o, r: J’ J 
the natural homomorphism, and let ¢’: C —> J’ be the canonical map, all defined 
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over k and with ¢’ no-nralized so that r¢’==¢ (cf. [9]). Fix an element 
t€k(C') of order 1 at P; then t is a basis for 5/0 (0 being the integral 
closure of o in &({C)) and the map a—d’((1-+at)) (a constant) is a 
biregular isomorphism between G, and the kernel of + [9, Th. 11]. Thus we 
can consider J’ € Ext(/, Ga). The element of H+(C,@c) determined by J’ 
is given by the G,-principal fiber space W ==r (pC). The map ¢’: C-J’ 
gives a cross section of W that is regular except at P. To obtain a local 
cross section valid in a neighborhood of P, first note that if x is a quantity 
that is transcendental over k, then the divisor (4), of C is rational over k(x) 
and any k-specialization æ— c admits a unique extension to a k-specialization 
(x, (t)2) — (c, (t)-). Hence if p is generic for C over k, the positive divisor 
(t): — p specializes uniquely to (¢},—P over the k-specialization p— P. 
Now define a rational map #: C—> Jd’, defined over k, by the rule 


yp == p (p— (t—t(p))) (=p (p— (t)i + (t)a))- 
Since the divisors (#). and (t)o— P are both independent of P, we deduce 
that the k-specialization p—> P can be extended to a specialization of wp 
into some point of J’. Thus y, which is clearly a rational cross section of W, 
is regular on an open neighborhood U, of P. The fiber space W is thus 
determined by the open covering of C by U, == C -——P and U, and the single 
transition function fo =y — g. But 


yp — p p= p (— C —t(p))) =— p (A --t/t(p))) =1/ (p) € Ga. 
This cohomology class is represented by the repartition of C that is 1/4 at 
P and 0 elsewhere, which completes the proof. 

Note that the above cohomology map ¢* remains unchanged if ¢ is altered 
by a constant translation on J; this is clear from the proof, and also follows 
from the Lemma to Th. 1. 








Lemma 1. Any abelian variety is the image of a direct product of 
jacobian varieties under a separable rational homomorphism. 


For any variety V of dimension > 0, simple point PE V, and tangent 
vector r to V at P, one can find a curve O C V that has a simple point at P 
and is tangent to 7: it suffices to take V to be a variety in affine space and 
then intersect it with a suitably general linear subspace of the correct 
dimension passing through P and r. Given the abelian variety A, find 
curves (,,:--,C, on 4 that have simple points at 0 and whose tangent 
spaces there span the tangent space to A at 0. Consider the canonical map 
Ci Ji of each C; into its jacobian variety. The injection C;— A factors 
into C;— J;— A, each map J; 2A being a rational homomorphism. Hence 
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we have a rational homomorphism from Jı X: - - J, into A whose corre- 
sponding Lie algebra map is surjective. This last homomorphism is thus 
both surjective and separable. | 


LEMMA 2. If H ts a finite commutative group, then the vector spaces 
Hom(H, Ga) and Ext(H, Ga) have a common dimension, this being zero in 
the case of characteristic zero and the number of generators of H/pH if the 
characteristic is p50. 


We may assume H to be cyclic of order q”, where q is prime and n > 0.. 
It q is not the field characteristic, then Hom(H,G,) —0 since G, has no 
element of order q”, and Ext(H, Ga) = 0 since Ge is divisible by q”. So let 
q equal the field characteristic p540 and let ¢ be a fixed generator of H. 
Each element of Hom(H,G,) is determined by the image of ¢ in Ga, so 
dim Hom (H, Ga) —1. On the other hand, if GE Ext(H,G,) and VEG is 
in the inverse image of ¢, we have p"t’€ Ga, and pi’ does not depend on the 
choice of #’. One verifies directly that the map Ext(H,G,.)— G, defined by 
G— pt’ is a vector space isomorphism, so dim Ext(H, G,) —1. 


THEOREM 8. For any abelian variety A, dim Ext(A, Ga) = dim A. 


We already know that dim Ext(A,@,) < dim A (Prop. 11) with equality 
holding in the case of jacobian varieties (Th. 2), hence also for direct products 
of jacobians (Prop. 5, Cor.). Using Lemma 1, we are reduced to showing 
that if A is an abelian variety for which the theorem holds and B an algebraic 
subgroup of A, then the theorem also holds for A/B. Such being the case, 
Prop. 6 gives the exact sequence 


Hom (A, Ga) — Hom (B, Ga) > Ext (A/B, Ga) > Ext (A, Ga) > Ext (B, Ga). 
But Hom (4, Ga) = 0, so 
dim Ext (B, Ga) — dim Ext (4, Ga) + dim Ext(4/B, Ga) 
— dim Hom (B, Ga) Z 0. 
Now the component of the identity B, of B is an abelian variety, hence divisible, 
so we can write B = B, X H, where H is a finite group. Since dim Ext(B, Ga) 


= dim Ext(Bo, Ga) + dim Ext(H, Ga) and dim Hom(B, Ga) = dim Hom(B,, Ga) 
+ dim Hom (F, Ga) — dim Hom (H, Ga), Lerama 2 implies 


| dim Ezt (Bo, Ga) — dim Ezt (A, Ga) + dim Ext(4/B, Ga) = 0. 


But dim Ext(Bo; Ga) = dim Bo, dim Ext (A/B, Ga) = dim A/B, and we have 
assumed that dim Ext(4, Ga) — dim A. The fact that dim À = dim 4/B 
+ dim B, implies that all inequality signs above are actually equalities. 
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COROLLARY. If B is an algebraic subgroup of the abelian variety A, 
we have a natural exact sequence 


0— Hom (B, Ga) — Ext(A/B, Ga) > Ezt (A, Gae) > Ext(B, Ga) > 0. 


Appendix. 


We shall use freely the conventions of [6] and [9], together with certain 
results in [4]. 


Lemma. Let K be an algebraic function field of one variable that 1s 
separably generated over its constant field k, o a semilocal subring of K, and 
w @ differential of K. Then w ts an o-diferential of first kind if, whenever 
zE [o is à separating variable for K/k, we have SPrjrio = 0. 


Letting w, z be as above, for any repartition r of £(z) (hence also of 
K), we have (Sprjxze)a) (r) = w(r) = Xpresp ro, P ranging over all prime 
divisors of K/k. Thus Sipresp 7» = 0 for all repartitions r of k(z). In 
particular, for any prime divisor p of k(z)/k we have >, resp zw == 0. 
Suppose first that w has a pole at a prime divisor Q that is prime to the 
places of o. Then there exists an element 4€ K such that vo(t) 290 and 
reso tw 540. Fix an element a€ k that is distinct from Q(t), a separating 
variable 2, of K/k, and an integer n greater than the order of any pole of w 
and so large that any element of K cf order =n at each place of o is in o. 
Choose z€ K so that 


(1) v9(t—z) En. 
(2) vp(z—a) Zn if P is a prime divisor of o. 


(3) vup(z) 2n if P is a pole of w distinct from Q and prime to the 
places of o. 


(4) vp,(z— 20) >1 for some place P, of K that is not a zero of dzo. 


By (4), dz—dz, has a zero at Po, so dzy3*0 implies dz540, i.e. z is a 
separating variable for K/k. By (2),2€0. If g is the prime divisor of &(z) 
lying under Q and PQ a prime divisor of K lying over q, then (using 
the same letters P, Q, q to represent places) P(z) = Q(z) = Q(t) +40,0 ; 
by (2), we get P prime to the places of o and by (8), vp(zw) = 0. 
Thus È pq" eSP Zw == TeS Zw = TeSg tw £0, a contradiction; hence we can 
have poles only at the places of o. Thus for any z€ o that is a separating 
variable for K/k, we have Xp resp zo = 0, P now ranging over the prime 
divisors of 9. But if we add to any nonseparating variable a separating 
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variable, we get a separating variable, so the last equation holds for all z€ 9, 
precisely the condition that œ be an o-differential [6, Th. 8]. 


Remark. Even if K is not separably generated over k, a sufficient 
condition that w be an o-differential of first kind is that SPxryrçcw —0 for 
all z€o (the trace being understood to be zero if z€ k); this is shown by 
eliminating all mention of separating variables in the above proof. Con- 
versely, if w is ar o-differential of first kind and z€ o then we always have 
Spx/xtz)o == 0: this is part of the Lemma to Th. 1 of [9]. 

In the case where the universal domain is the field of complex numbers, 
the following result has been proved transcendentally in [9, §1]. 


PROPOSITION 12. Let C be a complete nonsingular curve, o a semilocal 
subring of functions on ©, 6: C-—>J the corresponding canonical map of O 
into its generalized jacobian variety. Then the associated map o—> ġ*w of 
differentials on J into differentials on C is an isomorphism between the space 
of invariant differentials of degree one on J and the space of o-dtfferentials 
of first kind on C. 


We may assume that the o-genus 7 of C is >0, for otherwise this is 
trivial. Let o be an invariant differential on J and let & be an algebraically 
closed field of definition for ©, the equivalence relation on O, J, 4, and w. 
Let z€ 0 N k(C) be a separating variable for k(C)/k and write k(C) = k(z, u), 
where u€ k(C) is separably algebraic over k(z). Let x be a quantity that 
is transcendental over k and write the divisor (z—-z) irredundantly as 
Pit LP, —Q,—. + '—Qn. (Pi) == 2, i=l, n, so each P, is 
generic for C over k; also each Q; is a pole of z, hence rational over k. Since 
2— x is a unit in o we have Pi +: - -+¢$Pa—¢Q,:+:-°°+¢Qn. By the 
last result of [13], for any point p that is rational over k(P,,- © -,P,), we 
have a differential w(p) of k(P.,- > -,P,)/k, and our last equation gives 
e(#P1) +: --+0($Px) —e(80) H i Hola). But for any i=1, 

`- n, we have w(¢P;) == (p*w) (P;) and w(pQ:) — 0, so (b*w) (Pi). +: : - 
+ (*w) (Pa) =0. For each i=1,---,n, k(P,) =k(2(P,),u(Pi)) 
=k(z,u(P:)), so each P;, hence also &(P,,---,P,) is separably algebraic 
over k(x); furthermore, P,,- © -,P, is a complete set of conjugates over k(x). 
Write p*w == ydz, where y€ k(C) =k(z,u). Then for i—1,: : -,n we have 
(p*w) (Pi) =y (Pi) dz(P;) = y(P;) dz, so y(P,)dx +: : -Ly(P,)dz=0, ie. 
Spx (P.)e(2) ¥ (P1) dx — (0, In other words, S Dz(0) /k(2) P*w == 0, proving that 
*w is an o-differential of first kind. Now consider the sequence of rational 
maps (UT (Cm J (CT and CM being the direct and symmetric products, 


i 
i 
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respectively) given by XX pratt Da —> bps + -+ pr. 
For pı’ ` *, px independent generic points of C over k, we have 


(bp +: : + ppr) = (dpi) +: +--+ o(ppr) 
: = (¢*w) (pr) +: © -+ (bu) (pr). 


Since the map Cr J is generically surjective and separable, w540 implies 
¢*w 0. We are through, since both vector spaces in the proposition have 
dimension +. 


PROPOSITION 13. Let C be a complete nonsingular curve, o a semilocal 
subring of functions on C, J the corresponding generalized jacobian variety. 
. Then the maximal connected linear algebraic subgroup of J is a direct 
product of Gos if and only if each 2-differential of first kind on C its a 
differential of second kind. | 


The maximal connected linear algebraic subgroup H of J is the kernel 
of the natural homomorphism from J to the ordinary jacobian variety of O, 
hence is isomorphic to the multiplicative group of units of 0 modulo units 
of o, 0 being the integral closure of o. By Prop. 2, H is a product of Ggs 
if and only if all its elements are of order p if the characteristic is p><0, 
while no element +0 is of finite order if the characteristic is zero. If 
00,1102, where o, and 0, are semilocal subrings of functions on C with 
no common place, then 6==0, 0: and H decomposes into a direct product 
in the obvious way. Furthermore, the o-differentials of first kind are pre- 
cisely the sums of 0,-differentials of first kind and o.-differentials of first kind 
[6, Th. 8, Cor. 3], so it suffices to prove the proposition for 0, and 0, instead of o. 
Hence we may assume that o is a local ring. If P, Q are distinct places of o, 
then any function on C that is very near 1 at P and very near some root 
of unity distinct from 1 at Q will be a unit in 6 some power of which is in 0, 
so H will not be a product of Ggs. In this case, a differential of third kind 
with simple poles at P and Q and no poles elsewhere will be an o-differential 
of first kind and not of second kind. Thus we may assume that o has'a 
single place P. In characteristic zero, any o-differential of first kind will 
have zero residue at P and no poles elsewhere, hence be of second kind, while 
H will be a product of Ges [9, Th. 11, Cor.]. In characteristic p40, the 
condition that H be a product of Gas j is that fr € o for each f € 6, a condition 
equivalent to having resp ffw— 0 for each f € and each o-differential w of 
first kind [6, Th. 8, Cor. 1]. But this is (trivially, cf. C7, Lemma |) equiva- 
lent to each such w being of second kind. 
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QUELQUES PROPRIÉTÉS DES VARIÉTÉS ABÉLIENNES EN 
CARACTÉRISTIQUE p.* 


par JEAN-PIERRE SERRE. 
à Emil Artin. 


Introduction. Soit À une variété abélienne de dimension g, définie sur 
un corps algébriquement clos k. Lorsque k==C, la variété A est un tore 
complexe, ce qui montre que l’algèbre de cohomologie H#(4,€C) est une 
algèbre extérieure engendrée par 2g éléments de degré 1, et que Pon a 


hrs (A) = (2) (9 ). On peut se demander si ces résultats cohomologiques 


restent valables en caractéristique p> 0; ils gardent un sens, à cause de 
leur transcription en termes de faisceaux cohérents, cf. [20]. La première 
question qui se posait était la détermination de h®*(A) = dim. H7{A, Oa); 
elle vient d’être résolue par Rosenlicht [19]. Rosenlicht montre d’abord 
(loc. cit, Th. 1) que H*'(4, Oa) est isomorphe au groupe Ext(A,@) des 
classes d'extensions de A par le groupe additif Ga, et il prouve ensuite (ibid. 
Th. 3} que Ext(4, Ga) est un k-espace vectoriel de dimension g; ce dernier 
résultat a été également obtenu par Barsotti [3]. 

De là, on passe facilement à la détermination complète de H*(A, O1), 
et on montre qu’une variété abélienne n'a pas de torsion homologique (au 
sens de [22]) ; c’est ce qui est fait au §1. Ce $ contient également un exemple 
de variété abélienne À dont le second groupe de cohomologie à valeurs dans les 
vecteurs de Witt (le groupe H?(4,%)) n'est pas un module de type fini, 
contrairement à ce que j'avais imprudemment conjecturé dans [22]. Cet 
exemple n’est guère encourageant du point de vue “définition homologique 
des nombres de Betti”! 

Le $ 2 est consacré à la classification des isogénies radicielles de hauteur 1. 
On sait que les isogénies séparables À — A’ correspondent aux sous-groupes 
finis de A; une correspondance analogue vaut pour les isogénies radicielles 
de hauteur 1, à conditior de remplacer les sous-groupes finis de À par certaines 
sous-algébres de Valgébre de Lie de A (cf. n°. 5, Th. 8). Ce résultat n’est 
d’ailleurs pas nouveau: il est contenu (au moins dans le cas commutatif) 
dans le mémoire de Barsotti cité plus haut. Barsotti considère même des 
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isogénies de hauteur quelconque, et les classifie au moyen de la théorie de 
Dieudonné; ses énoncés, plus complets, sont peut-être moins maniables ; c’est 
pourquoi j’ai cru utile de reprendre le cas de la hauteur 1, en m’appuyant 
uniquement sur la “théorie de Galois” de Jacobson [14]. D’ailleurs, beaucoup 
de questions sur les isogénies radicielles se laissent facilement ramener au cas 
de la hauteur 1 (cf. §3, Lemme 9). Le § 2 se termine par une application 
à un théorème d’Igusa [12]. | 

Nous rappelons au début du $3 les principales propriétés élémentaires 
des groupes Ext(A,B) (cf. aussi [19]), et nous indiquons le comportement 
de ces groupes lorsque l’on effectue sur À une isogénie radicielle de hauteur 1. 
On en déduit ure nouvelle démonstration du théorème de Barsotti [3] 
suivant lequel une variété abélienne n’a pas de torsion (dans le groupe de 
Néron-Severi). Le reste du 83 est consacré à montrer que la représentation 
des endomorphismes de A dans H'(A,9), augmentée de celle dans les points 
d'ordre p” de la variété duale, est l’analogue p-adique des représentations 
l-adiques de Weil (voir Th. 6 et Th. 7). 


§ 1. Cohomologie des variétés abéliennes. 


1. Structure de l’algèbre H*(A). Soit A une variété abélienne de 
dimension g, définie sur un corps algébriquement clos k, et soit O4 le 
faisceau de ses anneaux locaux. Posons H #(4) = So” H(A, Ga); Vopération 
de cup-produit munit l’espace vectoriel H *{A) d’une structure d’algèbre 
graduée; du fait que la multiplication dans O4 est associative et commu- 
tative, celle de H*(A) est associative et: anticommutative (pour toutes les 
propriétés du-cup-produit, nous renvoyons à l’ouvrage de Godement sur les 
faisceaux, [8], Chap. IT, §6). 3 

Ce qui précède n’utilise que la structure de variété algébrique de A; 
utilisons maintenant sa loi de composition s: A X A—>A. Par passage à la 
cohomologie, elle définit un homomorphisme s*: H*{A) > H*(A XA). © 

Mais la formule de Künneth s’applique au faisceau des anneaux locaux 
(et plus généralement à des faisceaux cohérents quelconques) : cela se voit, 
par exemple, en appliquant le théorème d’Eilenberg-Zilber. ([8], Chap. I, 
Th. 3.10.1) aux complexes obtenus à partir de recouvrements affines. On a 
donc H*(A X A) =H*(A) @H*(A). De plus, le fait que A ait un élément 
neutre pour s montre, comme dans le cas classique, que, si deg(x) > 0, on a 

1 P, Cartier a également obtenu une telle représentation (non publié); sa méthode 


est différente: il utilise le “ module de Dieudonné ” de la variété duale de A à la place de 
H(A, w). 
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s*(z) == ¢2@1+1@2+ 4,84, avec deg(y:) > 0, deg(z) > 0. Cela sig- 
nifie que H*(A) est une algèbre de Hopf au sens de Borel [4], $6. Or on a: 


LEMME 1. Soit H == p" H” une algèbre de Hopf sur k, associative, 
anticommutative, et connexe (t.e. H? =k). Soit g un entier tel que H” = 
pour n > g. On a alors dim. I S g, et, si Végalité est vérifiée, Valgebre H 
sidentifie à l'algèbre extérieure du k-espace vectoriel HT. 


D’après le théorème de structure de Borel (loc. cit., Th. 6.1), Palgébre H 
est produit tensoriel sur & d’algèbres monogènes k[2;]. Posons n; == deg(æ). 
Le produit de tous les z; est un élément non nul de H, de degré égal à $ n, 
Vol Sg. En particulier, le nombre des x; de degré 1 est = g; comme 
ce nombre est visiblement égal à dim. H*, ceci démontre limégalité dim. H* S g. 
Sil y a égalité, tous les v; sont nécessairement de degré 1; de plus leurs 
carrés sont nuls, car, si l’on avait 2,°540, le produit 4,/@z,@- Ory 
serait un élément non nul de A, de degré g+1, ce qui est impossible. 
L’algébre H s’identifie donc bien à l’algèbre extérieure sur AT. 

Les hypothèses du lemme précédent sont vérifiées par l’algèbre de Hopf 
H = H*(A): on a H°(A) =k puisque A est connexe et complète, et H” == 0 
pour n > g puisque À est de dimension g ([21], Th. 2, ou même [20], 
n°. 66, Th. 1 si l’on tient compte du fait qu’une variété abélienne admet 
un plongement projectif). On a donc Vinégalité dim. H+(4, 04) =g; on 
notera que Rosenlicht, dans sa démonstration de l'égalité dim. H1(A, O1) =g 
([19], Th. 3) a d’abord besoin d'établir Vinégalité précédente (loc. cit. 
Lemme 3). Si l’on fait maintenant usage de l’égalité en question, on obtient: 


TuéorÈme 1. Soient À une variété abélienne de dimension g, et Oa 
le faisceau de ses anneaux locaux. L’algébre de cohomologie 


H*(A) = 2 H" (A, Oa) 


s'identifie à l'algèbre extérieure de l’espace vectoriel H*(A, Oa), qui est de 
dimension g. 


Soit Of le faisceau des formes différentielles régulières de degré r sur A, 
et posons °: == dim. H(A, Q"). Du fait que le fibré tangent à une variété 
de groupe est trivial, le faisceau Q” est isomorphe à la somme directe de 


(2) copies du faisceau Oa, et Pon en déduit A”? = (2) (2). 


On voit en particulier que la formule de symétrie h" = her est valable 
pour les variétés abéliennes. 
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2. Absence de torsion homologique sur les variétés abéliennes. Sup- 
posons que la caractéristique p du corps de base soit >0. On sait ([22], . 
n°, 3) que l’on peut associer à toute variété algébrique 4 des opérations de 
Bockstein, opérant sur H*(X, Ox); on dit que X wa pas de torsion homo- 
logique si ces opérations sont identiquement nulles. 


THEOREME 2. Une variété adéhenne n'a pas de torsion homologique. 


Soit A une variété abélienne, et soient B;,: © -,B,,: © : les opérations de 
Bockstein associées à A. Supposons démontré que B;—0 pour <n, et 
montrons que B= 0. Comme 8, opère sur l’algèbre de cohomologie de B,: 
(loc. cit.), on voit que, dans le cas présent, B, opère sur H*(d). De plus 
BA vérifie la formule de dérivation suivante (ioc. cit, formule (8) ): 


Ba(t'y) = Bar): E” (y) + (—1) OP (x) Bay), 2 ye H*(4), 
où F désigne l’opération définie par la puissance p-ème sur O1. 


Puisque, en vertu du Th. 1, 7*(A) est engendrée par ses éléments de 
degré 1, il nous suffira done de montrer que B, (£) —0 si zE H'(A). Dans 
ce cas, on a évidemment s*(x) —x@1+1@x, autrement dit l’élément x 
est un élément primitif de l’algèbre de Hopf H*(A). Si l’on pose y = B,(x), 
on a y€ H?(A); de plus, en vertu du caractère fonctoriel de Ba, on a: 


s* (y) = s* Ba (2) = Bns* (1) =f, (18 1 +182) =y891+18y. 


L'élément y est donc un élément primitif de H*(A), de degré 2. Pour 
prouver que y= 0, il suffit alors d'établir le lemme suivant: 


LEMME 2. Les seuls éléments primitifs non nuls de H*(A) sont de 
degré 1. 


Soit V = H1\A); d’après le Théorème 1, on a H*(A)=AV. L’homo- 
morphisme s*: H*(A)—>H*(A) @H*(A) identifie done à l'application 
“diagonale” 8: AVOAV®AV=A(V-+Y). 


On est alors ramené à démontrer qu’aucun élément non nul ye AV, 
de degré = 2, ne vérifie l’identité 8(y) —y®1+1@y. C’est là un simple 
exercice d’algèbre extérieure ; on peut, par exemple, considérer la composante 
A(y) de 8(y) dans AV @ FY, et la “contracter” avec un élément v’ du dual 
Vv’ de V; on obtient ainsi un élément de A V qui n’est autre que le produit 
intérieur de y par v’; par hypothèse, on a A(y) —0, ce qui montre le produit 
intérieur de y par tout élément de V’ est nul, d’où y —0, comme on sait. 
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3. Un contre-exemple. Soit X une variété projective, et soit W, le 
faisceaux des vecteurs de Witt de longueur n à coefficients dans le faisceau Ox 
des anneaux locaux de X (cf. [22], $1). Si g est un entier = 0, le groupe 
H(X, Mna) est muni de façon naturelle d’une structure de A-module, A 
désignant Vanneau Wik) des vecteurs de Witt de longueur infinie sur le 
corps de base k. Lorsque n varie, les H4(X,%,) forment un système pro- 
jectif, dont la limite est notée Ha(X,%); c’est un A-module. Si g=—0, 
ou, si q= 1 et si X est normale, on sait (loc. cit., Prop. 4) que Ha(X,%) 
est un A-module de type fini; nous allons montrer que ce résultat n’est 
plus valable pour q==%, même si l’on suppose X non singulière. 


Nous prendrons pour À une variété abélienne de dimension 2, telle que 
Pendomorphisme F: H?(X, Ox) H(X, Ox) soit nul, par exemple le pro- 
duit de deux courbes elliptiques dont l’invariant de Hasse est nul (cf. [9] 
ainsi que [22], § 2). : 


Lemme 3. Pour tout n = 0, l’homomorphisme 


F: H(X, Wn) > H? (X, Wn) 


est mil. 


Posons, pour simplifier les notations, H,2— H2(X,H,) ; on a en parti- 
culier H. = HI(X,@x). Du fait que X n’a pas de torsion homologique 
(Théorème 2), on'a une suite exacte: 


0 Hami H,1-— H,1- 0. 


où le premier homomorphisme est le “décalage” V, et le second l’opération 
de “restriction” itérée R"-1; pour la définition précise et les propriétés des 
opérations F, V, R, nous renvoyons à [22], §1. 


Nous raisonnerons par récurrence sur n, le cas n= Q0 étant trivial. 
Puisque F et V commutent, il s’ensuit que F est nul sur V(H,.,7) ; de plus, 
en vertu du Th. 1, H,? est un espace de dimension 1, ayant pour base le 
cup-produit de deux éléments 2,2’¢€ H,1. Choisissons alors des éléments 
y,y € Hit tels que Rty =x, R1y =x; le cup-produit y: y € H,? a un 
sens, puisque W, est un faisceau d’anneaux, et l’image de y-y’ par Re~! 
est v-z’; le A-module H,’ est donc engendré par V (Hn?) et par y-y’, et 
il nous suffira de montrer que Fiy: y) —0. | 

Vu l’hypothèse faite sur Y, on a Fe = Fr’ —0 dans H+: la suite exacte 
écrite ci-dessus montre alors qu’il existe z,2’@ Hpt avec Fy = Vz, Fy = Vz’; 
comme F(y: y) = Fy: Fy’, on en déduit F(y-y)—Vz-Vz. En appliquant 
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lPidentité Va b—V(a-FRb}), on voit que Fz: Ve==V(z-FRV2’); mais 
FRY = p, et on obtient finalement: 


F(y-y’) == Vz: Va = yV (pzz). 


Le produit z-2’ appartient à H?,.; d’après lhypothèse de récurrence 
il est annulé par F, et a fortiori par p= RVI; on trouve done bien 
F(y:y’) =0, ce qui achève la démonstration. 


COROLLAIRE. Le A-module H?(X,W) =— lim. H? (X, Wa) est annulé par 
p, et ce n’est pas un module de type fini sur A. 


Puisque F est nul sur chaque H?(X,W,), il est nul sur leur limite 
projective H°(X, #) ; comme p=FV sur H?(X,%), on voit bien que p 
annule H?(X, X); du fait que W(k)/p: W(k) = k, cela signifie que H? (X, W) 
est un k-espace vectoriel. Le même raisonnement vaut pour chacun des 
H?(X,W,) ; de plus, la suite exacte écrite ci-dessus montre que la dimension 
de H?(X,W,) est n; la dimension de leur limite projective est donc infinie, 
eqid. 


§2. Isogénies radicielles de hauteur 1. 


4, Résultats préliminaires. Soit G un groupe algébrique connexe, 
de dimension r, et soit t(G) son algèbre de Lie, identifiée à l’espace vectoriel 
des champs de vecteurs tangents sur G, invariants à gauche. Soit K le corps 
des fonctions rationnelles sur G, et soit A(K) le K-espace vectoriel formé 
par les dérivations de K, ou, ce qui revient au méme, par les champs de 
vecteurs tangents sur G; on démontre, comme dans la théorie classique des 
groupes de Lie (cf. [2], §5 et [18], par exemple) que A(K) =t(G@) Q, K; 
de plus, t(@) est stable par l'opération de crochet (X,Y)—->{[X,Y] et 
Vopératicn de puissance p-eme A -> X?, c’est une p-algèbre de Lie restreinte 
au sens de Jacobson (cf. [10], [18]). On notera que G opère aussi par 
translations 4 droite sur A(); ces opérations laissent stable le sous-espace 
t(G) de A(K), définissant ainsi la représentation adjointe de G. 

LEMME 4. Soit N un K-sous-espace vectoriel de A(K), et soit 
n—NNt(G); cest un k-sous-espace vectoriel de t(G@). 

a) Pour que N soit stable par les translations à gauche de G, il faut 
et il suffit que N==n@,K. 
| b} Supposons a) vérifié. Pour que N soit stable par les translations 


à droite de G, vu faut et il suffit que n soit stable par la représentation 
adjointe de G. 
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c) Supposons a) vérifié. Pour que N soit stable pour le crochet et la 
puissance p-ème, il faut et il sufit que n le sow. 


a). Si N—n@zK, il est clair que N est stable par les translations a 
gauche (nous dirons aussi “invariant à gauche”). Supposons réciproque- 
ment que cette condition soit vérifiée, et soit e; (1 Si% r) une base de t(@) 
sur k, done aussi de A({K) sur K. Soit E le sous-corps de K attaché à N 
relativement à la base e; (cf. Bourbaki, Alg. II, §5, déf. 2); d’après le 
Corollaire à la Prop. 10, loc. cit., le corps # est contenu dans le sous-corps 
de K formé des fonctions invariantes par translation à gauche, sous-corps 
qui n’est autre que k. En appliquant alors le Th. 2, loc. ett., on en déduit 
bien que N est engendré par n, d’où N==n®@, E. 


b). est évident par transport de structure. 


c). On sait que t(G) est stable pour le crochet et la ‘puissance p-ème; 
- s’il ex est de même pour N, il en est donc aussi de même pour N N t(G) =n. 
Inversement, supposons n stable pour le crochet; la formule évidente: 


[aX, bY] =ab[X, Y] +aX (b): Y—bY (a) X, a,beK, X,YEA(EK), 


montre que N est stable pour le crochet. Supposons en outre que n soit 
stable pour la puissance p-ème, et utilisons la formule de Hochschild (cf. 
par exemple [7], Lemme 4): 


(aX)? =X? + (aX)?-*(a) X, a€K, XEA(K). 


En appliquant cette formule avec X € n, on voit que’ (aX ire N. Pour montrer 
que N' est stable pour la puissance p-éme, il suffira donc de montrer que, si 
XEN, YEN, XEN, Yee N, on a aussi (XY + Y)2EN. Pour cela on 
utilise la formule de Jacobson (cf. [13]): 


(X +Y) =X + Pr s(X,¥), X,Y €a (K), 


où s(X,Y) est un “alternant,” c’est-à-dire un polynôme (explicitement 
déterminé par Jacobson) par rapport à l’opération de crochet. Dans le cas 
qui nous occupe, on sait que l’on a s(Æ4, F) € N, puisque N est stable pour 
le crochet, et il en résulte bien que (X +ŸF)r€N, ce qui achève la 
démonstration. | 


__ Remarque. Si G est commutatif, la représentation adjointe est triviale, 
et le crochet est nul dans t(G). On voit donc que les sous-espaces N de A(K) 
invariants par translation et stables pour le crochet et la puissance p-éme 
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correspondent bijectivement aux sous-espaces vectoriels n de t(G) stables pour 
la puissance p-ème. 


5. Classification des isogénies radicielles de hauteur 1. Conservons 
les notations du n°. précédent, et soit 6: G -> G’ un homomorphisme surjectif 
de G dans un autre groupe algébrique G’. Identifions les algébres de Lie 
de G et de G”, soient t(G) et t(G’), avec les espaces tangents à l’élément 
neutre. L’application ¢ admet une application tangente t(p): t(G) >i), 
dont nous désignerons le noyau par n(¢). 


D’autre part, puisque ¢ est surjectif, le corps K” des fonctions rationnelles 
sur G’ se plonge dans le corps K; nous désignerons par N (¢) le sous-espace 
de A(K) formé des dérivations qui s’annulent sur K’. 


Lemme 5. Ona N(d) =—n(¢) DK, et r(pb) est stable pour le crochet, 
la puissance p-ème, et la représentation adjointe de G. 


(Nous dirons que np) est une p-sous-algèbre de Lie de t(G), stable 
pour la représentation adjointe). 


Il est clair que N (¢) est stable pour les translations à droite et à gauche, 
ainsi que pour le crochet et l’opération de puissance p-ème. D’après le Lemme 4, 
a), on a donc N (d) = n@,K, avec n= N(p)Nt(G). Si X En, le vecteur 
tangent à l’origine Y, déterminé par le champ de vecteurs XY est évidemment 
dans le noyau de t(¢). Réciproquement, soit X un champ de vecteurs 
invariant à gauche, et tel que #,€ n(d); par translation, on voit que X 
appartient en tout point de G au noyau de l’application tangente à ¢, ce qui 
signifie que X appartient à N(): on a donc n—n(p). En appliquant le 
Lemme 4,b),c), cn voit alors que n(g) est une p-sous-algébre de Lie stable 
pour la représentation adjointe. 

(Noter que le fait que n(#) est stable pour la représentation adjointe 
implique que n(q@) est un idéal de t(G), sans qu’il y ait équivalence entre 
ces propriétés). 

Nous dirons que ¢: G— @ est une isogénie radicielle si l’extension K/K’ 
est radicielle, c’est-à-dire si K’ contient K?" pour n assez grand. Il revient 
au même de dire que ¢ est bijective, vu les propriétés connues des revêtements. 
L’isogénie sera dite de hauteur 1 si l’on a K’D Ke. Le corps K? correspond 
à l’isogénie “de Frobenius” G — G?, où G? désigne la variété déduite de G par 
l’automorphisme +—> x? du domaine universel (au point de vue de la théorie 
des faisceaux, la variété G? peut être définie comme ayant les mêmes points 
et la même topologie de Zariski que G, et comme faisceau d’anneaux le 
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faisceau des puissances p-èmes de Üa). Si d: G— (4 est une isogénie de 


hauteur 1, on a donc une factorisation G—> G@’ — G?, et G est la normalisée 
de G? dans l’exlension K’/K? (pour les propriétés de la normalisation des 
variétés, voir par exemple [15], Chap. V, 883,4). La connaissance du corps 
_K’ détermine donc de manière unique Visogénie ¢, à un isomorphisme près, 
et tout revient à caractériser les corps K’, avec K D K D Er”, qui corres- 
pondent à des isogénies. On a tout d’abord: 


LEMME 6. Pour qu'un sous-corps K’ de K, contenant K?, corres- 
ponde à une 1sogême, il faut et a suffit qu'il soit stable par les translations 
à gauche et à droite par les éléments de G. 


La nécessité est triviale, démontrons la suffisance. Soit G” la normalisée 
de GP dans K’/K?; tout revient à montrer que l’application (2,4) — «cy 
de Œ X G dans G définit par passage au quotient une application régulière 
GX G’— 6, car on en déduira la loi de groupe de G’. Il suffit même de 
démontrer que @ X Œ— G est une application rationnelle, en vertu des 
propriétés de la normalisation (cf. [15], Chap. V, §3). 

Nous noterons Ko K le corps des fonctions rationnelles de G X G; c’est 
le corps des fractions de l’anneau d’intégrité K®, i; même chose pour 
K'o K’. Il nous faut démontrer que, si f€ K’, la fonction rationnelle 
g(x,y) =f(xy*) appartient à K'o K’. On a en tout cas gE Kok, d’où: 


g(x,y) = [ Sa,(2)® bity)}/c(x, y), avec cE K@K. 
4=1l 


Quitte à remplacer c par sa puissance p-ème, on peut supposer 
cE K'S K’; de plus, si l’on prend n minimum, les a; et les b; sont linéaire- 
ment indépendants sur k. Soit U un ouvert non vide de G tel que les 
fonctions b; soient régulières sur U, et que c(x,z) soit une fonction ration- 
nelle de z (non identique à œ) pour tout y€ U. Les fonctions b; sont 
linéairement indépendantes sur U, et il existe donc des points y,,: ::,Y€ U 
tels que la matrice c; = b;(y;) soit inversible. Le système linéaire 


den 
e(z, yr) f (eyr) = 2 cyn (2), g=1,---,n, 


montre alors que les a;(x) sont combinaisons linéaires des fonctions 
c{z,y;)-f(xy;1); puisque K’ est invariant à droite, ces dernières fonctions 
appartiennent à K’. On a donc a;€ K’ pour tout i, et de même b€ K’ pour 
tout 1, cqfd. 
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Nous pouvons maintenant appliquer la théorte de Jacobson pour les 
extensions radicielies de hauteur 1 (cf. [14] ainsi que [11], $ 1}: d’après 
cette théorie, les corps K’ tels que K D K’ D KE? correspondent bijectivement 
aux K-sous-espaces vectoriels N de A(K) qui sont stables pour le crochet et 
la puissance p-ème. (De façon plus précise, K’ et N sont annulateurs Fun 
de l’autre pour ’application canonique de K X A(K) dans K.) Le corps K’ 
est donc invariant à droite et à gauche si et seulement si N l’est, c’est-à-dire 
(Lemme 4) si N est de la forme n®, K, où n est une p-sous-algèbre de Lie 
de t(G) stable pour la représentation adjointe. On obtient donc finalement: 


THEOREME 3. Les classes disogémes radicielles G—> GQ’ de hauteur 1 
correspondent bijectivement aux p-sous-algèbres de Lie de t(G) qui sont 
stables pour la représentation adjointe. 


De plus, le Lemme 5 montre que la sous-algèbre n(#) qui correspond 
à une isogénie œ n’est autre que le noyau de Vapplication tangente à ¢ à 
l’origine. 

Si n est une p-sous-algébre de Lie de t(G) stable pour la représentation 
adjointe, nous désignerons par G/n le groupe G’ qui lui est associé; au point 
de vue ensembliste, on a G’==G, mais les fonctions rationnelles (resp. 
réguliéres) sur G’ sont les fonctions rationnelles (resp. réguliéres) sur G qui 
sont annulées par les dérivations invariantes appartenant à n. D’après la 
théorie de Jacobson, le degré v(ġ) == [K: K] de Visogénie est égal à pdim.n, 

Si l’on prend n—0, on trouve G/n==G@; si l’on prend n—t(@), on 
trouve G/n= G?; ce sont les deux cas extrêmes. Il peut se faire que t(G) 
n’admette pas d’autre p-sous-algébre de Lie, stable pour la représentation 
adjointe; c’est par exemple le cas si t(G@) est une algèbre de Lie simple. 

Si 6: G— H est un homomorphisme, et si le noyau de l’application 
tangente à 0 contient n, on peut factoriser 4 en G—>(/n—H: cela résulte 
du Lemme 5 et de la caractérisation des fonctions rationnelles sur G/n. 


Remarques. 1) Soit n une p-sous-algèbre de Lie de t(G), non néces- 
sairement stable pour la représentation adjointe; on peut encore définir G/n 
et montrer que la .oi de composition de G définit par passage au quotient une 
application régulière Œ X G/n— G/n, d’où une structure d’espace homogène 
sur G/n. 


2) Comme on l’a dit dans l’introduction, le Théorème 3 est essentiel- 
lement dû à Barso:ti ([3], $ 2), à cela près qu’il se bornait au cas des groupes 
commutatifs (mais il considérait des isogénies radicielles de hauteur quel- 
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conque). Les résultats de Barsotti ont été généralisés par Cartier; voir sa 
note [6], dont il faut toutefois corriger légèrement les énoncés (sauf celui 
‘du Th. 3). 


G. Application à la variété d’Albanese. Soit f: V—G une applica- 
tion rationnelle d’une variété irréductible V dans un groupe algébrique 
commutatif G, également irréductible. 


THÉORÈME 4. Les deux propriétés suivantes sont équivalentes: 


(i) Il est impossible de factoriser f en V— G= G, où V> est 
une epplication rationnelle, et où G,—>G est une isogénte radicielle de 
hauteur 1 non triviale (t.e. de degré 341). 


(ii) Pour toute forme différentielle w de degré 1 sur G, invariante par 
translation, et non nulle, on a f*(w) 0. | | 


Soit O(G) l’espace vectoriel des formes différentielles de degré 1 sur G 
qui sont invariantes par translation; c’est le dual de l’algèbre de Lie t(@). 
On observera que, puisque G est supposé commutatif, la représentation 
adjointe de G dans t(G) est triviale, de même que le crochet; vu la dualité 
entre crochet et différentielle extérieure, on a do—0 pour tout w€ 2(G). 
Ainsi, l'opération de Cartier C est définie pour tout oE Q(G), et Von a 
C(w)€Q(G), cf. [5]; cette opération est transposée de l’opération de 
puissance p-ème dans t(G@), loc. ett., formule (6). 

Montrons maintenant que (ii) > (i), et soit V —> G, —> G une factorisa- 
tion de f, où 6: G — G est une isogénie radicielle de hauteur 1 avec v(¢) 1. 
L’application t(¢): t(G,) >1(@) a un noyau non nul, donc n’est pas sur- 
jective, et il existe une forme linéaire non nulle w sur t(G) qui s’annule sur 
l’image de t(G,); on a d*(w)—0, d’où a fortiori f*(w) —0 et cette 
contradiction montre bien que (ii) > (i). | 

Inversement, supposons (i) vérifié, et soit n* le sous-espace de 2(G@) 
formé des différentielles w telles que f*(w) —0. La formule Cf*—f*C 
montre que n* est stable par l’opération de Cartier C, done que l’orthogonal n 
de n* dans {(G) est stable par l’opération de puissance p-ème. Soit G = G/n, 
et soit g l’application cemposée V — G— G,; si w € Q(G:) l’image réciproque 
de «w par G—> G, s’'annule sur n, done appartient à n*, d’où g* (o) — 0. 
Comme 0(G,) engendre en chaque point de G, l’espace des covecteurs tan- 
gents, on en conclut que l’application linéaire tangente à g est triviale en 
tout point de V où elle est définie, i.e. sur tout ouvert U de V formé de 
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. points simples et sur lequel g est régulière. Soient alors x€ U, y—g(x), 
et soit 0€ O,(G.) ; du fait que g* (d0) = 0, la fonction 9° g est une puissance 
p-ème dans @,(V). Munissons alors G, du faisceau d’anneaux formé par 
les puissances p-1-3mes des éléments de @(G.); on obtient ainsi (G.)?” (cf. 
n°. 5), et ce qui précède montre que g: V — G: est en fait une application 
régulière de V dans (G.)?". Mais l’isogénie G,—> GP donne naissance à une 
isogénie {G.)?"— G, et l’on a ainsi obtenu une factorisation de f “a travers ” 
(G.)?". Vu (i), cette isogénie doit être triviale, i.e. on doit avoir (G2)? = G, 
ou G — GP, c’est-à-dire n — t(G) ou encore n* = 0, et (ii) est bien vérifié, eqfd. 


Exemple. Soit A la variété d’Albanese de V ; l'application canonique 
f: V— À vérifie évidemment (i), et le Théorème 4 redonne un résultat 
d’Igusa [12 ].° | 

Supposons en particulier que V soit complète et normale, et désignons 
par H°(V,Q!) l’espace vectoriel des formes différentielles de degré 1 sur V 
qui n’ont pas de diviseur polaire; Vapplication w—/f*(w) est un homo- 
morphisme de Q (4) dans H°(V, 07) et est injectif d’après ce que l’on vient 
de voir; on obtient ainsi l’inégalité h? = dim. A. 


Remarques. 1) En fait, le Théorème 4 peut servir à démontrer l'existence 
de la variété d’Albanese de F. Indiquons rapidement comment:. 

Soit g: V — B une application:rationnelle de V dans une variété abélienne — 
B ; on peut chercher à factoriser g en V — À — B, où À — B est une isogénie. 
Si l’on suppose que V engendre B, on voit aisément qu’il existe une factorisa- 
tion maximale V—A—B; Vapplication V— A vérifie alors (i), et le 
Th. 4 montre que dim. A S h°. On obtient ainsi une majoration de 
dim. B = dim. À qui remplace la majoration par le genre de la courbe 
générique ([16], Chap. IJ, §3). L'existence de la variété d’Albanese en 
résulte immédiatement (loc. cit.). 


2) On observera que la condition (ii) ne signifie nullement que f soit 
une application séparable, c’est-à-dire correspondant à une extension de corps 
qui soit séparable : on sait que c’est inexact même pour l’application canonique 
de V dans sa variété d’Albanese. En voici un exemple simple: partons d’une 
variété abélienne À, de dimension 2, de corps des fonctions K, et soient 
x, y € K deux fonctions qui soient des paramètres uniformisants à l’élément 
neutre de A. Soit K’ le sous-corps de K, engendré par K? et par l’élément 
z = ay; soit V la normalisée de A? dans l’extension K’/K?. On a des applica- 


? Cette démonstration ne vaut qu’en caractéristique p < 0. En caractéristique zéro 
le théorème d’Igusa résulte simplement de ce que ¢(V) engendre A. 
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tions canoniques A> V — A’, et [E: K’] =[K’: Kr] = p; il s'ensuit que 
la variété d’Albanese de V est ou bien V ou bien A”; mais on voit facilement 
que V a un point singulier à l’origire, donc V ne peut pas être une variété 
abélienne, et sa variété d’Albanese est A?, ce qui fournit l’exemple cherché. 


§ 3. Représentations p-adiques. 


7. Les groupes Ext(4,B). Dans ce no, H, nous allons résumer un 
certain nombre de définitions et de résultats élémentaires sur les extensions 
de groupes algébriques (commutatifs). Pour plus de détails, le lecteur 
pourra se reporter à [19], §2 (et aussi à [2], dont le point de vue est 
toutefois assez différent). 

Soient A, B,C trois groupes algébriques commutatifs, non nécessairement 
connexes. Une suite exacte d’homomorphismes (rationnels, ou réguliers, c’est 
la même chose) : 

(1) 0 B >Cd 


est dite strictement exacte si B s'identifie à un sous-groupe de C (muni de la 
structure algébrique induite), et si A s'identifie au groupe quotient C/B 
(muni de la structure algébrique quotient). II revient au même de dire 
que B— C et CA sont séparables, ou encore que la suite d’algèbres de Lie: 


(2) 0—>t(B) -1(C) -t(A) > 0 


est une suite exacte (d’espaces vectoriels). 

Une suite strictement exacte (1) est appelée une extension de A par B; 
la notion d’isomorphisme de deux extensions a un sens clair; l’ensemble 
des classes d’extensions de A par B est noté Ext(A,B). On munit Ext(A, B) - 
d’une loi de composition par le procédé classique de Baer [1]: si C et C’ sont 
deux extensions, on désigne par D le sous-groupe de C x C’ image réciproque 
.de la diagonale de A X A, et par Q le sous-groupe de D formé des couples 
(b,—b), b€ B; on constate alors que le quotient D/Q forme de façon 
naturelle une extension de À par B, qui est dite somme des deux extensions 
données. Les raisonnements de Baer s’appliquent presque sans changement, 
et montrent que Ext(A,B) est un groupe abélien (la seule difficulté supplé- 
mentaire est qu’il faut montrer que l’on a bien des suites strictement exactes, 
mais c’est chaque fois évident sur les applications tangentes). 

Si f:A’->A est un homomorphisme, et si C est une extension de A 
par B, on définit f*(C) € Ext(A’,B) comme le sous-groupe de A’ X C formé 
des couples (a’,c) tels que a’ et c aient même image dans A. On vérifie 
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que f*: Ext(A, B>) — Ext(A’,B) est un homomorphisme, et que l’on a les 
formules 1*—1, (fg)*—g*f*, (+/)*—=f*+/*; ainsi, Ext(A,B) est 
un foncteur contrevariant additif en A. 

De même, tout homomorphisme s: B—> B’ définit un homomorphisme 
s4: HExt(A, B) — Ext(A, B’), et l’on montre que Ext{A,B) est un foncteur 
covariant additif en B. Sif: A’— A est un homomorphisme, on a f*s, — 5,17, 
ce qui montre que Ext(A,B) est biadditif. 

Si A et B sont deux groupes algébriques commutatifs, on note Hom (4, B) 
le groupe des homomorphismes (réguliers) de À dans B. 

Soit maintenant 0— 4’ — À — A” — 0 une suite strictement exacte, et 
soit DE Hom(A’, 8); on a D,(A)€ Ext(4”,B), et Von obtient ainsi un 
homomorphisme d: Hom(4”,B) — Ext(4”,B). Cet homomorphisme de 
“bord,” combiné avec les homomorphismes fonctoriels associés à 4’ À et 
A — À”, fournit une suite exacte: | 


d 
(3) 0— Hom(A”, B) — Hom(A, B) > Hom(A’, B) — Ext(4”,B) 
—> Ext(A,B)-— Ext (4’, B). 


De même, on associe à toute suite strictement exacte 0 — BB B” > 0 
une surte exacte: | 


| d 
(4)  0— Hom (4, B’) -> Hom(A, B) — Hom(A4, B”) —> Ext(A, B’) 


> Ext(A, B) > Ext(A, B”). 


8. Comportement de Ext(A, B) par isogénie radicielle de hauteur 1. 
Soient A et B deux groupes algébriques commutatifs connexes, et soit n une 
p-sous-algèbre de Lie de t(A), c’est-à-dire un sous-espace vectoriel de t(A) 
stable pour la puissance p-ème. On a défini au n°. 5 l’isogénie radicielle 
A—+A/n; à cette isogénie nous allons associer une sutte exacte (analogue à 
la suite (3) du n°. 7): 

d 
(5) 0— Hom(A/n, B) — Hom(A, B) — Hom(n,t(B)) —— Ext(4/n,B) 
—> Ext(4,B)— Ext(n,t(B)). 


Il faut d’abord préciser que Hom(n,t(B)) et Ext(n,t(B)) sont pris au 
sens de la catégorie des espaces vectoriels munis d’une opération de puissance 
p-eme (i.e. des p-algébres de Lie abéliennes) ; par exemple, un élément de 
Hom(n,t(B)) ess une application linéaire de n dans t(B) qui commute 
avec la puissance y-ème. Tout homomorphisme de A dans B définit un 
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homomorphisme de t(A) dans t(B), d’où, par restriction, un homomorphisme 
de n dans t(B). Les homomorphismes Hom(4,B)—Hom(n,t(B)) et 
Ext(4,B) — Ext(n,t(B)) sont définis de façon évidente. Quant à Phomo- 
morphisme “bord” d: Hom(n,t(B)}— Ext(A/n, B) il est défini ainsi: soit 
p € Hom(n,t(B)), et soit ng le sous-espace de t(A) X t(B) = t(A X B) formé 
par les couples (Y,¢(X)), où X parcourt n. Il est clair que ng est une p-sous- 
algèbre de Lie de t(A X B), ce qui permet de définir Cy— (A X B)/ng; 
les homomorphismes canoniques B> AX Bet AX BA/n définissent des 
homomorphismes B— Cy» et Co — A/n, et l’on vérifie immédiatement que 
la suite i f 
0 —> B —> Cg A/n> 0 


, est strictement exacte. On a ainsi obtenu l'application 
d: Hom (n, t(B}) > Ext(4/n,B) 
cherchée; on vérifie que c’est un homomorphisme. 


Il reste maintenant à démontrer l’exactitude de la suite (5); jusqu’à 
Hom(n,t(B)) elle est triviale. Pour Hom(n,t(B)), on doit montrer que les 
conditions “C+ est isomorphe à A/n X B” et “¢ est la restriction à n d’un 
homomcrphisme de A dans B” sont équivalentes. Tout d’abord, si ¢ se 
prolonge en g: A — B, l’application a— (a,g(a)) de A dans A X B applique 
n dans ng, donc définit par passage au quotient un homomorphisme À/n— C4 
qui est une section; on a donc bien Cy==A/n& B. Inversement, si l’exten- 
sion C4 est triviale, il y a une “rétraction” r: C->B qui est Videntité sur 
B, et, en composant r avec Vapplication naturelle de A dans Cy, on trouve 
un homomorphisme g: A —> B qui prolonge —¢. 

Soit ¢ € Hom(n,t{B)); par construction, il existe un homomorphisme 
A— C$ relevant la projection A—A/n; done C4 appartient au noyau de 
Ext(4/1,B)— Ext(A,B). Inversement, si C est un élément de ce noyau, 
il existe un homomorphisme k: À — C relevant A->A/n; la restriction de 
—k à nest un homomorphisme ¢ de n dans t(G) ; soit Ce l’extension de A/n 
par B associée à #. L'application (a. b) — k(a) + b est un homomorphisme 
de A X B dans C dont la restriction à ng est nulle; par passage au quotient, 
elle définit un homomorphisme s: Cs—>C qui est Videntité sur B et définit 
par passage au quotient l’identité sur A/n; les deux extensions C et Co sont 
donc isomorphes, ce qui démontre l’exactitude de (5) en Ext(4/n,B). 

Soit C € Ext(A/n, B), et soit E € Ext(4,B) l’image réciproque de C par 
A— A/n; par définition, F est le noyau de l’homomorphisme À X C— A/n 
différence des homomorphismes A->A/n et C—4/n. ‘L’application 


12 
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t(4 X C)—>t(A/n) étant surjective, la suite (EE AX O> A/n— 0 est 
strictement exacte, et t(Æ) s’identifie au noyau de (A) Xt(C) >t(A/n); il 
s'ensuit que £(Æ) contient n X {0}, et que l’élément de Ext(n,t(B)) défini 
par E est trivial. Inversement, soit # une extension de À par B jouissant 
de cette propriété, et soit 6: n—t(Æ) une “section” (compatible avec la 
puisance p-éme); si l’on pose C—F/6(n), on vérifie tout de suite que 
C E€ Ext(A/n,B) et que l’image de C dans Ext(A, B) n’est autre que E, ce 
qui achève de démontrer l’exactitude de la suite (5). 

9. Comparaison de Ext(A, B) avec la cohomologie de A. Nous allons 
maintenant reprendre, en les complétant sur quelques points, les résultats de 
[19], $3. Dans tout ce qui suit, A désigne une variété abélienne, et B un 
groupe linéaire coramutatif et connexe. Les deux cas que nous avons princi- 
palement en vue sont les suivants: 


a) B= Gm, groupe multiplicatif, 


b) B= Wa, groupe additif des vecteurs de Witt de longueur n (pour 
n = 1, Cest le groupe additif Ga). 


Soit @ le faisceau des germes d’applications régulières de A dans B; 
le groupe H’ (A, B) n’est autre que le groupe des classes d’espaces fibrés 
principaux (localement triviaux) de base Á et de groupe structural B. Toute 
extension C de A par B définit un teÌ espace fibré: on sait en effet ([2], 
Lemme 3.2 ainsi que [17], Th. 10) qu’il existe une section rationnelle À -> C, 
d’où par translation l'existence d’une section régulière en un point donné 
de À, ce qui montre bien que C est localement trivial. On obtient ainsi une 
application canonique #: Ext(A,B)—H1(4,8) dont on vérifie tout de 
suite que c’est un homomorphisme. 


LEMME 7. L'application 8 est injective. 


Soit C une extension de À par B qui soit triviale en tant qu’espace fibré, 
c’est-à-dire qui possède une section régulière s: A—>C. Quitte à effectuer 
une translation, or peut supposer que s(0) —0. Soit A’ le sous-groupe de C 
engendré par s(Ai; comme A est complète et s régulière, s(A) est complète 
et il en est de même de A’, donc aussi de ANB; comme B est une 
variété affine, on a donc dim. (A’ N B) = 0,.d’où dim. A’ = dim. A = dim. s(4) 
et A’—s(A). Ainsi s est un homomorphisme, cqfd. 


Remarque. Le raisonnement précédent (dû à Bormidi [19], Prop. 9) 
démontre en fait ceci: soit V une variété complète et non singulière, et soit 
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$: V — A Vapplication canonique de V dans sa variété d’Albanese. I/applica- 
tion composée Ext(4,B) — H'(A,B)—-H'(V,@B) est alors injective (le 
second homomorphisme étant $*). ‘C’est là un résultat analogue à celui 
d’Igusa (cf. n°. 6), et qui fournit l’inégalité dim. A S h°? (et même 
dim. A S dim. Zat, avez les notations de [22], n°. 7). 

Soient maintenant p, et pz les deux projections de A X A sur A, et soit 
S = Pi — Po. > 


LEMME 8. Pour qu'un élément x € H*(A,®B) appartienne à l’image de 
"8, il faut et il suffit qu'il soit “ primitif,” c’est-à-dire qu’il vérifie la relation: 


s* (£) = p,;*(z) + p:* (£) dans H*(A X A,B). 


La nécessité résulte de ce que Ext(A,B) est un foncteur additif de A. 
Supposons inversement que Æ soit un espace fibré principal, de base A et de 
groupe structural B, correspondant à un élément primitif de H1(4,&@). 
Cette dernière hypothèse revient à dire qu’il existe une application régulière 
g: EX E— E, vérifiant la formule | 


gle +b, e +b’) =g(e,e’)+6+0, 


et définissant- par passage au quotient l’application s: AX A— A. Quitte 
à effectuer une translation, on peut en outre supposer que, pour un point 
0€ E se projetant au voint 0 de A, on a g(0,0)==0. Tout revient alors 
à montrer que la loi de composition g fait de E un groupe commutatif qui 
est une extension de À par B. Vérifions par exemple la commutativité de g: 
si e,e € E, g(e,e’) et g(e’,e) ont même image dans À, et Pon peut écrire: 
g(e,e’) =g(e,e) +k(e,e’), où k est une application de EX E dans B; 
on voit facilement que k est régulière, et que k(e +b, e +b) = k(e, e), 
b,b € B; donc k définit par passage au quotient une application régulière 
A X À — B qui ne peut être que constante, puisque À X À est complète et 
B affine; comme de plus k(0,0) = 0, on voit donc que k(e, e’) = 0 pour tout 
couple {e,e’), ce qui démontre bien la commutativité de g. Les autres 
vérifications se font de manière analogue. 

Les deux lemmes précédents nous permettent d’identifier Ext(4,B) au 
sous-groupe de H(A, B) formé des éléments primitifs. Nous allons main- 
tenant déterminer ce sous-groupe dans les déux cas particuliers indiqués 
plus haut: 


Cas a). On a B= Gm et le groupe H'(A,@) n’est autre que le groupe 
D(A) des classes de diviseurs de la variété À, pour l’équivalence linéaire. 
Dire que la classe d’un diviseur X est un élément primitif de D(A) signifie 
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que Von a s> (X) ~p (X) +p: (X) =X X A+ A XX sur À X À, autre- 
ment dit que X ==0 au sens de Weil [23], p. 107 (cf. aussi [16], Chap. IV). 
Nous désignerons par P(A) le sous-groupe de D(A) formé par les classses 
de tels diviseurs; d’après les Lemmes 7 et 8, on a P(A) = Ext(A, Gn), 
résultat dû à Weil [24]. 

On sait (cf. par exemple [16]) que P(A) contient le sous-groupe A* 
de D(A) formé des classes de diviseurs algébriquement équivalents a zéro, 
le quotient P(A)/A* étant le groupe de torsion de A. En fait, Barsotti [3] 
a démontre que ce groupe est toujours nul, i.e. que P(A)—A*; nous 
donnerons au n°. 10 une autre démonstration de ce fait. 


Cas b). On & B= W,, et le faisceau 8 n’est autre que le faisceau BW, 
considéré au n°. 3. Tout élément de H1(A,%W,) est primitif. En effet, 
il suffit de montrez que H'(4 X A, Wn) est égal à H(A, Wn) X H(A, Wa); 
pour n == 1, cela résulte de la formule de Kiinneth (n°. 1), et on va raisonner 
par récurrence su- n, en utilisant la suite exacte 0 — %, ,— Hn —> 6 > 0. 
Les deux injections canoniques de A dans À XA définissent un homomor- 
phisme 

™: HHA X 4, Wa) — HA, Wa) X HA, Wa); 


les deux projections canoniques de A X 4 sur A définissent un homomor- 
phisme 


p*: H(A, Wn) X H(A, Wa) > H(A X A, Mn). 


On a t*¢ p= 1, et tout revient à montrer que i* est SES Or on a un 
diagramme commutatif : 


0 > HUAXA.YH.:) — D(A X A, Ha) — H'{(AXA,0) 
* * | i* 
0— HA, Waa) X H(A, Waa) > H(A, Wn) X H(A, Wn) > H(A, 6) X HMA, 6). 


Vu Vhypothése de récurrence les deux flèches verticales extrêmes sont 
bijectives; la fléche verticale médiane est donc injective, ce qui achève la 
démonstration. 

On obtient finalement Ext(4,W,) (A, Wa), cf. [19], Th. 1. 


10. Effet d’une isogénie sur la cohomologie. Non-existence de torsion. 
Nous nous proposons de déterminer l’effet d’une isogénie ġ: A — A’ (A et A’ 
étant des variétés abéliennes) sur les groupes H*(A,W,) = Ext(A, Wn) et 
P(A) = Ext(A,G,). Il est commode d'introduire quatre type “élémen- 
taires” d’isogénies : . 


VARIÉTÉS ABELIENNES. 733 


type S, (resp. s2): isogénie séparable A — A/N, où N est un sous-groupe 
fini de À d’ordre premier à p (resp. d'ordre p). 


type à (resp. tz): isogénie radicielle A — A/n, de hauteur 1, où n est 
un sous-espace vectoriel de t{4) ayant une base formée d’un élément 
X tel que X? = 0 (resp. tel que X? ==). 


LEMME 9. Toute isogénie est un produit d'isogénies appartenant à l'un 
des types précédents. 


Soit ¢: À —> À” une isogénie quelconque, et soit v(¢) son degré; rai- 
sonnons par récurrence sur v(¢), le cas »(b)—1 étant trivial. Si @ est 
sépareble, on a A’ == A/Q, où Q est un sous-groupe fini de A; si l’ordre de Q 
est premier à p, ¢ est du type sı; sinon Q contient un sous-groupe N d’ordre 
p, et on peut factoriser ¢ en À — A/N — 4/0 ; comme le degré de l’isogénie 
A/N — A/Q est égal à v(¢)/p, on peut lui appliquer Phypothése de récur- 
rence. Supposons maintenant que ¢ soit inséparable, et soit q le noyau de 
t(A)—>t(A’); on sait (Lemme 5) que q est stable pour la puissance p-ème, 
et l’on a q3£0 (sinon ¢ serait séparable). La structure des p-algébres de Lie 
abéliennes (c’est-à-dire la “ réduction de Jordan” des applications p-linéaires) 
montre alors que q contient un sous-espace n avant une base formée d’un 
élément X tel que X? = X ou X? =Q (cf. par exemple [7], nos. 10, 11). 
On peut alors factoriser ¢ en A->A/n— A’, et appliquer Vhypothése de 
recurrence à A/n— 4”, eqfd. | 

En particulier, toute isogénie de degré p est de l’un des types ss, 14, ou 4p. 

Si p: AA’ est une isogénie, nous noterons @¢,* l'application de 
H*(A’,W,) dans H*(A,%,) définie par ¢; c’est un A-homomorphisme, 
A désignant Panneau W (k), cf. n°. 3. 


LEMME 10. 819 2st de type Sı ow de type ty, p,* est bijectif. St $ est 
de type S, ou de type îi, da“ a pour noyau et pour conoyau des A-modules 
de longueur 1. 

D’après les Théorèmes 1 et 2, H*(A,W,) est un A-module de longueur 
ndim. (A), et de même pour H*(A’,W,). Comme ¢,* est un A-homo- 
morphisme, son noyau et son conoyau ont même longueur, et il suffira de 
considérer le noyau. 

Supposons d’abord $ séparable, donc de la forme A -> A/N. Tenant 
compte de ce que H1(A, Wn) — Ext(A, Wn), on peut appliquer la suite exacte 
des Ext (cf. n°. 7, suite (3)), et l’on obtient la suite exacte: ê 


(6) 0 Hom(N, Wa) > H'(A/N,W,) > H(A, Wp). 


3 Cette suite exacte peut aussi se déduire de la suite spectrale de Cartan-Leray du 
revêtement galoisien À -> A/N. 
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On est alors ramené à vérifier que Hom(N, W,) est un A-module de longueur 0 
(resp. 1) dans le cas s, (resp. s2), ce qui est évident. 

Supposons ensuite inséparable, done de la forme A~>A/n, avec n de 
dimension 1. On peut alors appliquer la suite exacte (5) du n°. 8, et l’on 
obtient la suite exacte: * 


(7) 0 —> Hom (n, t(W,)) > H (A/m, Wn) > E (A, Wa). 


La structure de la p-algèbre de Lie t(W,) est bien connue (cf. par exemple 
[7], n°. 16) : elle a une base formée de n éléments Xi, c, Xn avec Ay? = Xo, 
XP == X3,°-+,X,?==0. On en déduit bien que Hom(n,t(W,)) est de 
dimension 0 ou 1 (sur À) suivant que ¢ est de type t ou de type t, cafd. 

Si ¢: A— 4’ est une isogénie, nous noterons tọ Phomomorphisme de 
P(A’) dans P(A) défini par 4 (cette notation est en accord avec celle 
utilisée dans la théorie de la variété de Picard, cf. [16], Chap. V, §1). 


LEMME 11. 5i D est de type Sa ou de type t, le noyau de to est nul; 
st ġ est de type ra, ce noyau est Wordre p; st & est de type sı il est fim et 
d'ordre premier à p, Dans tous les cas, th est surjectif. 


On raisonne comme dans le Lemme 10, en utilisant l’isomorphisme 
P(A) = Ext(A, Gmn) et les suites exactes (8) et (5). On obtient ainsi, 
dans le cas séparable, la suite exacte: 


(8) 0— Hom(N, Gm) > P(A/N) > P(A) > Ext(N, Gn). 


Comme Gm est un groupe divisible, Ext(V,G,) est nul, et ‘ est surjectif ; 
quant au noyau de #, il est isomorphe à Hom(N, Gm), c’est-à-dire à la com- 
posante d'ordre premier à p du groupe des caractères de N; d’où le lemme 
dans le cas séparable. 

Dans le cas inséparable, on a de même une suite exacte: 


(9) 0— Hom(n,t(@,}) > P(A/n) — P(A) > Ext(n,t(Gn)). 


La p-algèbre de Lie t(G,) a comme base l’élément Y == 49/04, et l’on a 
Yr— Y ; on en déduit que Hom (n, t(Gm)) est nul (resp. cyclique d’ordre p) 
si l’on est dans le cas 4, (resp. i2), et que, dans tous les cas, Ext(n, t(Gm)) —0, 
eqfd. 


THÉORÈME 5. Une variété abélienne n'a pas de torsion. 
4 De même que ci-dessus, cette suite exacte peut se déduire d’une suite spectrale 


analogue à celle de Cartan-Leray, où la cohomologie de la p-algèbre de Lie n (au sens 
de Hochschild [10]) remplace la cohomologie des groupes. 
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{Autrement dit, on a P(4)=—A*, ou encore, si X est un diviseur, 
les relations “X ==0” et “X est algébriquement équivalent à zéro” sont 
équivalentes). | 

Le groupe A* des classes de diviseurs algébriquement équivalents à 0 
est un sous-groupe de P(4), et l’on sait (cf. [15], Chap. IV, par exemple) 
qu’il existe un entier n = 1 tel que n: P(A) CA*. Soit ġ: 4 — À lisogénie 
définie par la multiplication par n; en combinant les Lemmes 9 et 11 on voit 
que ‘h: P(4)— P(A) est surjectif. Mais P(A) = Ext(A4, Œm) et les fonc- 
teurs Ext(4,B) sont additifs ; il s’ensuit que tọ n’est autre que la multiplica- 
tion par n (voir aussi [23], Prop. 31), d’où P(A) ==n- P(A) C A*, eqfd. 


Remarque. Comme on l’a indiqué dans l’introduction, le Théorème 5 
est dû à Barsotti [3]; la démonstration de Barsotti, assez différente de celle 
donnée ci-dessus,® est basée sur une caractérisation des différentielles “ logarith- 
miques” (voir aussi [5]). 


11. Représentations p-adiques. Soit À une variété abélienne; on sait 
([82], Prop. 4) que H1(A,W) — lim. H+(A,W,) est un A-module libre de 
type fini; soit r(A) son rang. Tout homomorphisme ¢: A—B définit un 
homomorphisme transposé ¢*: H! (B,W) — H(A, W), limite des ¢,* con- 
sidérés au n°, précédent. On notera que ¢* commute aux opérations V et F. 

Soit autre part 4A*— P(A) le groupe des classes de diviseurs sur A 
algébriquement équivalents à zéro (la “variété de Picard” de A); nous 
noterons T,(4*) le “groupe de Tate” de A* relatif au nombre premier yp. 
Rappelcns ([16], Chap. VII, §1) que l’on a T,(4*) = Hom(Q,/Z,, A*) ; 
un élément de 7,(A*) n’est donc pas autre chose qu’une suite (21,-* >, Zm’ © +); 
avec vE AŽ, pa, = 0, Jta = Bı, PTs = Ta * - etc. Si pë) est le nombre de 
points d'ordre p de A* (ou de À, c’est la même chose, puisque À et A* sont 
isogènes), T,(A*) est un module libre de rang s(A) sur l’anneau Z, des 
entiers p-adiques (loc. cit.). Tout homomorphisme pb: A—>B définit un 
homomcrphisme transposé '¢: T,(B*) > T,(A*). 

On sait que l’annezu Z, peut être identifié à Panneau W (Fp) des vecteurs 
de Witt de longueur infinie sur le corps F, à p éléments, donc à un sous-anneau 
de A= W (k) : l’ensemble des éléments de A invariants par F. Par extension 
de Panneau d’opérateurs, le Z,-module T,(4*) définit un A-module 7’,(A*) 
de même rang s(4). 

Enfin, nous désigrerons par La 4) la somme directe de H1(4,%) et 
de 7”,(4*) ; c’est un A-module libre de rang r(A) + s(A), et, comme chacun 


* Cette démonstration a également été obtenue par Cartier (non publié). 
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de ses facteurs, c’est un foncteur contravariant additif en A. Sig: 4—B 
est un homomorphisme, nous noterons ¢’ l’homomorphisme de L,(B) dans 
L,(A) qui lui est associé. . 


THtorEME 6. Soit p: A>B une isogémie de degré v(@), et soit p" 
la plus haute puissance de p divisant v($). ‘L'application ¢’: L,(B) — L,(A) 
est alors injective, et son conoyau est un A-module de longueur finie égale à k. 

Vu le Lemme 9, il suffit de démontrer le théorème dans le cas d’une 
isogénie “ élémentaire.” Examinons successivement les quatre cas: 


type sı. Les Lemmes 10 et 11 montrent que ¢*: H1(B,%Y) -> H1(4,%) 
ainsi que tp: T,(B*) = T,(A*) sont bijectifs, et il en est donc de même 


de ’; comme k= 0 dans ce cas, le théorème est bien vérifié. 


type Sa D’après le Lemme 10, pour tout n = 1, le noyau et le conoyau 
de ¢,* sont de longueur 1; par passage à la limite projective, on en déduit 
que le noyau de ¢* est de longueur 0 on'1 (donc O puisque L,(B) est un 
module libre), et que le conoyau de #* ‘est de longueur 1 (les conoyaux 
s'appliquant les uns sur les autres quand n-> +00). D'autre part, le Lemme 
11 montre que ‘# est bijectif, d’où le théorème, puisqwici k = 1. 


type 4. Même raisonnement que pour le type se 


type ta» Le Lemme 10 montre que'¢* est bijectif. D'autre part le 
Lemme 11 montre que le noyau de tp: B*— A* est cyclique d’ordre p; on 
en déduit par le raisonnement usuel ([23], p. 50 ou [16], loc. cit.) que 
th: T,(B*) — T,{(A*) est injectif et que son conoyau est de longueur 1, d’où 
le théorème, puiscu’ici encore on a #— 1. 


COROLLAIRE 1. Le rang r(A)+s(A) du A-module L,(A) est égal à 
2. dim (4). | 

On applique le Théorème 6 à l’isogénie ¢: À — A définie par la multi- 
plication par p. On a v(p) = p> dim) ([28], p. 127), et Pautre part le 
conoyau de # est Lp,(A)/p-L,(A), qui est un A-module de longueur 
r(A) +s(A). 


COROLLAIRE 2. Soient A et B deux variétés abéliennes de même 
dimension, et soit D un homomorphisme de A dans B. Si ġ west pas une 
isogénie, le conoyau de ¢ n’est pas de longueur finie. 


Soit C l’image de A dans B. On a dim. C < dim. 4 = dim. B. T’applica- 
tion ¢’ se factorise en L,(B)—L,(C)—L,;(A). D’après le Cor. 1, le rang 
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du A-module Z,(C) est strictement inférieur à celui de Z,(A), et le conoyau 
de ġ n’est donc pas de longueur finie. 

(On pourrait facilement démontrer que ZL,(B) — L,(C) est surjectii, 
mais nous n’aurons pas besoin de ce résultat). 


Nous allons maintenant prendre B= A, autrement dit considérer des 
éléments @ de Pannean (A) des endomorphismes de A. A un tel élément 
@ est attaché l’endomorphisme ¢’ de L,(A); on a les formules 


(ha + 2)’ = pr’ + ho’ et (hih) = pr pr; 


ces formules signifient que 6—> ¢’ est une anti-représentation de ((A) dans 
L,(A). Si Von choisit une base dans L,(A), on obtient ainsi une représen- 
tation de @(A) par des matrices de degré 2.dim(A) à coefficients dans A; 
nous allons voir que cette représentation est l’analogue p-adique des représen- 
tations l-adiques de Weil: 


THEOREME 7. Si est un élément de (A), le polynôme caractéristique 
de p (au sens de Weil, [28], p. 181) est égal à celui de l’endomorphisme ¢’ 
de L,(A) qui lu est associé. On a en particulier 


vig) —=det(¢’) et of) = Tr(¢’). 


Soit D(h) — det(¢’); Cest a priori un élément de A, et nous allons 
d’abord montrer que c’est un élément de Zp. Vu la décomposition de Z, (A) 
en somme directe, on a D(b) = det(*) - det(fb*, et il est clair que det(*¢) 
appartient à Zp; reste à voir qu’il en est de même de det(d*): Soit e; 
i=1,:--,r(A), une base de H1(A, OW); si * (e) = Daije;, avec aE A, 
on a, par définition, det(¢*) — det (ay). Puisque VF =p, Vapplication F 
de H1(A,%) dans lui-même est une injection, et les Fe; sont linéairement 
indépendants sur A. Du fait que ¢* commute avec F, on a *(Fe) 
a= >, F (ay) Fe, et Pon a det(p*) = det (F(a,;)) — F(det(a;)) = F(dei(p*)), 
`” ce qui signifie bien que det(#*) est un élément de Z, et démontre notre 
‘assertion. 

A partir de là, la démonstration est la même que celle du Th. 36, p. 136, 
de [28]: le Th. 6 et son Cor. 2 montrent que les relations v(¢) =0 et 
D(¢) 0 sont équivalentes et que D(¢) et v(¢), lorsqu'ils sont non nuls, 
ont même valuation p-adique; en appliquant le Lemme 12, p. 134, de [28], 
on en déduit que D(¢) —v(p}), d’où le théorèmz. 
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Remarques. 


1). Ala différence des représentations l-adiques (1 5 p), la représentation 
p-adique que nous venons d’obtenir est à coefficients dans A— W (k), et non 
dans Z,; l’exemple des courbes elliptiques d’invariant de Hasse nul montre 


d'ailleurs qu’il est impossible d’obtenir une représentation à coefficients dans 
Z, ayant la trace voulue. 


2). Nous avons construit la représentation précédente comme somme 
directe de deux représentations. En fait on peut la décomposer de façon 
canonique en somme directe de trois facteurs: chacun des H*(A, Wa) est 
somme directe d’un sous-espace H1(A,W,), où F est bijectif, et d’un sous- 
espace H1(A,W,), où F est nilpotent (décomposition “de Fitting”). Par 
passage à la limite, on obtient une décomposition H1(4,9%),+ H1(4,%#), 
de H1(4,%) qui est évidemment “fonctorielle”; le A-module H*(A, 9), 
est isomorphe à Hom(7,(4),A), comme on peut le voir en utilisant les 
résultats de [22], $ 3. Cette décomposition de Z,(4) en trois facteurs, outre 
qu’elle fait jouer un rôle plus symétrique à A et A*, a l’avantage de “ séparer ” 
les isogénies des types So et 1,: celles du premier type sont bijectives sur le 
facteur H1(4,W),, celles du second type sur le facteur H+(A, W),. 


COLLEGE DE FRANCE, 
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LIE GROUPS AND LIE HYPERALGEBRAS OVER A FIELD 
OF CHARACTERISTIC p> 0 (VIII) *f 


By JEAN DIEUDONNÉ. 


To E. Artin on his sixtieth birthday. 


1. Introduction. In the last two papers of this series,‘ we obtained 
some precise information on what one may call the “building blocks” in 
the theory of formal Lie groups (over an algebraically closed field), namely 
the simple ones: thanks to the fundamental work of Chevalley [3], the simple 
noncommutative Lie groups are now known up to isomorphism, and the simple 
abelian groups have been determined in [10] up to isogeny. The main task 
ahead is now to see how these blocks are assembled in the most general groups, 
in other words, to study the problem of extensions of formal Lie groups. 
This paper is a small beginning in that direction: we have concentrated our 
efforts on the question of the position of the simple “divisible” abelian sub- 
groups (i.e. the simple groups other than the additive group Ie) in an 
arbitrary group; it is known that (with the exception of the tori) they lie 
in the center of the group, and the natural conjecture is that those which 
are in the center are quasi-direct factors of the whole group. I am able in 
this paper to prove that conjecture for solvable groups; the general theorem 
(if true) is linked with what seems to me the biggest open question remaining 
in the theory, the generalization of Levi’s theorem. 

Group extensions nowadays means cohomology, and we have followed the 
obvious method of attack, which consists in developing and using in our case 


* Received March 4, 1958. 

t Work done under contract AF 49(638)-106 with the U. S. Air Force. 

+T use the terminology and results of these papers ([4] to [10]), and take this 
opportunity of correcting a few inaccuracies in [9] and [10]. In [9], p. 348, line 6, 
there should be a bar on the first u. On p. 352, the proof of (v) is not explicit enough: it 
should be observed that [gr N Q, t-] is contained in t,, for we have [gm N ©, 8. N @] 
C 8, N 9, and [ura 8 N N] Ct. by (ii); hence [X + T -+ U, U'] €t,, and similarly 
[U,X’-+- 7’) et, On p. 371, line 13, read x? instead of xê. On p. 376, section 19, the 
field K has to be a gebraïcally closed throughout, On p. 381, line 10 from bottom, 
read H* instead of H. On p. 382, line 10, read “equal to C.” In [10], p. 114, line 2, 
read [4] instead of [3]; in footnote 3, line 3, read Gn,m,r instead of Gan, . On p. 130, 
line 5, read ms—j instead of ms + 7. 
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the well-established cohomologicai notions which have proved their value in 
so many other theories. In our peculiar set-up, everything, of course, has 
first to be “ formalized,” in order to be able to do without set-theoretical con- 
cepts; but if this is done in the most trivial way for cross-sections (whose 
existence constitutes such a thorny problem in the case of algebraic groups), 
various technical difficulties arise in the extension of other basic concepts; 
‘I only mention here the absence of any sensible deiinition of 0-cochains 
(which is particularly troublesome for the low dimensional cohomology groups, 
in which we are especially interested), and the apparent necessity of intro- 
ducing infinite-dimensional Lie groups as auxiliary tools, with all the extra 
care which is required when handling these somewhat elusive objects. Unfor- 
tunately, the so-called foundational books and papers on cohomology are, as 
usual, inadequate to cope with this. new situation: they constitute at best a 
blueprint which one has to follow through endless tedious verifications, but 
-€o not provide any ready-made axiomatics which would dispense altogether 
with this unpleasant work ; it is to be hoped that the more abstract homologicai 
algebra now in gestation in several quarters will fare better in this respect. 


As a by-product of our investigation, it is, in particular, possible to 
give a complete description of all two-dumensional Lie groups over an alge- 
traically closed field; apart from a satisfaction of mere curiosity, they provide 
unexpected counter-examples for several pleasant and plausible conjectures: 
for instance, an extension of the additive group by itself may very well be a 
non representable Lie group. This “pathology” seems to put strong limita- 
tions to the use of the theory of algebraic groups (as exemplified in []) to 
derive properties of formal Lie groups, and the unduly optimistic outlook 
expressed at the end of the introduction of [9] is no longer tenable. 


2 Infinite dimensional formal Lie groups. It will be necessary for 
our purpose, to extend first the notion of formal Lie group to groups of 
“infinite dimension” in a manner which differs f-om the previous extensions 
of that type made in [6] and (by implication) in [8, no. 2]. Let I-be an 
arbitrary set, and x = (2,),,, a set of indeterminates. When in the following 
we speak of a power series in the x; with coefficients in a field K, we will not- 
mean the most general power series in these indeterminates (as defined in 
[6, no. 2]), but only those series in which, for every integer m = 0, there are 
only a finite number of terms of total degree =m; these series obviously 
form a subalgebra of the algebra of all power series in the z, and it is that 
subalgebra which, by abuse of notation, we will write K{[x]] or K[[2:]],r. 
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A fundamental consequence of that definition is that, if (ui) ,.; is a family 
of elements of K[[y]] (where y= (y;),, z)» which are power series without 
constant terms, then it is possible to substitute the u; to the z, in any power 
series vE K[[x]], and the resulting power series still belongs to K[[y]]. 

We can then define a formal Lie group of dimension Card(I) exactly 
as a formal Lie group of finite dimension, as well as the notion of homo- 
morphism of a formal Lie group into another one (both of arbitrary dimen- 
sion), by replacing power series in two sets of n indeterminates by power series 
(in the sense defined above) in two sets of indeterminates indexed by J, in 
the definitions given in [4, no. 2 and no. 3]. The existence of the “inverse” 
x == (6,(«)) in such a group G follows.as in the finite dimensional case, 
the terms of total degree m in the power series 6; being determined by 
induction on m. A similar argument proves the following 


Lemma 1. Let (J,L) be an arbitrary partition of I. There exist 
two uniquely determined systems of power series without constant terms 
u(x) == (u;(x)),., and v(x) = (m(%)),2, such that u,(x) =0 for kEL, 
v(x) = 0 for j€ J, and | 


(1) u(x}v(x) =x. 
Indeed, these conditions amount to the system of equations 
uj; +; (u,v) = 2; “for JEJ, 
Un + Prl, D) == 2; for ke L, 


where the y; are power series all of whose terms have a total degree = 2, and 
these have obviously a unique solution. . 

We observe that there is in general no hyperalgebra (in the usual sense, 
see for instance [8, no. 2]) corresponding to a formal Lie group of arbitrary 
dimension; this is due to the fact that if we write as usual (¢(x,y))¥ 
= 2 dapy®*y", when æ and £ are given, ‘there may well be an infinity of 


indices y for which dagy 340, hence the product of two left-invariant semi- 
derivations Ža, Zg on Œ will not in general be a finite linear combination of 
the Zy. 

However, the main results which we shall need can be proved directly 
without the use of the hyperalgebras. If,J is a subset of I, we say that J 
corresponds to a typical subgroup of G if the following condition is satisfied : 
for any system (y;),,,==y of indeterminates, define j(y) = (7:(¥)) as the 
system of power series j;(y) =y; for 1€ J, j(y) —0 otherwise; then we 
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must have ¢i(j(y),j(s)) —0 for all indices t J. If we write $%(y,%) 
= oi(j(y),j(#)) for 1€ J, the system of power series ¢’; defines a group 
law, and if we denote by H that formal Lie group, j is a homomorphism, which 
is called the natural injection of H into G. We say that H is a normal sub- 
croup ii the components of xj(y}x: of index k¢J are all 0; we can then 
write xj(y)x = j(u(x,y)), where u(x,y) —u;(x,;y));., is a system of 
power series without constant terms. When H is a normal typical subgroup 
cf G, we now proceed to define the quotient group G/H. Using Lemma 1, 
there exist two well determined systems of power series r(x) = (7;(%)),.) 
and h(x) = (hi(x)),., such that hki(x) — 0 for i€ J and x = j(r(x) h(x). 
If y= (y;) is a second “generic point” of G, we can therefore write 


xy = j(r(x) )h(x)i(r(y*) aly”), 
and using the fact that H is normal, this can also be written 
xy t= j(u™ (x,y) )h(x)h(y>) 
= j(u® (x,y) )A(h(x)h(y*)), 


where u( and u”) are systems of power series; hence, replacing x by xy in 
that-identity, we get 


x == j(u® (xy, y) )h(h(xy)h{y")), 


and from the uniqueness property of Lemma 1 (applied when K is replaced 
by a field containing K[[y]]), we deduce 


| h(x) —h(h(xy)h(y4)) : 
finally, substituting y"! to y in that identity, and then xy to x, we obtain 
(2) h(xy) =h(h(x)h(y)). 


For a system ¥ == (%;),.,;, of indeterminates, let now o(%) be the system 
(oi(x));er of power series such that o,{(%)—=0 for 5€ J, o,(%) = 4; for 
i€ I—J; we claim that the system of power series ©(%,¥) == (®.(%,9)), arg 
such that 


o(@(%,¥)) —h(o(%)o(F)) 


defines a group law. Indeed, it is immediate that ®(é,%) = (%,é@) —%, 
and from the definitions and from (2), we deduce that 


o(((%,¥),%)) =h(o(H(%,¥) )o(%)) = h(h(o(%)o(¥) )h(o())) 
` = h(o(%)o(¥)o(%)), 
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and a similar computation for o(@(%,®(¥,%))) proves the associativity 
condition. We will denote by G/H that formal Lie group and we will say 
that o is the “typical” cross section of G/H; the system h(x) = (h(x) erg 
is then a homomorphism of G into G/H (called the natural homomorphism), 
and it is clear that hoj=0, h(o(%)) —%, and o(h(x)) =h(x). 

We may now define what we mean by an exact sequence of formal Lie 
groups and homomorphisms of the type | 


u v. 
0 C — G— FG’ > 0. 


By definition, this means that there exist a formal Lie group G,, a typical 
normal subgroup H, of G;, and three isomorphisms @— H, G> G,, 
G” + G/H, such that the diagram 


u vo 
A Ga” — 0 
0 EH, — G,——> G,/H, 0 

j h 


J 
is commutative. 


To go further, we should need the homomorphism theorem for formal 
Lie groups of arbitrary dimension; I do not know if such a theorem is valid 
in general. However, it will’ be enough, for our purposes, to consider 
homomorphisms u: G-—> G’ of a group G of finite dimension into an arbitrary 
formal Lie group G’. The proof of the homomorphism theorem given in 
[4, pp. 107-114] can then be transcribed verbatim, for all the “changes of 
variables” which intervene in that proof are defined by power series in the 
restricted sense which we have adopted at the beginning of this section. 
‘There exists therafore (when K is perfect) an isomorphism @ -> G,’, and 
an isogeny G—> H, of G onto a typical subgroup of G,’, such that the diagram 


u x 
G —— ( 


|| 


H, —> G,’ 
j 


en 


is commutative. 
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3.. Cohomology of formal Lie groups. We consider, on one Hand, a 
formal Lie group G of finite dimension over a perfect field K, and on 
the other hand, an abelian formal Lie group A over K, of arbitrary 
dimension; let Z be the finite, J the arbitrary set of indices through which 
run the indices of the indeterminates defining the group laws of G and A 
respectively. A structure of formal G-module on A is defined by a system 
f(s,x) = (His, x)).. , of formal power series without constant terms and 
with coefficients in K, in the indeterminates s; and z; (with s = (s), x = (;), 
tE I, jEJ); we write f(s,x) =s: x, and we assume the following axioms: 


(3) s(x+y)=s-ats-¥ 


(x,y independent “generic points” of A, the group A being written addi- 
tively; if x -+ y= (W;(x,y)) is the group law of A, (3), written in full, is 
the system of identities 


Fil (Si), (Yule, ¥))) = WF (8, x), f(s,y))) 3 
(4) | e x=% 


(e= (0.---,0), “neutral element” of G; this means of course that when 
the s; are replaced by 0 in each f;, the resulting series reduces to 2;) ; 


(5) s: (t: x)= (st): x 
(s,f independent “generic points” of G; this means here 
FC Csi), (fu (t, æ) )) = fil (ils, tI), (we) ) 


if st =='(ġ;(s,t)) is the group law of G). The usual properties of modules 
with coefficients in a group are “formalized” by following the same reasoning 
as in the classical case: for instance, if L is a field containing K[[s]], 
‘condition (3) means that f(s,x) is an endomorphism of the group Air), 
and it follows from (4) and (5) that in fact it is an automorphism of that 
formal Lie group. 

For each integer m = 1, we now define a (non homogeneous) m-cochain 
on G with values in À as a systern gs, °°, 8m = (9;(81,° °°, Sn) Peg £ 
power series without constant terms and with coefficients in K, in m systems. 
Sr = (Sri) ,¢, Of n indeterminates (1SAsSm). We define the “sum” 
g-+h of two m-cochains g = ( gi), h = (h;) as the system of power series 
in the sp obtained by substituting each g; (resp. k;) to x; (resp. y;) in each 
of the power series #,(x,y) defining the group law of A. It is then clear 
that for that “sum,” the m-cochains on G with values in A form a (non 


1 


on 
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formal) abelian group C"(G, A). We next define the coboundary operator 
dma: C"(G, A) > C™(G,A) by the usual formula 


(6) dmg (S1, NS Sms) = $;° g (82, ae Smal) 


m 
+ 2 (— 1)*g (sı, Ot ty Str, Sisi Su °°; Sm:1) 


a3 (—1)"™g (s; ° ' Sm) 


{the sum in the right hand side being taken according to the group law of A; 
and similarly, the minus signs denote inverses in A); the relation dmiodmis 
=— 0, being purely formal, holds as in the classical case; the subgroup 
Z"(G,A) C C"(G, A) of the m-cocycles is defined in the usual way for m = 1, 
and the subgroup B"(G,A) C Z™(G,A) of the m-coboundaries for m= 2; 
hence the definition of the m-th cohomology group 


™(G,A) = Z"(G,A)/B"(G,A) 


for m==2. As there are no “elements” in A, there is no general definition 
of B1(G, A); however, when G operates trivially on A, i.e. when s°x—x, 
we take, by definition, B1(G,A) —0, and then it is clear that H*(G, A) 
— Z1(G,A) is the group of homomorphisms of G into A. 

Let B be a second formal G-module, and u— (ug) a homomorphism of 
A into B, i.e. a homomorphism of the abelian group À into the abelian 
group B such that u(s-x) —s-u(x}); for each m-cochain ge C”(G, A), 
the system 


(uog) (S1, i "> Sm) D (tr (g (81, ° | *;8m))) 


of power series 13 an m-cochain uogéC™(G,B); due to (6) and to the 
relation u(s'x) —s-u(x), it is immediately verified that uog is a cocycle 
(resp. a coboundary) when g is a cocycle (resp. a coboundary). Hence the- 
mapping w:g—uog defines a homomorphism u* of H"™(G,A) into 
H"(G,B) for m=2 (and also for m—1 when G acts trivially on A and 
on B). Furthermore, it is obvious from the definitions that if C is a third 
formal G-module, v a homomorphism of B into C, and w—vou, we have 
for the corresponding homomorphisms, w* == v*ou*, This implies, in par- 
ticular, that when A and B are isomorphic formal G-modules, H™(G, A) 
and H™(G,B) are isomorphic. 

Consider now a G-module B, and a typical subgroup A of B, corres- 
ponding to a subset L of the set J of indices corresponding to B. We say 
that A is a submodule of B if A is a G-module and if, for the natural 
injection j of A into B, we have j(s:y) = s-j(y) (y generic point of A). 
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_ It is then possible to define on B/A a structure of G-module in the following 
way: with the notations of Section 2 (except that the group law of B is now 
written additively), we have 


s: =s: (}(r(x))) +s'h(x) 
= j(s:r(x)) +s-h(x) 
= j(v(x)) +h(s-h(x)), 
where v is some system of power series; the uniqueness property of Lemma 1 
implies 
(7) h(s°:x)—h(s h(x)). 


It is then an easy matter to verify, using (7) and (2) and the definition 
of the group law in B/A, that, if we define s-% as the system of power series 
such that o(s:%) =h(s-o(%)), the axioms (8) to (5) are satisfied, and 
that the natural homomorphism h of B onto B/A is a homomorphism of G- 
modules. 

We then extend the definition of an exact sequence of G-modules 

i P 
0 —> A —> B— C-> 0 
by requesting that, in the corresponding definition given in Section 2 for 
groups, all the groups are G-modules and all homomorphisms are homo- 
morphisms of G-modules.? With that definition, we can verify immediately 
that the corresponding sequence of (non formal) abelian groups and homo- 
morphisms 


t p 
0 C” (G, A) — 0” (G, B) —> C” (6,0) > 0 


is exact: we can namely suppose first that À is a typical submodule of B, 
C the quotient module B/A, and that i and p are the natural homomorphisms 
jand À. Suppose that g is an m-cochain in C™(G,B) such that hog=0; 
using Lemma 1, we can write 


g = jog: -Hoog 


where g, € C"(G, A4) and g,€ C"(G,B); the assumption means that oog, 
— 0, hence our conclusion, | 
The general methods of cohomology can then be applied to define homo- 


? The field K has here arbitrary characteristic, and thera can be no contusion 
between the meaning of the letter p here and its usual meaning ‘(Frobenius homomor- 
pLism) in groups over a field of characteristic p. 
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morphisms 0: H"(G,C)—-> H™1(G,A) for m22, and to prove that the 
sequence . 
ie p* 8: 
(8) H°(G, A) —>H°(G,B)—> H?(G,C)—> H(G, A) >>> 
ue p* i 

DEN A ER R E eer AR; 
is exact (“exact sequence of cohomology”); furthermore, when G operates 
trivially on A, B and C, the sequence can begin with H(G, A), as is readily 
verified. Finally, suppose we have two exact sequence of G'-modules, connected 
by homomorphisms 

0— A — B —> Č > 0 


oa; 
0—> A’——> B’—> 0” +0 
such that the diagram is commutative; it is then clear that the corresponding 
diagram for m-cochains 
0 9"(G, A) — > O(G, B) —>C"(G,C) 0 
u v w 
0 —> On(Q, A’) — 0” (G, B) —> 0” (G,0) > 0 
is commutative, end then the general methods of cohomology prove that the 
diagram 
--— H"(G,A) —> H” (G, B) —> H"(G,C) —— H" (G,A) =... 
uy” y” w* u” 
> H” (G, A) —> H” (G, B) — H” (G, C) —> H" (G, A) >: - 


is also commutative. - 


4, The Hochschild-Serre exact sequence. Let u be a homomorphism 
of a formal Lie group H (of finite dimension) into G. It is immediate that, 


3 The result which we prove in this section is the extension to our situation of a 
very special corollary of the results of Hochschild and Serre [11]; they use very heavy 
homological machinery, and the labor of extending that machinery to the present case 
would (if possible at all) be out of proportion to our needs. The “elementary ” proof 
which I follow here is patterned after a similar proof for the classical case, which was 
kindly communicated to me by G. Hochschild. 
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if A is a G-module, A is made into an H-module if we define t-x as equal 
to u(£) :x for a “generic point” t of H. If g is any cochain in C"(G,A), 
then g(t, -` im) = g(u(t,),: ":,u(t,)) is an m-cochain in C"(H,A); 
if we denote it by @(g), à is a homomorphism of C™(G,A) into C"™(H, A), 
and formula (6) shows that @ commutes with dm Hence, for m= 2, we 
have a homomorphism 


a: A" (G,A) — H"(H,A) ; 


when G operates trivially on À, so does H, and the definition of u* can be 
extended for m==1. Furthermore, it is readily verified that, for any exact 
sequence 0— A> B- 9—0 of G-modules, the diagram 


ce. AH" (G,A)— H" (G, B) —> H” (G, Ci —> H"H (G,A) >: 
u” u” a” u” 
etc H” (H, A) —— H” (H, B) — H” (H, C) — H”” (H, A) <:> 
is commutative. 


From now on, we shall suppose that the G-module A has finite dimension. 
We introduce, after A. Weil (cf. [11, p. 114, Cor. to Prop. 3]), a new formal 
abelian group M(G,A) of infinite dimension, corresponding to the set of 
indices L—J XN; for two “generic points” u= (tja), v= (Un), the 
composition law w—u<+ is defined in the following way. We associate 
to u and to a “generic point” s of G the system of power series which we 
write u(s) — (u;(s)) in the ja and s, such thatru;(s) = >) Ujast (note that 


these series have no constant term, but each one has a unique term which 
does not contain any s, namely uj); the mapping u—u(s) is of course 
bijective; w is then defined by the condition w(s)—u(s)+v(s) (sum 
taken for the group law of A), and it is immediately verified that w, is 
actually a polynomial in the uj, and tja; the associativity and commutativity 
of the group law are obvious. We next make M(G,A) into a G-module by 
the definition (s-w)(s’) ==u(s’s) (s,s’ independent generic points of G); 
if we write as usual (s's) == 2 dapys'*8?, we have therefore, for v—s:u, 


Vig == D dapytjys®, and as G has finite dimension, there are only a finite 
Ay 


number of dagy which are =<0 for given œ anc 8, which shows that the 
power series defining s'u are of the type allowed by our conventions; the 
verification of axioms (3), (4) and (5) is then immediate. Observe in 
passing that for the definition of the structure of G-module on M(G,4A), 
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Me 


the structure of G-module of A is irrelevant, only its structure of abelian 
group intervenes. 

It is immediate from the definitions that for any m-cochain f in 
C™(G,M), fe (So) S15° °°) 8m) = f (81,° © +, Sn) (so) is an (m + 1)-cochain in 
Cm1(G,A), and f— fa is an isomorphism of C"(G,47) onto C™?(G,A). 
Moreover, we can here define 1-coboundaries in C'(G, M) as the 1-cochains | 
f such that f,, (So, 31) = g (8081) —g (so), where g is a 1-cochain in C'(G, A). 
For any subgroup H of G, M(G,A) is also an H-module, and the cochains 
in C"(H, M) correspond now to the systems of power series fe (So, $1," °°; Sn), 
where s, is a genaric point of G, s1,- > *,s, independent generic points of 
H ; 1-coboundaries are again defined in the same way. With these definitions: 


LEMMA 2. For any subgroup H of G, H"(H,M(G,A)) 0 for any 
m = 1. 


Indeed, if we write that an m-cochain f€ C’(H,4/). is such. that 
lui = 0, we obtain, from formula (6) 


ms 
fs (So81, Sz," °°; Smi) -+ > (— 1) ‘f (So, $1,° °°, SiSiess ‘> Sms1) 
{xl 


+ (CL) fa (Sos 515° * 5 Sm) = 0. 

when sọ is a generic point of G, the s; (1221) independent generic points of 
H. We may obviously suppose the subgroup H is typical, defined, for instance, 
by the relations s,Q for t€ 1—17,. Using Lemma 1, we can therefore 
write for a generic point s of G, s=-h(s)r(s), where hi(s) —0 for 1€ Jo, 
ri(s) —0 for 2€ T— Io; if £ is a generic point of H, we have h(t) =e, 
r(t) =t; using these results and the uniqueness property of Lemma 1, it is 
easy to verify, as in Section 2, that h(st) =-h(s) and r(st) —r(s)t. Con- 
sider now the system of power series 


(9) 


Bx (So, 815° , > Sm-1) == f,(R(so),r(so), 815° i Sue) 


with the same assumptions on the s;; formula (9) and the preceding 
properties of h and r show at once that f== dmg, hence our result (the case 
m = 1 has, of course, to be considered separately; since we have not defined 
0-cochains, but directly 1-coboundaries). | 
We next introduce the lift mapping. Let P be a G-module (of finite or 
infinite dimension), and let H be a normal subgroup of G; suppose in 
addition that the relations t:x=—x, for a generic point t of H, “define” a 
subgroup PZ of F (this means that, after a suitable “change of variables” 
in P, the equations obtained by writing that in the power series f,(t,x), 
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considered as series in the t, the coefficients are all zero except the terms 
indeper dent of £, form a system equivalent to the system obtained by equating 
“to 0 a subset of the indeterminates x;). Then, if y is a generic point of PA, 
we have (ts): y==s-y for a generic point s of G, since H is normal in G; 
sherefore PE is a G-submodule. We may suppose that H is a typical normal 
- subgroup of G, and keep the notations of Lemma 2. For a system of indeter- 
minates 8— (5;),¢7y,, We define o(8) = (o;(8)) such that o(s) —0 for 
i€ Ig, 04(8) = 5, for i€ II—I; it is readily verified that s-y—o(3)-y 
defines a structure of (G/H)-module on P¥, and that the original structure 
of G-module on PE is obtained by the process described at the beginning of 
this section applied to the natural homomorphism h of G into G/H. If we 
designate by i the natural injection P#— P, we obtain therefore a homo- 
morphism 


h z: 4 of: 


\: H™(G/H, PE) —> H™(G, PE) — H” (G, P) 


(n = 2), which we call the lift mapping. . 
It can also be described as deriving (by passage to quotients) from the- 
mapping | 
A: C"(G/H,P4) > C™(G, P) J 


which to each cochain g(8,,° > -,8,) in C"(G/H, PA), associates the cochain. 


E(g(R(s),: "+, R(sn))) in Cm(G,P). 
We can now state and prove the main result of this section: 


PROPOSITION 1. Suppose A is an abelian Lie group of finite dimension, 
on which G operates trivially, and that H is a normal subgroup of G such 
that H'(Han, Au) =0 for any extension N of the field K. Then the 


sequence 
A* a 


p 
0— H?(G/H, A) —> H?(G, aa A) 
‘p natural injection of H into G) is exact. 


We introduce, as above, the Code ar (G, A) — M, and we consider 
in addition the mapping j: A-> M such that j50(x) = tr, 1ra(x) —0 when- 
ever «40 (keJ) (in other words, j(x) (s) == (7L(x, s)) is the system of 
power series j,(x,s)==a,). As G@ operates trivially on A, j is a homo- 
morphism of G-modules; homeover j(A) is the typical subgroup of M 
defined by the relations Ura == 0 for EJ and 40. We may therefore 
consider the quotient G-module C = M/ j(4); we shall denote by p the 
natural homomorphism of M into C; we have by definition s- p(w) = pís- u). 
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From that definition, it follows that for any m-cochain f in C"(G,C), 
7(f ($1, $2," + *,8m)) (S0) = fe (So; $1," °°, 8m) (r typical cross section of 
M/j(4)) is a system of power series in which there are no terms independent 
of 8,,° * *,Sm, i.e. such that f,(s.,e,--°,e}—0. We observe that the 
1-coboundaries in C'(G, M), as defined above, have that property, and by 
definition, we take these 1-cochains as l-coboundaries in C'(G,C); the 
cochains in C” (H, C) and the 1-coboundaries in C1(H,C) are characterized 
in the same way. | | 

We now proceed to show that M H and OF are “defined” in the sense 
described above, and to characterize these submodules. The relation £: u = u 
means u(st) —u(s) (s generic point of G, t generic point of H); using the 
notations introduced in Lemma 2, this implies us) = u(h(s)r(s)) = u(h(s)) ; 
conversely, for any system v= (Yra) of indeterminates, u(s) = v(h(s)) is 
such that u(st)=-u(s). If we remember that hs) —0 for 1€ Ip, 
hi(s) ==s,;+- +: (unwritten terms of degree =2) for t€ 1—L,, it follows 
easily, by induction on ||, that the relation t-u— wu is equivalent to an 
infinite system of equations of the following type: Ure —0 for 2€ J, and, | 
for any index a= (œ,: : :,a,) such that;|a|>1 and one at least of the 
a for t€ I, is 0, ` 


Ure = Pra ( (typ) ) (ke JS), 


where Pra is a polynomial with integral coefficients in the ujg (7€ J) such 
that | 8| < |a] and all non-zero components of 8 have their index in I—Ip. 
The “change of variables” Wra == Uka — Pral (use) ) for all indices « such 
that at least one œ; for 4€ I, is 40 (with Pra=0 if |a|—1) reduces MA 
to a typical subgroup. This shows further that the mapping v—>voh is an 
isomorphism of the abelian group @(G/H,;A) onto MA; moreover, if 5’ is a 
generic point of G/H, we have 


(s’-v) (h(s)) = v(h(s)8’) = v(h(s)h(o(8’))) 
= v(h(so(8’))) = (0(#): (voh)) (s) 


which proves that the preceding isomorphism is also an isomorphism of 
(G/H)-modules. We deduce therefore from Lemma 2 that H™(G/H, ME) 
= 0 for any m = 1. 


Our next step is to prove that, due to the relation H'(H ix), Ary) ) = 0, 
: H 


the sequence 0— A —> HA C40 (where p” is the restriction of p 
to MA) is exact. If w is a generic point of C, the condition t- it == i which 
defines C# is equivalent to p(t: +(#) —7 (w)) —0; the components of -(&) 
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are rro(&) —0 for kEJ and rra(&) —Üya for a 40, KET; if we write 
w= (ù) for simplicity’s sake, the relation £-&—& means that the power 
series of the system w(st)—-w(s) {considered as power series in the s;) 
have all their coefficients 0 except the constant terms (which are power series 
in the é (1€ Io) and the ra); as we)—0, we have therefore 


w(st) —w(s) =w(z). 


From this relation it follows, in particular, if # is & second generic point of H, . 
that 2 (tt) w(t’) + w(t); if N is a field containing K[[uw}]}, this means 
that the system of power series w(£) over N is a homomorphism of Hix) 
into Aw). Our assumption implies that w(t) —0, hence w(st) =w(s) ; 
in other words, the relation t: u =ü implies that r(u) verifies the condition 
which defines Jf”, and the converse is obvious, which proves our assertion. 

We may observe here that the relations uz,=-0 (k¢€ J) also define a 
subgroup in M, and r is an isomorphism of C onto that subgroup; similarly, 
when A is identified with M(G/H, A), 7, restricted to C¥, is an isomorphism 
of that group onto the subgroup of M(G/H,A) defined in a similar way. 
In particular, we see that the 1-cochains in C1(G/H,C”) are identified to 
systems fu(S$o 81) (8,8, independent generic points in G/H) such that 
fs (So, @) == 0, and the 1-coboundaries in C1(G/H, OF) can again be identified 
with the 1-coboundaries in C'(G/H,M#). The 1-coboundaries in C'(G,C) 
(resp. C*(G/H.C*)) are thus the images by p (resp. p¥) of the 1-coboun- 
daries in C(G,M) (resp. C'(G/H, M#)). It is then a routine matter to 
verify that these remarks allow us to define the homomorphisms @ in the 
horizontal lines of the following diagram, and to prove that these lines are 
exact sequences: 


(10) 0 0 
4 ð À > | 
- 0 = H'(G/H, ME) > H(G/H,CA)— H*(G/H, A) > H(G/H, MA) =0 
À À 
ð 
0— H(G, M) — H°(G,C) — > H*(G,A) — H(G, M)—0 


p* p” 


a 
0 == HE, M) > H*(K,C) —> H*(K,A) —H'(K,M)—0 
The second vertical line has alreadv been defined, but we still have to define 


the first vertical line and to prove that the diagram (10) is commutative. 
If a cochain f in C1(G/H,C#) is identified to the system of power series 
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fx (So, 51) (such that f,(S,e) —0), A(f)'is by definition the cochain asso- 
ciated to the system f,(h(s.), h(s;) ). From the definitions, it follows that 
À (8: f) is equal to (3) -A(f) ; hence, if f is a cocycle, so is A(f) ; furthermore, 
the definitions given above show that if f is a 1-coboundary, so is A(f), hence 
the definition of A*: H1(G/H,C"”)— H3(G,C). In addition, if f is a 
cocycle belonging io the cohomology class c, the class ĝe contains the 2-cocycle 
fs (Sos 81) — fa (€, 5081) + fa (Ë, 80), as is immediate from the definition of 4; 
a similar computation for 0{A*(c)) proves the commutativity in the two frst 
horizontal lines of the diagram. The definition of p* and the verification of 
the commutativity in the last two horizontal lines are even se ae and we: 
omit them. 

We have used Lemma 2 to replace the left and right extremities of the > 
horizontal lines ir (10) by 0; to end the :proof of Proposition 1; it remains 
therefore to prove that the first vertical line is an exact sequence. We first 
show that A* is injective. With the same notations as above, suppose A(f) 
is a coboundary; this means that fy (R (80), R(s:)) == # (S081) — g (So) ; but if 
t is a generic point of H, h (s:t) == h (s1), hence g (88:14) = g (8981) ; replacing 
So by e, s1 by h(s), t by rs) (s generic point of G; notations of Lemma 2), 
we get g(s) —g(h(s)) —g(o(h(s))), and therefore f is a coboundary. 

Finally, it is clear that p*A*=0, and we have only to show that any 
element in the kernel of p* is in the image of à". Let therefore f be a cocycle 
in (*(G,C) such that the image by p* of its cohomology class is 0. This 
means that f.(sc,Ss) is such that, for a generic point £ of H, fx(So,t) 
= g (s) —g(s.). Using equation. (9) (for m—1}, we get 


fa (Sos Sit) — fx ($081, 8) + fa (Sos 81) =f, (So, $1) + gÉSoS1t) — g (S081). 


Let f’4 (So; $1) = fx (So, $1) — E (S081) + g(so) ; then f is obviously a cocycle 
which is cohomologous to f, and we have 


(11) Is (So, sit) = Fy (Se, s1). 
As ts, —5s,(s, ts), and H is normal, (11) also implies 
(12) fa (80, #81) =f. (80; 81) ; 


on the other hand, equation (9) yields 
| fx (Sof, S1) — f'y (Sos tsı) a fx (So, t) == 0, 


and we have, by assumption, f/,(50, £) = 0, hence ` 


(13) >: - Fa (Sot, 81) = fa (So, 81). 
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Equations (11) and (13) show that, if f’, ($0, 31) = Fa (0 (50) o (351)), P is 
a cocycle in C'(G/H,C™”) and that f = Af”); the proof of Proposition 1 is 
thus cornplete. 


5. Group extensions and cohomology. Let A, B be two formal Lie 

groups of finite dimension over a perfect field K. We say that a formal Lie 
u v 

group G over K and a pair of homomorphisms A ———> G--— B constitute an 
extension of B by À if u is a monomorphism, v an epimorphism and if the 
. kernel of v is equal to the image of u; B is then isomorphic to G/u(A). We 
say, as usual, that two extensions (G, u,v), (Cu U, 0) are equivalent if 
there exists an isomorphism f: G — G, such that the diagram 


Ga 


is commutative. If a is an isomorphism of K onto a field K’, and if we 
denote by A“, Be, G4, ut, v* the groups and homomorphisms ‘obtained by 
applying to all coefficients of the series defining A, B, G, u, v the isomorphism 
| ut pe 
æ, it is clear from the definitions that 4*-——» Ga B* is again an extension. 
Suppose dim G =n, dim B — m (hence dim 4 ==n— m). We sav that 
a system o(%) == (ox(X) )isxe, of power series without constant terms in the 
4; (1<i<m) is a cross-section for the extension (G, u,v) if v(o(x)) =; 
we have proved in Section 2 the existence of cross-sections for any extension. 
Then if we write (for a generic point s of G), r(s) =s- (o(v(s)))-, it is 
clear that w(r(s))—e; hence, we see at once (taking, for instance, the 
subgroup u(A) of G in typical form) that we can write r(s) —wu(p(s)), 
where p(s) is a system {p;(s)) (1=j<n-—m) of power series without con- 
stant terms. From the relation s—w(p(s))o(wis)}), it follows at once by 
considering the jacobians of the systems of power series on both sides, that the 
power series t; = p(s) (1=j=n—m) and y;==vx(s) (1Sk=m) define 
a change of variables in G; in other words, considering t= ({;) as a generic 
point of A, y == (y,) as a generic point of B, we can write s—u(t)o(y). 
We will suppose from now on that, unless the contrary is explicitly 
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stated, A is abelian. We can then define on A a structure of B-module, by 
defining y-t (t second independent generic point of A) such that u(y-?’) 
—=o(y)u(t’) (o(y))*; the verification of axioms (3) and (4) is immediate, 
and (5) follows from the commutativity of A. On the other hand, we have, 
for a second independent generic point y of B, v(c(y)o(y’)) =yy'; hence 


o(y)o(y’) —u(a(y,Y))o(yy), where a(y, y) =p(oly)o(y’)). Therefore 
writing A additively, we have 


(14) u(t)oty)u(t oly’) =u(t+y t+ aly,y) )o(yy). 


If we write the associativity condition, we find in the usual way that a(y, y’) 
is a 2-cocycle on E with values in A; conversely, given an arbitrary 2-cocycle 
a(y,y), the formal Lie G group defined by the group law 


CET), (59)) = (Ory fH aly), ry) 


together with the homomorphisms u: t— (t,e) and v:(£,y) — y constitute 
an extension of B by A. Furthermore, if o’(%) is a second cross-section, we 
can write o’(y) =u(e(y))o(y), with e(y) —p(o/(y)), and the 2-cocycle 
corersponding to o’ is easily computed to be 


a’(y,y’) =aly,y’) +y ely) —elyy’) + ely); 


in other words, it differs from a(y,y’) by a 2-coboundary. We thus obtain, 
as in the classical theory, a one-to-one correspondence between classes of 
equivalent extensions of B by A, corresponding to the same structure of B- 
module on A, and the second cohomology group H?(B,A) corresponding to 
that structure. We can also interpret the extensions corresponding to the 
trivial cohomology class (so called trivial extensions) by the classical notion 
of semi-direct product: we need not here suppose A commutative (and we 
write it multiplicatively) ; if y is a generic point of B, t a generic point of A, 
we suppose given a system t” of power series without constant terms in the 
components of t and y, such that #-># is an automorphism of A(z) (for 
any perfect field & containing K[[y]]), and (é)> = #7 for two indepen- 
dent points y, y of B; it is then easily verified that we define a group G by 
taking as group law 


PÈ (Ey), (U9) ) = (t7, yy’). 


We say that G is the semi-direct product of A and B, corresponding to the 
automorphism £— t; it is obvious that the homomorphisms u: t— (t,e) and 
v: (ty) —y constitute with G an extension of B by A, and when A is 
abelian, it is clear that such an extension is trivial, and conversely, that 
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the sums on both sides being taken for the group law of A. Observe first 
that replacing t by 0 in (18) gives f(s,0) —f(0,u), and as s and u are 
distinct indeterminates, this implies f(s, 0) = f(0,;u) —0. It also follows 
from (18) that f,(s,¢) = f(s, t) + f(t,s) is also a 2-cocycle, and as fı(t, s) 
= f, (s, t), it defines an abelian extension of I, by A. However, we know 
that such an extension is quasi-trivial [10, p. 122, Prop. 4], hence (Prop. 2) | 
there is an integer r = 0 and a I-cochain e€ (Is, A) such that 


(19) P (Cst) + f(t,8)) =e(s) —e(s +t) +e(t). 


If p>&2, x->2-x is an automorphism of A“, hence there is a 1-cochain 
€ C'(1,, AU) such that ce(s) —2-e(s); if we denote by f2(s,t) the 
a-cocycle p’(f(s,t)) —e,(s) + e,(s +t) —e,(¢), (19) can be written 
f(s, t) + fe(t,s)==0. For p=}, x—£%-x is only an isogeny, and there- 
fore we can only assert the existence of an integer h == 0 and a 1-cochain c, 
such that p*(e(s)) =2-e,(s); we will then take 


f(s, t) = P (f (s, t) à) —ex(s) + 6: (s, t) — e: (t), 


and we reach the same conclusion. Using Prop. 2, we see that the proof 
of Prop. 5 is reduced to that of the following statement: a 2-cocycle 
JEZ? (Llo A) such that 
(20) f(s t) + f(t,s) =0 
is equal to 0. | 

We first remark that if in (18) we take u = s, then equation (20) yields 
2-f(s+it,s) =2-f(t,s), and as A is divisible, this gives 


(21) f(s + ts) = f(t,s), 

hence also, by (20), | 

(22) f (s,s +t) = f (s, t). 

If we replace ¢ in succession by 0,8, 2s,: - -, in (21), we get 
(23) f(ks,s) —0 for every integer k > 0. 


We claim that for any integer k > 0 


(24) f (ks, u) =k-f(s,u). 

Use induction on k: replace s by ks and t by s in (18); by (28), we get 
f((k+-1)s,u) = f(ks,s +u) + f(s, u) ; the inductive assumption and (22) 
yield f(ks,s+u) =k-f(s,s-+-u) =k-f(s,u), hence our assertion. Let 
now k = p in (24); we have p- f(s,w) —0 and as A is divisible, this means 
f(s,u) =0, qed. 


14 
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COROLLARY. Any solvable Lie group G (over an algebraically closed 

; field) is isogeneous to à group G, which is the direct product of a divisible 

abelian group and of a semi-direct product of the largest umipotent sub- 
group of G, and of a torus. 


7. Two-dimensional Lie groups. We now know enough to give a com- 
plete description, up to isogeny, of all two-dimensional Lie groups over an 
algebraically closed field. If such a group G is abelian, its structure (up to 
isogeny) is deseribed by Theorems 1 and 2 of [10], restricted to the case 
n=. On the other hand, it follows from Chevalley’s theory [3] that G 
cannot be a simple non abelian group [9, p. 885, Th. 7] since such a group 
is at least 8-dimensional. If G is not an abelian group, it therefore contains 
a norrnal subgroup N cf dimension 1; there are then two possible cases: 


A) G is nilpotent; N is the center of G (the center of a nilpotent 
group cannot be reduced to e) ; 


B) Gis solvable but not nilpotent; then the center of G is reduced to e 
(otherwise G would be nilpotent); hence, it follows from Theorem 2 that G 
is a semi-direct product of N and of a 1-dimensional torus T. 


Case A. From Prop. 4 it follows that G/N cannot be a torus; on the 
other hand, G/N is a one-dimensional representab-e abelian group, hence can 
only be Ia [9, p. 879, Prop. 87]. From Prop. 5, it then follows that N 
cannot be divisible (otherwise G would be commutative), and therefore we 
also have N-=TJ,. The structure of G is then known if we can describe 
all central extensions of J, by itself. This, however, has essentially been 
done by M. Lazard: he has determined all homogeneous polynomials P(z, y) 
in two indeterminates, which satisfy the equation 


P(x + 9,2) + P(r, y) = P(x,y + 2) + P(y,2) 


[12, pp. 261-264], and any 2-cocycle f on Ia with values in J, is clearly an 
infinite sum of such polynomials; of course, to get a noncommutative group G 
we have to take at least one of these polynomials such that P(y,x) = P (x,y). 

The nilpotent, groups thus defined give rise to a number of interesting 
remarks. First, they obviously constitute a phenomenon which is special to 
characteristics p > 0, since it is well known that there are no nilpotent non 
abelian Lie algebras of dimension 2 over a field of characteristic 0. We next 
observe that N is the unique subgroup of G of dimension 1: any other such 
subgroup H would be commutative and commute with N, and moreover, we 
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would have necessarily HAN =e, hence G=HVWN [9, p. 854, Prop. 11], 

and therefore G would be a quasi-direct product of H and N (see Section 5), 

hence would be commutative. It follows that G is not the 1. u.b. of all abelian 

subgroups of G, which disproves a natural conjecture made in [7, p. 443]. 
We will next prove the rather surprising result: 


Proposition 6. There exists a unipotent non commutative group G of 
dimension 2 which is not representable. 


This will prove, in particular, that a central extension of a representable 
group by a representable group (in this case, both are Zæ) is not necessarily 
representable; the class of non representable Lie groups is thus much more 
extensive than might have been thought a priori. It will also do away with 
any hope of extending to formal Lie groups either Ado’s theorem or 
Chevalley’s theorem on the structure of general algebraic groups [13, p. 439, 
Th. 16] in a reasonable way: the natural conjecture would have been that 
a Lie group would be the quasi-direct product of a divisible abelian group 
and of a representable group, but our example will show that this is not 
even the case for nilpotent groups. 

To construct our example, we suppose that the field K has an nie 
degree of transcendancy over the prime field Fp, and we denote by (ex) 
(for all pairs (h, &) of numbers such that h > k = 0) a system of algebraically 
independent elements of K (over F,). We define the extension G by means 
of the 2-cocycle | | 


f(x, r) = 3 encor, 
h>k 
the group law of G being therefore given, by 


es. = E+ rf 


(25) y” = de (2, Y, T, y) = # + y + cue a. 


The subgroup W is a typical subgroup defined by æ—0. We shall slightly 
simplify our general notations by writing (for tı =z, za=y) D, and Xn 
instead of D,, and Xm, Yan = Dy,’ instead of Xas = Dro. From (25) and the 
definition of X, [4, p. 93], we deduce | 

(26) Xr = Di + ( 2 Emna” ") Do’ + Sr 


>> h 
where 8; is a combination (with coefficients in F,) of terms each of which 
is a product of a certain number of terms eye” with j < A, and of a certain 
number of D’; and D; with < h. For h==0, Sa = 0, hence 


(27) [Xa Ag — Erot o- 
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If we want to compute similarly | 43, Xx] for h > k, we have (by defini- 
tion) te form D,X;,—D,X;, and to replace x by 0 in the result. We_thus 
obtain 


(28) [Xm Xn] == nn Yo + D rkalo 


where the Z, have their usual meaning (elements of the structural basis, 
with of course a = (a;,æ)), and the-summation extends over the indices 
such that |a|41 and h(a) <h; in addition 


(29): Enz == Eur — Fr ( (ei) ), 


where Fay is a polynomial with ccefficients in Fp, in the ey such that either 
th and j < k, or i<h (this is due to the fact that D,a?*=-0 for i> k), 
and Črka is a polynomial, with coefficients in Fp, in the ey such that either 
1<h and 5 <k, or 1<h (for the same reason). Similarly, if we express 
the XY, as linear combinations of the Zy, we see taat if h(a) <h, the coeffi- 








cients are polynomials, with coefficients in Fp, in the e; such that t < h. The 
group law of G will not in general be pseudo-canonical; but if we apply to 
it the “standard process” described in [9, p. 835] to transform it into a 
pseudo-canonical group law, it follows easily from our last remark and from 
the fact that in the free hyperalgebra the coefficients of the multiplication 
table are in Fp that after we have made the necessary change of variables, 
we still have (28) with similar properties for the coefficients ay and črka 
(although, of course, the polynomials Fax will not be the same). We may 
therefore assume that the group law of G is pseudo-canonical. 

We shall now assume that G is representable and show that this ulti- 
mately leads to a contradiction. Our assumption is therefore that there is 
a two-dimensional subgroup G” of a group GL(n) (cver K) which is isogeneous 
to G. Replacing, if necessary, G by some GO, we can assume that there is 
an isogeny u of G onto G’, and furthermore, that there is no trivial factor p 
in that isogeny. If we denote by © (resp. &’, ©”) the hyperalgebra of G 
(resp. G’,GL(n)), by ga and 8, (resp. gx’, ga” and 8,’,8,”) the Lie algebra 
of invariant semi-derivations of height À and the associative subalgebra it 
generates in © (resp. 6”, ©”), our last assumption means that, for the derived 
mapping w: G— G, we have w’(g)=£<0. Let a be the kernel of w, which 
is a two-sided ideal in ©; if a=£ 0, we have aN go 540 (by the homomorphism 
theorem), and it follows from (27) that aM go is the subspace consisting of 
the scalar multiples of Yo. We next observe that, due to (27) and to the 
existence of the Frobenius homomorphism, the coefficient of Y, on the right 
hand side of (28) is e",10%<0. It is then easy to see that a is the ideal 
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generated by Yo Yat © -,Ÿ: in G, if u is an isogeny of height ¢; this can 
be done either directly by using an argument similar to the proof of Theorem 
1 in [9, p. 839-340], or by applying general characterizations of kernels of 
derived mappings of isogenies, which will be described in detail in a forth- 
coming publication of P. Cartier (see preliminary announcement in [2]) ; 
for that reason, we suppress the proof here. We can then write u=wov, 
where v is an isogeny of G onto a group G, w an isomorphism of @ onto C, 
and where G is the extension of Io by itself corresponding to the 2-cocycle f”, 

We shall from now on replace G by G; ignoring the effect of the auto- 
morphism £—é on the ex, we are thus reduced to proving that after 
replacing the ez; for j <t by 0 in our description of G, there can be no 
isomorphism u of G onto a subgroup @ of GL(n). It is clear that if we 
write dy =w (Xi), Yk =u (Fr), Z =u (Za), the Z« constitute a struc- 
tural basis of G’, for which the group law of G” is pseudo-canonical : in other 
words, Z, is equal to a noncommutative polynomial in the Ax and Y; such 
that kS h(a), with coeficients in Fp. Using this fact, we will now prove 
the following statement: | 


(*) There is an increasing sequence (La) of fields over Fy, such that 
Lan is generated over Fp by 2n?(h-+-1), elements, and that the Za with 
h(a) Sh are linear combinations of the basis of 3,’ with coefficients in Li. 


We use induction on A: for À —0, X; and Yy are linear combinations 
of the basis of go’; we take for LZ, the field generated over F, by the 2n? 
coefficients of: these linear combinations. We assume throughout that we 
have taken the group law in GL(n) in its natural form [9, p. 364] so that 
the multiplication table of the corresponding basis of ©” has its coefficients 
in F,. We denote by A the “structural mapping” of ©” into &”@G”, 
which induces the structural mapping of @’ into GG’. The element Xx 
satisfies the relation 


(30) Alr) —1@ Xj —Xy Ol = TZ OZ, 


the summation being extended to all pairs such that |a|541, |B! 1, 
a+B—pla. If we express 43” as a linear combination of the basis of gx”, 
relation (30) is equivalent to a system of (non homogeneous) linear equations, 
Where the unknowns are the coefficients of that linear combination, and the 
coefficients and right hand terms are in the field Ln, due to our inductive 
assumption. We know that there is an element X, in G’ which satisfies (30) ; 
this means that the equivalent system of linear equations has a solution 
consisting of elements of K; but from the preceding remark, it follows that 
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it has also a solution consisting of elements of Lr. Let X,” be the element 
of ©” which is determined by that second solution; we shall have in general 
Xi’ Ax, but it follows from (30) that the difference X,”-—X,’ Is a 
derivation, in other words, it belongs to go”. Similarly, there is an 
element Y,” in @” which is a linear combination of the basis of g,” 
with coefficients in La- and such that Y,/’—Y%,/ is in go’; if we express 
these two elements of g,’ as linear combinations of the basis of that Lie 
algebra, and denote by Lyn the field obtained by adjoining to Ly, the coeff- 
cients of these combinations (2n? in all), we have shown that the basis of 
gr’ can be expressed as linear combinations of the basis of gẹ” with coefficients 
in Ly. It follows that the coefficients of the multiplication table for the basis 
of gx belong to La. The other elements Za of the basis of 3,’ are therefore 
(by the remark preceding statement (*)) linear combinations of the basis 
of 84” with coefficients in La, and our induction is thus complete. 

We are now ready to derive our final contradiction. For any h, it 
follows from (*) and (28) that the coefficients ëy (j < ish) belong to Ly. 
However, there are (4—zt)(h—t-+1)/2 such elements which are alge- 
braically independent over Fp; hence the inequality 


(h —t) (h--t+1)/2 5 2n?7(h +1) 


which certainly cannot be verified when A is taken large enough; q.e. d. 

If we do not assume that the erx are algebraically independent, we can, . 
of course, obtain representable groups, and even algebraic groups: the simplest. 
of these is the group of 3 X 3 matrices 


1 9 0 
æ 1 0 
y æ ı 


More generally, if in the preceding matrix, we replace a? by 


g(x) = 0,0? — ena?” + voe + engh E TE 


where the e, are arbitrary 2lements of K, we define a monomorphism into 
GL(3) of the group G corresponding to the 2-cocycle 


(31) f(a, 2”) == X ergh. 
hel 
We can, however, prove 


Proposition 7. If in (31) the e, are algebraically independent over F,, 
then Gis not an algebraic group (or, more precisely, G cannot be isogeneous 
to a formal Lie group of the type G’*, where G’ is an algebraic group). 
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In other words, if we consider in any GL(n) a formal subgroup G: 
isogeneous to G, we shall always have dim G (G1) > dim G, for its algebraic 
hull A (G,). 

We may suppose that & is algebraically closed without restricting the 
generality. We first investigate the. structure of an algebraic group @ 
which has a center C’ isomorphic to the additive group K, and which is such 
that G’/C’ is also isomorphic to K: indeed, if Œ is isogenous to @’*, Œ will 
necessarily be of this type, for the center C of Œ has then to be isogeneous to 
C’*, and G/C to G’*/C’* [9, Props. 18 and 21], and there is only one 
algebraic group formally isogeneous to Ze, namely the additive group K. Now, 
a result of Rosenlizht [13, p. 426, Th. 10] proves the existence of a (rational) 
cross-section o: G’/C’ > G’; this cross-section will in general only be defined 
in an open set U of K (for the Zariski topology), but we shall show that 
there is then another cross section which is.everywhere defined in K. Indeed, 
let u be a biregular isomorphism of the additive group K onto the center ©” 
(which, like G’, we write multiplicatively). If + is the natural homomor- 
phism of G’ onto G’/C’ (which we identify with K), let p(s) =s: (a(m(s)))7*; 
this is a rational mapping of G’ into C’, defined in z*(U). The complement 
of U in K consists of a finite number of points s; (1=i=m); let x € U be 
such that all the voints to -+ v; (1S1 5S m) are also in U, and consider the 


rational function (from K to K) 


p(z) =u" (p(o(z)o(o))) ; 
at each of the points v; (1=1i=m) this function may have a pole; there is, 
at any rate, a retional function #(x) which has poles at most at the a; 
(1<i<m), and is such that (z) —w(x) is regular at all these points. 
Consider then the cross-section 


of (x) =o (x) (u(y (2)))*; 


it is certainly regular outside the sv; (11m); we show that it is also 
regular at these points. Indeed, we have’ 


a’ (x) o(%) = o ()o (20) (u(y (2))) => =y (£ + zo)u ($ (£) —y(2)), 
and as the right hand side is regular at each of the 2, so is g'(x). 

We may thus suppose that o is ene on K; then p is also defined 
everywhere on G, and 


a(x, 2’) =u*(p(o(2)o(2’))) 
is a 2-cocycle which is a rational function defined everywhere on KXK, 


hence a polynomial in a and x’. We conclude that there is a biregular iso- 
morphism of G” onto a group G, defined by the group law 


LIE GROUPS OVER A FIELD OF CHARACTERISTIC p> 0 (VIII). 769 


| | Fb (2, 2°) —=c+x 
w» 4 


go (a, 9, 27,9) =y +y + fila r), 


where f, is a polynomial 2-cocycle. 

We now proceed to show that there is no isogeny of G, onto G. By the 
same argument as in the proof of Prop. 6, one is immediately reduced to 
proving that there is no isomorphism u — (u (£, Y), u(x, y)) of G, onto G. 
Such an isomorphism must of course map the center C, of G, onto the center 
C of G; hence, the relation z= 0 must imply w,(0,y) —0; this means that 
in the power series u, (x,y), every monomial contains x. However, we must 
have 


(33) mlse y Hy + fie, d)) us, y) +an(2’,y’), | 


and if u, (z, y) actually contained y, by considering the monomials of smallest 
degree in y, and among them, the one with smallest Gegree in æ (the latter 
being +20, as seen above), it is clear that there would be in the left hand 
side of (33) terms containing both + and y, which cannot be matched by 
similar terms on the right hand side. Hence u, must be an additive power 
series in y, i.e. | 

Uy (T) = aot + Ge? + + +--+ azar”: - (a050). 


A similar argument, applied to the relation 


(34) u(t + a’, y + y + fi (#, 2”) ) 
g = Wz (T, Y) Hule, y’) + f(t (2), ur (2’)) 
_ shows that there are no monomials in w,(x,y) which can contain both æ and y, 
i.c. a(z, y) == v(x) + wy). Replacing z and + by 0 in (34) shows that 
w is an additive power series, i.e. 
wy) = boy + big? + + + diy? +: - (70), 
and then (34) boils down to 
(85)  g(u(z)) w(x) = 0(a-+ 2’) —o(x) —v(2’) +u(fi(sæ)). 
We claim that it is impossible that both gou, and u, be polynomials: indeed, 
this would imply that the relations 
erbo” + erb" Fe e ++ ebra =m 


hold from a certain k on, with only finitely many of the b; being 0; but 
this would obviously imply that the e, are not algebraically independent 
over Fp. However, if gou, has infinitely many terms, there are on the left 
“hand side of (85) terms of the form a“ with arbitrarily high values of k. 


+ 
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But in w(fi(z,v’)), the terms of the form zx’ have bounded exponents |h 
since f, is a polynomial, and if there were in v(t+2)—"w(x) —v{(z’) a 
term in a“z’, there would be a term in #7?" (with same coefficient) which 
cannot be cancelled by terms of w(f,(x,2’)) for the same reason as above, 
and is not matched by any term on the left hand side. If on the contrary; 
g°u, is a polynomial, then u, has infinitely many terms s40; hence there 
are on the left hand side terms in z?2’"" with arbitrarily high k, and no terms 
in 2?*z’? as soon as k is large enough; an argument quite similar to the pre- 
ceding one shows that (35) is again impossible in that case, and the proof 
of Prop. 7 is complate. 


8. Case B. In sharp contrast with the rather pathological features of 
case A, we shall prove | 


PROPOSITION 8. Every solvable non nilpotent group G of dimension 2 
is isomorphic to one of the (algebraic) groups of matrices 


l+s 0 0 
0 1 0 
0 r  (1+s)? 


and all these groups are 1sogencous. 


As G is a semi-direct product of a normal subgroup isomorphic to Le 
aud of a subgroup isomorphic to Jp, we have to determine all the possible 
structures of Z,-module on Ie. As æ—s:x Is an automorphism of Lo (over 


a field containing K[fs]]), we can write s:x == J ap(s)e™. It is readily 
| "k=O 


verified that the group of automorphisms of I» can be considered as an infinite 
dimensional formal Lie group A, which is recursive in the sense of [6, p. 55], 
and can be neatly described, in a self-explanatory way, as the group of 
infinite triangular matrices 


1 + t To La FO, Ty 
0 (1 + 4)? Lo? RS Bas? 
0 0 1 Peia p 
(36) ia as. 
0 0 0 -:: (lta). 


The system of power series (a@;(s)) constitutes a homomorphism s— M (s) 
of I, into that group A; equivalently, this means that for every n, the first 
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n series a,(s) constitute a homomorphism s— W,(s) of I, into the group 
A, obtained by taking only the first n rows and columns in the infinite 
matrix (86). In particular, A, == Io, and therefore we must have 1 + ao(s) 
== (1+s)f, where ¢ is an arbitrary p-adic integer [5, p. 241, Th. 5]. We 
claim now that for any k, a,(s) is a linear combination of the power series 
(1-3)! — (1 + s)t for OSASk. To prove this, we use induction on k 
and observe that the group A,, which has dimension n, is a semi-direct product 
of a nilpotent group and of a one-dimensional torus, namely the subgroup 
of diagonal matrices (1 -+ z, (1-+2,)?,- : - (1+x,)7), We may assume 
540, otherwise if would be easily checked that all the a, of index k= 1 
would be 0 (there is no homomorphism 40 of J, into a unipotent group) ; 
from A. Borel’s conjugation theorem [1, p. 56, Th. 12.2] it follows that 
there is a unipotent triangular matrix Pp of order k such that P:M,(s) Py 
is the diagonal matrix ((1+s)5,---,(1+s)2*"5). If we denote by P 
Py 
0 
morphism s—>jl(s) by s— PA(s)P-1 we may suppose that a, (s) =-->- 
=y1(3)=—0. The relation A/(s+t-+ st)=M(s) M(t) then yields, in 
particular, 


the infinite triangular matrix ( 1) we see that by replacing the homo- 


als +t- st) = (1 +s)ftas(é) + arles) (1 + OP 
— (1-4 tala) ax (0 (Ha), 


and as ¢ and s are independent indeterminates, this is only possible if 
an(s) == ¢,((1 +s) — (1-4 s)$). Returning to our original M (s), this 
proves our assertion. 

Now let £ = pře, where e is a p-adic unit. In the group G, we may change 
variakles by taking new variables s,, z, such that 1-+s,==(1-+s)* and 
t ==? The new group law corresponds to a structure of I -module on I» 
in which ¿== pl; we may thus assume from now on that this condition is 
satisfied. It is then clear that we have 


sg == (1 8)%o(x) + (1+ 8) Pc, (a?) + + ++ (1+)? %e, (ar) + -, 


where c(t)= 7 -F cot? +--+ - and, in general, 


Cn (ET) = Crot + Cn? + ° + Cam? +: a) 


and we have written for simplicity g = p". We then change variables again, 
taking this time s, =s and +, — c9(x) ; this amounts (again dropping the 
indices 1) to supposing that c(æ) ==; but if we then again write relation 
(5), we see easily that the c,(x) of index = 1 must be 0: supposing in fact 
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that r is the first index such that c,(7) 540, we see that in the identity, the 
term (1<+s)2(1+t)®"c,(x?") is not matched by any other term, hence the 
assumption c,>£0 leads to a contradiction. This ends the proof of Prop. 8, 
and we thus see taat for characteristic »>40, the structure of solvable non 
nilpotent groups o- dimension 2 is pretty much the same as for characteristic 


0, if we disregard the isogenies. I do not know if this extends to dimensions 
= 3. | 


NORTHWESTERN JNIVERSITY. 
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ON SOME INVARIANTS OF CYCLOYOMIC FIELDS.* 


By KENKICHI Jwasawa.** 


Dedicated to Professor E. Artin on His Sixtieth Birthday 


1. Let p be an odd prime. For each n = 0, we denote by én a primitive 
p"-th root of unity and by K, the cyclotomic field obtained by adjoining fn. 
to the rational field Q: Ka== Q (Eux). It is proved in [4] that if pê» is 
the highest power of p dividing the class number of Kn, then the exponent 
en 1s given, for all sufficiently large n, by a formula 


(1) En = AN + pp” + v, n = No, 


where A, » and y are integers independent of n, The numbers À and x 
seem to have deep significance for the arithmetic of the fields K,. In 
general, if the invariant »==p(K/F) of a so-called T-extension K over a 
finite algebraic number field F is 0, then the Galois group of the maximal 
unramified abelian p-exiension over K is, up to a finite subgroup, isomorphic 
with the direct sum of À copies of the additive group of p-adic integers, 
where A==A(K/#') denotes another invariant of K/F.* So, if p=9, we 
have an analogue, for number fields, of a similar result for algebraic function 
fields of one variable over algebraically closed fields of constants. For this 
and other reasons, it seems interesting to know whether »>0 or p= 0 for. 
a given T-extension K/F, and we shall find in the present paper necessary 
and sufficient conditions for »>0 when the T-extension is obtained from 
the cyclotomic fields K, defined above, namely, when x is given as the second 
coefficient in the above formula (1). 


2. Let K be the union of all K,, 120. K is an abelian extension of 
Q and, for any element o of the Galois group G(K/Q), there exists a unique 
p-adic unit £ such that 


o (fn) TT fn, 


for every n= 0. The mapping o— é then defines a topological isomorphism 


* Reczived February 6, 1958. 
** Guggenheim Fellow, The present research was also supported in part by a 

National Science Foundation grant. 
1 CE. [4], § 5, § 7. 
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of G(K/Q) with the multiplicative group U of p-adic units and we denote 
the Galois automorphism ø corresponding to é by og. Under this isomorphism, 
the subgroup G(K/K») of G(K/Q) corresponds to the subgroup Un of all é 
in U satisfying é= 1 mod. p"**. On the other hand, the group U is the direct 
product of Uo and a cyclic group V of order:p—1, the group of all roots of 
unity in the p-adic number field Qp. The corresuonding subgroup A of 
G(K/Q) is then canonically isomorphic with the Galois group G(K./Q), 
and G(K/@Q) is the direct product of A and T=G(K/K,) =U. 

Now, suppose that A acts continuously on a compact p-primary abelian 
group N. Since N is p-primary, the element u* is defined as usual for any 
u in N and for any p-adic integer a For each i, 1 t= p— 1, let N™ be 
the set of all u in N such that 


on (u) = un, 


for every 7 in V, i.e., for every oy in A. It is then easy to see that each N() 
is a closed subgroup of N and N is the direct product of these MN): 


N=N®OX:---XN@, 


Let Z be the maximal unramified abelian p-extension over K. Then L 
is a Galois extension of Q, and G(K/Q) =T X A acts on the abelian normal 
- subgroup G(L/K) of G(L/Q) in a natural way. For each n=0, let Ln 
denote the maximal unramified abelian p-extension of Ka. L is then the 
union of all L, and, p°- being the degree of the extension Z,/K,, the formula 
(1) was proved in [4] by studying the structure of the T-group G(L/K). 

We now apply the above decomposition to the A-group G(L/K) and 
obtain 


G(L/K) = G(L/K)® X- ` - X G(L/K) oe. 
We denote by LG (1=1<p—1) the subfield of L containing K such that 
G(L/L®) = TT G(L/K)%,. G(LO/K) = G(L/K)®, 
it 


Since A may be considered as acting on the Galois group G(Z,/K,) in a 
natural way, G(L,/K,) can be also decomposed with respect to A and we 
obtain subfields L,® (1<i<p—1) of Ln containing K,, defined similarly 
as the above LZ), Clearly, the action of r on G(L/K) commutes with the 
action of A on G(L/K). Hence G(LM/K) (1SiSp—1) are again T- 
groups like G(L/K). Using the fact that Z is the. union of all Z,6), 
n = 0, it can be proved in the same way as in [4] that if p°” is the degree 
of the extension L,“)/K,, then the exponent e, ) is given, for all sufficiently 
large n, by 

(2) en = An + wpe +o, (1Si<p—1), 
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| ` P 
where AG), u@ and v are again integers independent of n. Since e, = > et), 
we obtain from (1) and (2) that | 


p-1 p-1 
A= S AM), u=) pO, y= pv), 


izl 4=1 4=1 
Let ¢,* be the sum of e,(Ÿ with even À and let e,- be the sum of e, 
with odd 4 Similarly, we define À*, A~, wt, w and v*, y as the sums of AM, 
p and v© with even or odd indices respectively. Then, 

En == Ont + en, Az==AT+A, =u Hw, yee et ley, 
Furthermore, if Z,* denotes the composite of all 2, with even 1 and Ly 
the composite of all LZ, with odd à, then p** and pe are the degrees of the 
extensions of L,*/K, and L,°/K, respectively, and they are also equal to the 


highest powers of p dividing, respectiveliy, the second and the first *actors 
of the class number of K,.° 


. LEMMA 1. p=0 f and only if p =Q. 


Proof. As the proof of (1) shows, p==0 (w =0) if and only if the 
rank of G@(L,/K,) (G(Lx /Kh)) is bounded for every n= 0. However, it is 
a classical result that 


rank G(L,*/K,,) S rank G (Lw /Kn) S rank G(L,/K,) S2 rank G4(L,°/Kn)? 
The Ismma then follows immediately. 


Remark. By a similar method as in [7], we can obtain a more precise 
result: 
rank G(L,®/K,) = rank G(L,/K,), n= 0, 


where t is even, 7 is odd and t -+ 7==1 mod. p —1. 


3. Assume, now, that u > 0. Then, by the above lemma, w > 0 and, 
hence, u® > 0 for some odd index i. We fix such an index i==a. The Galois 
group G(L@/K) is then a so-called regular strictly T-finite compact T- 
group with the invariant n@ > 0, and it follows that, for each n= 0, 
G(L,%/K,,) contains a subgroup which is, as a G(K,/K,)-group, isomorphic 
with the additive group of the group ring of G(K,/K,) over the prime field 
of characteristic p.* Let P, be the p-Sylow group of the absolute ideal class 


* More generally, if F is a subfield of K, with [K,: F] = d and KX’ is the T-extension 
defined naturally over F, then the invariants of K’/F are given by the sums of A“ and 
m® with the indices i divisible by d. 

+Cf: [T]: 

‘Cf. [4], $ 5 and a forthcoming paper of the author. 
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group of K, and let P,@ be the a-th direct factor of the A-decomposition 
of Pa By class field theory, G(Z,@/K,) is then canonically isomorphic 
with P,©. Hence, by the above, there exists an ideal class C, of order p 
in P,@ such that o7(C5) = Co for every „ in V and that the classes o¢(C)) 
are independent when é runs over p-adic units in U,mod. U,. 

Now, for any p-adic integer a, let s (a) (n= 0) denote the uniquely 
determined rational integer such that 


g == Sa (2) mod. pt, 0 S sa (a) < pri, 
For any ideal class C in P, and for any é in U, we have then 
(3) I oa(0)®=1, 


where the product is taken over all a in Umod.U, and the epponene d(a) 
is given by i 
d(a) = pn (sn (£0) — Esn (at) ). 


This is a special case of a general identity which holds for the ideal classes 

and their conjugates of a cyclotomic field: For the field Ko, it is given in 

[3], §109 and the general case can be deduced easily from the result in [5]. 
Applying (8) to the above ideal class Co, we obtain 


2 (Sn (&q*) — Esn (77) }7° == 0 mod. p™?, £EU, 
€ 
or 
(4) > $n (ÉD) = E E sn (q7) med. p”, . EU. 
7 n A 
First, we put == 1 -+ p™! in the above. Since s,(Ëé71) == Sn(7*), we 
have 


S sn (7t) = (1 + p™*) E Sn (qt) n° mod. p™, 
n 7, 


and, hence, also te 
2 Sn (7t) = 0 mod. p. 


AS s (q+) ==> mod. p, it follows that eK: 
Next, we take € from V, in (4). Then the left hand side is Said to 
ÉD sa (gt) and, as a541, l=a=p—I, ii follows that 
7 è 
> Sn (7 )7° = 0 mod. p™*?. 


7 


Hence, by (4), 
(5) 2 Sn (É) = 0 mod. p””, | Le 7 € Pap” 
Ki 


for any in U. We have thus proved that the assumption » > 0 implies (5) 
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for some odd index a41 and for every n= 0. Notice that (5) does not 
hold for a=1 (and n— 0). | 

To prove the converse of the above, w we use the classical formula. for the 
first factor of the class number of K n? Let Q, be the algebraic closure of 
Qp and x a character of U with values in 0,* such that y(U,) =1. Put 


Bax) = PO Bi sa (Ex lE), 


3 


where € runs over p-adic units in U mod. Ur. We notice that S,(x) is an 
element of ©, and that if x(Um)—=1 for m&n, then S,(x) —Sn(x). 
Now, the classical formula tells us that the highest power of p dividing the 
first factor of the class number of K, is equal to the highest power of p 
dividing, in Q,, the product 


(6) pen IL Saho), 


where y runs over all characters of U such that y(U,) — 1 and x(—1) =—1. 

Suppose that (&) holds for an odd index a. Clearly, there exist p” 
characters y of U such that x(U,) =1 and that x(7) == for every y in V. 
Since a is odd, these characters satisfy x(— 1) = — 1 and the corresponding 
Sh(x) appear in the product (6). It is also clear that (5) implies 


— a(x) =0 mod. p, 


for any such, character y. On the other hand, it is known that the product 
of p”! and other factors S,(y’) in (6) is an integer of Q, Hence the 
product (6) is divisible by p” and we obtain that 


en = p". 


Since er = An + up" + y, it follows that if (5) holds for every n = 0, then 
uw > 0 and, consequently, x: > 0. Thus the following result is proved: 


I. The second coefficient p in the formula (1) is positive if and only 
if there exists an odd integer a, 1 Sass p—i, such that (5) holds for any 
p-adic unit é and for any n = 0. i 


For any p-adic integer a, let 
a— E te (a) pt | 0S h(a) <p, 
be the canonical p-adic expansion of a. Then, 
Sn (a) — 2 te (a) p", Snir (4) = Sn(@) + tn (a) pr. 


5 For the following, cf. [2], § 5, § 33. 
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Since a541 and 
D sna (£7?) gt = x En?) = 0 mod. p™?, 
7 
the condition (5) is equivalent with the following: 
D tna (En) n* = 0 mod. p, . n= 0. 
7 
Notice that it holds trivially | 
2 ty (én) = 0 mod. p. 


4. We now consider that the roots of unity ¢, are all contained in Q, 
and asume that Ena = En, n220. We have then 


gn+l_ 


pr] (Ens a 1) = 2 nu! = > Sn (a) Ens”; 


where œ runs over all p-adic integers mod. p"*?. For any 7 in V, it follows 
that 


prt] (En? — 1) = 2 Sn (Q) En = 2 Sn (an) En. 
If a 1, we have similarly 

p (Ea? —1) = P Di Sraa (B?) but — D Sn (PAT) baer? 
where 8 runs over all p-adic integers mod. p”. Therefore, 
PA (I (Ent —1) —1 (64 —1)) = F se lér’) Eos 


where é runs over all p-adic units in U mod. U,. ` 
Now, for each n = 0 and 1, 1=1= p—1, put 


160 = > n’/ (Ena? — 1). 
néeV 
Then the above computation shows that, for any n= 0, 
(D) p(T, — Tra) =F (Z salé) ini £in U mod. Un. 
' E 7% | 
For convenience, we put here 
FA, | 1SiSp—1. 


Suppose that there exists an odd index a, 1a p— 1, such that (5) 
holds for any p-adic unit é and for any n= 0. Then, it follows from (7) 
that 


TT, = T,.. mod. p, n= 0, 


—_— 
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and, as 7_,@ — 0, we also have that 
(8) T, = 0 mod. p, n = 0. 

To prove the converse, we first notice the following 

Lemma 2. Suppose that 

2 Agha? = 0 mod. p5, é in U mod. Un, 
with ag in Q,. Then, for any w in U, 
2 ag== 0 mod. p5, 

where £ runs over all p-adic units mod. Un such that E= w mod. U,..° 


The proof is elementary and, hence, is omitted here. 
Now, assume that (8) holds for an odd index a and for anyn=0. It 
then follows from (7) that 


> (2 Sn (En?) n°) RUE 0 mod. gn. 
= 7 


By Lemma 2, we have, for any oœ in U, that 


(9) DY D Sn (én nt == 0 mod. p™?, é == w mod. Ua- 
E n 
Suppose that n= 1 and put 
== v -+ 7p" mod. p'*#i, OS] <p. 
Then, 


(10) Sn (Ep) = Sua (oy) + kp, 0k < p, 
where & is determined by | 
ke == ty, (wn) + qq mod. p. 


If € runs over p-adic units mod. U, such that £= «w mod. U,.,, k runs over 
all integers from 0 to p—1, and we obtain from (9) and (10) that 


p > Sa (ont )n° + p” 2 > kn° == 0 mod. pe 
3 7 
Since a 0 mod. p— 1, Sy—0 and it follows that 
Li 
= Sn—1 (ont) = 0 mod. ps n = 1. 
7 


Thus, we see that (5) holds for any é in U and for any n= 0, and the 
following result is proved: 


° For 2 = 0, we understand U_, = 1. 
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IT. The second coefficient p in the formula (1) is positive if and only 
if there exists an odd integer a, 1 Sa & p— 1, such that 


(11) . Zn/(1— baat) =0 mod. P; nE F, 


for every n = 0. 


5. Let O, be zhe ring of p-adic integers and Q,((#)) the field of all 
power series in æ with coefficients in Qp We denote by # the subring of 
those power series in Q,((z)) which have coefficients in Op, and by Ry the 
subring of integral power series in R. Let «£0 be a non-unit integer in 
Qp. Then, for any ¢6—¢(2z) in R, the element ¢(@) in Qp is well defined 
and p—> pa) gives a ring homomorphism of Æ into Qp. In particular, if 
a= 1 — En it Induces a homomorphism of R, onto the ring of all integers 


in Qp (Env )- 
Let a be an odd integer and q any element of V. The power series for 
(1—zx)7, defined in the usual way, is then contained in Fo and we have 


q*/ (1— (1L—2)") == yt? /e + $n (2), 
with a power series ġ in fy. Putting == 1 — čna in the above, it follows 
‘that \ 


27/(1— En?) Ter CO a on fe 2 pa (1 — Env) | 


where oy(1-—— 41.) are integers in Qp faa’, 
Now, suppose that (11) holds for every n = 0. : The above equality then 
shows that a41 and that 


È by (1 — Sus.) == 0 mod. p. 
7 ; 
Using the fact that the elements (1 —n.1)', OS i< (p—1)p", form a basis 
of the ring of integers in Qp(fni1) over Op, it follows that 
2, $n (1) = 0 mod. pho + vP- Ro. 
n ; 


Since n is an arbitrary non-negative integer, we have then 


’ > $n (£) = 0 mod. p, 
and, consequently, " 
27°/(1— (1—«)") == 0 mod. p.” 


Clearly, we can reverse the above argument and see that the above 
congruence conversely implies (11) for every n= 0. Therefore: 


* mod. p means mod. pk, or mod. pR. 
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III. The second coefficient p in the formula (1) is positive if and only 
if there exists an odd integer a, 1 Sa & p— 1, such that 
(12) | Ew/(— (1—#)*) = 0 mod. p, ne. 
Remark. III can be proved also by a different method using the classical 


formula for the second factor of the class number of K,. 
Now, if an element r ==7 (s) of Ry is of the form 


T(t) = Gt + CT? +, GEU, 


there exists an automorphism of À over O, which maps x to (æ). Therefore, 
(12) is equivalent with 


(13) Dn/(1— (1—7(x))7) =0 mod. p, 
7 
for any such w. Choosing a suitable power series for œ, we can further 
transform the condition (12). 
Consider the formal power series L(x) and E(x) defined by 
L(2z) =$, /pi, E(x) obo 
4=0 
As power series in Q,((x)), they have the properties: 
gh(t)—=L(yr), E(r)"=H (yr), 
for any 7 in V. It is also known that H(z) can be written in the form 
E(x) = TI (1 — gm) 40m) /m 
where x(m) is the Mobius function and m runs over all positive rational 
integers prime to p. Hence F(s) is contained in R, and it holds that 
E(xz)=1—2mod.z le. , 
Putting r(z) —1—EÆ(x) in (18), we then obtain 
= 7°/(1— E (yx) ) =0 mod. p. 
7 
Now, let $ apa" be the power series for (1—Æ(x))-? and put 
k 


hla) = X m, ie eee 
k=i(p-1) 
Then the left hand side of the above congruence is nothing but (p —1)p-¢-1(2) 
and we have immediately the following result: 


8 Of. [1]. 


a 
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IV. Let yi(x) be defined as above. Then the second coefficient p in 
the formula (1) is positive if and only if there exists an odd integer a, 
1<a<p—1, such that 
Ya(t) —0 mod. p. 


The de of IV Lies in that we can explicitly calculate yi(2), 
1<i<p—1, by using the classical power: series : 


1/(1— e) 1/2 + $—S (= 1) "Bye (2n) l, 


where B, (n=1) are the Bernoulli numbers. Put z= L(x) in the above 
and notice that the exponents of x which appear in the power series L (2) 
are always congruent with 1mod.p—1. We then obtain immediately that 


Yp (2) = 4, | 
p(x) —0, . %|4+Ap—l, 
Up-2(2) = L(£) 1 — E0 (—1)"B,L(2)®/ (2n) |, 
pile) =— SO (—1)”B,L (a) 7/(2n) 1, . 211,454 p —2, 
where >) means the summation over all n=21 such that 2n — 1 —1mod. 
p— i. 


Now, it is clear from the above that w,:(x) =£0 mod.p® For an odd 
aA p—2, we can then calculate the coefficients of a%#%@®-1) k= 0, in Wa (2) 
from the last equality and, putting them ‘to be congruent to 0 mod. p, we 
obtain & sequence of congruence relations on the Bernoulli numbers which 
altogether form an equivalent condition with yale) ==Omod.p. For instance, 
we obtain from the first two coefficients the following congruences : 


B'(4(a-+ De =0 mod. p, | 
B'(4(a+1))=B'(4(0+ 1) + $(p—1)) mod. p°, 
where B’(n) is defined by | 
B’(n) = (—1)"B,/n, . n= 1. 


The first congruence in the above shows that if p> 0, i.e., if #,(x) =Q 
mod. p for some cdd a, p must be an irregular prime. But this can be 
otherwise proved easily without making use of the above result. 

For the irregular primes p = 37, 59, 67, we can determine the index a 
for which the first congruence is satisfied, and then see that the second 


° This corresponds to the fact that (5), (11) and (12) do not hold for a = 1. 
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congruence does not hold for such an a.!° Hence, we have u==0 for these 
prime numbers. However, in these cases, it is also known that the order of 
G(L,/K,) is p° and, by the structural theorem on I-groups," we can prove 
more precisely that G(Z/K) is isomorphic with T and that A=1, p==0 
and v= Q. 


Remark. Using the fact that the coefficients of the power series for 
(1—E(x))* are always p-adic integers, we can obtain, by a similar argu- 
ment as above, various congruence relations for the Bernoulli numbers mod. p”. 


TEE INSTITUTE FOR ADVANCED STUDY 
AND THE MASSACHUSETTS INSTITUTE OF TECHNOLOGY. 


REFERENCES. 





[11 3. Artin and H. Hasse, “ Die beiden Ergünzungssätze zum Reziprozitätsgesetz der 
-ten Potenzreste im Körper der /"-ten Kinheitswurzeln,” Abhandlungen 
aus dem Mathematischen Seminar der Hamburg Universität, vol. 6 (1928), 
pp. 146-162, | 


[2] H. Hasse, Uber die Klassenzahl abelscher Zahlkôrper, Berlin, 1952. 

[3] D. Hilbert, “ Die Theorie der algebraischen Zahlkérper,” Jahresbericht der Deu- 
tschen Mathematiker-Vereinigung, vol. 4 (1897), pp. 175-546, 

[4] K. Iwasawa, “On T'-extensions of algebraic number fields,” to appear shortly in 
Bulletin of the American Mathematical Society. 

[5] R. E. MacKenzie, “Class group relations in cyclotomic fields,’ American Journal 
of Mathematics, vol. 74 (1952), pp. 759-763. 

[6] F. Pollaczek, “Uber die irregulären Kreiskérper der l-ten und -ten Einheits- 
wurzeln,” Mathematische Zeitschrift, vol. 21 (1924), pp. 1-38. 

[7] T. Takagi, “ Zur Theorie der Kreiskôrpers,” Journal für die reine und angewandte 
Mathematik, vol. 157 (1927), pp. 230-238. 


16 Cf, [6]. 
11 Cf. [4], $ 5. 


ON A THEOREM OF TORELLI* : 


By T. Marsusaka. 


Let © be a complete non-singular surve, J% be its Jacobian variety and 
z be the canonical mapping of T into J. Let @ be a canonical divisor on J 
with respect to T, which is determined uniquely up to translations. By means 
of 2(mé), we can embed J into a projective space, i.e. m8 is linearly effective, 
whenever m is sufficiently large (cf. Weil [8]). Therefore, the set Æ of 
positive divisors 2 on J, such that s0==tX modG, (J) for two positive 
integers s and t, defines a structure of polarization on J (cf. Weil [9], 
Matsusaka [4]). When J is polarized this way, we call it the canonically 
polarized Jacobian variety with respect to T. The purpose of this paper is to 
show that when two canonically polarized Jacobian varieties are isomorphic, 
then two curves are isomorphic. First this theorem was proved by Torelli 
(Torelli [5]) in the classical case and another proof was given recently by 
Andreotti also in the classical case (Andreotti [1]). Quite recently, A. Weil 
showed that Andrzotti’s idea can be generalized to the abstract case (Weil 
[10]). The presert author will show that Torelli’s idea can also be generalized 
to the abstract case. | 

Let C be another complete non-singular curve, J’? be the Jacobian variety 
of C and g’ be the canonical mapping of C into J’. Let 6 be a canonical 
divisor on J’ with respect to C and X’ be the set of positive J’-divisors which 
defines the canonical polarization on J’ with respect to C. Let us assume 
that there is an isomorphism 8 between two thus polarized Jacobian varieties. 
Then 8 must be an isomorphism of the underlying Jacobian varieties satisfying 
B(8)==0 mod G,(J’). Therefore, we make the following identification here- 
after: we identify « with B*:¢ and J’ with J. Then J is the Jacobian 
variety of T, and at the same time, the Jacobian variety of C; moreover, 
canonical divisors 0 and # on J with respect to r and C satisfy 9 == 6’ mod 
Gi({J). When that is so, there is a point d on J such that f —6, by Weil 
[7], Cor. 2, Th. 32. We fix a common field k of definition for T, C, J, 2, 2’, 6, d 
and regard k as a basic field. All fields we shall consider shall be assumed 
to contain k. 


* Received February 14, 1958. 
1 We shall follow the same terminology and iven as in [4], [6] and [7]. 
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We shall denote by W” (resp. V”) the locus of Xar %(a;) (resp. di’ & (ys) ) 
. over k, where (æ,'.:-,2,) (resp. (y:,: : -,y-)) is a set of r independent 
generic points of T (resp. C) over k. We assume that W9 == 0, Vi = O. 
We have Wt =a (T), Vi—@(C); we shall write W for Wr and V for V9". 
Let f and Ë be rational canonical divisors of F and Č respectively over k. 
Denoting by 8 the identity automorphism of J, — ô- S(e(¥)) leaves 0 
invariant, and also —-8+ S(a’(¥#’)) leaves 6’ invariant (cf. Weil [7], Prop. 
19). Let U be any subvariety of J, then we shall denote by U~ the transform 
of U by'—-8 We shall denote by W* (resp. V*) the transform of W 
(resp. V) by —8 -+ S (a (£) ) (resp. —8 + S(x())). 

Let now À be an arbitrary Abelian variety and X, Y be two subvarieties 
of A. Let x and y be independent generic points of X and Y over a common 
field of definition K for XY and Y. We shall denote by X @ Y the locus of 
æ+ y over K. This definition can be extended to a finite set of positive 
A-cyc'ée by linearity. 


1. Lemma 1. Wace) and W%,u) are subvarieties of 6 for all x on T. 
When x is a generic point of T over k, then Wata) and” W*¥_ atm) contain generic 
points of 6 over k. | | 


Freof. Wata) is a subvariety of @ by the definitions of W and @. Since 
8 is inveriant by the automorphism — -+ S(a(£)) of the underlying variety 
of J, W*_ae) is also a subvariety of 0. By the same reason as above, when 
We) contains a generic point of 8 over k, then so does W*_.(z). Assume now 
that x is a generic point of T over k, and let w == $ s?a (x) be a generic point 
of W over k(x). Then (T, £1,’ : -,% 2) is a set of independent generic 
points of T over k; hence w-+a(z) is a generic point of @ over k. Our 
lemma is thereby proved. 


Lemma 2. Let U bea subvariety of co-dimension 1 on 0 and w be a 
point of W. Then UN «(1)» à. 


Proof. Let K be a field of definition for U and u be a generic point 
of U over K. Then u can be written uniquely as u == 5,9-1œ(2;), where the 
a, are points on T, otherwise U @ «(T) is a subvariety of W* (cf. Weil [7], 
Prop. 16), which is a contradiction since dimU @ «(T)—g-—1. We can | 
find a set of g —2 independent generic points of T over K, say (4,° © -,2py-2), 
from the set (2%1,° + *,%1). Put w = >,%%a(2,), then w is a generic point 
of W aver K. «(T), is a subvariety of @ and contains u. Hence a(Tr), NU 
is not empty, and from this our lemma follows immediately. 
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Lemma 38. i) Let D be a curve ond; then DiN V* ts not empty if and 
only if tis a point of V* @D-. ii) a(L); is a subvariety of Way, with y on 
C if and only if £ is a point of Wawy. 11) Wa œ (C) —=V* OG a(L)-. 


Proof. Let S(a’(f))—v be a point in Din V*. There is a point # 
on D such that t= S(a’(f’)) —v—a, which shows that t is on V* @ D-. 
Conversely, if ¢ is on V* © D, then D, and V* have clearly a point in common. 
i) is thereby proved. | | 

Assume that (T); is on wiy. Since # == ba, a(T)+¢-e(y) is contained 
in #6. By Weil [7], Th. 20, a(T)i-d-wiy) is contained in ð if and only if 
a’ (y) +d—tis on W-. Therefore it is contained in @ if and only if t is a 
point of Wäsa’(y) 11) is thereby proved. l 

By our Lemma 1, V* a) is a subvariety of 6’ == 0, for all y on C; hence 
V*_wqy-a is a subvarjety of 6 for all y on C. If we show that V* and 
GT )ansdta (y) have non-empty intersection for all w on W and y on C, then 
Wa@®e#(C) is contained in V*@a(T})r; end when that is so, we have 
Wa®a(C)—V#@a(T})- since both have the same dimension. Since 
O(T) wearar(y) N V* em and a(T)» N VX ouai p imply each other, iii) 
follows from our Lemma 2. | 


2. Let X be the subvariety of W" X T defined over k, defined by the 
following conditions: Let w be a generic point of Wr over k, then X(w) =m 
is a positive T-divisor, deg(m) =r and S(a(im)) = w (cf. Weil [7], Th. 18 
and Weil [6], Chap. VII, Th. 12). We.are going to study some properties 
of X when r=ç and r=g— 1. Whenever D is a curve on W” such that 
Xr- (DXT) is defined, we write | 


(DXT) X==T+axt+Dxb, 


where every compouent of 7 has the projection D on D and T on I. We 
have obviously deg(b) <7 from the definition of X. 


Lemma 4. Lett bea point on dJ. Then (1 XT)-X8 is defined on J XT 
of and only if t is not a point of W*. Let D be a curve on J. Then 
(D, X T)-X% is defined on J XT if and only if D, is not a subvariety of W*. 


Proof. If tis not a point of W*, then denoting by v a generic point 
of J over k, Y(v) has the uniquely determined specialization m over 
v—tref.k, since S(a(m)) must be ¢ (cf. Weil [7], Prop. 16). Hence 
(¿X r)- X is defined. Conversely, if ¢ is a point of W*, then for any point 
æ on T, there is a positive T-divisor m of degree g such that m—x >0 and 
that S(a(im))—#. When that is so, it is easy to see that (X (v), v) > (m, 1) 
ref. k and this implies that (LXT) {X is not defined. 
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- Assume that D, is not contained in W*; then the preceding result shows 
that D, X T cannot be contained in X. Hence (D, XT): X is defined since 
X is a divisor on J XT. On-the other hand, if D, is a subvariety of W*, 
u XT is contained in XY for any point u on D}. Therefore (D, XT) +X is 
not defined, and our Lemma is thereby proved. 


LEMMA 5. Let D be a curve on J and u be a point on J such that 
(D, XT): X? ts defined. (i) A point t on D, is a component of a if and 
only if it is a component of DN W*. When D =« (C), then a:£0 if and 
only wf b0. (i) When u is a generic point of J over a field K over 
which D is defined, then a—0. (iii) Assume that D =g (C) and let x be 
a generic point of T over K(u). If we put n—!T{(x) + a, we have 

8(a(n)) a(x) + (g—1}u +8 (a/(#)) —d. 

Proof. Let t be a component of a. Then (4XT)-X is not defined 
and ¢ is a point of W* by Lemma 4. Conversely, if ¢ is a point in D, O W*, 
then £X T is contained in X by Lemma 4, which shows that ¢ is a component 
of a. When D = (C), Dy O W* -ġġ and Da C Oat), for a certain + on T, 
are equivalent by Lemma 3. (i) is thereby proved. 

When u is a generic point of J over K, u is not a point of W* @ D-. 
Hence D, and W* have no common point by Lemma 3, and a=0; (ii) is 
thereby proved. 

We have 


(1) (Cu XT) X) (Chu X &))arcoyxr = (a (Chu XT) X) U X 2) 
= ((a(C)u XT) (X - (F X.2)) = (a (Chu X T) ` Batay X 2) = (Cu: Pater X € 
by Weil [6], Chap. VII, Cor., Th. 18, Chap. VII, Th. 10, and Chap. VI, 
Th. 11. Hence 

Sia(n))=8 (a (C)u' bam) =g u + SE (C) O-arata)-u) 

= (g—1)'u—d+a(x) +S(#(#)) 

by Weil [7], Th. 20. (iti) is thereby proved. 

LEMMA 6. (@’(C)y XT) -X9 is defined if and only if a(T) ya ts not 
contained in V- = V*_gia'cy)), and when that is so, a point x of T is a com- 


ponent of b if and only if a(x) is a component of a(T) O V-ua In other 
words, x on r is a component of b if and only if 


alz) + (g—1)-u+S(o¢(f)) —dé ys; gw 


‘Proof. First, let us show that &(C), X x is contained in XY if and 
only if a(t) € Vma. By the formula (1), we have 


(Chu XENAN HAO Xa (a (Ca N ba) X 2. 
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Hence ¢’(C), X æ is contained in X if and only if «’(C), C CAT a’(C),, is 
a subvariety of faqe) if and only if u is on Vea) by (ii), Lemma 3. u is 
a point of Vases) if and only if @(z) is a point of V-,,4, and our assertion 
is proved. 

(æ(C), XT):Æ is defined if and only if «’(C). XT is not contained 
in XY and this is so if and only if a(T) is not contained in V-,,4 by what we 
have observed. Our lemma is thereby proved. 


Lemma 7. Let T be non-hyperelliptic, U be a subvariety of W* and 
assume that U contains a generic point of W* over k. Let K be a field of defini- 
` tion for U and z be a generic point of © over K. Then X9*+ (Uaw) XT) is 
defined and can be written as T +U X Q(z) + Y, where every com- 
ponent of T has the projection Uata) on Uata) and T on T and the projection 
of every component of Y on U-arx) ts a proper subvariety of U_a(a). Then 
there is an irrational pencil 3, free from fixed components, defined over K 
on T such that + q(t) —=m-pte, where m is a positive integer, p is a 
generic member of & over K and c is a positive rational divisor of T over K. 


Proof. Since U is a subvariety of W*, it follows that Uate) is a sub- 
variety of 9 by Lemma 1. Moreover, since U contains a generic point of W* 
over k, it follows that U_, (2) contains a generic point of 6 over k by Lemma 1. 
It is clear that Y9-"- (U atse) XT) is defined and that x + q(x) is rational 
over K(x). Let 2’ be a generic point of T over K and put X: (Uatn XT) 
== I + Uae Xale) + Y’. Let s be & generic point of U over K(x, x’). 
Then we have 


s= S (a(T(s—a(2)) +(x) +2)) —S(a(T’(s—a(a’)) +4(2") +2’), 
and therefore, we have 
T(s—a(z)) +a(x) -o~T'(s—a(e’)) +4(2’) +2" 


by Weil [7], Th. 19. Since s is a generic point of W* over k by our assump- 
tion, it follows that 1(7'(s—«(z)) + q(2) +2) —28 by Lemma 1, Appendix ; 
since &(7'(s—a(x)) + q(z) +2) is defined over the algebraic closure of 
K(s), and since v is a generic point of T over K (s), it follows that the divisor 
T(s—a(z))-+q(r) + x is a generic divisor of 8(7'(s—a(z)) +q(%) +2) 
over K (s). Assume that 2’ is a component of q(x) + x, which is not algebraic 
over K. ‘Then 2 is a generic point of T over K(s) and therefore 


T(s—a(x)) +q(2) +o=T'(s—a(a’)) +r) +2. 
K(x) and K(x) have the same algebraic closure K(x), T(s—a(x)) and 
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T’(s—a(av’)) consist of generic points of r over K(x) and q(x) +, 
q(æ) +’ are both rational over K(x). Therefore «+ q(x) =x + q(x’). 
Let z be the Chow-point of «+ q(a); z is rational over K(x) and hence z 
‘has a locus Z over K. Let f be the rational mapping of Tr onto Z such that 
f(x) —2. When 2’ is a component of z+ q(x), which is not algebraic over 
K, then f(x’) =z by what we have seen. Hence z + q(xz) =m: f(z) +c, 
where m is a positive integer and c is a fixed rational divisor over K (cf. 
Weil [5], Chap. VI, Th. 11). 
In order to complete our lemma, it is sufficient to prove that Z is 
not a rational curve. If Z is a rational curve, then s + q(x) ~ 2’ + q(2’) 
whenever x and 2’ are two independent generic points of T over K. There- 
fore T’(s—a(zv)) ~T’(s—a(e’)). Since Uam contains a generic point 
of @ over k, s—a(x) is a generic point of @ over & and consequently 
T'(s——2(x)) + q(x) is a generic divisor on T of degree g — 1 over k. Hence 
T(s—x(x))—T'(s—a(x)) if and only if T(s—a(s)) =T (s—a(z’)). 
When + and 2 are independent generic points of T over K(s), then 
T(s—a(x)) +q(x) +2 and 7’(s—a(a’)) + q(x) ++’ are two indepen- 
dent generic divisors of the pencil 2(7(s—a(z)) + q(x) +2) over the 
algebraic closure of K (s). Therefore, if T(s—ax(x)) = T’(s—a(a’)), then 
T(s—x(x)) is a fixed divisor of the pencil, which is contrary to our 
hypothesis that T is not hyperelliptic (cf. Lemma 1, Appendix). Our lemma 
is thereby proved. 


3. LEMMA 8. Lett and u be generic points of Wg (C) and 
Wa (C) over k. Put ( (C): XT) -=T +a (C) Xb+aXT, and 
also 

(a (C)a XT) Xo =T Ha (Ou XP+ XT. 
When T is not a hyperelliptic curve, either deg(b) = 1 or deg(b’) — 1. 


Proof. By Lemmas 3 and 6, b and b’ are not 0. Assume that deg(b) > 1. 
Write E = 2° c; and put v = S(a(f)) —t+ a(c,.,) t alc). (C) con- 
tains a generic point of W* over k an dis contained in it. In fact, putting 
K =k(t), a generic point of #(C), over K is a generic point of J over k. 
Therefore, when we write a generic point of œ’ (C), over K in the form 


S (a (319-8 (mu) + DS? (ez) )), 


(@1,° °°, Wg) En °°, Cs) is a set of g independent generic points of T over k. 
When that is so, S(a(f— 39-9 (xi) — Da8? (c:))) is a generic point of W* 
over k >y the definition of W*. Our assertion is thereby proved. 
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Let y; and yz be two D generic points of T over K. Put 
= v— a (y) +2(ye) and 


(2 (0) XP) X= (OE XB A XP 


We shall show that b” == Ya which is sufficient to prove our lemma (cf. 
Lemmas 3 and €). Since «’(C)-, contains a generic point of W* over k 
and is contained in it, we may apply Lemma 7 to this curve. Let X be the 
subvariety X7* on 8 XT defined in no. 2. Since (C) v-am) contains a 
generic point of 4 over K and is contained in it by Lemma 1, e’(C) way) XT 
is not a subvariety of Ÿ. Therefore X- (¢’(C)-v-a(y,) XT) is defined. Put 


(HC) aa XT) = P40 (CV v-am Xd +a XT, 
and b—q(y,). Let X be the set of specializations of y:+q(y1) over K, 


then by our Lemma 7, X is an irrational pencil. Next, we claim that % is 
free from fixed components. Let r be a generic point of œ (CY over K(y,), 
then r= S(a(P(r—a(y.))+a(yi) + y:1)). Since r is a generic point of 
W* over k and since | 


deg (2 (r —a(y1)) + q(y1) +41) == 9, 


m= T(r— a(y:)) + q(y:) +4. is a generic divisor of Q(m) over the 
algebraic closure of K(r). Since @(m) has no fixed component by Lemma 1, 
Appendix, it follows that q(y.) cannot contain a component which is algebraic 
over K(r). Herce our assertion is proved. 

By Lemma &, Appendix, 3 is defined over &, and hence S(a(q(y.) +7%}) 
== & is a constant, which is independent with respect to v over k. Assume that 
q(yi) is not empty, then deg(y,-+-q(yi1)) =m > 1 and x(O)» is contained 
in Wema Since a’(C)-, contains a generic point of W* over k, we must have 
m2. When m =}, we have W9-?, = W* and this is possible if and only if 
l(y.+aq(y:)) >1 by the theorem of Riemann-Roch. This contradicts our 
hypothesis that T is not a hyperelliptic curve. Thus m= 1 and q (41) = 0. 
From this we see immediately that bD” =-a(y.) and our lemma is thereby 
proved. | 


4. ‘TwEoREM (hyperelliptic case). Let r and C be two complete non- 
singular hyperelliptic curves of genus g. Let J (resp. J’) be the Jacobian 
variety of T (resp. C) and a (resp. a’) be the canonical mapping of T 
(resp. O) into J (resp. J’). Assume that there is an isomorphism of B of 
J into J’ such that canonical divisors 6 and # on J and J’ with respect to T 
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and C satisfy B(8) = 6 mod Ga( J). Then there is a birational trans- 
formation h of T onto C such that 


G+ hy == + B-a-+ constant; 


` 


we can select + or — arbitrarily, but if it is once selected, h and the constant 
are uniquely determined by B. 


Procf. We make the identification stated in the beginning of this paper. 
Let c (resp. c’) be a positive divisor of degree 2 on F (resp. C) such that 
l(c) (resp. I(c’)) > 1. Since 6’ ĝa we may assume that 6 ==? by adding 
a suitable constant to'a’. By the proposition in our Appendix, a point u of 6 
is a singular point of 6 if and only if a positive [-divisor m of degree g —1 
such that S(a(m)) =u satisfies I(m) >1. When that is sol (m—c) is 
positive and this shows that u is a point of W°, where s==S(aic)). 
sonversely, it is clear that any point of W9-%, is a singular point of @ by 
the same proposition. When we put s’==S(a’(c’)), V%%, is also the set 
_ of singular points of 66 and hence we have W928, = V9-8,,, 

Tt is easy to see that W*¥ == W9-?,, V* == V9?,, (cf. Weil [7], Prop. 16). 
Let t be a generic point of W* @ a’(C)- over K=k(s,s8’). By Lemma 8, 
t can ba written as v + a(x), where v and + are independent generic points 
of V and T over K. By the same lemma, @’(C),M Wu) is not empty. 
We shall show that it contains at least g—1 distinct points. A generic 
point of W*_a@) over K(x) can be written as S(&(5:9-1y;)) where the 7; 
are points on C, and g—2 points among (41,° © *,Yg-1), SAY (Yo' * ‘> Yg-2) 
are independent generic points of C over K(x). Put v'—S{(a (31%? y)); 
then v’ is a generic point of V over K{x) and «’(C), contains a generic 
point of 8 over K, which is a generic point of W*_g(2) over K (xv). Since v 
and v’ are generic specializations of each other over K(x), «(C)» also has 
the same properties. Hence œ’ (C): W* (a) is defined on 8 and is not empty. 
Identifying v and v’, let y’; be the point on C such that ¥,+y,~c’.. Then 
a’ (y's) + v is on (C), and Voy = Wo-3,, Thus a’(7’:) + v= S(a(m)), 
where m; is a positive T-divisor of degree g-—1; since (mu) > 1, m~z + m, 
where +’ is the point on T such that + x” — c and n is a positive I-divisor. 
of degree g— 2. It follows that a’ (y1) +v E W9 Qa = W* ate). It is clear 
that when 147, (y) Hv (yj) +0. (yi) + is a singular point 
of @ by the proposition in our Appendix. Thus our assertion is proved. 

Since ¢ is a generic point of W*@æ{(C)- over K, o(C), is not 
contained in W*. Therefore (@’(C):XT)-X9 is defined and can be 
written in the form T+a XT+a(C);X6. By (i), Lemma 5, we 


792 - T. MATSUSAKA. 


have deg(a’)=g—1. If deg(a’)—g, then T=0, deg(b) =g by the 
formula (1) and this is impossible from the definition of X and Weil [7], 
Th. 19. Hence we must have deg(a’) =g — 1, and since («(C): XT): X 
is a correspondence of type (g,g) by the formula (1), it follows that T is 
the graph of a rational mapping h of T onto o(C); Since a generic point 
a’(y) +t of a(C), over K(t) is a generic point of J over K, every com- 
ponent of T'(a’(y) +#) has the coefficient 1, which proves that & is a 
separable mapping. By Lemma 2, Appendix, % is then a birational trans- 
formation, and we have @’(y) -+-t=a(h*(a'(y) +t)) +8(a(b)). Thus 
we see that (CC) =a(T),, where c is a constant, and that there is a bi- 
rational transformation À of T onto C such that a(z) = a’(h(z)) +c’, where 
c’ is a constant. Let f be the birational transformation of C onto itself 
such that whenever y is a point of C, y +F (y)—~č. Then since o’(h(2)) 
+ af (F h(x)) = S8(0’(c’)), we see that a(x) =—o’(f’-h(x)) + ce”, where 
c” is a constant. Since &(c) is uniquely determined on T, A is determined 
uniquely by the relation «—a’:h-+-constant; in the same way, f’-A is 
uniquely determined by the relation «——a’-(f’-h) + constant. Our 
theorem is thereby proved. ` 


THEOREM (non-hyperelliptic case). Let T and C be two complete non- 
singular curves of the same genus g and assume that one of the two curves 
is not a hyperelliptic curve. Let J (resp. J’) be the Jacobian variety of T 
(resp. C) and a (resp. @) be the canonical mapping of T (resp. O) into J 
(resp. J’). Assume that there is an isomorphism B of J onto J’ such that 
canonical divisors 0 and 6° on J and J’ with respect to T and C satisfy. 
B(8)=0" mod G,(J’). Then there is a birational transformation h of T to 
C such that 

æ- h = + B: a -+ constant, 


where the signature, h and the constant are uniquely determined by B. 


Proof. As in the proof of the preceding theorem, we make the identifi- 
cation J =J’, as stated in the beginning of this paper. For- the sake of 
simplicity, let us assume that T is not hyperelliptic. Then by Lemma 8, 
either g' (C) or a’(C)>~ satisfies the property described in the Lemma. Assume 
that «’(C) satisfies it, i.e. letting t be a generic point of W* @ a’(C)~ over 
k, and writing («' (C): XT): Æ=T+ a XT + (C):Xb, assume that 
deg(b)=1. By Lemma 6, when we put v=—t—d+S8(a@(¥%)), «(rs 
and V* have just a single point in common. Then v is a generic point of 
V* D a(T)-= Wa @a(C) over k by Lemma 3, and can be written as 
v =w + (y) +d, where w and y are independent generic points of W and 
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C over k. Thus we see that V* wg) and a(T)w have just a single point 
in common. It is easy to see that we have | 


vn Oa" (2)~0" (y) = Fete) T V* a! (y)5 


by Lemma 1, by the theorem of Riemann-Roch and by the definitions of V 
and V* (cf. also Weil [7], Prop. 16), where z is a generic point of C over 
k(w,y). Since «(I)». is contained in 4 = 6’ and since a’(z) — g (y) —w 
is a generic point of J over k, it follows that Vw) and «@(T)wia have at 
least g— 1 distinct points in common by Weil [7], Th. 20. ‘Thus we have 
shown that when we put we w+ d—S(a'(?’)) —a’(z), V-siwq and 
a(T), have at least g— 1 distinct points in common. - 

| Put D =g (C). Then J is the Jacobian variety of D, the injection 
map of D into J is the canonical mapping of D into J and @’ is the set of 
sums of g— 1 points on D. Let X’ be the subvariety of J X D with a field 
of defnition & such that when s is a generic point of J over k, X (s) =m > 0, 
deg(m) == g and s=«S(m). Then V_s{ta4g)) is the set of classes of special 
D-diviscrs of degree g. By Lemma 4, («(T), x D)-X’ is defined. By (i), 
Lemma 5, we see that, in the expression 


(a(T)u X D) Z =T, +aK D+a(r),: X d, 


we must have deg(a) Z g— 1. Since (a(T), X D)-X’ is a correspondence 
of type (g,g) on a(T), X D by the formula (1), deg(a) == g implies 7’ = 0 
and deg(bi:) =g, which is impossible because of the definition of X’ and 
Weil [7], Th. 19. Hence deg(a) =-g—i and T, is the graph of a rational 


| mapping of D onto a(T),. Since dim (u) = g— 1, «(T), contains a generic 


` point of J over k. -It follows that when a(s) + u is a generic point of «(T), 
over k(w), then it is a generic point of J over k, and every component of 
T,(a(z) -+-w) has the coefficient 1. Therefore T, is the graph of a separable 
rational mapping f. When that is so, f is a-birational mapping by Lemma 2 
of the Appendix. Now let us assume that —a’(y) is a generic point of D 
| over k(u) ; then we have 


Se (y)) + a) == — (y) + (g—I)u+ 8(a(t)) +d+sS(x()), 


by Gi), Lemma 5 (Remark: 6 == 8-a = 6_g(a()-a4). Thus we have seen 
that a(r) = De = (0), where 'c is a constant rational over k(u). Let h 
be the birational transformation of I to C such that — g: h + c =g; then 
h is the one we are looking for. | 

Let h’ be a rational transformation of T to C such that a’: A’ =a +, 


16 
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where c’ is a constant, and let K be a common field of definition for h and W. 
Let 2 be a generic point of T over K ; then we see that &’(h(x)) + (k (s)) 
= constant, which implies that l{h(s) +h’(x)) > 1 by Weil [7], Th. 19. 
Since C cannot be a hyperelliptic curve by what we have proved, there exists no 
such h’. If we have —a’-h’=a-+c’, then A(x) -h (£) =h(2’) +k (r) 
for any two points z and + on T by the same reason as before, which shows 
that A(z) =k (x), Le. h==h’. Our theorem is thereby proved. 


Appendix. 


1. A complete non-singular curve C is called hyperelliptic, if it carries 
a positive divisor a of degree 2 such that l(a) > 1. 


Lemma 1. Let C be a complete non-singular curve of genus g, J be its 
Jacobian variety and a be the canonical mapping of C into J. Let k be a 
common field of definition for C, J, « and let m be a positive C-divisor of 
degree g such that S(a(m)) ts a generic point of W* over k. Then l(m) —2; 
and when C is not a hyperelliptic curve, &(m) is a linear pencil without 
fixed point? 


Proof. Let F be the rational mapping of the product U of g curves 
equal to C into J, which is defined by F(a,,: © <, 2g) =a (21) +°- -+ a(z). 
We have dim W* = g —2 and 1/(m) > 1 by Weil [7], Prop. 16. If I(m) > 2, 
there must be a generic point (41,: * *,Y) of U over k such that F (Yatt Yg) 
is S(a(m)) by Weil [7], Th. 19 and this is impossible. Hence (m) =?2. 

By definition of W*, there is a set (21, - `, Zg-2) of g-—2 independent 
generic points of C over k such that m ~~ f — $s? (a), where £ is a canonical 
divisor on C. Put m == Xa (t:), assume that Q(m) has a fixed point and 
let r be the smallest non-negative integer such that f-— $u" (z) defines a 
complete linear system with a fixed point z. Then 2’ is algebraic over 
k(2:,° © ",2), but not algebraic over the field generated by an subset of 
(z1 © °, 2r) over k. Let 2, be a generic point of O over k(2,,: + +, %-2). 
Since J1(£) =g, with any subset (2,,: © *;2:,) of (24° + *,2,1) we can asso- 
ciate the set of fixed points (2;) of the complete linear system &(f— (z) 
—-++—(2z,)); what we have. observed shows that if (zm :,2,) and 
(Zas © *,%,) are different as sets, then (z) and (2;) have no point in 


2 The writer owes the proof of the latter half of this lemma to M. Rosenlicht. 
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common. Let s be the number of points in the set (2;), which is independent 
of i. Then we have | 


(g—1) t(s deg (f) = 2g —2. 


Therefore we have r==1 or g—2 and s=1. When r—1, C is a hyper- 
elliptic curve which we have excluded. Thus we have r—g—2 and s=1. 
Let 2’ be the fixed point of Q(E— E -2 (z) ), then it is easy to see that 2’ is 
rational over k(2,,- - -,2-2) (cf. Weil [6], Chap. VIII, Th. 10), which we 
shall write 2’ =f (%,:° +,22). f is then a symmetric function defined on 
CX--:XC (g—2 factors) with values in C defined over k and we have 


t~ > (zi) + Dut (41, tn Bjala Seay T a Zg-1) . 


By Weil [7], Cor., Th. 7, af (2° ` +, 992) == Sih(a) + constant, where A 
is a function defined on C with values in J. Let y be the linear extension 
of h, i.e. the endomorphism of J such that h == y-a + constant (cf. Weil [7], 
Th. 21). We have o-f(z:,- - °, 22) = Siy: a(z) + constant and 


S(a(t) ) = Dita) + (g—28) Ery a(z) + constant. 


Thereïore @(2;) + (g — 2): y: a(z) = c, where c is a constant rational over 
k, since h and y are defined over Æ (cf. Weil [7], Cor., Th. 7 and Th. 21). 
Now let 2,,° > -,z, be g independent generic points of C over k. Then we 
bave | 


klzu © y 2g)e=k (a(z) +: + +a(z)) =k (9—2): Dy a(2)), 


which is only possible when g—8 (cf. Weil [7], Th. 18). When g = 3, then 


we have r=—1 and our C is a hyperelliptic curve. Our lemma is thereby 
proved. 


Let h be a rational mapping of a variety V onto another variety V’. 
Let k be a common field of definition for V, V’ and h and let x be a generic 
point of V over k. We say that h is a separable (resp. regular) mapping when 
k(x) is a separably generated (resp. regular) extension of k(h(«)). 


. Lemma 2., Let C and C’ be two complete non-singular curves of the 
same genus and assume that there is a separable rational mapping h from (el 
to C. Then h is a birational transformation. 


Proof. Let J and.J’ be the Jacobian varieties of C and C’. We may 
assume, without loss of generality, that canonical mappings from both curves 
into their Jacobian varieties are injections. Then the linear extension B 
of À (cf. Weil [7], Th. 21) is a surjective homomorphism of J to J’. Assume 
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that A-t is not a rational mapping; then the kernel of 8 does not consist of 
the neutral element O only. Suppose that the kernel of 8 consists of a finite 
set of points O, a,.:°°,@,. Let x and y be two generic points of C over a 
field k of definition for C, C, J, J’, h and 8. Then B(z) = B(y) when 
h(x) =h(y) ; when that is so, we have y = x + a, for some i (putting a, = 0). 
In this case, we have C == Ca, and hence 6 = 8,,, where @ is the theta-divisor 
on J corresponding to C. On the other hand, we have 0 — 4, if and only if 
t=O by Weil [7], Cor. 8, Th. 30. Therefore, the kernel of 8 must form an 
algebraic subgroup of J of dimension greater than 0.. This contradicts our 
hypothesis that C and C’ have the same genus. 

Let V be a complete variety, non-singular in co-dimension 1. Let F be 
a rational mapping of V onto a complete non-singular curve C’; then we say 
that (F,C) defines on V a pencil of divisors which consists of F~ (u). with 
u on C. It is called linear when © is a rational curve. When C is a curve 
of genus g, it is called an irrational pencil of genus g. There is a classical 
theorem, saying that there cannot be an algebraic family of irrational pencils 
on a curve, which is due to Humbert and Castelnuovo. We shall generalize 
this theorem to varieties of higher dimension. 


Lemma 3. Let V be a complete variety, non-singular in co-dimension 
1 and let Z be a subvariety of a product UX Wx V. Let k be an alge- 
braically closed common field of definition for V, U, W and Z and assume 
that, when u is a generic point of U over k, Z(u) is the gfaph of a rational 
mapping F, of V onto a complete non-singular curve C, contained in W. 
Let v be a generic point of U over K{u), then unless Cu (and consequently Cs) 
is not a rational curve, (Fu, Cu) and (Fo, Co) define on V the same irrational 
pencil. 


Proof. We may assume, without loss of generality, that V is a projective 
variety. First we shall show that our question can be reduced to the case of 
curves. Let H be a generic hypersurface over k(u,v). By Weil [6], Chap. V, 
Prop. 2, Chap. VII, Cor., Th. 10 and Chap. VII, Th. 17, Z'(UXWXV-H) 
is defined, irreducible, | 


(ZUXWXV-H)) (uX WV) = (ux Z(u)) (UXWXV-H), 


which also can be written as u X (W X V:H):Z(u), is prime rational over 
the smallest common field of definition for u and H containing k and has the 
projection C, on W. Let x be a generic point of V over k(u,v) and put 
A = Fy? (Fy (x) ), Y= F,1(F,(x)). Let &, be the linear system of sections 
of F by hypersurfaces of order m. If m is sufficiently large, dim Rm = 3 and 
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the linear subsystem of Qm, consisting of divisors going through x, induces on 
any component T of X and Y a linear system of dimension at least 1. 
Let Hn be a generic hypersurface of order m over k(u, v, t) going through x. 
Then clearly Hm is a generic hypersurface of order m over k(u,v); more- 
over, X -Hm and Y-H,, are defined by our choice of Qm. Since 7’: H,, is 
rational over a field of transcendence degree at least 1 over &(u,v,2) by our 
choice of Rm, it contains a generic point of T over the algebraic closure of 
h(u.v,ci. By the formula we have shown in the beginning of our proof, if 
our lemma is true for VA, i.e. if Py? (Pu(e))- Hm= Fy" (Py(2)) Hm 
then what we have observed in the preceding discussion shows that 
RY? (FF, (2)) = F> (f,(2)). Repeating this process, we see that our lemma 
is true whenever it is true on a complete non-singular curve F in a projective 
space, since V-H,, is again complete and non-singular (ef. Zariski [11]; 
Nakai [3]). 

Let J be the Jacobian variety of T, a be the canonical mapping of T 
into J and K be a common field of definition for J, T and a Let u be a 
generic point of U over K and ¢ be a generic point of ©, over K(u). Put 
F(t) =m, S(a(m))—s. Then when x and y are components of m, we 
see that s is rational over K(x) (cf. Weil [6], Chap. VI, Th. 12; Weil [7], 
Th. 1) and that the rational mapping fu of T into J defined by f,(x) =s is 
such that f,(y) =$. fu can be written as B'a- cu where B is an endo- 
morphism of J and c, is a constant, both defined over K(u) by Weil [7], 
Th. 21. Since there is no algebraic family of endomorphisms on an abelian 
variety (Chow [2]), 8 is actually defined over K. Assume that deg (nt) >2 
and that the pencil defined on r by (Fe, C») is different from the pencil 
defined by (F4, Cu) ; in other words, assume that #7 (F,,(2)) 4 Fy1(F, (2) ). 
Then m cannot be algebraic over K (x) and hence the field generated over K 
by components of m has at least the dimension 2 over K. Therefore we may 
assume that dimg (z, y) =2. fals) —f;(y) implies 8 — 0 and thus (Fu Ca) 
defines on T a linear pencil by Weil [7], Th. 19. Consequently, we have 


Z{u)—axXT+C,X m, 


where deg(a) —1. Since Z(u) is the graph of a rational mapping of F onto 
Ca it follows that ¿~t for any two point on C, by Weil [6], Chap. VIII, 
Cor. 1, Th. 4 Thus C, must be a rational curve. When deg(m) —1, our 
lemma is trivial and the proof is completed. E y 


2. Lemma 4. Let U be a product of n complete non-singular curves T;; 
let F be a rational mapping of U onto a variety T=. Let u == (£1, * -,%) 


“ 
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be a point on U and denote by R(t,-- -,ù) the subvariety of U which we 
get by replacing the ijth factor Ti, by x, for LS jSr (we assume always 
that i; <<- ++ <i). Assume that F is defined at u, F(u) is simple on T 
and that the graph of F is transversal to U X F(u) at uX F(u) on UXT. 
Assume also that F(u) is simple on the image Riu, : > -,%,)* of Riu, e,i) 
by F, for any choice of (%,: + +,%-). Let V” be a subvariety of T, having 
F(u) as a simple point. Then there rs at least one (tu, - *,) such that 
R(i, - -,i,)* is transversal to V at F(u) on T. 


Proof. Let k be a common field of definition for the T, T, u, F and V. 
Let W be any subvariety of T having F(ü) as a simple point; then there is 
a subvariety H of T such that H and W are transversal to each other at F(u) 
on T (cf. for instance Weil [6], Chap. V, Th. 5). Identifying F with its graph 
and applying Weil [6], Chap. VI, Th. 5 and Th. 6 to UXHNUXWNPF, 
we see that a component W of FAUX W containing u X F(u) is uniquely 
determined, is a proper component of multiplicity 1 on UXT and has 
uX Fu) as a simple point. 

F is defined along B(t,,: - -,%) by Weil [6], Chap. IV, Cor., Th. 15. 
Then there is the uniquely determined subvariety R(1,- - -,1,)’ on F having 
the projection Rit,’ ' -,%) on U, which is a proper component of multi- 
plicity 1 in Ru, --,ù4) X TNF on UXT by Weil [6], Chap. VI, Cor., 
Th. 6 and Th. 8. The image A(%4,:- -,1,)* of R(tu,:-+,%-) by F is the 
projection of A(i,,- + -,1)" on T. When we apply the result just proved 
in the beginning of this proof to FNU X V and to FAUX Ris, - +, à)", 
we see that there are the uniquely determined components Ÿ and Rhin: : -, ùy 
containing u X F(u) in them, and that they are proper components of multi- 
plictiy 1 on U X T, having u X F'(u) as FRE points. By Weil [6], Chap. 
VI, Th. 9, we see that 


(P: (U X Rl, e,i) hu X Flu); U XT) 
=i(V Rix, 8) ,u X Plu); P) =i(V" Ri i), u; U), 


where V’ is the projection of Ÿ on U (cf. also Weil [6], Chap. VI, Th. 8). 
By Weil [6], Chap. VI, Th. 5, we see also that 


UV Aus: iat)", Fu); T) 0G X EG oi) u X F(u); U X T), 


under the assumption that F(u) is a proper component of V N R(i,- : -.1,)* 
on T. Passing to representatives, we assume that U and T are affine varieties. 
Let &*, be the tangent linear variety to, T; at a. Then the tangent linear 
variety to U at u is S™— S81, x: -- x St, by Weil [6], Chap. IV, Th. 18. 
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Since the projection from F to U is biregular at u X F(u), à is a simple 
point on V’ by Weil [6], Chap. IV, Cor. 1, Th. 17. Then the tangent linear 
variety S*-r at u to V’ is contained in S* by Weil [6], Chap. IV, Prop. 23. 
The tangent linear variety to R(t,’ .°,%,), at u is of the form St" * *> tr) 
which we get by replacing the i-th factor of 8* by a, for 1=jÆ7r. Now it 
is clear that at least one of the S(t: -:,%), with ü <:: : 4%, iS Trans- 
versal to S%r at u on S*. Let S(i,,: - :,14) be such; then we have 


(PR i) u; U) =L. 


lf F(u) is not a proper component of V N R(in' - -,2)*, then u X F(u) 
is not a proper component of V'NR(ü,:::,ù) on U and our lemma is 
thereby proved. | | | 

We are going to apply the preceding lemma to the following proposition, 
which was proved recently by A. Weil (Weil [10], Th. 3) from the con- 
sideration of differential forms. 


Proposition. Let J9 be the Jacobian variety of a complete non-singular 
curve T and let a be the canonical mapping of T into J. Then a point w’ 
of Wr is simple on W" if and only if a positive divisor m of degree r on T 
such that 8(a(m)) =w has the property 1(m) —1. 


Proof. If Z(m) ==1, then w’ is simple on W” by Weil [7], Prop. 18. 
Therefore, assume that (m) > 1. Let U be the product of g curves equal to 
t and let F be the rational mapping of U onto J defined by F(zx:,: - -,Z,) 
= ax). Let k be a common field of definition for T, J,a, F, w and let u 
be a generic point of J over k. Then w+ wu is a generic point of J over k. 
If w is simple on W", w Lu is simple on W*,. Applying the preceding 
lemma to U, J, F, W's and to a generic point (2,° > *,%,) of U over k such 
that X 2(a,) =w + u, it follows that there is a translation W9-r, of Wo-r 
such that W”, and W9-"; are. transversal to each other at w -u on J. Hence 
there is a Wa-r, such that it is transversal to W" at w’ on J. There is an 
a(T). on W9-", containing w, and when that is so, w is a simple point of 
a(T')4. Take a representative of w and take representatives of J, a(T),, 
We-r,, WT on the same affine space. Let us denote by the same letters those 
representatives we have chosen. Then the tangent linear variety S' to a(T). 
at w is contained in the tangent linear variety Sr to W297, at w by Weil 
[6], Chap. IV, Prop. 23. Since Sr ‘and the tangent linear variety 8° to 
W at w are transversal to each other at w on the tangent linear variety S 
to J at w, St cannot be contained in S”. Consequently, «(T), cannot be a 
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subvariety of W”. Since a(T'}), contains w’, it can be written as a (T hote) 
where x is a point on T. For any point y on T, we have /(m—z-+y) 21 and 
hence there is a positive divisor m’ of degree r on T such that m’ ~ m— g +- y. 
By Weil [7], Th. 19, we have S(a(m’)) = S(a(m—zx+7)), and this shows 
that «(T), is contained in W”, which is a contradiction. Therefore w’ cannot 
be simple on W7 and our proposition is thereby proved. 


a NORTHWESTERN UNIVERSITY, 
| NX 
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ON A THEOREM OF TORELLI.* 


By ALDO ANDREOTTI. . 


Denote by X an algebraic non-singular curve of genus g in some (com- 
plex) projective space P(C). Choose on X a base yi,‘ > -,yag for H,(X,2) 
such that (I(y,7))) = Gy 2) and a base ww, for H(X, œ) 
(differentials of the first kind). Denote by w(X) the matrix of the periods 
w= ( 0): 

The classical form of Torelli’s theorem is as follows: two curves X, X’ 
of the same genus g are birationally equivalent if (and only if) the bases 
{yi} {w;} may be so chosen that o( X) =o(X’)2 

. In a recent paper, A. Weil [9(c)] has given an abstract form of this 
statement which is as follows: two curves X, X’ are birationally equivalent 
if (and only if) there exists an isomorphism of the Jacobian variety J(X) 
of X onto the Jacobian variety J(X") of X which carries the canonical 
polarization of J(X) into the canonical polarization of J (X’). 

Now it is possible to give to Torelli’s theorem a simpler and (apparently) 
more general form from which the classical as weli as the abstract formulation 
can be easily deduced. 

The statement is as follows: The necessary and sufficient condition for 
two curves X, X’ of the same genus g to be birationally equivalent is that 
thew symmetric products (X)9), (X’)@-1 be birationally equivalent. 
‘The previously given forms of Torelli’s theorem follow at once from the 
remark that the symmetric product (X)@~ is birationally equivalent to the 
canonical @-divisor on J(X),? and the fact, proved by A. Weil that the 
canonical polarization determines uniquely the @-divisor. 


* Received February 24, 1958. | 

* Once the base {y,} is chosen, we may normalize tke base {w,} in such a way that 
w(X) is of the form (I,A). Torelli’s theorem may then be expressed by saying that 
the necessary and sufficient condition for two curves X, X’ to be birationally equivalent 
is thaï the matrices w{(X) = (I,A), w(X’) = (I, A') be congruent modulo a trans- 

~ formation of Siegel’s modular group. 
3 See A. Weil [9, (b) J], p. 71 (Prop. 15). | 
>A. Weil [9, (c)], Theorem 1. In the classieal formulation, from w(X) = w(X’) 


801 


i ON A THEOREM OF TORELLI. : . ` 803 


the natural projection of y on Y/T. If the, point y has as many transforms 
as there are elements in T, then y and p(y) are both simple or. singular. 


Denote by I(E) =k[a.,---,2,] the coordinate ring of Y and let 
J’ ` 59s be a set of generators for the subring of T-invariants; the ring 
I(Y/T) of coordinates on Y/T may be assumed to be the ring k[71,- - -, Je]. 

Since the 7’s are polynomials in the s's, we have relations (a) djn 
= 3:(0j,/82;), dx; Conversely, since & is infinite, we may suppose that the 
transforms of y have all the 1-th coordinates t; two by two distinct 11 n. 
The zs are integers over k[j,,- - -,7.] and hence satisfy equations of the 
type 2:7 -+ a,(j)ag* ++ e + aal) = filz) =0. By the above hypothesis, 
we must have (0f;/02,;),540; therefore the relations («#) may be solved 
with the expressions (8) daj==— (6f;/021) yt D (0f:/Ojn pan din. Now dim Y 
= dim Ÿ/T, and this enables us to conclude that if P describes the ideal 
p(Y) of the polynomials in k[X,,: - -,X,] vanishing on Y, and Q describes 
the ideal p(Y/T) of the polynomials in k[J.,- © :,J,] vanishing on F/T, there 
are as many solutions linearly independent for the system S(@P/0X,), dX, == 0 
as for the system 3) (8Q/0J2)n()@7J,—90. This proves the lemma. 


Ji we apply the lemma to the case in which FY is an open subset of 
(4Æ)1 invariant under T, we easily infer the following: 


ProposiTion 1. If X is a projective variety of dimension d, irreducible 
and non-singular, the symmetric product (X)® has a singular locus of 
dimension = (q—1)d. | 


ci Let us suppose now that X is an irreducible algebraic projective | 
variety of dimension 1 (i.e, a curve) and consider the usual symmetric : 
product (X)@. We have the following useful 


PROPOSITION 2. The symmetric product (X)@ of an algebraic non- 
singular curve X is. non-singular. 


Let (A,) +: + (Ag) =z be a point of (X)@ and suppose we have 
Ait: > ++Ag=mP,+-: + -+-+7,P, with Pi P; and Z nı =g. The point 
2 may be supposed in an affine open set of type (U)®, U being an affine 
open set on X containing P,,- : -,P,. Moreover, we may suppose there is a 
regular function ¢ on U such that i) t—(t)p, is a uniformizing parameter 
on X at P; for 1SisSr, ii) (t)p,A~ (t)p, if ij. Denote by t, the regular 
function induced on (U)¢ by the projection on the s-th factor by the function - 
t on U. Put gt, +. LE, bots" tg; these are rational 
regular functions on (Ọ)4 and invariant under G,, hence rational functions 
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on (X) regular et z. Let R be a rational function on (#)(® regular at z. 
If we lift.R to (X)%, R will become a rational function, invariant under G, 
and regular at A: X:+::XA, (and hence also at the r! transforms of 
A: X:::X Ag). Now the parameters t, — (t1)4,,° * +, tg— (tq) 4, are uni- 
formizing parameters at 4, X::-X Ag. Hence we may find for each integer : 
m a polynomial of degree m, Pm(ti— (1) 4° * ta — (ta)4,) Such that 
R—Pm€ 04X x 4Aa(ts — (bray? | “sta — (ta)a (6 Ax XA = local ring 
at AiX-:::XA,). Since R is G,-invariant, we deduce that 


Pal: he (tt) Ags’ | "rt — (%4) 45)" : ) 
= mC : st — (h)an AU (ti) ay’ i “i 


‘This property shows that Pn may be expressed as a polynomial in D; — (¢1) 2; 
-*,;d¢a—(¢d¢)z This last statement is an immediate consequence of our 
proposition for the case ¥ =k. This proves the proposition in general. 


2. Holomorphic forms on symmetric products. a) Let X be an 
abstract variety, J an open subset of X. An expression of the type 
wo) =F X.a dY’ dY, where the X’s and Y’s are rational functions 
on U, will be said to be a meromorphic k-form on U. With the obvious 
restriction of an open set U on an open subset V C U, we get the definition 
of the sheaf M® of meromorphic k-forms on XY. If X is an irreducible variety 
of dimension d and &(X) is the field of rational functions on X, the space 
H°(X, Mm) is a vector space over k(X) of dimension ( "y: Any system 
T° ` *, Te of elements of k(X) which give a separating transcendency base 


for*Æ(X) generates, by the differentials 'dz,,- : -,dag, the whole space of 
meromorphic k-forms. 


b) ‘Let P be a point of X. The form w® will be said to be holomorphic 
at P if it has an expression in which the ¥’s and Y’s are regular at P. In 
particular, if P is a simple point and é;,: - +, ta are uniformizing. parameters 
at P, a holomorphic form w® at P may be written in a unique way as 
D Puis © +, ba) dt, Ac > A dt, where the p,- are regular at P and 
expressible as formal power series in the #s. A k-form holomorphic at each 
point of the open set U will be said to be holomorphic in U. The sheaf of 
holomorphic k-forms on X -will be denoted by Q®, As well as the holomorphic 
k-forms on X, i.e. the elements of the space H°(X,Q), one may consider 
the holomorphic tensor forms on X, i.e. the elements of spaces of the type 
H°(X, 2 Q: - -@O)), the tensor product being taken over the sheaf of 
local rings. | 
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c) We want to compute the dimension of some of the above mentioned 
vector spaces for the case in which X is the symmetric product of a projective 
curve. The easiest way to do it is to give first the computation for the 
cartesian product and then deduce from it the calculus of the vector spaces 
being considered. 


For a cartesian product, the computation is a straightforward conseqence 
of the Künneth formula that will be recalled here. 


LemMs.® Let X, Y be two non-singular irreducible abstract varieties. 
There exist coverings U, of X, V; of Y with affine open sets such that on the 
covering Wy of X X Y, where Wy =U: X Vy, we have 


H (Wy; 0 @- ; Q Qr) 
= DS H(D::0m@...Qam) @H(V,;AW®- - -Qau). 


os 

The lemma being of a local nature, we may assume X, Y to be affine 
varieties. Let P be a point in X, and denote by X,,---,Xa, d—dimX, 
d rational functions on X, regular at P and such that the functions 
ti = X;,—X;(P) are uniformizing parameters at P. Now there exists an 
open neighborhood Up of P such that for any point Q€ Up, the functions 
X;—X;(Q) are uniformizing parameters at Q. Hence we have a covering 
of X, {Up}pex. Similarly, we define the covering {Vo}oey of Y. Refining, 
if necessary, these coverings, we may suppose that the U; (V;) are affine 
varieties so that we are reduced to proving the lemma for two affine varieties 
X, Y which may be covered by a global system of uniformizing parameters: 
Ay lSissdimxX; F, 1=)<dim}: At this stage, the proof becomes 
evident since the ring of coordinates on Y X Y is the tensor product of the 
. rings of coordinates on X and F. 


The lemma shows that the cohomology of X X F with coefficients in the 
sheaf Q% @- - -@ Or) may be computed as the cohomology of the complex 
which appears on the right hand side of the above formula. This last is a 
sum of cartesian products of complexes defined for the spaces X, Y respec- 
tively. Applying now the Eilenberg-Z: ilber theorem [2] we get the Künneth 
formula: 7 


8 For a similar case, see J. P, Serre [7, (b}], Ch. VIL, n. 5. 
7 We get an analogous formula if we consider instead of the sheaf of cotangent 
vectors and its exterior algebra, the sheaf of tangent vectors. 
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H(X X ¥;0M®- - -@a%) | 
= > >> H(X; 0m8. . -Q QP) OH (Y Q. . O Q). 


phtgh=Ky, a+b=q 
1Sh=r 


8. a) We will apply the Künneth formula to the simple case in which 


kı = k; =: + -= k, = dim X + dim Y to get the plurigenera of the product 
XXY. In this case, let us put H,” (X) = $ H(X, Q98 8. - -&2), 
. 20 , SS 
| i r times 


where d = dim X, and similarly define the groups ¥,* (Y) and #,*(X X Y). 
Then the Künneth formula reduces to 

A” (XXY) =% (XL) © Y,” (Y). 
In particular, if we denote by P,(X) the dim, H°(Y¥,Q%@- - -@a®) 


. _ times 
(r-genus of X), we get the formula P,(X X Y) =P,(X)P,(Y). 


Suppose that X is an algebraic projective irreducible curve. For the 
cartesian product (X)%, we get the following formulae: 


P,((X)*) =g"; P,( (Xt) = (2r—1)(g —1)4, rz, 
where g is the gerus of the curve X. 


b) Consider now the symmetric product (X)@ of the curve X. Taking 
into consideration the regular map r: (Y)?— (X)™, any holomorphic form 
on (X)@ may be lifted to (X)! and there it will be an element of the space 
of holomorphic forms of that type invariant under the symmetric group Gy. 


In particular, for the plurigenera, we will have the inequality 
P,({X)®) S dim{H?((X)4.00®- - -@gQ@) 3, 
` y 
r times 


where the symbol { }&« indicates the subspace of fixed elements under G, 
of the space in the brackets. 


c) For the case r=1 (geometric genus), we have the following: 


PROPOSITION 8. 1) Denote by wat), 1Sa Sg, a base for m, 0), 
Any g-form QE H°((X)%,Q0@) is of type 


Q =» Cay: aq tin, (2) A: si A wag (Ta); 


where 1 S uS 9 and Caa, Ek. 
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ii) If the characteristic p of the field k ts not 2, then any q-form 
QE {H°( (Xe, OM) JG is of type 


Q= À ae a Débit ss ees ee ee ss. 
ee was (%e)s" ` `s Oaa (20) 
If p—?, then a set of independent generators for the G,-invariant q-forms 
is given by the expressions D ofwa (21) À © © © A wa (Te)), where o; runs over 
a system of representatives of Ga/hai aps hiana being the subgroup of Ga 
which leaves fixed the permutation (a: > * &). 


iii) For any value of the characteristic p, if m: (X)%—> (X)@ ts the 
natural map, then any form Q€ w*H?((X)M,QM) is of type: . 


Wo (T1) * +, a, (#2) 
ag Det. | se ee ec ees 


wa (Zg) * ‘> Wa, (Ta) 

The points i) and li) are obvious consequences of the Ktinneth formula 
and of a self-evident computation. Only point iii) deserves a little attention. 

For that purpose, cover (X)® by affine open sets of the form 
(U), where we take as uniformizing parameters the symmetric functions 
dirty he tty: pat ‘ta (the function #—(%&)p being a 
uniformizing parameter at P on the i-th factor U of (U)2)*% We get the 
expression: dd, A © © > A doa — (ti —t,)dt, A> - - Adta Now obviously . 


Q= È Co 
UL ag 


m* He ((X)@, 2) C {HV ( (X) 7, AM) yer, 


and the necessary and sufficient condition for a G,-invariant q-form Q of 
(X)? to be the image of a form on (X)@ is that on any open set (U)4, 
Q([[(t;—t;))-+ be holomorphic there. Now the only invariant elements 
which satisfy this condition are the forms of the type given as one verifies. 


4. A digression on the invariance of holomorphic forms. The impor- 
tance of holomorphic forms on an algebraic variety lies in the fact that these 
are birational invariants. Precisely, we have the 


THEOREM. Let X, Y be two algebraic varieties, of the same dimensions, 
both irreducible and non-singular. Let p: X->Y be a birational map of X 
into F. Then there ts a natural? isomorphism 


8 Cf, Proposition 2. 


° The isomorphism is the one induced by the isomorphism between the spaces of 
global meromorphic forms. 
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gt: H? (Y,9*) > H°(X,0*) (Q* =A 8. - - QQ), 


This theorem has been proved for the abstract case by Koizumi [5]. 
Another proof has been announced by Cartier [1]. We give here a proof 
close to the classical one. a | 


Lemma 1. The mapping $7 is regular on Y outside an algebraic subset 
.of dimension = d—2, 


Since X is complete, ¢ (X) (i.e. the projection on Y of the closed graph 
of ¢ on X XY) is closed in Y3; since œ is birational, (X) contains an 
open subset of Y; since FY is irreducible 6(X)—Y. Hence it is enough 
to prove the lemma for the case in which Y is an affine variety, Y an algebraic 
variety and ¢: X —> F a regular map of X onto Y: ¢(X) =F.. 

Let {U4} be an open covering of X of affine varieties U,; denote by zp, 
the coordinates on U; and y the coordinates on Y. ‘The birational map is 
then given by equations y—Py,(%v,), tu, = Qo,(y), where the Py, are 
polynomials in the zy,’s and the Qy, are rational functions of y. Let a € U: 
be a point of X; if in Yo == (2), each Qg, or its inverse is regular, then dt 
is regular at Yo. In fact, we have the identities Quel Pr. (tu:)) = yua a8 
rational functions in &(U,) ; now if the Qy,’s are regular at yo, p> is obviously 
regular there. Ii, say, Qu,a is not regular at yo, but Qo,0* = R is regular 
at Yo, we must have Ryo) —0. Hence in the identity £g at (Po, (z0)) = 1, 
specializing ty, —> £o we get a contradiction. Therefore the above assertion 
is proved. | 

The lemma will be proved if we prove 


Lemma 2. Let V be an affine irreducible variety of dimension d whose 
singular set is of dimension = d—2, and let À be a rational non-zero function 
on V. The locus where R and R> are not regular is an algebraic subvariety 
of dimension = d—~2. | 


If # is regu_ar at a point, it is regular in an open neighborhood of that 
point. Hence the set where À is not regular is a closed set Fr; Fr Fri W 
is also closed, hence the locus W is algebraic. If dim W = d— 1, one may 
find a point PE V such that 


i) P is simple on V, ii) P belongs to an irreducible component of dimen- 
sion d—1 of W, say Wi. 


At P, the local ring Gp on V is a unique factorization domain (since this 


30 See [9, (a) ]. Ch. V, Theorems 8 and 13. 
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is so for its completion). Hence the variety W, is represented in Op by a 
prime ideal p, of dimension d—1, and thus is principal: p, = pr. We may 
suppose r represented by a polynomial. 

Now let R be of the form p/q, where p, q are polynomials. In Op, 
p=r°D,, Q= afg, with pi, qi not in p We have R==x*?p,/qi. Suppose, 
for instance, a > 8; then R is regular where pı, g, are regular and g,0. 
Now there is at least one point on W, where pı, qı are regular and 90. 
In fect, pi, qı are regular at P, hence in an open set on Wy Ii qu=0 
contains W,, by Hilbert’s nullsteilensatz, we have g,€ pı. This is a contra- 
diction. 

To get the theorem, we have only to make use of a covering of X, Y 
of tke type used in the lemma of n. 2 and combine lemma 1 with the 
following proposition, which is an abstract form of a theorem of Hartogs. 


PROPOSITION 4. Let V be an irreducible affine normal variety of dimen- 
sion d; let W be a subvariety of V of dimension <d—2 and let t be a 
rational regular function defined on V—W. The function t may be extended 
in a unique way to all V by a rational regular function. 


‘Denote by p(W) the ideal defining the variety W in the ring [(V) of 
coordinates on V. Let a€ p(W), a0, and consider the ideal [(V)a. Since 
V is normal, this ideal Z(V)a is pure of dimension d— 1, i.e. we have a 
primary decomposition Z (Vja =q N qe N: -N qa with the q,’s primary and 
associated to prime ideals p; of dimension d— 1. Now we can find an 
element b€ p(W) such that a and b are relatively prime (i.e. if b | ac, then 
b|c). In fact, denote by æ a zero of p; which is not a zero of p (W) and by? 
the maximum degree of the polynomials of a base of p(W) as an ideal in kfz]. 
Since W is the locus of common zeros for the polynomials of p(W) of degree 
<1, the polynomials of p(W) of degree =? vanishing on a form a proper 
subspace of the vector space of polynomials of p(W) of degree 1. Hence 
there exists a polynomial b (of degree S1) in p(W) such that b(a,) 0 
for 1SiSh, ie. bép, and this implies that b is prime to a. 

Now Z(V)(a, b)C p(W) and has dimension =d—2. We may suppose, 
without loss of generality, that W is the locus a = b = 0. 

By hypothesis, ¢ is an element of T(V—W,@|V—W), where @ is 
the sheaf of local rings on V, hence for each point P€ V—W we have an 
expression ¢==fp/sp With rp, Sp polynomials of k[x] and sp(P) 0, 

Since V is irreducible, the oven sets sp 40, so £0 intersect in an open 
set on which fps = resp (outside W), hence this equality holds as an identity 
in [(V). Moreover, the functions sp cannot have common zeros outside W. 
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Therefore a and b vanish on the zeros of the ideal generated by sp, PE V — W. 
By Hilbert’s nullstellensatz, we can find a suitable integer p such that the 
following relations are satisfied: a? = $, apsp, b? = > bpsp with the ap’s, bp’s 
almost all zeros. 

Consider the two rational functions 


Lo (1/a) © aprr, b = (1/æ) > DpTrp. 


on the open set a=£0. We have t—t,=—0; similarly, on b0, we have 
t— ty Therefore on a=£0, b-£0, we have te= tp and hence the identity 
in Z(Y): a? > bprp = b’ Diaprp. Since b is prime to a, we get bP | > bprp, 
i.e. X bprp —5°6 with 6€ 1(V). Hence ¢—@, so t can be extended by 0 
to all V. The extension is unique since two such functions coincide on an 
open set of V. 


Section 2. Canonical mappings of symmetric products. 


5. Canonical mappings. a) Denote by wa-a, the base for the holo- 
morphic g-forms on (4) described in Proposition 3. Assuming the ou, 
as homogeneous coordinates on a projective space Pata) (k), we are led to 
consider the mapping ¢@ given by > waa, (£) of XM into Pata (k).™ 


Since d(q) = Got those mappings have interest only if 1= 9 


<g—1. The cases g=1, g=g—1 will have particular interest. 


b) The case q=1. A curve X of genus g > 1 is said to be hyperelliptic 
if it contains a linear series g*, of degree 2 and (projective) dimension 1. 
This is equivalent to saying that the field X(X) is a do. extension of a 
field of genus zero. We have the following: 


PROPOSITION 5. Suppose that X a«s of genus g>1. The image 
C= (X) of À by the canonical map is non-singular; if X is not hyper- 
elliptic, then p: XC is biregular; if X is hyperelliptic, then the canonical 
map may be factored into the map: X —> P (l) given by the subfield of genus 
0 of k(X) and the biregular map of P,(k) onto a rational normal curve?” 
of Pak). 


Tf two places A, B of X have the same center on C, the residual series, 
with respect to tke canonical series, of A + E will be of degree 2g—4 and 


13 These are rational maps, not necessarily regular, 
12 I,e. a projective transform of the curve with the general point (1,A,A°,- <- , Ae), 


ON A THEOREM OF TORELLI. 811 


dimension g—2. By the theorem of Riemann-Roch (in the form of the 
reciprocity theorem), the dimension x of | A + B | will be given by 


(2g—4)—2—9(g—2) —z. 


Hence æ==1 and X is hyperelliptic. This shows that the canonical map ¢ 
is one-to-one if X is not hyperelliptic.. | 

Assume now that X is not hyperelliptic, and let us suppose that ¢ is not 
biregular at a point A € X. Denote by Ou, Ooca, the local rings of A, b(4) 
respectively on X, C. The map ¢ induces a monomorphism 6*: Oga) > Oa 
since + is one-to-one. Moreover 6*0 (4) > O4 since ¢ is not biregular at A. 

Lenote by y; non-homogeneous coordinates on C, (4) being supposed 
at the origin. We must have v4(é*y,) = 2, hence, for any hyperplane À ay; 
= 0 containing ¢(A), we get v4(* D agi) Z2. This shows again that the 
linear series | 2A | will have dimension 1, contrary to the fact that X is not 
hyperelliptic. 

Hence if X is not hyperelliptic, it follows that ¢: X —> C is a biregular 
map, and O is therefore non-singular. 


If X is hyperelliptic, we have only to recall that the canonical series is 
compounded with the gt, and that therefore it is the image on X, by #1, 
of the series of all divisors of degree g—1 on P,(k). 


c) The general case. If x is a general point on X, wi(x),° © :,w,(x) 
are the homogeneous coordinates of a general point on the canonical model 
C of X. If £,- :,7, are g independent general points on X, then 


ais ° "y Way (21) 

bare Deth --........ 

wa (Ta); * Da 

are the Plucker’s coordinates of the projective space P}-1(k) spanned by the 
q points (w(t), ©- wg(2:)), 1S i& q. (These are linearly independent 


since C helongs to P,:(%«).) We deduce the following geometric construction 
of the canonical map: 


- The canonical model C@ of the symmetric product (XY)@, 1 S q Sg —1, 
(g = genus of the curve X) has for general point the point of the Grassmann 
manifold Gg-1,g-q (of the spaces P,. in Py.) which is the image of the space 
P spanned by g general points of the canonical curve C. 


In particular, for q = g — 1, the canonical model C@Yof (X)@ is the 
projective space P” (x) dual to the space P,.,(k) of the canonical curve C. 
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d) The canonical maps ¢@ are rational maps but not necessarily regular 
maps (if g>1). 


Proposition 6. Let (A) +---—+ (Aq) be the point of (X)® corres- 
ponding to the divisor A, +--:+ A, on X. Then dim | A+: HA 21 
if and only if for any holomorphic q-form Q on (X)@, we have Q( (Ay) +: :: 
+ (4,))—0 (te. the point (Ai) -+-+ (A) is a base point of the 
canonical system). 


Let À, +- E -1tA,=n,P,+:: ot NPr with P; P; and D == q. 
Let wa, 1S: a4, be a base for holomorphic 1-forms on X. Choose a local 
parameter ¿p at the point P on X and write 


wa = {pa (P) + pe (P) tp + da (P) tr? +--+ :}dir. 
The condition dim |A,+----++Aqg|>1 means that the specialty index 
(d -+ eA >g—g. Now 1(A,+--++A,) =s means: 
rank ($(Ps),-* -, $9 (Pa) y (PB), + +, ED (P,)) =g —s, 
where the symbol 4 (P;) stands for the column vector #.( (P;). 
Using the notation of Proposition 2, if r==1, for the form 
Das a = (2 wa (Yi) ) AT TT AZ on(@:))} LTE a— a) y>, 


we get the expression at P,:% 


ax mn" ba, (P1) | | dé A 0 Addn, 


= a è č a > mH > % 8 s% 4 


Pag( Pi)" | * 3 Pat) (Pı) 
In the general case, we get therefore 
Qa- e(n (P1) ape + ne (Pr)) 
= (I (Hoi (Pe) E Qoan (Pa) À © © ARa en (Pr), 
I? 


(m=). 


where (@,‘ ° °,¢n,) is any permutation of (@,,° - :,«,) and in the product, 
each factor has to be taken the correct number of times. The differentials 
on the right side at (A1) +:::+L(4,) have for jacobian with respect to 
db, > *, deg the product which appears in the formula. It follows that the 


18 From the obvious identity: 


falP)..- - ee Epa, 4% 
sae 6, une 6, is 
i 4» Qeg (P) OS oe GO Ley BS Pag "Do 


by taking the determinants and putting @, = t; — (#;)p. 
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condition Q( (A) +: + (4q)) =0 means that all minor determinants 
of order q of the above matrix are zero. q.e.d. 


COROLLARY. The map @@ is regular at (Ai) +: - -+ (4a) if 
dim. | A;-+- - -4 Ag | = 0." 


We finaly remark that the canonical models C@ —¢@((X)@) are intrin- 
sically defined as projective varieties in terms of the field K=k((X)). 
We have in fact the following general 


Proposition Y. Let K be the field of rational functions of a complete 
non-singular variety V of dimension d. If dim H° (V, Q) > 0, then we can 
define the canonical image C of V. The variety C is determined with its 
structure of projective variety by the field K. 


The space of holomorphic d-forms of K is intrinsically defined (n. 4). 
Let Q;,- - *,Qp be a base of this space (p is certainly finite since the sheaf 
Q® is coherent).% Taking the Q’s as “homogeneous coordinates ? 1 of a 
general point on a projective space Pp, we get as locus in Pp_, the variety C. 
Since the Q’s are defined modulo a linear substitution, C is defined modulo 
a projective transformation. The definition depends solely on K. 


6. Further properties of the canonical mappings. a) We give here 
some properties of the canonical mappings that will be needed later. 


Propostrion 8. Let C be the canonical image of a non-hyperelliptic 
curve. Then 


(a) the tangent line tp at the general point P of O is not tangent at 
any other point, 


(8) the general hyperplane cuts C in 2g-—2 points such that any 7 —1 
of them are linearly independent. 


1 The image point ¢@((A,) +...+ (A,)) may, however, be a singular point 
(for example, g == 4,q = 2). 

16 J. P. Serre [7, (a) ]. 

18 This means that we consider in the graded ring kLX,,- - -, Xp] of homogeneous 
polynomials the ideal defined as the kernel of the homemorphisms given by 
f(Xy,- - «,Xp) -> f(Q,,- - .,Q) of KLX,- - -, Xp] into the ring of holomorphic tensor 
forms. The construction can also he described in the following form. We consider in 
K the rings A, == k[X,,---+,X,/], where X, = 0,/9,, and we assume A, as ring of 
coordinates of the affine variety ©, in the open set U, = {y | y £ Ph, Yı z4 0} and we 
“put them together” by the change of coordinates ¥, = X,/X,' to build up the 
variety €. 
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_ Proof of (x). ' Suppose tp is tangent to C at the point QAP. The 
specialty index of 2P + 2Q is i(2P + 2Q) == g — 2, hence dim | 2P + 2Q | — 2: 
We have therefore a g°, on C. This series gives a map of C on a plane 
quartic (since we cannot have g”, = 2g, nor can the image be a conic since 
C is not rational). Hence the genus of ( is =3." This proves (a) for 
g > 3. | | ; 

If g = 83, C is then a plane non-singular quartic. If ¢p touches C also 
at Q 4P, the dual curve T'$ of C will be a plane curve such that the general 
point tp belongs to two different lines p, q (corresponding to P and Q) 
which meet T only at tp. This implies that F is a line, i.e. the tangents to: 
C will pass through the same point O (necessarily not on C). The lines 
containing O will give on C a series of type 2g*,. This is impossible since 
C is not hyperelliptic.*® , 


Proof of (8). The:general hyperplane u cuts C in 2g — 2 distinct points. 
Suppose that g—1 of them are linearly dependent, i.e. the space spanned 
by g—2 of them contains the remaining point. There exists, therefore, an 
integer À such that P,,---,P, are linearly dependent while P,,- © -, Py, 
are independent. Certainly A = 3. Let P,.* be the dual space of P,. (the 
space of C), let G be the Grassmann manifold of subspaces of P,_, of dimension 
h—2, and consider the irreducible correspondence T in P,..* X G with the 
general point (u, space determined by Pa’ : :,P::). The principle of 
counting the constants *° gives 


dim(P,.*) + 0 = dim T = dim pra(T) +9—h—2. 


Therefore dim prs (T) =h—1. Now the variety on G whose general point 
represents the subspace of Py, of dimension h — 2 spanned by 4 — 1 indepen- 
dent general points of C has dimension Æ h— 1 and contains pre(T). It 
follows that our assumption implies that the general subspace spanned by 
h— 1 independent general points contains another point of C (distinct from 
the given h—~-1). 


Suppose that À is the minimum integer of this sort. 


17 J, P. Serre [7, (b)], Ch. IV, n. 8. 

18 The definition of the “dual curve” will be recalled at n. 10. 

1° We can also remark that if the tangent line at a generie point P of € is also 
tangent at Q, the series P + Q is obtained by dividing by 2 the canonical series of Ọ, 
But division of a linear series leads to a finite number of different results. (A. Weil, 
[9, (b)], p. 117). Hence we must have at least two couples P + Q, P’ + Q’ without 
common points and linearly equivalent. This implies the existence on C of a g'g 

2 W, V. D. Hodge and D. Pedoe [4], volume 2, p. 104. 
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If k—8, then any line joining two general points of C meets C again 
in some other point. This implies that C has all tangent lines passing 
through the same point O.” The same will hold for a generic projection ©” 
of C ona plane. Now C’ is birationally equivalent to C.2* The dual curve T 
of C” is a line. Moreover, the tangent line tp at a general point of C’ will not 
be tangent at any other point. This is because of «) and the fact that by 
generic projection the property is preserved, as we shall now prove. Consider 
the linear series cut out on C by the hyperplanes through a tangent line tp; 
it is of dimension g—3 and degree <2g—4. The general divisor of this 
series cannot be obtained by taking p-times the general divisor of another 
linear series, because that would imply that C is hyperelliptic or rational. 
This shews that the property a) is maintained by the projection from a 
generic space lying in a hyperplane tangent to C at P but nowhere else. 
It appears now that k(O’) is a purely inseparable extension of k(T) and 
hence that C’ is rational. This is a contradiction. 


If À > 8, take the projection Ce of C from the space spanned by h—3 
general independent points. We get a rational map C — C, which is generally 
one to one because À is assumed to be minimal. Hence k(O) is purely 
inseparable over &(C,), and therefore C and Ce have the same genus.”* Now 
for Ci, we have the following properties: i) each line joining two different 
general points on C meets Cy again in some other point; ii) the tangent line 
at a general point of Ce is not tangent in any other point of Ce. This enables 
us to apply to C, the previous argument. 


Remarks 1. From the argument given above, it follows that for a non- 
hyperelliptie curve X, the canonical map ¢@:(X)@—+C@ is rational and 


1 E. Lluis [6]. Here we give a short proof. Let € be an algebraic curve in P,(k), 
r = 3, P, Q being independent general points on ©. Assume that all hyperplanes con- 
taining P and Q all contain a third point O of C. The point O must be different from 
P and Q since the general hyperplane is not tangent to C at P or Q. Add the coordi- 
nates of O to the ground field and consider the projection C’ of C from O. The general 
point P’ of C’ is the projection of both P,Q. The tangent lines tp, to at P, Q respectively 
lie in the plane joining O to the tangent line tp to 0’ at P’. This implies that tp, tg 
have a point in common. Since P, Q are general and independent on Ọ, it follows that 
the tangent lines at any two simple points ‘of C must intersect. Since these lines do 
not belong to the same plane, they belong to the same point. 

°t This is an obvious consequence of the theorem on primitive elements, B. van der 
Waerden [8], p. 132. 

= Suppose &(C,) =k(C)**, Denote by o the automorphism of the universal 
domain given by exponentiation to the p%-th power. If æ, y are generators of (C) 
and f(æ,y) = 0 is the equation they satisfy, at, yo are generators of k(C)?* = kC), 
and hence they satisfy the equation fo(æ,y) —0. From this the assertion follows, 
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generally one to one if i& q S g—?2, so that &((X)@) will be purely 
inseparable over k (09). 


2. The above proof also gives Clifford’s theorem (strong form): If the 
linear series g’, is special, then n = 2r, and if n==2r either the series is the 
canonical series oz else the curve is hyperelliptic. | 


Any divisor %; of g'a has specialty index 1(G,) =r—n—-g (i.e. the 
canonical divisor containing G, satisfies r—n linearly independent linear 
conditions). Since g'a has dimension r we must have 1(G,) =g—r. Hence 
N= 2r. 

Suppose now that the curve that carries the series is the canonical image 
of a non-hyperelliptic curve. Any r points P, -° > -+ P, may be completed 
in a positive divisor G, of g'n. If n = 2r, then 1(G.-) =g —r and, therefore, 
any hyperplane through P,’ : -,P,, if these are linearly independent, will 
contain the full divisor Gor. Since we suppose r < g-—1, the above argument 
applies to give the result. 


3. Another consequence of the proposition is that the canonical curve 
C is a projectively normal variety. 


This is obvicus if X is hyperelliptic since Ọ is a rational normal curve. 
Suppose X non-hyperelliptic and denote by ox the dimension of the minimal 
sum |K/+---+/K| &+1 times, where |K] is the canonical series. 
Let K, be the general hyperplane section of C and A, B two disjoint sets 
of g—2 distinct points each, contained in K,. We can find a hyperplane : 
through A not containing any other point of K,, and the same statement holds 
for B. Hence K, gives at least 2g — 3 linearly independent conditions on 
the minimal sum | K|-+|K|, i.e. o,-—— (29 —3) Zoo. The same argument 
shows that there exists a hyperplane containing A, a hyperplane containing 
B and a third hyperplane containing a point P of K, outside A and B 
such that the urion of the three hyperplanes does not contain Ka. Hence 
o — (29 —2) =o, and similarly o,— (2g —2) Z cı. Since oo=g—1 
we get o, 2 2(k-+-1)(g—1)—g. By the theorem of R.R., we infer that 
the equality must hold. 


b) Consider now in (X)@ > X P,_,* the closed graph @ of the canonical 
mapping, the space P,.* being identified with the dual of the space P,_, of 
the canonical image C of X. Denote by u the point of P,_,* which corresponds 
to the hyperplane u — 0 in P,.;. 


PROPOSITION 9. Consider for u€ P,.* the set of corresponding points 
on (X) (i.e. proue» (pri ss (u)N E)). 
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ir If X is not hyperelliptic, this set consists of the points on (X)@) 
corresponding to positive divisors of degree g—1 contained in the divisor 
cut out on C by the. hyperplane u — 0. 


ii) If X is hyperelliptic thts set corresponds to positive divisors on À 
which, by the canonical map: X —> C, are mapped onto the divisor cut out 
on C oy the hyperplane u==0. 


Proof. i). For u a general point on P,.*, the assertion follows from 
Proposition 8, (8). For any u, it follows from this by specialization. Here 
is the formal argument. Denote by 2™,- - -,29 g—1 general independent 
points on P,.,. Consider the projective variety W whose general point 
g==2(¢,-- +, 2) has the homogeneous coordinates given by the coeffi- 


g-1 
cients of the polynomial in v = (v°,- > +, 092), [I (20w 4: Lau), 
q=1 


The variety W is a regular transform of the symmetric product (P,1.)%, 
the mepping being strictly one to one. There exists therefore a regular and 
one to one mapping of (X)% into W. For our purposes, we may identify 
(X) 9-0 X P,.* with the corresponding image in W X P,_,*. 

Denote by A, == (ao%,- - a), 1=hZ<2g—2, the points of the 
intersection of the general hyperplane u = 0 with the canonical curve C. Con- 
sider the subvariety & of W X P,_,* with general point (2(4:,: - :, Aga) u). 
Since ® is irreducible and since, by proposition 8, the points ((4,) +- 
+ (4:,,),u) all belong to &, it follows that the subvariety W coincides 
with the image of $. Hence & contains the points (2(44,:  -, Åi) u) 
((%,° © *,%-1) being a combination of the indices 1,---,2g—2). Also 
those points are the only points with the second projection u. 
= Now by specialization w—> to the points A,,- © -,Aog-2 specialize in the 
points of the divisor uw=-0 on C. This specialization gives a unique 
specialization for the points considered on Y. Since © is irreducible, any 
point of ¥ is a specialization of a general point and therefore the specialized 
points are the only point of # with second projection wp. 


11) ‘The argument is the same. The only thing to be observed is that 
the correspondence defined for a general u in the statement is an irreducible 
correspondence. To do this, consider the regular natural map p: (X)@» 
—> (C)%™, and in (C)@ X P,_,*, consider the irreducitle correspondence T 
with general point ((Ai) +: +--+ (Ap) u), where 4, +: - -4pm is the 
divisor u == 0 on C. The correspondence & is irreducible and contains the sub- 
variety of (X)@) X P,_,* which is mapped by (p,1) onto T. This proves 
our assertion. 


LE: 
ra 
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COROLLARY 1. Let & be the normalized model of the graph $. Then 
® is biregularly equivalent to the normalization of the canonical model P,.* 
in the field k((X)‘9-), 


This is an immediate consequence of Zariski’s main theorem ** since 

a) & is birationally equivalent to (X)» and locally normal, 

B) $ is a projective variety and the projection p: &— P,_,* is regular, 
y) for any point u € P,.,*, the inverse image p-*(w) is finite. 


COROLLARY 2. The canonical map po»: (X)9Y— P,_,* is regular at 
the point (A,) +: : + (Agi) if and only if dim|A,+---+A,1|/—0 
when X is not hyperelliptic. It is everywhere regular if X is hyperelliptie. 


Suppose X is not hyperelliptic. If dim|A,+---+A,i:/>0, all 
points ((A,) +: ---+ (Ag), t), where u=0 runs through all hyperplanes 
containing A,-+-:::-+A,1, belong to the closed graph æ of ¢-Y. This 
shows that the set ( (41) ++: <- (Aga)) X P,4*N& is infinite and there- 
fore 69 cannot be regular at (A1) +° +--+ (Ago). 

Suppose X is hyperelliptic. The canonical image C of À is a rational 
normal curve with the general point, say, (1,%,¢%,- + :,&9-1), The canonical 
map $%-) may be factored into the regular natural map (X)@%— (C) 
and the map (C)w-1)-> Pp” given by 


1; Li, on i, pne Ei 4,9"? 
L ee ae toa; hanh +, toe 
0ZrEg—1 
which associates to the general point (¢,) ++: -+ (tz) on CO- the hyper- 
plane containing the points é: © +, ty of C. 

This second map is also regular. Computing the determinant, we find 
the value ¢g-n1(41,° °°, toa) W (it © +, by-1),?5 where ġa is the elementary 
symmetric function of degree œ and W the Vandermonde determinant in the 
quantities ż,' ' >, tg- The mapping may thus be written as 

Un == hg- (t° °°, to); 0S4AS¢—1, 


and this proves the assumption. 


*6Q, Zariski [10], p. 82. 

75 The determinant vanishes if W vanishes. Also, it vanishes if ¢,.,., vanishes since 
this is the condition that t. ..,¢,., be the roots of an equation of degree g— 1, 
GgD H. «dye? E a, ort... Ha 0, Hence it is divisible by ¢,..W 
and hence equals this product. 
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Section 3. The theorem of Torelli. 


7. The branch locus of a rational map. a) Let f: X—>P be a rational 
map of a projective irreducible variety of dimension d on a projective space 
Pa ie. f*: k(P) —->k(X) is a monomorphism and hence &(X) is an algebraic 
extension of k(P). We will suppose the extension a separable one, i.e. that 
the map f is separable. 

Denote by © the closed graph of f, that is, the projective subvariety of 
XXP with general point (2,f{v)), where x is general point on £. We 
have prx (D) = X, prp(®) =P, since X and P are complete. Given a point 
y€ P, f> (y) will denote the set of points prx(® NX X y). 


b) Lemma 1. The points ye P such that f*(y) is not finite are con- 
tained in an algebraic variety of dimension = d— 2.25 


Let (Yo, + *,Ya) be homogeneous coordinates on P, denote by U, the : 
open set y;540 and identify it with k? where &,- - +, £a are coordinates. Let 
V; be a finite affine open covering of X and let (2,,- - -,z-) be the coordinates 
on V; The zs satisfy algebraic equations ap‘) (Ejani +-- - +--+ an O (E) = 0, 
where the a’s may be supposed in k[£] and without common factors. I? é does 
not satisfy the equations a,“ (£) = 0, then f1(£) N V; is finite. The locus 
Wy Cefined by the equations a,((é) — 0 is of dimension <= d—-2. Therefore, 
f(y) will be finite if y ¢ U Wy. 


LemMMA 2. There are points y€ P such that f (y) is finite and con- 
sists of n= [k(X): k(P)] different points. These points y cover an open 
set in P. 


Let V be an affine open set on X with coordinates z,,- > -,z. We may 
suppose that each z, as an element of &(X), is such that &(P) (a) = k(X).- 
With the same notation as above, we have irreducible equations 


Fe ag (E)a +>» + ay( (E) = 0 


of the same degree n==[k(X): k(P)]. Moreover, since k(é,2;) == k (£, 2), 
we have rational expressions of the type: z= Riy(é, 2;) = Py(&, z) /Quy(& 2); | 
where P, Q are polynomials in their arguments, and where Qy is prime to F}. 
Hence the above expression may be written in the form z; == Py (é, 2;) /Qi(€). 
Now suppose that y € U does not satisfy any one of the equations I1Q,;(£) — 0, 


2: The lemma holds for any rational map f: X -> Y between algebraic manifolds of 
the same dimension d (there. always exists a regular map ¢: Y > Pa. Then apply the 
lemme to dof). 
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Tao (é) = 0, Discriminant (Fi) ==0. It follows that the equations F; have 

n distinct roots, and because of the above relations, there are n distinct points 
= that correspond to y on V. Since any finite set of points can be covered 
with an open affine set the assertion follows. 


Let A be the set of points y € P such that f(y) consists of n distinct 
points. The minimal algebraic variety containing the complement of A 
(i.e. the closure of the complement of A) will be denoted by D. 


Lemma 3. Let X, X’ be two projective and locally normal varieties 
birationally equivalent; hence k(P) C k(X) == k(X’). The lon D, D' rela- 
tive to the corresponding rational maps f: X > P, F: X’-—> P differ at most 
on a variety of dimension = d— 2. 


Going to the graph of the birational map ¢: X —> X’, we may suppose 
that œ is regular (we have to take the normalized model of the graph). 
Now since Y, X’ are locally normal, œ is a one to one map outside of a sub- 
variety W’ C X’ of dimension = d—-2 (n. 4, Lemma 1). Since the définition 
of D (by means cf the sets (y), y€ P) involves only the graph of the 
mapping f, we may as well suppose f QUE f’) regular. From this, the 
assertion follows. 


The pure part of dimension d——-1 of D has an intrinsic meaning in 
terms of the extension k(P) C &(X) and the chosen model P of &(P). It 
will be called the branch locus of the rational map f: £ — P. 


Remarks. 1. The branch locus can be equally defined for a non- 
separable algebraic extension of k(P) by substituting the given extension 
k(X) with the maximal separable extension L of k(P) in &(X) and applying 
the above definition to L. 


2. The branca locus can also be described in terms of valuations: it is 
the divisor corresponding to the valuations of the ring of coordinates of the 


affine model V; C P which are ramified in the extension field &(X) of &(U;), 
0<i<d. 


8. The branch locus for the canonical map f: (X)(Ww-1 — P*,,. We 
identify (as in n. 5,e)) the space P,.,.* with the dual space of the space P,- 
of the canonical image C of the curve #, Let D be the branch locus of the 
canonical map f. | 


PROPOSITION 10. i) If X is not hyperelliptic, D is irreducible, and a 
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general point of D is given by the general tangent hyperplane to the canonical 
curve. . | 


ii) If X is hyperelliptic, the locus D. consists again of the irreducible 
hypersurface of the tangent hyperplanes to C and of the hyperplanes which 
represent the stars of hyperplanes in P, with center at the branch points 
on C (for the canomical map p: XC). 


i) Since X is not hyperelliptic, X may be identified with the curve Č 
whose order is 2g —2 (g == genus of X). If yé D, D being the set described 
in the proposition, then f*(y) consists of exactly (7523) different points; if 
y € D, then f> (y) consists of at most CE] — (ue different points. Since 
(4) @ is locally normal, this characterizes D as the branch locus if we prove 
that D is pure (in fact, irreducible) of dimension g— 2. 


ij) In an analogous way, if X is hyperelliptic, the same argument 
applies to the locus D described in the proposition (in this case, for yé D, 
f*(y) consists of 29? distinct points). The proof will be completed if we 
prove the following: 


Lemma. Let C be a non-singular algebraic curve belonging to some 
projective space Pa with n= 2; the hyperplanes tangent to C are represented 
by the points of an irreducible hypersurface in the dual space P* of P. 


. Denote by (1,4,°°-+,&) a general point of C and let (uo, > ©, tn) 
be homogeneous coordinates on P*. We may suppose &(C) is a separable 
extension of &(é,). The two quantities: 


Uo == — {Wé be nen} 
== — {us (Eo — dé/dés)é) + ` > + Un (ap — dén/ dE) E) } 


ty = — {ta (déz/ dé) T°: + + tn (dEn/ dé, ) } 


(which give the conditions for the hyperplane (uo, - -,Un) to be tangent 
to C) ‘are algebraically dependent over (ts, + -,u,). Hence we have an 
algebraic equation F (to, U1, Ue," * *, Un) ==0. This equation is unique since 
u, OF uz is transcendental over &(ts,---,uUn). Suppose, in fact, that this 
is not the case. Then the quantities c;— dé,/dé,, 21257, are constant 
because u, is algebraic over K(u,,: -+,Un).. The qualities. dj-==&—ef., — 
2 S17, are also constant for an analogous reason. This implies that C 
is a line, which is excluded by hypothesis. 

We may suppose that F is a polynomial in all the ws and irreducible, 
not only as a polynomial in uo, uw, but in all the variables. This polynomial F 


t 
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is certainly homogeneous. In fact, if u satisfies F(u) —0, then Aw must 
satisfy F (Au) — 0 for a general parameter À; since F(u) is irreducible and 
of the same degree in the ws as F(Au), we must have F{Au) ==A(A)F(u) 
with A(A) a polynomial in À alone and in fact == \desree of F, 
Hence the coordinates of the general tangent plane satisfy the equation 
F(u)=0. But C is non-singular; therefore, any tangent plane may be 
obtained by specialization from the general.’ This proves the lemma. 


9. Proof of Torelli’s theorem for characteristic p — 0. We recall the 
statement of the theorem: 


THEOREM 1. If the symmetric products (X)@, (Y)@ of two curves 
X, Y of the same genus g are birationally equivalent, then the curves X, Y 
are also birationally equivalent. 


From the hypothesis &((X)@)) =k((Y)@), it follows that the branch 
locus D in the canonical model P,.,* is the same for both symmetric products. 
From the reducibility or not of the hypersurface D, we infer that both XY, Y 
are hyperelliptic or not. We consider separately the two cases. . 


(a) N on-hyperelliptic case. From the description of the locus D given 
in the previous n. 7, it follows that the canonical curves C and T, of X and 
Y respectively, have the same set of tangent hyperplanes. The plane pro- 
jections C’, I” of C, T from a general projective subspace of dimension g — 4 
have therefore the same set of tangent lines. We conclude from that (since 
we are in characteristic p—0) that C’==I’. Since k(X) =k(C) TRR 
and k({Y)==k(T)=k(T), we have k(X)—=k&(Y). q.e.d. 


(b) Hyperelstplic case. Since the characteristic p is -£2, any hyper- 
elliptic curve X corresponds to a quadratic extension &(z,y) of k(x), where 


2g+2 : 
y? == H (z—— o) with a £a; and it is therefore uniquely determined by the 


2g +2 branch points a= a. Moreover, the field k(x) may be identified with 
the field of the canonical image of the given curve so that the curve X will 
be determined by the knowledge of its canonical image C and the position 
on it of the 2g +2 branch points. We may also remark that in fact, the 
2g + 2 branch points above are able to determine the curve Y since they will 


- 7T Let a == (ao. --,@,) be a point of C; suppose for instance, & < 0 and that a, 
is a uniformizing parameter at a; specializing E, > a,/a), the derivatives d£,/d£ are 
specialized into finite quantities tı; the specialized hyperplanes given by the above 
relations continue to satisfy F{u) = 0. | 
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z 


determine automatically the unique normal rational curve C which contains 
them.” 

Now again the branch locus D is the same for the two products (X) 0}, 
(Y)G-1, Moreover, D consists of an irreducible hypersurface of order > 1*° 
representing the tangent hyperplanes to a rational normal curve of P,., and 
of 2g-+-2 hyperplanes. These hyperplanes determine in P,1 the 23g +R 
branch points on the canonical image of X and of Y. The theorem follows 
from the above remarks. 


Remark. If X, Y, and the given birational map (Æ#)6-1— (Y)@™ are 
all defined over a field ka C k, then the birational map X — Y is also defined 


over kp. 


This follows from the proof, since by a linear transformation over ko, 
the canonical images (and the branch set on them in the hyperelliptic case) 
can be superposed.*? 


The remark is useful, in the case kọ== R is the real field. It gives a. 
Torelli theorem for the existence of conformal mapping of a Riemann surface 
with boundaries into another with the same genus and the same number of 
connected boundaries. 


19. Some remarks, not indispensable, for the case of characteristic: 
p2., a) We want to show that the above proof essentially holds true for 
any characteristic p54 2. 


Note first that, in the hyperelliptic case, nothing has to be changed. 
In the non-hyperelliptic case, we have to investigate to see if the set of 
tangent lines at the non-singular points of an irreducible algebraic plane 
curve are able to determine the curve uniquely. Since the question is of a. 
local nature, we may suppose the given curve C to be the locus of a general 
point ‘æ, y) in the affine plane. Let f(x,y) —0 be the equation of C. The 
tangent line at (x, y), (X —x)0f/ôx + (Y —y)0f/0y = 0, has the coordinates. 


58 A rational normal curve C in P, is uniquely determined by any n + 3 distinct. 
points of it. Cf. Bertini, Complementi di Geometria Proiettiva, Zanichelli, Bologna. 
(1927), p. 67. 

2 This again because p < 2. 

3° Notice that the genus of X, Y does not change by extending the field of constants. 
from k, to k, hence the linear spaces of differentials over X, Y and on the symmetric 
product all have the same dimension as over k so that the canonical mappings are 
defined over ky. (See the book of C, Chevalley, Introduction to the Theory of Algebraic 
Functions of One Variable, American Math. Soc. (1951); in particular, Theorem 4, p. 30 
and Theorem 5, p. 99). 


$ 
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(— {x0f/0x + yof/dy}, 0f/8x,0f/0y). Suppose for instance ĝf/ðy 0; then 
the rational functions | 


— (y—2(9f/8x) /(6f/8y)) =U,  —(6f/8c)/(8f/0y) = V 


are the coordinates of a general point of a curve T (if C is not a line”) 
called the “ dual curve of C” or the “envelope of C.” We have a rational map 
b: C->T given by the above formulae, which maps a general point of C in a 
general point of I. 


Lemma. Let P be the center on C of a linear branch with tangent lp =Q. 
Suppose vp(lp) =q 30 (mod p). Then to this branch, œ associates a branch 
on T of lines, witn center at lp==0 and with contact point on lp==0 at the 
point P. | 


Suppose P at the origin with tangent there in y—0. The given branch 
has an expansion of the type y= Cst + cgt! +--+ with c=é0, The 
transformed branch has the equations: 


U = (1—1) cg? + goana H > 
V= — {g0 + (g+ 1) oant H: > +}. 


The contact point has the coordinate z,== (U/V).2.0; hence the assertion is 
proved. 


- COROLLARY. If for a point P of C,up(lp) =2, then for the general 
point Q of C,vo(lo) =2 and, rf the characteristic p is not 2, the map ¢ is 
birational. 


We can take as general point the point Q == sou Un the field k{{a}} 
of power series with finite negative powers). If q =2, then one easily verifies 
vo(lo) —?. Morsover, the above lemma shows that if for the general point 
P, vp(lp) =q is not divisible by p, then the coordinates of P are rational 


functions of the coordinates of the general point of T5 


b) To complete our argument, we have only to show that the general 
projection C” of the canonical image of a non-hyperelliptic curve XY is in 
the condition of the corollary. 


Now if C is an algebraic curve in P, and C’ is its general plane projection, 


s In homogeneous coordinates, if @f/dx, == pe, with ce, € k and p. 0. From the 
Euler formula 3 (8f/0a,}a, = 0, we get for the general point æ of €, 3 ca = 0. 

s2 Hence for a general point P of C either wp(lp) is divisible by the characteristic 
p Or vp(lp) = 2. 


ON A THEOREM OF TORELLI. - 8RD 


the mapping C— C’ is birational. Denote by P, P’ corresponding general 
points on €, C’ and by 1—0, V =0 the corresponding tangent hyperplane 
and tangent line. Then vp(1) ==vp-(l’). All this is an obvious consequence 
of the theorem on primitive elements. 


For values of the genus g = 4, we have the following: 


PROPOSITION 11 . Let C be the canonical image of a non-hyperelliptic 
curve of genus gÈ 4. Let P be a generic point on C and let lp =Q be the 
general tangent hyperplane to C at P. Then up(lp) =2. 


Suppose vp(lp) =238. The specialty index of the divisor 3P is therefore . 
i(8P) =g—2. The linear series | 3P | has dimension 1.% Let ¢ be a non- 
constant rational function with the pole 8P:({¢)>—-3P. The field &(C) is 
a separable extension of k(#) with [4(C): k(b)]—3. (If the extension 
were inseparable C would be rational.) Take another point @ such that 
vag(@¢—¢(Q)) 3; this forbids only a finite number of positions for Q 
since kiC)/k(d) is separable. If for Q we have vo(lo) & 3, then we have 
another rational function y, non-constant, with (W)>—3Q. Again &(C) 
is a separable extension of degree 3 of k(y). The composition field of &(¢) 
and k(y) is k(C) itself, since k(¢) 4 h(w) in k(C). We apply the following 
remark : 


Let K ==%(X) be the field of rational functions on an algebraic curve X. 
Suppose that K = k(¢p, 4) with [K: k(¢)] =n, [K: k(y)] = m (both exten- 
sions being separable). Then the genus of X <n-m—n-—m + 1.54 


If we apply this to X =C for n = m == 3, we get the proposition for the 
values g > 4. 


For g = 4, C is a curve which belongs to a surface F of second order in 
P, (as it is shown by the theorem of R.R.). The groups of the series | 3P |, 
since 1(3P) == g—2==2, belong to lines necessarily contained in F. Hence 
we cannot have on-C more than 2 series of order 3 and dimension 1. 


This settles the case g==4 (for characteristic p342). For the case 
g == 3, we have to consider only the case of characteristic p—3 when all 
tangents to the canonical plane quartic curve are all inflection lines. This 
can be done as in a paper of L. Gauthier.* 


$3 ** Projective dimension,” i.e. 1(3P) = 2. - 

34 J, P. Serre (7, (b)], Ch. IV, n. 8. 

36, Gauthier [3]. Any such quartic, by suitable choice of homogeneous coordi- 
nates Ly Dy Va can be brought into the form m,m, + aus + 22,5 = 0. On this curve, the 
verification becomes obvious. 
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11. Proof of the theorem for the non-hyperelliptic case. We give here 
the proof of Torelli’s theorem, valid for any characteristic p for the case in 
which the curves we consider are not hyperelliptic. 


LEMMA. The rational : map bd: C’—T (of the general plane projection C’ 
of the canonical curve C onto its envelope T) is purely inseparable. 


This is an obvious consequence of Proposition 8. 


Suppose now we have two curves C’, O” with the same envelope T; we 
want to show that C” and O” are birationally equivalent. Í 

Suppose [4(0"): k(T)] = p”, [k(0"): &(L)] = p% so that k(O” = k{T), 
k(C”)e" = k(T). Suppose «= a”; then k(O”) = k(C’)?*-?"", We have to 
prove that in fact & ==a”. To do this, denote by o the automorphism of the 
universal domain $2 given by the exponentiation to the power p*-*". We 
have k(C’)"7=k(C”). If f(2’,y’) =0 is the equation of C’, felz”, y”) =0 
will be the equation of ©”. If M’ is a general point of C’, W” = M” is a 
general point of €”. Now k(T') is defined as the field 


k (af — a’ (f/x!) / (Af /ay’), (8f/0x)/ (0f/0Y')), 


the generators being. computed at M’. Applying the automorphism o, we get 
the field | 


ke (y — x” { (Of /ba") / (8f/0y") 3°, {(0f/02)/ (Of /ay") 3°). 


Now kf = k since k is perfect; moreover, (0f/0x’)? = f0 /ðx” (Of /éy’)° = dfe /dy”” 
(these partial derivatives being computed at M” — M’*). Hence o carries the 
extension k(C’)/k(T) over the extension &(C”’)/k(T). Hence we must have 


po == p. ged. 


12. Proof of the theorem for the hyperelliptic case. a) We have 
already remarked that the proof given for characteristic p==0 holds without 
changes for any characteristic p s42. | 


For p=, there is no hope to deduce the theorem from the knowledge 
of the branch set on the canonical image. In this case, we have to deal with 
a quadratic extension K(y) of the field K = k(x) generated by an equation 
of type y7—y = Q(z), where Q(z) € k(æ) is determined mod. a substitution 
of type Q(z) > Q(x) + Qo?(x) —Qo(x) with Qo(z) € k(x). The rational 
function Q(z) may be assumed in the form Q(z) — A(x)/B(x) with A, B 
in k[{x2} without common factors and such that every prime divisor of B is 
of odd multiplicity. The knowledge of the branch set gives the prime divisors 
of B which is utterly insufficient. 
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b) To prove the theorem in this case, we make the following remarks: 


(a) For a hyperelliptic curve X the model (X)9-) is intrinsically 
defined with respect to biregular transformations in terms of the field 
k((X)#9). 


In fact, since the canonical mapping is regular (Proposition 9, Corollary 
2), (Æ)6-9 is biregularly equivalent to the graph & of the mapping. Now ® 
is non-singular, hence locally normal, therefore © coincides with its own 
normalized model @. Because of Corollary 1 to Proposition 9, we have proved 
the assertion. | : 


(8) The canonical system on (X)9%~ has a fixed part in the subvariety 
which is the locus of the point (P:) + (P17) + (Ps) +: -<+ (P,1), where 
P;, Ps,” © +, Pg are general independent points on À and o is the auto- 
morphism of X into itself given by the g' (In the notation above, for p = 2, 
c: (x, y) —> (x,y + 1)). This follows from Proposition 5. | 


Consider now the canonical map ¢:(X)4) — P,.,*. The points y € P,.* 
such that (y) has the minimum number of distinct points are given by 
the images of the osculator hyperplanes to the canonical image C of X. The 
curve C is rational normal, and the osculator hyperplane at any point P€ C 
is uniquely determined and meets C only at P. The locus of the points y is 
therefore a rational curve T of P,.*. 

The set p-1(T) consists of the curves Ar» OSAS [(g—1) /2) , which 
are the images on (4) of the curve £ by the mappings fr: Q>h(Q) 
+ (g—-1—h)Q. Only Ao, i.e. the diagonal of (X)’™, does not lie on the 
common part of the canonical system. Notice also that [KCX): (AS) | = p*** 
for some «=0. Suppose now that for the curve Y, we have &((Y)@) 
—=hk((X)9). Then we have a biregular map of (Y)9 onto (X)@%, 
Hence the diagonal A,’ of (Y)~ is birationally equivalent with the diagonal 
A, of (#)@-9, Moreover, the same argument given ir n. 11 shows that 


[ke (Y¥) : ke(Ao’) ] = [k(X): &(A,)].87 This proves that k(Y) = k(X). 
q.e. d. 


An analogous remark applies here as at the end of n. 9 (ko perfect). 


se Actually p* = greatest power of p dividing g—1 (cf. J . P. Serre [7, (b) J, Ch. 
III, n. 14). : 


37 Or because both degrees equal the greatest power of p dividing g—1. 
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THE SPECTRA OF MULTIPLIER TRANSFORMS ON Pr. 


By A. Drvinatz and I. I. HIRSCHMAN, JR 


1, Introduction. In this paper, we consider spectral problems for multi- 
plier transforms defined on the sequence spaces P, l= p& œ. We collect 
the basic and elementary facts about these operators in §2. We show that 
to every such operator T on J? there corresponds a unique (a.e.), bounded, 
measurable function T(4) defined on the interval [0,1]. The converse is 
not necessarily true, except for p= 2. 

In §3, we characterize a wide class of functions T*(6) for which the 
spectrum of the corresponding multiplier transform T is the essential range 
of the function. This means that the spectrum of any such operator does 
not change when it is considered as acting different IP. However, the point 
spectrum may change as p changes. In §4, we give some theorems which 
lead to a characterization of the point spectrum of certain classes of operators 
in terms of sets of multiplicity for P. We also give an example which shows 
the change of point spectrum as p changes. In so doing, we partially answer, 
in the negative, a question posed by P. Hartman [2]. We close the paper 
in §5 with two theorems which are closely connected with the problem of : 
spectral synthesis in Į”. 


2. Preliminaries. We shall designate by P, l= p<o, the Banach 
space of sequences of complex numbers such that 


|a lp = > | a(n) [P] < ©. 
By [”, we shall designate the bounded sequences with 
| a lo = sup | a(n) |, 


by lo”, the subspace of 1° whose elements vanish at infinity, by lọ, the sequences 
which vanish off a finite set of integers, and by J, the class of all sequences. 


* Received November 11, 1957. 

1 This research was partially.supported by the United States Air Force Office of 
Scientific Research of the Air Research and Development Command, under Contract No. 
AF18(60))-568. Reproduction in whole ‘or, in part is permitted for any purpose of the 
United States Government, 
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For a,b €l we shall write 


bte) - a(h—#)b(E), 


whenever this is defined for all n. Also, we set 


(a,b) = Da(n)b(—n), 


whenever this is defined. For future reference, we note that if a,c€ lo, OEL, 
then 
| (a*b,c) = (a,b * c). 


If p and q are conjugate indices,” then (a, b) is a bilinear functional on 
lp 12 which satisfies the relation 


| (a, 6) | S | a fall b la | 
For fixed b, (a,b) is a continuous linear functional on 1?. Moreover, if a € lP, 
1S po, then 
(2.1) |ap>—= lub. | (a, 6)|. 


ù € Lo||vi|a=1 


A linear transform T with domain lọ and range in l which satisfies 
T(axb) =T(a) *b 


for every a,b€ i will be called a multiplier transformation. Let e be the 
identity element of J; i.e. e(0) —1, e(n) = 0 if n40. Then for any a€ lh, 


(2.2) - T(a) =T (e+a) —T(e)*a—txa, 
where t= Te. Let | 
(2,3) | T lp =1. u. b. | Ta l/a lle, (lSpSo), 


the least upper bound being extended over all a€l, except a—0. If 
1=p<o, then 7, is dense in /? while if poo, then J, is dense in lo”; 
thus if | T |, is finite, T has a unique extension as a bounded linear trans- 
formation of 4 to itself for 1S p <œ and of l” to itself if p—co. Let 
us denote by X(T) the set of indices p for which || T |p is finite. We first 
assert that if p1,p2€ X(T) and if 1/r— (1—w) (1/»:) + o(1/p.), where 
0O<w < 1, then re X(T) and |T- SIT la lT |p. This is an applica- 
tion of the Riesz-Thorin convexity theorem. We next assert that if p€ X(T) 


* By this, we mean 1/p + l/g —1. We shall always use p and g to designate con- 
jugate indices. 
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then the conjugate index q€ X(T) and | T l=] T le To see this, we note 
that if a,b € lo, then 


(Ta, b) = (a*t, b) = (a t * b), 


and thus 
| | (Ta, b)| S À a llel t* b [pS la lal T ol b Île 


Referring to (2.1) and (2.3), we see that | Tle || T |p. Since the roles 
of p and q can be reversed, we have | T ||; | T le and thus |T p= | T lg 
as desired, | 


These two remarks show that if $(T) is not empty, then it is an interval 
(open or closed) with end points 1 S p & v&c which satisfy 1/u + 1/51. 
In particular, if X(T) is not empty, then 2€ X(T). We also note that the 
convexity and conjugacy properties described above imply that if p€ S(T), 
then || Tl = |T |e. 

If p€ S(T), then, as we have remarked, q€ (T), where q is the index 
conjugate to p. Thus, Ze—¢ belongs to 12. By (2.2) Ta—t+a for any 
a€l,. Using the fact that #€ 19, it is easily seen that this formula holds 
for a€ P if 1=p<o and for a€l* if po. If poo, so that fe À, 
then the right side of the formula Ta—t*a is meaningful for a€ !° and 
in fact provides a natural extension of T from 1,” to l”, which we continue 
to denote by T. T considered as a transformation from 1” to {® clearly has 
the same norm as T considered as a transformation from J)” to J)” (this 
latter i3 of course just | T ||). 


If S(T) is not empty, then, since 2€ X(T), Tec l? and we get 


i 
t(n) = Te(n) = J. er?ri64A (9) dé. 
Here, : | 


M0) = t(n (Mt), 


the symbol Wt, indicating that #\(4) is a limit in the mean of order 2 of 
the partial sums of the series on the right. It is well known and easily 


obtained by standard arguments that | ¢4 ||. == || T la, where || ¢4 |, = essential 
sup | 4*6)|. Therefore, an earlier remark gives 
(2. 4) iO le = IT Ip pE S(T). 


8. The spectrum of multiplier transforms. Let Tı and Ta be multi- 
plier transforms on P, p€ X(T), and let T= TT, It is easily seen that, 
with an evident choice of notations, t^ (6) = ¢,4(@)t.*(@). In particular, the 
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bounded function corresponding to T” is t*(6)". Consequently, if pe NT), 

then by (2.3) of 32, x 
LEN” lo SS I'T” lp- 

Since || (¢*)* Ja = || t^ ||”, we have immediately 


(3. 1) PSE im a 


A little later we shall give a class of multiplier transforms for which the 
. Inequality in (3.1) may be replaced by. equality. 


If T is a bounded operator on lP, then by the spectrum, S(T), of T, 
we shall mean the class of all complex À such that T—AI does not have a 
bounded inverse on IP, 


By the essential range, R(f), of a function f(0), we shall mean the 
class of all À such that the set [6||f(@)—A| <e] has positive Lees 
measure for every «> 0. 


If T is a multiplier transform on i, then it is clear that T has a bounded 
inverse on 7? if and only if O¢ R(t). Consequently, S,(T) — R(t). 


THEOREM 3.1. If pE S(T), then S(T) C S(T). 


Proof. First we note that if T is a multiplier transform on }? to itself 
and T- exists an is bounded, then T~ is a multiplier transform on J?. For, 
if a,b € la, then 


T-1(a% b) = T((LT-a) +b) = TAT ( (Ta) * b) = (Ta) + b. 


Now, if A¢ S,(T), then Ty = T—M has a bounded inverse on }P, and 
therefore on 1%, and finally on J% But this means A¢ S(T). Theorem 3.1 
is essentially a special case of a result due to Halberg [14]. 


THEoREM 3.2%. Let t^(0) be the bounded measurable function corres- 
ponding to T. If? (0+) and t*(8@—) exist for every 0€ [0, 1], then 
S(T) = S(T) fort pe ST). 


Proof. We first assert that given « > 0, there exists a finite set {J = 
of non-overlapping open intervals such that I — Ü lL, i= L0, u) consists 


of a finite number of points, and such that 


*It is of course sufficient for t^ (8) to have this property after being suitably 
redefined on a set of measure zero.. : ” 
t X(T)’ is the interior of X(T). 
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RASEN 


To obtain such a set of intervals, let us associate with each point 6 of Jan 
open interval J,’ whose right hand end point is @ such that if 9€ J/,’, then 
[éA(p) —14(6—)| <«/2, and an open interval Jọ” whose left hand end 
point is 6 such that if p¢¢€J,”, then | t4(¢)—#4(@+)|<6«/2. Finally, 
let Jg = Jg U Ja” U {8}. For each 6, J, is an open interval containing @. 


Since I-is compact, there exist values 8,7" +, 0, such that I= y (Ja ODI). 


If we take for the Ip xs the op intervals of the A re ‘of I formed 
by the end points of Ja N I, Ja NL Ja ONI >Ja OL, then these 
have the desired properties. 

Without any loss of generality, it will be enough to show that 0¢ SCT) 
implies 0¢ 8,(7). The result will then follow by Theorem 3.1. Let 
m == ess. inf. | #A(8)|. If0¢8.(T), then m>0. Given «> 0, let {7:}1" be 
a composition as described above. We choose 6, in Iw k—=1,--+,n, such 
that m S | 4(6,)| E t |e. 

Tz p4" (8) is the characteristic function of Iy, we have 


1/t*(6) =È n\(6)/{HN (0) + pr^ (8) TEACO) — t^ (0x) J}. 


Further, if P; is the operator corresponding to »4 (8), then since p,(0) is 
of total variation 2, by a theorem of Stetkin [12] (see also [8]), we get 
| Pella A(p) Ko, where A(p) is independent of k. j 

We may as well assume there exists an r€ X(T) such that r2. For, 
otherwise the theorem is trivial. We have 


(3.2) | Pe(L—t9 (x) pS 2A (r) IT f 
and - : 
(3.3) PET — (Ox) TZ) le = | pr^ (8) LEA (8) — (6x) Ie 


where J is the identity operator. If p is any number between r and 2, there 

exists an 0 <w < 1 for which 1/p = (1—-w) (1/r) + (1/2)o. By the Riesz- 

Thorin convexity theorem, (3.2) and (3.3), we get 
| Px (L— t^ (0r) I) llo S [2A (r) T |] ee". 

If we choose e so small that 

Te e. [24 (P) T Te < m, 

we see that by expanding 


(^ (6) + pr^ (O) HO — t^ (0x) ]}> 
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into a geometric series, the operator corresponding to this function must be 
bounded on #,. Therefore, the operator on J? corresponding to 1/t^ (0) must 
be bounded, and it is clearly the inverse of T, 


COROLLARY &.3. Under the conditions of Theorem 3.2, 
| 2^ (8) Jo Din } T” 1an, 
Proof. It is well known that || T |,“ lim || T” |p", where | T ||,“ 
=sup [|A] | A€ 8,(T)] (ef. [7], p. 75). Since T is a normal operator on 


the Hilbert space 1?, we get | 2^ le = | T l= | T |.%. By Theorem 3.2, we 
-get ITA | T ip^. Therefore, | t^ llo = | T l^ which gives the result. 


This is the promised sharpening of (8.2). 
COROLLARY 3.4. Under the conditions of Theorem 3.2, 
8,(T) = R(t^). 
Proof. This follows immediately from the equation 
S(T) == S3(T) == R(t). 
Corollary 8.4 generalizes results of P. Hartman [2] and G. L. Krabbe 
[5], [6]. 


4 The spectrum of multiplier transforms continued. In this section, 
we shall discuss theorems about multiplier transforms which will give infor- 
mation about their point spectra. We recall that a complex number À is in 
the point spectrum of T acting on IP if T-—AI is not one to one; i.e., there 
exists a non-zero a€ 1? such that (T—A\])a—0. The point spectrum of T 
is closely connected with the concept of sets of uniqueness and sets of multi- 
plicity for r. There are many possibilities for defining a set of uniqueness 
for 1”), Here we mention only two. 


We say that a set EC [0,1] ts an ordinary set of uniqueness for IP if 
a € and 


Di a(n) ®t ind == 0, og &, 
implies a==0, where the sum is taken as an ordinary limit. 


IFiS p2, we say that E is a mean set of uniqueness for IP if a€ P and 


N 
g—Li m. X a(n) er = 0, 6¢ E, 
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implies a == 0, where q—l.i.m. stands for the limit in the mean of LA, the 
space of g-summable functions on [0,1]. 

An ordinary or mean set of multiplicity for IP is a set which is not an 
ordinary or mean set of uniqueness for IP, respectively. | 


When 1=pÆ<? the point spectrum problem is elementary because of 
the Hausdorif-Young-Riesz theorem and we have the fcllowing result. The 
proof :s left to the reader. 


THEOREM 4.1. If pe S(T), 1=p<R, then d is in the point spectrum 
of T, operating on IP, if and only if the set [0 | t^(0) =A] is a mean set of 
multiplicity for IP. 

We should remark here that no example has yet been given of a mean 


set of uniqueness for IP which is of positive measure (1 < p < 2). 


When p > 2, the situation is more complex. Let 
x= [0 | |i(0) — a] <e] 
and let e 
Ex ie 8 Ce. 
€>0 


THEOREM 4.2. Let? pe X(T)’ and let t(6) satisfy the assumptions 
of Theorem 3.2. If a€ Wand (T—AlI)a=0, then 


> a(n) er tnd — 0, Og Ex. 
Proof. -Without any loss of generality, we may suppose A=0. Let 
ties — Qanh/2rnh, ee 


Further, let 
A(8) —a(0}8 + > (a(n)/Rrin)erint, 
this series _ verging absolutely. Then 
An(8) =[A(0-+-h) —A(6—h) ]/2h — da, (njerin, = | SO. 


Lez {== [u,v] be any closed interval in the complement of €. By the 
proof of Theorem 3.2, it is easy to see that 
1/t*(6) del 
A(Q) == 
gives rise to a bounded multiplier transform P on X(T). Therefore, since 
Tan and Pe are in l°, we have, by Parseval’s equality, 
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1 p 
(Tan, Ps) = Í An (8)t^(0) p (8) dð — f An (9) dB. 
o u 
Now, a, — a, and therefore Ta, — Ta in pP. Hence, 
v 
lim (Tar Pe) — lim A(0) dð = A (vr) —A(p) =0. 
h-> 0 > 0 FA ‘ 
Consequently, A(@) is constant on each interval of the complement of €, and 
this in turn implies that $, a(n)e™i"? =—=0 on each such interval (see [13], 
p. 270). j 
The converse of Theorem 4.2 can be proved, provided more assumptions 


are put on ł^(0). This will be shown in the next theorem. We first need a 
definition. l 


A function f(8), = 0<£v, is said to be of bounded B-variation,’ 
B > 0, if 
Valf] = sup[ 2 | FCO) — F (Ox) [PIE < co, 


where the supremum is taken over all finite decompositions of the form 
p= 00 KB L: K Ona =T. 

The reader may easily verify that for functions of bounded B-variation, 
f(@+) and f(@—) exist. Therefore, these functions can have at most a 
countable number of singularities and they satisfy the conditions of Theorem 
3.2. 


THEOREM 4.3. Let t(@) be of bounded B-variation for. some .B > 0. 
If pES(T), 2%<p<ow, a€ and 
D> a(n) e?rind — D, bé &, 
then (T— rT) "a = 0, 
for m an integer and m Z B(p—2)/2p. 


Proof. Without any loss of generality, we may assume A—0. Since € 
is a closed set, its complement is the union of at most a countable set of open 
intervals, {Zx}. As in Theorem 4.2, let 


A(6) =a(0)6-+ X (a(n) /2riñn) e271, 
and = à 
A,(6) == [A (0 4- h) — A (0 — h) ]/2h = F ar (n) er h >O, 


5 For a further discussion of -variation and multiplier transforms see [3]. 
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where, as before, a,(n)=a(n)s,(n), where s,(0) = 1 and s,(n)=sin 2anh/2anh 
ifns40. If Ir= (ur vy) and 2h < (vx — px), then 4:(8) —0 for 8 E [ux +h, 
v,—h]. | | DE 

As usual, let e be the identity element of P and e (m) —e(m+n). We 


have 
1 
(Gn; Tre,) — f A, (8) th (0) me mint dé 
, ò | 
EL N 
go. => A;z,(@) t^ (0) me rint dé 
Ezi «7 Ih 


aS f An (8) 19 (8) erin dg. 
| k:N+1 Ir 

Since a, — a in le and T” is bounded, it follows that 
(42) — lim (an, Ten) = (a, Ten) = T”a (n). 

| k->0 
Further, we claim that 
lim A, (6)#* (8) me trié df —0 © 

ik 


h->0 


for any k. For, 





[J | An(oyen(aym | doy? f Aala f | (0) a, 


where Hi (ux, px +R] U [ve — h, vy) for 2h.< | I, (| Je | vx —ux). 
Also, | 


vi w oo a 
f | Ax (8) |? dO —= & | an(m) PSE aln) PALE | sa (n) [2/0] 0-22, 
0 00 Ke es | 
and since p/(p—2) > 1, we get, by an easy estimation, 


Ÿ | sa (n) |e- — 0 (1/h). 


Consequently, A 
o | f | An (8) |? d8 = O (hee), 
Since 
f [POPs ao = 0th), 
i Hy . 
we have 


E Í, An(0)#4(0) ™e-2 ind dé=O (h2/») — 0 as h-> 0. 
Ik 


Therefore, the limit of the first sum in (4.1) is zero. If we can show that 
the second sum in this equation is small for suitable values of m, provided 
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N is sufficiently large independently of h, then this combined with equation 
(4.2) will complete the proof of the theorem. | 
We have 


` 
5 f An (0J (B}me-2rins ao— > f An(B)t(8) ™e-2rin8 d, 
N+1s I, 1 vk 


where J, is one of the intervals (x, pe + A} or [v-—h,v,) in case 2h < | I, |, 
or is I, in case 2h Z |I,|,r >N. Since the Jy are mutually disjoint, we get 


[Ef An(oyercaym | a9 = f | An(a)e%(6)™ | 48) 
(4.3) | sf Ay(@)|* db J | #8(8) |? db 


< O(h?) [ f 4^ (0) [2na] | Uy pus 


where Uy = U Jy, | Uy | is the Lebesgue measure of Uy, a > 1 and 1/a + 1/8 
== 1. Tf Ji (uw +h], then Mu) =05 if Jy = [vr h, v), then 
Lu + )=0; if Jr (ur), then (u—) = (y +) =0. We shall 
designate the appropriate end point of Jy by @ and we have #A(8, +) —0, 
with the correct sign chosen, depending on the end point. Therefore, 





f nopea f | 1^ (6) |=" dg 
Ux I J}: 
(4. 4) k 
— rf | 40) — 1^ (Oy =) [24 dB. 


Now, in J4, the supremum of # (8) exists and is of the form i*(6,’ +) or 
t*(6;’—), where x € Jr, the closure of J;. Therefore, 


> f | A(G) — t^ (bk +) [ma dé = h >> | tA (6; +) 2 IA (6 =) pma 
i Ji L 


4. 
( 5) ) <= h Vase [ti] ma 


If we choose m = 8/2, then Voma[ té] is, by hypothesis, finite. If we take 
a= p/(p—2), then from (4.3), (4.4) and (4.5) we get 

LÈ f An (0) i0) eeri do]? = O(| Us |*). 

N+ie/ Ty 


Since | Ux|—>0 as N—>œ, the left side goes to zero independently of h. 
This completes the proof of our theorem. 


Remark. The restriction p > 2 in Theorem 4.8 is really no essential 
restriction. While Theorem 4.3 is true for p& 2, Theorem 4.1 gives a 


MULTIPLIER TRANSFORMS ON I?, 839 


slightiy stronger result. Vie for the case 8 == 2p/ 2); Theorem 4.3 
is a direct converse of Theorem 4.2. 

The method of proof we have used in this theorem is an extension of a 
method used by H. Pollard in [10], and ©. Herz [4]. 

Novice that if 4(8) satisfies the conditions of Theorem 3.2 and à is in 
the point spectrum of T acting on P, pE X(T)’, then €; is an ordinary set 
of multiplicity for 1P. Conversely, if {(8) satisfies the condition of Theorem 
4.3 and €) is an ordinary set of multiplicity for P, pE X(T) A<p<a), 
then à is in the point spectrum of T. oO 

Remark. For continuous functions #(6), the set €; coincides with the 
set of 6 where ?*(6) =A. The same is true for functions of bounded B- 
variation if they they are normalized by the condition that #1(8) =A if either 
A(G + +) =A or (0 — ) =A. More generally, if (6) is any function such 
that t4(@-+-) and iA(@—) exist, then for fixed A, #(8) may be normalized 
so that & is the set where t4(@) == À. 

Suppose now that #4(@) is a function of bounded variation on [0,1]. 
In [2], P. Hartman poses the following question: Is A an eigenvalue for T 
acting on Į if and only if [0 | #4(@) =A] is of positive Lebesgue measure? 
The following considerations show that the necessity part of this question 
must have a negative answer for p > 2. 

In [11], R. Salem exhibites a perfect set € of Lebesgue measure zero 
and a continuous singular measure du with spectrum € so that 


1 
a(n) so f e- rint du(8) 
i 0 


belongs to {2 for every g > 2. Cleerly, it is possible to construct a continuous 
function ¢*(@) of bounded variation which vanishes on €, and is different 
from zero on the complement of €. We have 


1 
Ta(n) =t*a(n) == f erin’ A (0) du (0) = 
«7 0 


which gives our result. 


5. Two theorems connected with spectral synthesis in 1”. Let ae 1® 
and 


B(6) = a(0)6?/2 4 SY (a(n) /— srn?) erint, 
If tel, then H. Pollard [10] has shown? that t+a==0 only if B(4) is 


° Actually, Pollard is working on the group of real numbers. However, his methods 
also work here without essential modication. 
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linear’ on each interval contiguous to the set of zeros of t^ (8). It is not 
known whether the converse statement is true or false. Here we shall prove 
the converse statement for certain classes of sequences in Z. We refer the 
reader to Pollard’s paper for a complete discussion of the Cee ot spectral 
synthesis. 

Let (6) be a function defined on [0,1] and J any subinterval of this 
set with end points y and v. ‘We shall write f(1) =f(v) —f{u) ‘and 
| I | =v— p. Let {I} be a set of non-overlapping intervals each of which 
is contained in [0,1]. We shall say that f (0) is B-absolutely continuous if 
for any ¿œ> 0 there exists a è > 0 so that S| Ix | < 8 implies $ |F (Iz) |E < e. 


THEOREM 5.1. Let 1€ 1, t4(6) its Fourier series, T the corresponding 
multiplier transform and a€l®. If B(6) is linear on each open interval 
contiguous to the set of zeros of 4^0) and t\(@) is B-absolutely continuous, 
then 

Tm = 0, 


where m is an integer and m = B/2. 


The proof of this theorem is similar to the proof of Theorem 4. 3 and 
we leave the details to the reader. 

Another theorem whose proof does not seem to follow from the con- 
siderations of the proof of Theorem 4.3 concerns those functions ¢*(6) which 
belong to an integral Lipschitz class. Although the proof of our theorem is 
quite easy, it does not seem to have been recorded. We say that f(@) € Lip(a, p) 
if there exists a constant A such that for every h, 


L S lf +h) — FCO) | doy < A| |s. 


We need the following theorem which is essentially due to S. Bernstein. A 
proof may be fourd in Zygmund [13], p. 185. 


BERNSTEIN’S THEOREM. If | po aminy 


f | 1^(8 +h) — t^ (0) |2 d8 < A |h |29, 
2a > 1, then there exists a constant B, independent of À and a such that 
(5.1) | ek) | <AB? n(t/2-a) 


He 9 
and consequently, 


(5.2) È | #(n)| <|#(0)| + ABS’ 2-079), 
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THEOREM 5,2. Let tel, t^c Lip(a,2), «> à, and acl”. If B(0) 
is linear on each open interval contiguous to the set of zeros of t^(0), then 
Taw t +a =Q. 


Proof. Consider the operator defined on the complex z-plane by the 
conditions 


o= felel it laS en 


if |z| <p 
The operator Cp has been called by Beurling [1] a circular contraction. If 
we set t^p = Cpt’, it is quite obvious that 


(5.3) finern-r@raes f | eN(6-+2) (ea 


From (5.3), the hypothesis of the theorem and Bernstein’s theorem it follows 
that ¢ and: tp belong to P. 
Set s 
B (0) = [B (0 + 2h) —2B(6) + B(0— 2h) ]/4h 
= Sbr (n) eri, | [hi >0, 
where 6, (0) =a(0), b,(n) —a(n) (sin 2xnh/2anh)? if n540. For fixed p, 
it follows from the continuity of t*(@) that if h is sufficiently small, then 


B, (8) == 0 everywhere that [t^(0)-—t^p(0)] 40. Therefore, by the Parseval 
theorem, we get 


(ons [T — Polos) = f Ba (0) LEMO) — tp (0) Joa? d9 — 0, 
where `e (m) =0 if n+ m- 40, én(—n) =1. Now, for every m, 
| | | b,(m) |< |a(m)| and b,(m) sim) T h => 0. 

Therefore, 
(a, [T—Tp]en) lim È balm) LT — Teen (—m) 
| md. [T— Th]en) = 0... 


This means that 


(5.4) Ta = Ta 


Clearly, for every m, tp(m)-—>0 as p->0. Therefore, from (5.3), the 
hypothesis of Theorem 5.2 and formulas (5.1) and (5.2) of Bernstein’s 
theorem, we get | 


| Tp k= léo(m)|—0 as p— 0. 
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This, combined with (5.4), gives Ta—0, which completes the proof of the : 
theorem. 


WASHINGTON UNIVERSITY. 
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THE INTEGRAL REPRESENTATIONS OF QUADRATIC FORMS 
OVER LOCAL FIELDS.* 


By O. T. O’MEARA. 
Dedicated to Artin on his sixtieth birthday. 


A quadratic form g which is obtained from a given form Q by a linear 
substitution of any number of new variables is called a representation of Q. 
As a special case we have the notion of equivalence of forms, the linear 
substitution then being a change of variables that can be inverted over the 
basic coefficient rmg. One of the problems of interest in the arithmetic 
theory of forms is to determine all the representations of a given quadratic 
form. Using p-adic theory, Hasse [4] solved this problem over the rational 
numbers. An account of the rational and p-adic theory can be found in the 
book 5y Jones [6]. In both these cases the basic rings are fields; much less 
is known about integral representation, but the special problem of integral 
equivalence has been solved locally, and complete solutions can be found by 
consulting the works of Minkowski, Jones, Pall and O’Meara that are listed 
at the end of this paper. Conditions for the p-adic integral representation of 
one unimodular form by another are given by Jones at the odd primes [6]. 
It is our intention here to give necessary and ‘sufficient conditions that will 
deterrnine the integral representations of an arbitrary quadratic form over 
any local field in which 2 is either a unit or a prime. 

Complete conditions for field representation are known for local fields, 
and we make this the basis of our discussion. Our criteria for the integral 
representation of one form by another will be in terms of the field represen- 
tations of forms derived from certain canonical decompositions of the given 
forms. 


I. Basic Concepts. 


Summary. Our basic field F will be a local field [1] with ring of integers 
o and prime ideal zo. We assume that char F42, and that the residue 
class “eld 0/(r0) is finite. We denote the multiplicative group of F by F* 


* Received January 17, 1958. 
$43 
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and the group of units by u. Later on, we make special assumptions about 
the behaviour of 2 in F. 

We shall consider finite dimensional vector spaces U, V, W,- - - over F. 
If V is provided with a scalar product z: 7€ F, we call it a quadratic space. 
For an «€ F*, we shall write «o V to mean the new quadratic space given 


? 
by putting coy—a(x:y) on the old vector space V. We shall use @ Fa to 
1 


denote the orthogonal (direct) sum of the quadratic spaces Vi (LAS p). 
The radical of V will be written rad V. À non-degenerate space is one in which 
rad V—0. The quadratic space V has a radical decomposition V = U @ rad V 
in which U is nor-degenerate. Any non-degenerate subspace U of a non- 
degenerate space V is a component of V, i.e. there is a non-degenerate sub- 
space W such that Y = U @ W. Moreover, W is then uniquely determined as 
UL, and Ull—U. An isotropic vector is a non-zero vector æ for which 
a? ==(). For subsets S,, S of V, we write 


CARTE {81° 82 | $,€ 54, 52 € Da}, 
S,* ee {s.° | sı € Si}. 


For further details on quadratic spaces, the reader is referred to Geometric 
Algebra, Ch. III. 

By a lattice L in V we mean an o-module in the vector space V with 
the following property: the coordinates of the elements of Z have bounded 
denominators in any basis for V. If this property holds for a single basis 
it must hold for al bases. The set 0 is a lattice in the space V=0. Any 
o-module in L is again a lattice in V. The vector space spanned by L is the 
set FL. If Lis the direct sum Ÿ ZA, then FL is the direct sum $ Fly If L 
has a basis <s>, then <v> is also a basis for FL. If FL has a basis <y>, there 
is a basis <z> for L== $ o2, such that Fy, +: © -+ Fy = Fa, be LP 
holds when 1 S15 dim FL. We can therefore speak of the dimension dim LD. 
An o-linear map of J into L can be extended to an F-linear map of FT into FL. 
If the original map is an isomorphism, so is the extended one. In particular, 
an isomorphism preserves dimensicn. Given any non-zero æ in FL, there is 
an «E F such that ax € L, armé L. We put aL = {aa | we L}. 

Now consider the lattice L as a subset of the quadratic space V. For 
an a € F* we shall write æo L to mean the same set L, but now as part of the 


p 

quadratic space «o V. We define Z as the orthogonal sum @ Ly if (i) L is 
1 

the direct sum of the Ly, (ii) the ZA are mutually orthogonal. Note that 


QUADRATIC FORMS.OVER LOCAL FIELDS. 845 


FL = @ FL if L= @Ly. We say that a sublattice K is a component of L 
if there is a sublattice J such that D==- K @ J. We define the radical as the 
lattice radL—{xeL]x:L—0}. We then have 


F rad L = rad FL, rad L == LN rad PL. 


We call L degenerate if rad L540. If L==J @ K, then L is non-degenerate 
if and only if J and K are. If J is non-degenerate, then K is unique and equal 
to JL. For any L we have L == K @ rad L. | 

From now until the end of this section we assume that V and Z are 
non-zero so that they possess bases, the first over F the second over o. Asso- 
ciated with any basis <s> of the quadratic space V is the quadratic form 


gas s An) = (at +: + + ana)? 

and varying <s> produces the entire fractional class of g. By d(V) we mean 
the well-defined image of det(2;:27;) in OU #*/(F*)?. We shall sometimes 
mean by d(V) a particular representative of d(V), for example det(z;-2;). 
In the same way we can associate a quadratic form q with a basis of L, and 
varying <z> produces the entire unimodular class of q. Moreover, every 
unimodular class can be obtained from some lattice in such a way. We call 
(w;-2;) the matrix associated with <z> and write Le (a;-a;). By d(L) 
we mean the well-defined image of det(a,-2;) in OU F*/y?. We shall 
sometimes denote by d(L) a particular representative det (z; «;). Note that 
d(FL) = d(FK) if d(L)—d(K). We see that 


d(® Va) =Ifd(V;),  d(® In) =I dy) ; 
we also have rad FV s40 if and only if d(V) —0, and the same for L. 


{ 


Representations. Let V, V” be two quadratic spaces. We say that V’ 
represents V, and write it V —> V’, if there is an F-linear mapping ¢ of V 
into V such that (z)? =z? for all sve V. In virtue of the equation 
x: y = ${ (£ 4y} —zr?—y’} we deduce that d¢-dy=—a-y. We call @ an 
isometry if it is one-one and onto, and we write Ve V’. If ¢,:(Vi— V1’) 
and ¢2:(V2—> V2’) are representations, there is a unique extension of hı, d2 
to a representation 


| $: (V: V2- Vy @ V2’). 
If 1, $: are isometries, sois ¢. Consider radical decompositions 
Y= U @ rad V, V’ == U’ @ rad 7, 
and define y: (U —> U’) by | 
DT = Wu + z, wee U’, 2€ rad V’. 
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Then y is a representation. Since U is non-degenerate, y can have no kernel 
so it is actually an isometry of U into U’. .We have therefore proved that 


U @ rad VU’ 6 rad VY’ <> U> V. 


The same discussion holds for lattices, éxcept for the fact that we use an 
o-linear map ¢ to define a representation of L into LZ’. All the previous 
results for spaces carry over to lattices, including the extension of a repre- 
sentation to an orthogonal sum, and 


K @ rad L- K’ @radl’ <> KK’. 


We also see that a representation ¢:(L—> L’) can be extended uniquely to a 
representation FL— FL’; if is an isometry, so is its extension. 

Now let V, V’ be non-zero so that they have bases €x5, <s’, with asso- 
ciated quadratic forms g, q’. Consider the representation D: (V —> V’). If 
we write ọti = >) iutv, we see that 


Ti Cy == pti: pri DD by (By By’) lus 


and hence the matrix («/-2/) represents the matrix (s: sj). Thus g 
represents g. Reversing the argument shows that V — V’ if g-> q’. Hence the 
problem of representation of forms is equivalent to the problem of repre- 
sentation of quadratic spaces. In the very same way we see that the integral 
representation problem for forms is equivalent to the representation problem 
for lattices. As for ourselves, we prefer the lattice approach to representation 
theory because of the geometrical insight it provides. We are not going to 
refer to the quadratic forms again in this paper. 
Now consider the radical decompositions 


V =U @ rad F, V'= UT @ rad V’. 


In practice, one has constructive methods for determining such decompositions. 
And V— V’ if and only if U —> U’. The same applies to lattices. We shall 
therefore assume from now on that all given lattices or spaces are without 
radical. Under this assumption, every representation is an isometry into. 
Note that lattices or spaces that arise from the given ones, for example by 
inclusion, may be degenerate. We also assume that all given lattices are 
non-zero, although zero lattices will be allowed to turn up in discussions. We 
make no such assumption about our spaces which can be zero or non-zero. 


ProrvosiTion 1. U-> V of and only tf a replica of U is a component of V. 


PROPOSITION 2. If V; EU, VDU. with Vo V,, then U, > U.. 
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Proof. We have V.8 V*OU,0W*=V,00, by the last proposition. 
Hence F* OU, O W* = U, by Witt’s theorem. Hence U,—> U: q.e.d. 


Derinition. If U->V, define (V/U) so that V =U @(V/U). Other- 
wise, put (V/U) =Ø. Define L/1—FL/F1. 


By Witt’s theorem, V/U is well-defined. We also have 
(1) (V@W)/(UOW)=V/U, (LOI)/(K OJ) =L/K 


It is easily seen that ao (FL)—F(acL), ao (V/U) = (ao V)/(aoU), 
ao (L/H = (aoL)/(acl). 

| Proposition 1 reduces the problem of representation of spaces to ane of 
finding spaces with given Hasse invariants. The latter question has been 
solved over local fields and we shall make use of this fact in an indirect way, 
by expressing criteria for lattice representation in the form U—V where 
U, V are derived from the given lattices. The following proposition, whose 
proof is immediate, is a poor relative of Proposition 1. 


PROPOSITION 8. 1— L if and only if L contains a replica of l. 


Maximal lattices. Let p be a non-zero ideal in F and let L be any 
lattice in the quadratic space V. We use N(L) for the norm ideal generated 
by z% z€ L. Call Z integral if N(L) Co. We say that L is p-maximal in V 
if (i) N(L) Cp, Gi) N(K) D p whenever K DL. Let l be any lattice in 
V with N(l) Cp. By taking a suitably scaled orthogonal basis for (#1), 
it is easy to find another lattice V D7 with N(Y) Cp and dim?’ = dim V. 
In particular, every maximal lattice in a space has the dimension cf the 
space itself. We now prove that every lattice / of norm N(l) C p is contained 
in a }-maximal lattice. We can assume that dimi—dimV. By replacing 
F by «2 V if necessary, we can take pC 2o. Take a strictly increasing 
sequence 1C1l,Cl,C--+-, in which all lattices have norm in p. Then 
|} a(t) | < | ah) < | dala] <<: + -. Now h°h Co since N(h) C20. Hence 
d(l,) Co. Hence the sequence terminates. Hence } is contained in a p- 
maximal lattices. Eichler [3] uses maximal lattices in a slightly different 
sense, but the following proposition follows immediately from his results. 


PROPOSITION 4. Two p-maaimal lattices in the same quadratic space 


- are isometric. 


Proof. We can suppose that p= vo. First let the space V be anisotropic. 
By Theorem 9.4 of [3], we see that 


{ze Vix€o) 
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is a lattice, and iż.clearly contains every integral lattice ia V. Thus there is 
only one o-maximal lattice and there is nothing to prove. 

Now let V be isotropic. First we prove that any o-maximal Z has norm v. 
Let x, be an ages vector in L such that Tog mL. Suppose, if ee 
that so: L C Fo. Then i 


Put aj +y | a€ eA 


is also a lattice, N(J) Co, and J D L, which denies the maximality of D. 
Hence a: L= $c. Let y€ L be such that 2, y.—4. If yọ is not a unit, 
then (%)-+ 4)? is a unit. Hence N(Z)==o. This proves the\contention. 
If K is another 9-maximal lattice in V, we have V(L)==N(K) =o. But 
L, K are maximal in the sense of Eichler and their norms are the ES 
hence L&K by Theorem 9.6 of [3]. 


Jordan forms. We call / a‘-modular, or simply modular, if . 
| TEL, gE rl =t l= x0; g 


we call a modular 7 proper if N (T) —71:1, we call it improper if N() CEL 
Improper lattices do not occur when 2 is a unit in F; proper and improper 
lattices always occur when 2 is not a unit. If 2 is a prime, N({1) is 1-1 or 
2(1-1). For a +i-modular 7, we have l:1=#t0 and also — E | 


tEFl,xél—rv lD rio. 


It is easily seen that l, @ 1, is rt-modular if and only if 7, and I, are rt- 
modular. Also taat ^o? is rt*\-modular if J is rt-modular. And] is uni- 
modular if and only if {-1Co with d(l) a unit. Any I with 1-1Co is 
called totally integral. | | | 

Every l has a decomposition | = 7, ®- : : @ lz in which the h are modular 
with Au hu Chl. We call this a Jordan decomposition of 1. If l= @ 1) 
is another such decomposition, then (i) it too must have ¢ modular components, 
(ii) A‘h=h:h", (ii) À and Ix are both proper or both improper, (iv) 
dim }\ = dim}. We go on to say any two lattices J, 7’ have the same type 
if their Jordan forms satisfy these four properties. We have proved in [9] that 
if 1 contains a +*modular lattice J, where rto 1-1, then J is a component 
of L. i i i 


DEFINITION. Put Rl={rEFl|s-l & 0}. 


PROPOSITION 5. Ifl has Jordan form l= @ b, then Ri= ® (rH), 
where wo = lh- ln. In particular, RI is a lattice. 
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As consequences, we have R Rl —1, and R (1V) — RIG RV. 
Proposition 6. If dim l= dim L, then !— L if and only if RL— Rl. 


Since it is possible to give constructive methods for finding a Jordan 
form, we can always assume that a lattice is given in Jordan form when 
necessary. 


Notation. a> h= 0, e Vy == (), 
p $ 


DEFINITION. Let l= Oh be a Jordan form. Define == @ ly where 
p extends over values for which Iy-l, D nto. Let l} = @ 1, where u extends 
over values for which la'lu C rêo. 


Clearly {;==0 and t=] if 1-1, C to, while =} and IL =0 if 
b hro And l= @ kt for any i. In the case of a lattice L= Qh, 
we use @&, &l instead. All these quantities depend not only on the lattice 
but also on the Jordan form. 

In this chapter we have been establishing our basic ideas and inter- 
preting the classical problem geometrically. Many of the ideas have already 
appeared in print and fuller details with proofs and references can be found 
in [9]. i 


II. When 2 is a Unit. 


- - Throughout this chapter, we shall assume that 2 is a unit in the basic 
field F. We start with an investigation that will lead to necessary conditions 
for a representation /—>Z. Then we prove these conditions sufficient. 


DEFINITION. Let p be any ideal in F. We say that 1— L mod p if there 
is an o-linear map @ of Linto L such that 


($z) == 2? mod p for all ce L. - 


It follows from the equation z:y—4{(z-++y)?— 2° — y*} that da: py 
== &'y mod}. 

Proposition 7. Letl=1@--- OL be a Jordan form. [fl— Lmod p 
with p Tle la then lo. a l 


Proof. Every lattice over a field of this type has an orthogonal basis, 
hence we can write l= oz @.k with 220—71:1 Let xx denote a represen- 
tation of / into L mod p, so that x°==%?modp. If dim k= 0 we are through 
‘by Hensel’s lemma, so assume dim k > 0 and proceed by induction to dim]. 


4 
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We know.that Į is spanned by 04 and £; define 
K = {7 — ((2-2)/Z2)Z | xE k}. 


Since. z: z = 0, we have -Z€ p, hence (%-Z)/zZ*€ ro. It follows that K is a 
lattice, that ož and K span J, that ož: K —0, and hence that l= o7 OK. 
Now define ¢ on « by 


pe = T— ( (4-2) /2")Z. 


We see that œ is o-linear. And (¢év)*==2?modp. Hence k—>Kmodp. By 
the induction, k—> K. But oz—>0z by Hensel’s lemma. Hence 1—>1CL. 
q. e.d. 


Proposition 8. Let l= @l,, L= @ Ly be Jordan forms. If lL, 
then 1,2; for ail i. | | 


= Proof. We have /=1;@l4+, LR L&L. Let b:(1—L) be a repre- 
sentation. Define a mapping y on J; in the following way: for each ze h, 
write px = ya + z with yr E Q, z€ RL. It is easily verified that y is o-linear. 
Since 2? € w##49 we have 


T? = (pe) == (wx)? mod rf*+t. 
Hence hk- &;modz***. Hence hk— Q; by Proposition 7. q.e.d. 


Lemma. Let l be r-modular, and let L= L, @ L, have Lı unimodular 
and La r-modular or 0. If Flo FL, then | @ J, PJ. L, where Jy 1s uni- 
modular or 0, Ja 18 r-modular or 0, and dim (l @ J, @ J,) = dim L. 


Proof. We can suppose that IC FL. Since Rl is w}-modular by 
Proposition 5, we can find a + }-maximal lattice J D RI. But RI is then a 
component of J, hence J = RI O RJ. D RJ, with RJ. x 1-modular or 0, 
and RJ, unimodular or 0. Now let KD RL, @ RL: be r*-maximal. Then 
K =J by Proposition 4 Hence Es 


RNL ORL, >K>RIG RIAD RA, 
so the result follows by Proposition 6. q.e.d. 


THEOREM 1. Let l= a ly and L= @ Ly be Jordan forms. Then lo L 
if and only of Fi FR for all i. 


ON ecessity. By Proposition 8 we have ;>X;, hence Fl,— FR, for all i. 


Sufficiency. The proof is by induction to dim L. Taking large enough i 
shows that. diml=dimZ. Taking an à with 1,-1,—7‘o shows that L'h 
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C Lı La. We suppose that dim?>0. First let dim L ==1. Then dim/—1. 
Let 2-be rt-modular. Then Fl = PF, FQ, so that FL == FR. Hence lo L. 
Now let dimZ>1. First suppose that 1,-1, G r? (Lı: Lı). Define 


L'= (xls) ® La D: OD 


Put wo =l,- lh. Then for à < 7, we have FI, — 0 so that Fli — FR’; while 
for 12 j we have PR, — FR; and again Fh— FL’. So 1, L’ satisfy the con- 
ditions of the theorem. Repeating this, we arrive at L” with L L” still 
satisfying the conditions of the theorem, with L” C L, and with m? (L D”) 
C'l. In effect, this allows us to assume that wr(L,-L,) CC," 
By suitebly scaling Fl and FL, we can assume that £,:L,==-09; then L'h 
1S 0 OI 70. 


Case 1. ll —0. Then 1,—[, and Li =X, So Fl,->FL,, and we 
have a replica of 1, in FL. Let J 1, be o-maximal in FL,. Then J = L 
by Proposition 4 since L, is also o-maximal. So there is a replica 1, of 1, in Ly. 
Now i, is a component of L, since l, is unimodular, hence L, =l, @ J, with Jı 
unimodular or 0. Define L’—J, © Qi and V ==}. For 1<0, we have 
F —0— FL’. For i> 0, we have 


Fl, © FU = Fl, FQ, = Fl, D FY, 


and so Fl — FL; by Proposition 2. Hence !— L’ by the induction, hence 
1 L.. 


Case 2. h-hh = ro. Then 1,—1,. By the lemma we have 1, @ J, @d2 
Ck, where EL =, J; is unimodular or 0, and J, is r-modular or 0. Define 
L =J. 6 J: OQ and IL For 1<1 we have FI{/—0>5 FR’. For 
à > 1 we have | 


Fl, @ FU = Pl FQ = Fl, @ FY. 


Hence Flr FR/ for all i Hence V- L by the induction, hence l-> L. 
q. e. d. 


III. When 2 is a Prime. 


We now assume that 2 is a prime in the basic field F’, so that the residue 
class field 0/(20) is a finite field of characteristic 2. Since char F 4$, it 
follows [1] that F is a finite extension of the 2-adic numbers. Since the 
residue class field is finite it must have a quadratic extension, hence there 
are units €, ô such that s? -+ ex -+ô is irreducible modulo 2, hence there is a 
unit: p = êe? such that 2? + z + p is irreducible in F, hence 


(2) 1—dp¢ (F*)*. 
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Now let p’ be another unit for which 1— 4p ¢ (F*)*. Then 2? +zx -+p is 
irreducible, so £? +-g -+p is irreducible modulo ? by Hensel’s lemma [1]. 
Let « be a root cf æ° xp in the quadratic extension of 0/(20); then 
we have @€0/(20) and a non-zero b€ 0/(20) such that a+ ab solves 
a? +a-+t pp’; thus 

a? + ab? -H a- ab + p’ 0; 
but a? + a+ p= 0, so that a? +-a-+ b?o-+ p’==0 and b? =b; hence b= 1 
and so 

+e (p+p’) =0mod2 
has a solution æ in o. Hence 

(1—40) (1— 4p’) =1—4(p-+ p’) = (1 + 2a)? mod 8. 

By Hensel’s lemma, we therefore have 
(3) | (1— 4p) /(1— 4p") € (FF)? 


To sum up, if p and p’ are integers (and therefore units) for which 1 — 49 
and 1— 4p’ are non-squares, then 1— 4p’ is a square times 1— 4p. Accord- 
ingly, we fix the quantity p from now on and we use it to describe all non- 
squares of the form 1 + 4g with «€ o. | 


Modular classification. In this section we explicitly determine all uni- 
modular lattices. The 1-dimensional ones are easily found, with L e (e) 
being typical. We therefore. examine higher dimensions. 


TABLE I- 
i d(L) T. (PL)? 
a@ (a — 20 F 
B(0) (G I — l u U 40 F 
H(p) ( a — 1 + 4p 2ug? aul? 
Blo) | (7 4) | ite] u ue 


ep mm a F pp pm 
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Binary case. We write down in a table a list of different binary lattices 
and give (without proof) the sets of numbers represented by them. We shall 
then vrove-that the table exhausts all binary unimodular lattices. 

In the table, e, à are units. We shall not need L? and (FL)? in the last case. 
Noté that two =’s may be isometric for different values of €, 8 


Proposition 9. Every binary unimodular lattice is isometric to exactly 
one of the five lattices listed in Table I. 


“Proof. By looking at the d(L) and L? columns of Table I, we see that 
no two of the lattices can be isometric. Consider an arbitrary binary uni- 
modular lattice K. Referring to the special basis given in (13) of [9], we 


see that 
e 1 Ge 1 
K=($ a) K=" oa) 


with « a unit and a€ o. If d(K)==—1, then FK =FB(0) =FH(0) so 
that K =H (0) or K=B(0) by Theorem 4.4 of [8]. If N(K) —o with 
d(K) =—1 + 4p, it is easily verified that 1€ K? and so KæB(p). If 


N(K) =20 with d(K) ==— 1- 4p, it is easily verified that 2 € K? and so 
K = H(p) by Theorem 14.8 of [8]. Finally, there is the possibility that 
d(K)=—1+28 with 8 a unit; a determinantal consideration then shows 


that « and « are units, hence K = ¥ (ea). q.e.d. 


Ternary-case. Again referring to (13) of [9], we see that any ternary 
unimodular K has the form 


(4) K =H(0) @ (e) or K =H (p) @ (0), 


where € is a unit. By Table I, the second of these is anisotropic; while the 
first is isotropic. Hence K.can have exactly one of the decompositions 
appearing in (4). Once K is decomposed, the value of eu? is uniquely deter- 
mined. Thus (4) gives a complete description of the ternary case. 


Guaternary case. Here, as in the binary case, we start by giving a table 
of lattices and we then prove that every unimodular quaternary lattice appears 
exactly once. Again use €, 8 for units. 





TABLE II 
| © | HOER) | H(0)@H(0) | (ia) | 
| (ii) | H(0) @B(b) | | | 
| (Gii) | _Æ(?) @ B(0) | H(p @H(0) |  (ïüia) | 
| (iv) | H(p)  B(p) | a A 
| (v) | H(0)@E(S8) | | | 
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PROPOSITION 10. very quarernary unimodular lattice is isometric to 
exactly one of the lattices in Table II. We have 


FH(0) © FB(0) = FH (0) @ FH(0) and FH(p) @ FB(0) = FH (p) @ FH(0). 
With these exceptions, all lattices in the table generate non-1sometric spaces. 


Proof. The stated F-isometries are obvious. Let us first prove the last 
part. A determinantal argument rules out all space isometries of (i) except, 
possibly, with (iv); this is impossible since FH (p) © FB(p) is anisotropic 
by Table I. Similarly, (ii) reduces to proving that FH (0) 6 FB(p) and 
FH (p) ® FB(0) cannot be isometric, and this follows from Witt’s theorem 
and Table I. The remaining cases follow from determinantal arguments. 
So the last part is proved. 

Now we prove there are no lattice isometries in the table. The previous 
discussion reduces this to proving that H(0) @ B(0):H(0) ® H(0) and 
H(p) @ B(O) #H(p) D H(0); both these relations follow by taking norms. 

Finally, we prove that every quarternary unimodular L appears in the table. 
By (13) of [9], we can write L—H(a) @ J with «=—0 or p and J binary; 
this establishes the result except when a =p and J =2(e,8) or J =H (p), 
in which case we use (12) of [10] and the obvious isometry H (p) ® H (p) 
=H (0) @H(0). q.e.d. 


~ 


Higher dimensions. Any such unimodular L has a decomposition 
L= (Q H(0)) K in which K is ternary or quaternary, again by (13) of 
[9]. By Proposition 8 of [9], the lattice K is unique to an isometry. 


Representation modulo p. Let p be any o-ideal in F and let q stand 
either for p or for 4p. We write 
(5) 1 Lmod (p,q) 
if there is an o-linear map ¢ of | into Z such that 
(px)? == 27 mod p, pz: py = v-ymodg. 


If q=p, we write {— Lmodp. If ¢ is an isomorphism onto, we write 
l= Lmod (p,q) and l= Lmodp respectively. We note that if 


1: (1, L,mod p,q) and 2: (l,> L.mod pb, q), 


then there is a unique extension of ¢:, ¢2 to ġ: (L @l, > Lı @ Lz modp, q). 
If ¢1, @2 are one-one, then so is p. If ¢1, de are onto, then so is ¢. 
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Proposition 11. Let l and L be unimodular and suppose that 
N(l) =N(L) and dimil—dimL. Then l= Lmod2. 


Proof. By Theorem 2.4 of [8], we can write ] and L in canonical bases 
<a>, <u> respectively. If NV (1) =o this means that both <x> and <y> are 
orthogonal bases, and we can assume that 2?==l==y,*mod2. If N(!) Co, 
this means that o22,_, -+ oza = H (a) so that we have m?=0==y,? mod? and 
T'S, ==4Yx' Yu The o-linear map sending 2, to y, is an isometry modulo 2. 
q.e. d. 


Lemma. Let l=1, @ l, be totally integral with l, unimodular and either 
1-dimensional or 2-dimensional improper. Suppose that o: (l— Lmed p,q) 
with qZ o. Then gl, is unimodular and has the same type as l, and there 
is a decomposition dl == ¢l, Q 1," with a representation la—> Lmod(p,q) of 
la onto l”. 


Proof. The proof that pl, has the same type as 1, is left to the reader. 

Let us write ¢z==@. First we suppose that l, = 0x so that I, — où. Define 
2—{2— ((2°2)/2)& | 2 € la}. 
Then 1,* CIC L is a lattice, i, and 7," span f, and J,-1.*—0 so that 7 is the 
direct sum of 1, and 1,*; hence [=], @1.*. The mapping 
yz =z — ((32)/#)7 

is the required representation of J. onto 1.* mod (p, q}. 

Now let 1, be improper, so that l, = 0x +- oy and l, = oë -+ oğ. Define 

= {3+ a8 + By | z€ l}, 

where & € q, BE q are given by 


LED ED) G-D 
Eper 


g ET) — (E0) (2-2) 

| (DER 
Then 7,* CIG Lis a lattice, 1, and l" span /, and l'l; = 0 so that 7 is the 
direct sum of 7, and Z,*; hence I=} @1,*. The mapping yz =Z + až + BF 
is the required representation of 7, onto i,.* mod (p,q). This proves the 
lemma. 


PROPOSITION 12. Let I be unimodular and suppose that 1— L mod (p,q) 
under the mapping @ with pC 8/N (1). Then (= dl. 


Proof. Using the fact that 7 has a canonical basis [8], we can find a 
decomposition =}, @®l. of the type of the lemma such that L=0 or 


856 O. T. O'MEARA. 


N(l,) =N(i,.) =N (1). First let 2 —0. Ifl, is proper, the result follows 
from Hensel’s lemma. If l is improper, we observe that l =H (a), 
h=H(B), d(L)=d4(h), so that 1,21, by Table I. The general case 
follows by inducticn, using the lemma. q.e.d. 


PROPOSITION 13. Letl—>Lmod (p,q) under the mapping ¢ with 1 uni- 
modular and q Co. Then dim ġl = dim l, pl is unimodular, and ¢l =l mod p. 


Proof. If we take z€ l, x ¢ 2l, it is a consequence of the modularity of / 
that pz 540, hence ¢ is one-one, so that diml— dim}. It is easily seen that J 
is unimodular and that N (l) —Z({).. First let Z be improper. If p= 20, 
we have q—?20— p, hence 1=/modp by Proposition 11. If pC4o, we 
have 1 = l by Proposition 12. Hence assume that l is proper. Write l= 4 @ l 
with J, 1-dimensional. Apply the lemma and the result follows by induction. 
q. e. d. 


PROPOSITION 14. Let land L be unimodular with 1= Lmod p, where 
pCo. Gwen any x with £0 =p, there is a yy with y?o0=p such that 
l ® ot, =K @ oy, with K=Lmod2p. ° | 


Proof. First let / be improper so that L is improper too. Both / and LD 
have the same dimension since they are isomorphic. By Proposition 12, we 
can assume that p20. By (13) of [9], we can write 1— @ H (aJ, where 
the &s are 0 or p. Similarly, we have L= @ H(B). Now it is easily seen 
that both H(0) and H(p) can be chosen as components of H (a) @ oz, when- 
ever 220 = 20. Hence (® H(a)) Pox, has @ H(B) asa component. This 
proves the improper case, so we now assume that 1 and L are proper. Write 
1—1, ® l, with 1, 1-dimensional, and l, =0 or N (l) =N(l,) =N (1) =0. 
By the lemma, L =L @ 1,* with l =l mod p and J,->1,* mod p. By Propo- 
sition 13, this meens that l = l,“ mod p. Now using the perfectness of the 
residue class field, we easily see that 1, @ ozo = K, @ oz with K, = l mod 2p. 
Using an inductive argument, we see that l @ 0% = K: © oy, with K, = 1,* 
mod2p. Hence l @ ot, = K @ oy, with K=Lmod2p. q.e.d. 


t 
PROPOSITION 15. Let 1=@® be a Jordan form and suppose that 
1 
1+ L mod (p, q) under p, where bC q Cl. Then dl is non-degenerate and 


t 
has the same type as l with a Jordan form 1 = © h* in which h* = mod p. 
1 : 


Proof. By suitably scaling 7 and L, we can take l, unimodular. By 
Proposition 13, we can take £ >œ 1. We proceed by induction to diml. Write 
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l = XX, QJ, with K, 1-dimensional or improper 2-dimensional, and J, —0 
or N(J,) =N(K,) =N (l); this is possible since l, has a canonical basis. 
This induces. a decomposition l == Kı @ K, in which K, has the Jordan form 


K, =J ($ h) with J, possibly 0. We can then write l = Kı Ð K:¥, 


and we have a representation K,— Lmod (p,q) of K: onto K,* by the 
lemma. Now K,=¢K,modp with K, and ¢K, of the same type, by Propo- 
sition 13. By the induction, we have 


2e 
K” == Ji" @ (D De) 


with K,* non-degenerate and of the same ‘type as K,,J,* =J imod p, and 
1,* =h mod p for AZ 2. Hence 


t 
gl = (pK B/1*) @ (PD ty*) 
with pK D J,*=K, Q Jı- =h modp. g.e.d. 


Notation. Let l= Ọ h, L= @ ZA be given Jordan forms. We have 
already defined the lattices L, I+, Q, &-+ in terms of these decompositions. 
We now put Quy = @ L,, where the summation extends over all values of p 
for which N(L,) D 20; and Qut = Q L, with N(L,) C Rio. Thus we 
have L=& iy D Qut for any t. We could also define Iin, lat in the same 
way, but we will not need them for 1. We define lty = @ lu, where w extends 
over ell-values for which 1, -1, — io and, in addition, that value of u, if any, 
for which 1,:1,—2*"o with 1, improper. We define Imt = @ l, with u 
extending over all values for which 4,7, C 2%*0 and, in addition, that value 
of m if any, for which 1,-1,—2o with 1, proper. Thus we have 
l == Ti D Iut. We see that 


(6) i Rii) = k; or Ki, la — or lia- 


We now define A; for L in the following way. If L has a proper 2i- 
modular component, put A; = 2; failing this, put A; == 2o if L has a 
prope? 2**?-modular component; otherwise, put A;==0. We define 8; as the 
quantity A; when computed for 7 instead of L. Put Di—d(R;)o and 
di == e(li)o; if 4—0 put D;==0, and the same when [;=-0. Using the 
invariance of the type of a lattice, we see that 8, Aj, dy, D; are independent of 
the Jordan forms that define them. We have 


A; == 2t+19 or 2470 or 0. 
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If «€ F, denote by (a) © L the lattice ox © L with z? =g; similarly, 
with a quadratic space U. For any ideal p C F, write p—> U if there is an 
a € U? for which aap. If p—0, we always have p->U; if p40, saying 
that p— U is the same as saying that U represents some number of ordinal 
ordp. We shall write pop if po Fs with c?=—£f. It is of practical 
importance to be able to decide whether p-> U or not, and we shall give a 
solution to this field problem at the end of the paper. In the meantime, 
we need the follow:ng result. 


Proposition 16. Jf dim U = 3, then pU. 


Proof. Write U = @ Fa, with z,o =o or mo = 20; we can suppose 
that dim U =3. Then it clearly suffices to assume that v? are either all 
units or all primes; and we can then scale things to make them all units. 
The result follows by applying (4) and Table I to the lattice Box, q.e.d. 


Proposition 1%. If l— L, there exists a J of dimension dim L — dim! 
such that l O JT. 


Proof. By Proposition 8, we can take LC L. Let <> denote an ortho- 
gonal basis for (#1)4+ such that mpe L. Put J= @ ot. q.e.d. 


Lower type. One of the simplest invariants in the theory of isometry 
of lattices is the type of a lattice. This invariant does not characterize a 
quadratic lattice, but it lays a foundation on which to build other invariants. 
Motivated by this, we introduce a corresponding notion of “lower type” into 
the representation theory. 


Definition. We say that l has a lower type than L tf the following hold 
for all i: 


(7) dim I, = dim &, 
(8) dD,>1 if dimh = dim &, 
(9) à C A+ 29 and Av, C bia + 20 tf dim L = dim &, 


(10) Aw, G ôm + 20 of dimQ@—1—diml; > 0 and d,D,-> 20t, 
(11) 8; C A; + 8520 af dim &— 1 = dim], > 0 and dD; 27. 


It is clear that the above definition is independent of the Jordan’ forms 
chosen. The relation 8, € A; + 2*o says that L has a proper 2i*t-modular 
component if / does; similarly, Ai, G ôn, + 20 says that 7 has a proper 
2*-modular component if L does. The conditions (7)-(11) are elementary 
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in the sense that one can determine by inspecting. given Jordan forms when . 
they are satisfied. 


Proposition 18. Let l—> L. Suppose that j= 1 and that l; has the 
Jordan form Ðl 0. Then there exists a lattice @ 1,* with the same type 
as Ol, such that @1,* CR, and 1,* = lp mod N (2&4). 


Proof. We have L—>l1— L. Let $ denote the representation h— L. 
Given any cel, write ¢z—yor-+-2 with yxeQ;, and 2€ Q,L. It is easily 
verified that y is o-linear and provides a representation 


l; —> Ry mod P, Q; 


where p == N (Q), q C 240 C Ro, and q is p or 4p. Our result then follows 
from Proposition 15. q.e.d. 


PROPOSITION 19. If l— L, then l has a lower type than L. 


Proof. Choose Jordan forms for L and 1. Fix an integer i and put 
k= @ 1, -By Proposition 18, there is a lattice [* C &; which has the same 
type as I; Hence dim I; == dim 4* = dim &, and (7) is proved. To prove 
(8), we can assume that d; 540, hence that [;,540. Since I and I:* have the 
same type, we have d—d;*. But d(I,*)d(&,) € (F*)? since FL* = FR. 
Hence d:D;—> 1 so that (8) is proved. 

To prove the second part of (9), we suppose, if possible, that A; = 210 
but 6, C 210. Thus 2; has a proper 2*-modular component while { does 
not. By Proposition 18, we can choose [;*C&, of the same type as h. 
Since dimI,* dim, we have RAQO RL”. But N(RL)—2t9 while 
N(RL*) C 2-9, which is impossible. Our supposition must therefore be 
rejected. Hence Arı © dis + 24%. 

Now (10). Suppose, if possible, that A;,=—2'o but ê C 21o. By 
Propcsition 18, there is a lattice L* C Q,.with the same type as h. Let J 
denote a 1-dimensional lattice for which F (L* @J) = FQ and L* @J CR, 
Since h == d;* 540, we have d;*D,;—> 21 and we can actually assume that 
J = or with v*o = 2#12r9 for some r>0. Then RAC RJ OG RLE. Now 
N(RL*) C 2-9 while V(#R;) 2-0. This is impossible since V(R/) 
some 2- t-1-2rp | 

Finally, (11) and the first half of (9). We can assume that ¿G L; 
by taking a suitably scaled orthogonal basis for (F1)+, we can assume that 
dimi=—dimZ. Hence RL WI. We put RL—I/, RI—V, and define 
(A;) =A; if A;— 20, (A) —0 otherwise. ’ Similarly, define (3;). We see 
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that & C A + 229 and (8) C (A;) are equivalent; also, Ap, C 6, + 259 
and (Ai) C (8:1). We have 


| (Aie) REA), (842) RE (8), 
and also, 


| Be R as Er Lx, Oe {yt PT FE 


First we do (11). This is trivial when dim &; = dim L, so we assume that 
dim &; < dim L. The given conditions imply that dim lia — 1 = dim 2.’ 
> 0 and Daix d-i 2C; applying (10), we see that (842) C (Aiz) 
hence (8;) C (A;). We prove the first half of (9) in the same way, using 
the second half of (9) instead of (10). q.e.d. 


The necessity. In this section we prove a series of propositions that 
lead to necessary conditions for our main theorem on the representation |—> L. 


Proposition 20. If lL, then Ip Rue) and Fli > FR. 


Proof. Write Ig = ly Using (6) and Proposition 18, we see that 
there is a lattice @ le” C Qu) with the same type as {y and such that 
l,* s2l,mod2***, It follows from Proposition 12 that 1l,*=J1,. Hence 
[rij > Vere), hence Pis Feuz. qed. 


LEMMA. If l— L and à 2%0, then Tin D (Re) — Li for some 
unit e. 


Proof. Take 2 € {ut such that 220 == 920. Then K = [Íi p 0% — 1 
— L. Let this representation of K into L be denoted by ¢. For any ze XK, 
put dr E+w with 7E (ur and we Qu The mapping «> of K 
into Qua) is o-linear, and | 
= 2? mod 248, T: G=: y mod 24, 
From this follows 
50 = atag : Go ZE 225 if 2€ Tri. 
We define 

J = {2— ( (a` Z) /2o°) Zo | 2€ ln}. 

It is easily verified that J is a lattice, that J and ož, span À, and that 
Zo'd ==0, so that Æ is the direct sum of J and o%, hence E = J @ 0%. 
The mapping 2—> Z2— ((%,°2%)/%,?)Z, provides a representation modulo 24+? 
of le onto d. i | | 

Let us now write Im = @l, Then J = @ 1,* with 1,*=æ1,mod?#*? by 
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Proposition 15. By Proposition 14, we can therefore write K = (@ 1,**) ® oyo 
with [,** ct, mod 2 and yọ == 29. By Proposition 12, we have 
L,** = la Hence Ip; @ 0%o— Saez). gee. d. 


Proposition 21. If l— L, then 8 — Qs) /lpa- 


Proof. If 8;—0, the result follows from Proposition 20. If 6, — 2**o, : 
if follows from the lemma. So assume 6,==2**49. Thus | has a proper 2**- 
modular component h. If we write ln == @l,, using (6) and Proposition 18, 
we find a lattice @ 1,* C Ris) of the same type as hn and such that 1,* = ly 
mod 2#3, For p <A, this means that J,* = la, hence Im @ A*— Qi, hence 
Di == 2449 > Riung Iu qe. d. 


PROPOSITION 22. If l— L, then Ai Reise) /rire 


Proof. By Proposition 20, we can assume that 2”) —A;5<0, hence 2"0 
is 2*9 or 2479, Therefore Riu. must have a 2"-modular proper component. 
Since Im —> Leu», by Proposition 17, we have a lattice J for which dim J 
+ dim fp) == dim LR, such that lp} BJ — Que). Since R Qua has.a proper 
2™-modular component, we have 


DURE —> D Rien) > KS B R Ura 


for some unit e Since N( 01) G 27o C 2o, we have 2mo > F (RJ), 
thus å; — FJ = Rie) /Trire q. €. d. 


PROPOSITION 23. If l>L with Rs/ln = FH (0), then AC à. 


Proof. Suppose that ô == 2429 and A; = 29. Then by the lemma, 
there is a unit e such that I, @ (24e) > Suse). By Proposition 17, we have 


Tt D (Re) D (— 247#re) — Riu) 
for some r>0. Since Qua has a 2¢*1-modular component, there is a unit 
ô for which 
2-18 —> (2-H 2-2re) D (2-H %e) D R Iin. 
It is easily verified that this is impossible. q.e.d. 


PROPOSITION 24. If 1— L, then 2t(1 + 40) > (25 © Qan) )/l for w =p 
or 0. 


Proof. IfI; = 0, the proof is trivial. Accordingly, let J; have the Jordan 
form ® l 340. By Proposition 18, there is a lattice I,* C Qun) of the same 
type as L and with Jordan form @ 1,* in which 1,,* = l, mod2*?. By Propo- 
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sition 14, we can find another a i Ol, ** of the same type such 
that 
D bus D (aie) fam LT QB (2%), 


where e is a unit, r,** = 1, mod 2%, and hence L,** =1,. We therefore have 
LP (Re) —> L? O (2) — Quan) D (RE). 
A determinantal argument shows that e== 1 or 1 + 4p. Hence 
FLO (2ie)) F ( (2!) D Lu), 
hence 2i(1 + 4w) > (27 @ Sn) A q.e.d. 
PROPOSITION 25. If l—> L, then 2*(1 + do) — (2? @ Qin) ln for o =p 
or 0. 


Proof. Along the same lines as the last proposition. q.e.d. 


Representation by modular lattices. In this section, we determine all 
lattices represented by a given unimodular lattice L. 


Proposition 26. Let l be a 2*-modular lattice with diml<?. Then 
there exists a lattice J such that LCJ CFI with J 2**-modular when 
dim 1 and 2*+-modular when diml==2; J can be chosen proper when I 
ws improper. 


Proof. The case dim l= 1 is trivial. If dim! — 2, we write l == ox + oy. 
with 2? = 2ta, t: y == 21, y? = 248, where a and B are integers; we can take 
B a unit and «€ 20 when l is improper; the existence of such a basis follows 
from Table I. Put J=ox-+o(4y). This satisfies the condition required 
of it. q.e.d. 


PROPOSITION 27. If l'as totally integral, there is a lattice Jy Bde such 
that LCJ da C Fl with J, unimodular or 0 and J, either 0 or 1-dimen- 
stonal 2-modular. 


Proof. By looking at a canonical basis of each modular component of a 
Jordan decomposition of 1, we see that /== @ h with the h modular and 
diml,= 2. The result follows from successive application of Proposition 26. 
q.e. d. 


THEOREM 2. Let L be unimodular and let 1 be totally HAE with 
Fl— FL and N(I) CN(L). Then lL if and only i i 


(I) A A2 | 
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(IT) D/A = FH(0) implies A8 C 81”. 


Proof. The necessity is a consequence of Propositions 22 and 28. We 
prove the suificiency. We can suppose that? C FIC FL. By suitably scaling 
an orthogonal basis for (F1), we can find a lattice J C (F1)1 with J: J C 40 
and such that F(1@J)—#L. The values of Ír; and à. are the same for 
1@ J as forl. In effect, this allows us to assume that Fl == FL from the start. 
We make this assumption. 

First we assume that L is improper. It is then easily verified that L is 
a 2-maximal lattice in FL. Since N(1) CN(L), we can find a 2-maximal 
lattice J such that LGJ CFL. But J=wL by Proposition 4 Hence 
l>+J-->L. Accordingly, we assume from now on that N(L)—0. We 
exclude the trivial case of dim L = 1. 

Let us suppose that J is unimodular too. If / is improper, we have 


0—=A,—>L/{r = L/l = 0, 


which is impossible. Hence / and Z have the same type, hence they are 
isometric by Theorem 4.4 of [8]. From now on we assume that I 541. 


Case 1. N(l)=o0. Let J; ®J2,21 be a lattice as in Proposition 27. 
On determinantal grounds, we have J,=0, Then 1+ J; but J; is proper 
unimodular, so it is isometric to L by Theorem 4.4 of [8]. Hence !— L. 


Case 2. dimJZ odd. As in Case 1, we can find a unimodular lattice 
Jı l. But N(J,) =o since dim, is odd. Hence {7,7 by Theorem 
4.4 of [8]. 

From now on, we can therefore assume that L is proper with dim L 
even, that Is == Iņ; is either 0 or improper unimodular, and that dim l+ = 2 
is also even. 


Case 3. dim[,t=4. By Proposition 27, we can find J 2 Iot with J 
a 2-modular lattice. By the decomposition (13) of [9], we can write 
J =J, BJ, with J,=2°H(a), where a is 0 or p. By Proposition 25, we 
can find a unimodular binary proper J,* D Jı. Hence, using Proposition 27 
on Ja, we find a unimodular proper J* DJ. Then, 


>h PIL J! = L. 


Cese 4. dim L==2. In this case, Is must be 0. First let L be aniso- 
tropic. By Proposition 27, we can find a unimodular binary lattice JDL 
Then !—J. A glance at Table I shows that L is either a B(p) or one of 
the Æ(e 8), hence the same with J. Hence !— J — L by Theorem 4. 4 of [8]. 
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Now let L be isotropic, hence we have L=B(0). In view of the 
above reduction, we have 1-120. If we had N (1) — 20, we would have 
A5 D 8.? with L/lcuæFH(0), which is contrary to our hypothesis. 
Hence N(1) C40. Let J be a 4-maximal lattice such that? CJ C FL. Then 
20 H(0)— L is also 4-maximal and we have 


lod =2°0H(0) OL. 
This completes Case 4. | 
We are left with a proper unimodular L which has dim L = 4 even, and 
an with an improper unimodular component I, with dimlot== 2. 


Case 5. dimlsi—®?. First let dim L > 4. Using (18) of [9], we have 
LæH(0) LI andl=H(0) PT. It is easily verified that V, L’ satisfy the 
given conditions of the theorem. In effect, this allows us to assume that 
dim Z—4, We then have I, = H (0) or H (p). First we consider an L which 
is neither an H(0) @ B(0) nor an H(p) © B(0) in Table II. By Propo- 
sition 27, we can find a unimodular J 1. Then J itself has the form of one 
of the lattices appearing in Table II. Since FJ = FL, it follows from 
Proposition 10 and Theorem 4.4 of [8] that J = L, hence l= J> L. ~ 

If Læ H(0) @ B(0) and = H (p), then 0 = A, L/f- = FH (p), 
which is impossible by Table I. Similarly, if L= H (p) @ B(0), we cannot 
have KL =H (0). Thus we consider L=A(«) @B(0) and IH (a) with 
æ—0 or p. Now it is easily verified that if we cancel these H(a) from L 
and 1, then B(0) and J,- continue to satisfy the conditions of the theorem. 
But the theorem has already been established when dim L==2. Hence 
Iot -> B(0), hence 1 ZL. gq.e.d. 


Method of proof. We can now give the necessity of our representation 
theorem over unramified 2-adic fields. This is no more than a restatement 
of Propositious 21-25. . In virtue of Proposition 19, there will be no loss of 
generality in stating the theorem for a lattice | of lower type than L. The 
use of the symbols Q, I in the theorem presupposes that L, l are given in Jordan 
form. Notation. Write «(1 + 4w) — UJ if either a U or a(1 + 4p) — U. 


THEOREM 8. Let l have a lower type than L. Then 1=L of and only 
if the following conditions hold for all i: 


(I) > | | Ai Qiu) /Lms 
(II) | | 81> Ruo)/ Tri 
(TIT) Lio) /Tri = FH (0) implies A.6; = &:?, 
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(IV) | 25(1 + du) —> (25 D Quay) ly, 
(V) 24(1 + 40)—> (2° Ð Bay) lea 


We are left with the task of proving the sufficiency. This will be done 
by an inductive argument on a quantity ® to be introduced presently. Con- 
sider the lattice L given in Jordan form L &: : :@Lr. We put 


len L = ord Lr: Lr —ord L: La. 
For example, a modular lattice has length 0. We define 
(L) = dim L, + (dim L)? + (dim L) (len L). 
It is easily seen that | 
(12) ao) == 2, 


and this minimum it attained if and only if dim L= 1. Now consider another 
lattice L’ in Jordan form @ Ly’ and suppose that 


(13) dim Z’ S dim L, len L’ S len L, dim Ly’ £ dim L.. 
Then it is easily verified that 

(14) dim L,’ < dim L> ®(L’) <8(L), 

(15) dim Ll’ < dim L> 6(L’) <8(L), 

(16) len Y <len L> (17) <&(L). 


Let us consider two lattices 1, L which satisfy the conditions of the 
theorem. By either I or II, we have Flin —> FR. If we choose i large 
enough, we have lm =b Que) == L, hence Flo FL. It follows from (7) 
that 1-20 L-L. It follows from (9) that N(1) CN(L). Hence 


(17) FIM~FL, 1ICL-L, N(I)CN(L). 


An elementary computation shows that 2/07 has a lower type than 2/01, 
and that + 


(18) | | 2107, 2402 satisfy I-V. 


If L is modular, following (18), we can assume it is unimodular. Then 
L = 4-2) so that 1 L by Theorem 2. Hence 


(19) l— L if L is modular. 


Now let 2, L be the two lattices given in the theorem. We have to 


Dd 
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prove J—>Z. If ®(L) —2 the result holds by (19). We proceed by induction. 
Thus we assume that V—> L’ whenever ?’, L’ satisfy the conditions of the 
theorem with @(Z’) <@(Z). We must deduce from this that /~ L. By 
(18) and (19), we can assume that. 


(20) bats Lille. 


In consequence, /-!==1,-1, Co. The assumption (20) is made from now on. 
Once we have proved our theorem, it will follow from the necessity that the 
given conditions continue to hold if we vary the Jordan forms of ! and L. 
For the time being, we will have to content ourselves with the following two 
weaker forms of this result. 


Remark 1. Let @ Ly’ be another Jordan decomposition of L in which 
just two components L,, La have been changed, and suppose that N (L2) = 20 
and that I; —> L. Then @ Ly and @ h satisfy the conditions of the 
theorem. 


Proof. Since the definition of lower type is independent of the Jordan 
from, we need only verify I-V. Of all quantities appearing in these con- 
ditions, the only ones to be affected by the new decomposition are & and Qio) 
By inspection, I-III hold when t==—- 2, while for other values, there is 
nothing to prove since nothing is changed. Since L,=0, condition IV is 
trivial when t==— 1. Condition V with +=-—1 follows from the fact that 
FT is a component of FR,’= FL’. qed. 


Remark 2. Let @ Ly be another Jordan form for L in which just two 
components L,, Lx have been changed, and suppose that N (L) —40 and 
that fı; =0. Then @ Ly and @® h satisfy the conditions of the theorem. 


Proof. As in the last remark, we need only verify I-V. Of all quantities 
appearing in these conditions, the only ones that can change are 


Le, Ras Lo; Le. 


Condition I must be examined at t = — 2,—1, where it follows by inspection 
since Ia = 0 == It-27. If i——2, à, is either 0 or o and II follows from 
(17). Similarly, for i ==— 1 when ô is 0 or o. We consider 4—— 1 with 
81 = 20; this is established at once using Proposition 16 and Table I, unless 
La’ is (€) or B(p), with e a unit. Now it is impossible to have Quy’ = (é), 
for then Q, = (e) which contradicts the assumption 20 = 81 Qay /Teu =S €. 
If Qa = B(p), using the fact that N(Z,) C 40 and referring to Table I, 
we find that Qa; = B(w) with w—0 or p. It is impossible to have e= 0 
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by III; it is impossible to have w = p by II. This establishes II for the new 
decomposition. | 

To do IIT when t == —2, just observe that A,8, C 8,” always. Suppose 
we have Q,,,//1., = FH(0) with A., =o and 6.,—20. Then Ray = B(0). 
As above, this implies that Qa); = Bow) with w==0 or p. As above, this is 
impossible. This proves IIT. 

Condition IV holds for the new decomposition when 1 == — 1 since L, = 0, 
so take t=0. Since 1,@L,—L,' OL, with N (Lr) =N (Lr) = 40, we 
see by Proposition 24 that (1 + 40’) ® FL,— (1) @ FL,’, hence 

(1 + 40”) O FX > (1) € Flu), 
(1+ 40) @ Fl, (1) @ Fas. 
Now add these representations, observe that 
(1+ 40) @ (1+ 40’) =1 @ (1+ 40”), 
apply Proposition 2, and we find that | 
(1 + 40”) @ Flo — (1) B FR), 


so that IV remains true. It is seen in exactly the same way that V is true. 
q.e. d. 


Remark 3. Let [>==0. Suppose that Lı == J @ L,’ with J binary, and 
L.’ possibly 0. Let K CJ be a binary 2-modular lattice and put 


L’'=L'68Ke@( D Ly). 
a2 
Then ?— L if F is such that 


(21) © N(K) = 40 when Iroj 0, 
(22) ôo C Ad’ + 40 when L, is binary, 
(23) Fu, 

(24) Rue) /lta = FH(0) implies Aj8 CC 8? for +=» — 1,0. 


Proof. We shall first verify that 1, L’ satisfy the conditions cf the 
theorem, and then apply the inductive hypothesis to them. By inspection, 
we find 


(25) Af =A, for i£— 2, — 1,0, 
(26). FL; FR, for io, 
(27) FR = Fr for a 0, 1. 
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We also have 


(28) Ao’ == Ag when N(K) = 4o, 


(29) FR 2 FR) when N (K) —20, 
(30) D; mes a? D; with du € F. 


Note that D/ 0 for 1= 1. 

We start by proving that 7 has a lower type than L’. Then (7) follows 
from (26) since dim ls ==0, and (8) follows from (30) since d —0. The 
first half of (9) is immediate for 154—2,—1,0, by (25) and (26); for 


i == — 2, — 1, it is trivial since KL —0; for +0, it is. simply (22). The 
second half of (9: is deduced from (25) and (26) when 134—1,0,1; for 
i == — 1, it is trivial; for 1— 0, it holds since A’ C 20 when dim &%,’ = dim [, 


==0; if d=1 and Ip)5£0, it follows from (21) and (28); if i—1 and 
fto == 0, then dim!,—dim %,’ > 0 so that J, is 2-modular proper, hence 
So== 20, hence Ao C ôo -+ 40. Using (25) and (26), we get (10) for 122; 
if 2 — 1 and Troy 540, this condition follows from (21) ; if +==1 and Ito =0, 
the condition dim!, > 0 implies that /, is 2-modular and proper, hence 
A.’ C 8o + 40. In proving (11), we can assume 1=1 since dim], > 0; the 
condition then follows by (26), (30) and (25). This proves that Z has lower 
type than Z”. 

Now we verify I-III. For 144—2,—1,0, they follow from (25) and 
(27). Condition I follows trivially for i =—2,— 1 since Ipa; =[r11== 0; 
similarly for +0 if Ito == 0 3; if Tp») 40, then 


Ag’ == Ap Rio /T to} = Beay’/T 0}. 


Condition II follows from I when i == — 2, since 8.,=-0; for 1+—-—1, IT is 
simply (23) ; for ¿= 0, it follows from (27). Since 3.,==0, IJI holds when 
t= — 2; for t=— 1,0 it is (24). 

By (27), we must check IV for t= — 1,0. It is then trivial since I; = 0. 
By (26), we must check V for t==— 1; it is then trivial since Im] = 0. 

All this proves that / and. L’ satisfy the conditions of the theorem. Clearly 
dim L’ == dim L, len L’ == len L; we also have dim L,’ < dim L, when dim J, 
> 2, and len I’ < len L when dim L, —?. By (18), (14) and (16) this means 
(L) <H(L). By the induction, we havel>L. Hence !— Ll’ L. q.e.d. 

We now continue with the proof. Exactly one of three different things 
can happen to l. Hither lto —0, or h is unimodular, or h is 2-modular 
improper. We find it convenient to consider these three possibilities separately 
in the rest of the proof. 


ha 
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When lio = 0. In this section we find ourselves referring to Remark 3 
a number of times. In doing so, it will be unnecessary to verify (21) since 
Tro} = 0. The condition I, — 0 is also always true. 


Case 1. L, proper, dim L,23. Then LZ, has an orthogonal basis; so 
by (4), we can write L, =J @ Ly with J = og + oy, where 2? = 2, sy = 1, 
y2€2o. In this case, L, +40. Define K—ox—<t0o(?y). Define LI and 
apply Remark 3. Then (21), (22) are immediate. Since dim) = 3, 
we have (23) in virtue of Proposition 16. Since dim Qu 23 and Ip = 0 
for +==— 1,0, we have (24). Hence 7 — L. 


Case 2. EL, =: 2(¢8). Write L, = or + oy =J with yo =20. Put 
K = 9(2x) + oy. Define L’ and apply Remark 3. We have A, == 2o so that 
(22) holds. Since 8; —0 or 20, and since I” has a proper 2-modular com- 
ponert, we have (23). A determinantal argument shows that Quoy /Iu] is 
not an #H(0) for è—— 1,0, so that (24) holds. Hence l-> L. 


Case 8. L,=B(a) with a=0 or p. First assume that Aç—%0. Then 
we can write L, @ Lo== L’ ® Ly in such a way that Lı 2 #(« 8) for some 
units «ô. By Remark 1, we see that ® h and @ Ly satisfy the conditions 
of the theorem; hence l-> L by Case 2. Accordingly, we now assume that 
AoC 40. Suppose that 8) = 20, so that 8, = 20 too. If L, = B(p), we have 
20 = $a > Quy lex) = FB(p) which is impossible by Table I. If L, = B(0), 
we have Q,,,/Tr1, = FH (0), hence A8 C 8,2, hence 0-20 C 40, which is 
false. Hence we deduce that 6, == 0 and & € 40. We write Lı = J = og + oy 
with x?=—1, c-y=1, y?€ 40 and define K—o(?x) + oy. Define I” and 
apply Remark 3. Then (22) is immediate since 6 C40. So is (23). So is 
(24) when t==— 1; for 1—0, we have AC 40, and therefore (24) holds. 
Hence l— L. 


Case 4. Li=H(0), ð= 40, AoC 40o. We write L, — og + cy =J 
with z? = 0 = 4°, c-y=1. Put K—0(?x) Loy. Define I’ and apply 
Remark 3. Then (21) and (22) are immediate. Since 8, —0, we have 
(23); for the same reason, we have (24) when t=— 1; for i==0, this 
condition follows from the fact that A,’ C40. Hence l—> L. 


Case 5, Ly ‘improper. By Case 4, we can assume that & is 0 or 20, or 
that A, is 20, when LŒ H (0). Write Li =J @ L’, J —0x—<+oy with 
v? = R, T: Y = 1,4 E€ 20. Put K == og +- 0(2y). Define L’ and apply Remark 
8. We see that A, ==20. Thus (21) and (22) are immediate. Since &, is 
.0 or 20, we have (23). If 4——1, we have 8, — 0 or 20 and A_,’ = 2p, 
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so that A8, C84°; if i= 0 with Leo’ /Troy = FH (0), then FR, = FH (0) 
so that Z, = H (0) and A, C 40; according to our assumptions on 8, Ao, we 
therefore have ôs == 0 or 20. Hence (24) holds and l/-> L. 


Case 6. dim L, = 1, len L==1. In this case, we have L, = (e), and 
La 2-modular. By (17), we can take /C FL., First we assume that Le is 
proper. Since Ito; = 0, any improper component J, of ! must have J, -1, C 4o. 
Using the fact that each J, has a canonical basis, we can write l= @ Ja with 
dim J, = 2, Jyx-J, C20, and Jarda C40 when Ja is improper. Suitably 
scaling an orthogonal basis for (#7) allows us to assume that we have a 
lattice J = @J, with the above properties and such that OC J, FL= FJ. 
Using Proposition 26, we can find J’=J,’ @ J with Ji, J.’ both proper, 
J,’ 2-modular or 9, J,’ 4-modular, and J’. J. On determinantal grounds, 
J; cannot be 0; indeed, dim J? must be odd. If dim L=?2, dimJ,’—1; 
using (4) and Proposition 26 allows us always to take dim J,’ = 1., Now put 
Lf = 20,, L’ = in. Then it is easily seen (one may apply Theorem 9.1 
of [8]) that I =J”. Hence 


l-> J > J' I — L. 


We must now consider the case of an improper Lẹ We put F = (2L) @ La. 
It is easily seen that L’ is 4-maximal. If we had N (1) — 20, we would have 
20 — 8.42 ka/r > FL, which is impossible. Hence N (1) C 40, so we 
can find a 4-maximal lattice J with 1G J C FL. But L’ = J by Proposition 4. 
Hence l—>J— L —> L. This proves Case 6. 


Case 7. dim L, =1, len L> 1. Thus L, Œ (e) with e a unit. We put 
L = (2L) ® L:D:::. But for a simple regrouping of terms, this gives 
a Jordan form for L’. It is easily seen that 


(31) A es A; for ixé—2,—-1,0,1, 
(32) PR =e FR; for 1560, 1, 

(33) FR = FQ for 1-40, 1, 2. 

We also have 

(34) | A,’ == 40, Ay’ — 40, 

(35) | FL 2)’ 2 FR), ' 

(36) … Di = 07D, with «560 if i22. 


We are now going to prove that ? and Z” satisfy the conditions of the: 
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theorem. Our first task is to prove that J has a lower type than L’. Con- 
dition (7) must be verified for i = 0, 1 ; for i = 0, it is trivial since dim l, — 0; 
if dim &, = dim I, > 0 we cannot have d,D,— 1, hence dim &, > dim ],, hence 
dim I, & dim &,’. Condition (8) is immediate when 1 = 2; if dim,’ = dim], 
the 2-modular components of / and Z7 have the same dimension, hence 
d,D,—1. The first half of (9) follows from (31) and (32) when += 2; if 
t= 1, it follows from (34) ; if 8) — 20, we have 8, = 20 and so Ay = Ap = 20 
by IL; if i< 0, ê& C Af + 2% since 8; 20. Similarly, the second part of 
(9) is immediate when 123; consider i=} with dim, — dim’; then 
A,’ C à -+ 80 if A,” —A,; so assume that A, C 80 and 46, C 80; this means 
that dim 2, = dimf, with the 4-modular components of @& and I, either 0 
or improper, and hence the dimensions of these components have the same 
parity; this means that the dimensions of the 2-modular components of R, 
and I, have opposite parity, and this denies (8) ; if 1— 1 with A, — 20 and 
dim l, = dim &,’, we see that dim Q, —1—dim], > 0 and dD: = da D! > 4; 
hence A’ =A, C o+ 40 by (10); if i—0 with dimX’—dim!,—0, 
A C20 € 81 + 20; for à < 0, the condition is trivial. Hence (9) is com- 
pletely verified. Condition (10) is immediate for t = 3; consider 1+—2 and 
suppose that dim &.’ — 1 = dim], > 0 with daD? — 2°; if Ay = 40 or à, = 40, 
we are through; so assume that A, C 80 and à, C 80; the dimensions of the 
4-modular -components of Q, and I, must therefore have the same parity, 
hence the same is true for the 2-modular components, hence daD — 1, which 
contradicts do D, — 2°; for t = 1, we have à, — 20 if dim l, > 0 since Io) — 0; 
for 4 < 1, the condition (10) is trivial. For 222%, (11) follows from (31), 
(32), (36); for i= 1, it follows from (34); for à < 1, it is vacuous since 
dim 1; is then 0. We have therefore proved that / has a lower type than J/. 
We are now going to prove 


(37) A > Xs) f, 
(38) Qia /lu; = FH (0) implies A,’8, C &,?. 


If A, = 4o, the results follow from (83), (34), I and III; if 8, = 40, they 
follow from (38), (84), and II. We therefore assume that A, C 80 and. 
8, C 80; thus the dimensions of the 4-modular components of & and I, have 
the same parity and l =n; By (8) J, I’, we have dim, < dim.’ 
= dim. First let A; = 80. We can then assume that dim!) = dim}, 
= dim &/ — 1 = dim &— 1, and that the 8-modular component of L 
is 1-dimensional, in virtue of Proposition 16. Then the dimensions. 
of the 2-modular components of J, £ have the same parity se that 
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ord (d(&(s)/lp)) is odd; here Fl} Fu) by I; hence Qes)/lru is of the 
form F (e @ 28), hence (37) and (38) follow. We now assume that A, =Q; 
in this case, Qs) —Q. By Proposition 16, we need only verify (87) and (88) 
for dim 2, — dim l = 1 or 2. We still have l == Ip. If dim%,—dim!,—1, 
then (38) is vacucus; we prove (37); as before we see that the dimensions 
of the 2-modular components of & and I, have the same parity, hence 
ord (d (Qa)/Tu1)) is even; here Flu Fçs by I; hence Ay’ Ris /Tr. 
We now assume that dim &, == dim [, + 2. “Using the above methods, we find 
that Qis/Tru is of the form F(e G 28) so that (37) and (38) follow. 


Now we establish I-III for ?, F. For i= 2, they are immediate. If 
i= 1, we get I from (37) and (83); if +0, the proof of I is trivial since 
fc is then 0. Ifi—1, IT is trivial; if 4 0, it follows from (35) ; ifi—— 1, 
we can take 8_, = 20, then 8.,—> FR, so that L has a 2-modular component, 
hence $.,— FRay ; for t & —}, IT is trivial since 8, is then 0. For 4—1, 
ITI follows from (38); if i= 0 and Ao’ = 20, then FQ’ is not an FH(0); 
if i<—1, the condition is trivial since A’ Œ 29. This proves I-III. By 
(33), it suffices to prove IV for i==—1,0,1; for i—-—1,0 it is true since I, 

is then 0; for i==1, it follows from (35). Similarly with V. 


We have therefore proved that 1, L’ satisfy the conditions of the theorem. 
Now dim L’ = dim L and len I’ < len L since len L > 1; hence by (16), we 
have &(L’) <&(L). Hence by the inductive assumption, we have 1 L’—> L. 


When I, is unimodular. We shall divide the work into a number of 
cases as we did in the last section. All these cases have a certain computation 
in common which we now perform. | LES 


Remark 4. If h- L, then l-> L.. 


Proof. We write L,==J @ Ly with J sl, and dimL,’=0. If L is 
proper and if L,’ is a B(0), it is easily seen that we can find a new decom- 
position for L, of the above type and such that L, is an H(0). So we can 
assume that | 


(39) Ly is not a B(0) if N(1,) =o. 


If L’ is a B(p) with N(L)=0 and N(L,) 40, referring to Remark 2 
allows us to take a new decomposition for L,’ @ L; in which I,’ is a B(0); 
utilizing (39), we can therefore assume that 


(40) . Ly is not a B(a) if N(1,) ==0, N(L:) = 40. 
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We define 
LPL’ CEA), = h. 


It suffices to prove that V — L’. 
First we establish that V has a lower type than L’. It is evident that 


(41) | Ay = Ai di = A for 1% = 0, 
(42) dim &,’ — dim {č == dim 2; — dim h for all 2, 


and that d/ = d Dj == D; when K 0. Hence (7) and (8) hold for.?, 7”. 
The first half of (9) clearly holds for += 0; if + — 1, it is true since è’ 
is then 0 or 20. The second half of (9) follows from (41), (42) when1=1; 
if +==0, the condition on the dimensions implies that A C 20; ifi=—]1, 
it is trivial. . Both (10) and (11) are consequences of -(41), (42) since the 
dimensional conditions imply that 121. Hence 7’ has a lower type than L’. 


Now we prove that I’, L’ satisfy I-V. It is easily seen that we have 
Flay’ Fa) and hence Run /lur = Suse) /[ a for any +220. Using (41), 
we therefore see that I-III hold for t = 0. Similarly, IV and V hold for += 0. 
For +—~1, we have lp == 0 and I is then easily deduced. Since 8/—0 
Tor 1 —-2, it suffices to consider II for 2—-—1 with 8,’ = 20; this means 
that Z has a proper 2-modular component and so 8 —20—68,'; if dimh 
= dimi,, we have & © A, + 40 by (9), hence L’ has a proper 2-modular 
comporent, hence 8 ;/— FR": if dim h + 1— dim L, the result follows in 
‘the same way using (11); let dim l, + 2 = dim L, ; then II is immediate if 
Ao = 20; if N (La) = 40 and N (L) — 0, it follows from (40); if N(ZL,) = 40 
with NW (L) =o, then 


D == 8.4. > Saye = L/h = PLY! = a/a; 
it is impossible to have L’ = B(p) when N (Lẹ C 80 and 8,’ = 20, for we 
then have 
20 = do > Ria) /Tpoy = FL,’ = FB(p) ; 
when dim L, — dim l = 38, the condition is immediate by Proposition 16. 
Hence we have proved IT. 

For 1<—2, the proof of III is trivial since we then have 8/0, so 
we consider =—1; we can then assume that A’ ==0, &.,/—20; then 
i’ cannot have a 2-modular proper component, else we would not have 
FR = kay Ii = FH(0); hence Qay =L = B(0); by (89) 1, must be im- 
proper and so 8; = 20; but this implies that Qa) Up.) = Qiy /lra7 = FH (0) 
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which contradicts the original III. The proof of IV is immediate for i S — 1 
since { is then 0. The same with V. 

We have therefore proved thet V and L’ satisfy the conditions of the 
theorem. Now din I < dim L and len I’ S len L, so that (L’) < &(L) 
by (15). By the induction, we then have l’-> 77, hence l> L. q.e.d. 

We now consider the various cases. By (7), we always have dim], 
<dimZ,. In the first three cases, we shall assume that l, is proper, so by 
(17) we have L, proper too. 


Case 1. N(Le) =20. Write Li =J @ L, with dim J == dim l, N(J) 
— N (l) and L,’ proper or 0; since L, has a canonical basis, we can do this. 
By Proposition 11, we have J æ/l;mod?. In virtue of Proposition 14 and 
Remark 1, we are entitled to assume that J =l mod 4. If dim LZ,’ > 0, LY 
must represent a unit e, hence 4e, hence by Propositions 14 and 12, we have 
J'æl, Hence 1» L by Remark 4. We now assume that L’ ==0. If 
N (L) = 40, using Propositions 14 and 12 with Remark 2 allows us to take 
J =l, and so l-»Z by Remark 4. We proceed in the same way if Ls 
represents 4e with e a unit, only this time we use Remark 1 again. 

To complete this case, we must consider l, = Li mod 4 with La repre- 
senting no number 4e, and N (L) C 80. By (4), this means that dim L: = 2. 
By I, we have F(1, @ Re) — F(L, @ L:); using a determinantal argument 
when dim L, = 2, we see that Fil @L,.’) =FK(L,@L,) for some proper 
2-modular Ly with dim Lo’ =2. Hence 1, OL.’ = Li @ L, by Theorem 9.1 
of [8]. Using Remark 1, we can assume that L =æ Lı. Hence l— L by 
Remark 4. | 


Case 2. N(l:) —40. It follows from IV that 
F((1+40) @L)>F(1 8 L). 
Now write L, = Li @ ox with tọ =e« a unit. Since L, represents 48 with ò 
a unit, it is easily seen that où ® L: = of, @ Le with @? e(1 + 4w); put 
L, = Ly’ @ où; then the Jordan form Z, @ L, @® L @®:-- continues to 


satisfy the conditions of the theorem by Remark 2. But 1 @ L, = (1-+ 4w) 
® L, and so Fl, > FL,, hence L > L, by Theorem 2, hence 1—> L by Remark 4. 


Case 3. N(L:) C80. Using I, we see that Fl, — FL,, hence 1, — L 
by Theorem 2, hence 1— L:-by Remark 4. 

We have covered all cases with l, proper unimodular. Now consider 1, 
improper; then L, may or may not be improper; but it follows from (9) that 
L, is improper whenever dim l, == dim J. | 
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Case 4. N(L>)—%0. Using the fact that dim, < dimZ, when 
N(L:) =o, and referring to the decomposition of a unimodular lattice that 
is given in (12)-(14) of [9], it is easily seen that we can write L =4 @ L’ 
with dim J ==diml, and N(J) =N(l,); Li may be 0. Then J =1,mod2 
by Proposition 11. By Propositions 14 and 12, we can write J @ Lz =J © Ly 
with 1, = J’; by Remark 1, we can assume that actually 1, J. Hence Il L 
by Remark 4. 


Case 5. N (L) C40. Since Aa — a/p we have A; — L/l, hence 
Fl,—FL,. We know N(L) CN(L,). Apply Theorem 2 to h, Lı. Then 


A (Ly) == Aly or 0, ô (l) = (); 


hence the first condition of Theorem 2 is satisfied; the second one is trivial. 
Hence 7, —> Li. Hence l— L by Remark 4. 


When l is 2-modular improper. We continue on the same lines as in 
the last two sections. First we perform some computations, then we apply 
them to the different cases that follow. 


Remark 5. Let m be a binary component of l, and let M be a binary 
component of L, or La. Ii m— M, then !— L. 


Proof. Clearly m is either a 20H(0) ora2oH(p). If M is 2-modular, 
then m =M. If M is unimodular, then M-is a B(0), B(p) or H(0). Let 
LM EL; a is then 1 or 2. Put Ly == L for àa and define L’ by 
the Jordan form L’ == @ Ly. Define V in the same way by putting 
lL =m pl’. We see that | 


(48) | = for ali, Af =A; for i=0, 
(44) o= 0 or 40, & = 0 for 1=—1, 


We aiso have dim @/ — dim I/ == dim Q; — dim], when t= 1. Also. d; = 4d’, 
D;= aD, with a=1 or 4, when 17540. Using this information, it is clear 
that ¥ has a lower type than Z’. Now, 


. (45) : Qira Tay’ = Lay Leas if += 0. 


Using (43), (44), (45), it is evident that I-III hold for V, L’. Similarly, 
IV and V. We omit the details as quite straight-forward; there are none 
of the technical difficulties that we encountered with this kind of proof earlier 
on. Hence l’, L’ satisfy the conditions of the theorem. But dim L’ < dim L, 
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len L’ len L; hence 6(L’) <&(L) by (15), hence ¥— I’ by the induction, 
hence /—> L. q.e.d. 


Remark 6. If FB(a) — FL, then l- L. 


Proof. If L, is proper, using Theorem 2, we see that B(«)— L, so 
that J = B(a) is a component of L,. If L, is improper, x must be 0 when 
dim L, —% so that J = H (0) is a component of Lı; for higher dimensions, 
the last remark is always true. In both cases, we can therefore write 
L, =J @ L’ with J = B(a) or H(0). Define K CJ such that K = 2 0 H(8). 
Apply Remark 3. Then (21)-(24) are easily verified, hence I>. q.e.d. 


Case 1. N(L)==20. First let dim L, = 2. Using Table I, equation 
(4), and Propositions 11 and 14, we see that L, © Ly has another Jordan 
form L,’ @ Ly with Ly representing one of H(0), B(0), B(p). By Remark 
1, we know that © Ly’, @ À satisfy the conditions of the theorem. Hence 
1— L by Remark 6. Now let dim L, = 1 so that L, is proper. If dim L; = 3, 
it is easily seen that we can write L, @ L- in the Jordan form L,’ @ L,’ with 
L; representing either 20H(0) or, if we wish, 2°H(p). By Remark 1, 
Ð Ly and @ h satisfy the conditions of the theorem. By Remark 5, we have 
l—> L. We cannot have dimZ,—1 with dim La S2 in virtue of (8) and 
(10). | 


Case 2. L, improper 2-modular. First let L, be proper. It is easily 
seen that we can write L,®@ La = L’ @L,’ with RoH(0)— L.' or, if we 
wish, 20H(p)—> i’. By Remark 2, @ Ly and @ À continue to satisfy the 
conditions of the theorem. By Remark 5, we therefore have /1— L. We now 
take L, improper. By Remark 6, we can take L, = H (p); by Remark 5, 
we can take Los: 20H(a), 1, :20H(8) with a=0 or p, B—0 or p; and 
az&£ß. If N(L,) =40, it follows from Propositions 11, 12 and 14 that 
DL, ® Ls = Le’ @ L with Ly = 20H (8); it is easily verified that the new 
Jordan forms satisfy the conditions of the theorem. (None of the earlier 
technical difficulties arise in dong this.) Hence 1->L by Remark 5. 
We therefore assume that N (L) © 80. By I, we have Fli > FR, hence 
P(20H(B)) > FH (p) @F(2°H(a)), hence FB(B)—FH(p) D FB(a). 
If a==p, we have B—0, hence FB(0) is isotropic but FH (p) @ FB(p} is 
not; so this is impossible. If a0, we have B—p and FB(p) @ FH(0) 
= FH (p) Ð FB(0), and this is impossible by Table II and Proposition 10. 


Case 3. -Lat LCG 40. First let L, be proper. If N(Z:) C 80, then 
Fi, FE, by I. If N( EL.) = 4c, we have F((1+ 40) 614) F(16 L) 
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by V. Put L, == L,’ @ ox, with Tọ ==e where e is a unit. Then 04, @ Lz 
— 0% DL: with @2?—e(1+40). Put L =L’ Doi. Then LE 
L- - and @ à still satisfy the conditions of the theorem by Remark 2. 
Since (1) © L, = (1 + 4) @ La, this implies that Fl, — FL,. So we take it 
that Fl — FL, when L, is proper. Hence FB(a) = F(R0oH(x))— FL, 
hence 1—> L by Remark 6. Now let L, be improper. By Remark 6, we can 
assume that Lı = H (p). So lı =20 H («) with «—0 or p. By V, we then 
have F((1 -+ 40) ® B(a)) > F(1 @ H(p)); this is impossible since the first 
of these spaces is isotropic while the second is not. 
We have now completed the proof of Theorem 3. 


IV. Practical Aspects. 


The central feature in all our tests (Theorems 1-3) is the notion of 
space representation. It is therefore important to be able to determine when 
U—>V. Solutions are available in the literature ({6], [12]), so we merely 
give a summary here. Consider the quadratic spaces U, V over the local 
field F. Put def == dim V—-dim U and assume that def = 0. Let SU, SV 
denote Hasse symbols of U, V. Then for spaces of the same dimension, 


Us V é> dU = dV,SU = SV. 
And U— V if and only if 


def == 0: Us: FY, 

def —1: U @ (dU -dV) = V, 

def == 2: dU-dV = — 1 implies U 6 FH (0) =F, 
def =3: none. 


This gives us all we need to carry out the test in Theorem 1. We there- 
fore assume that 2€ F isa prime. We have to answer the following questions: 
when is V/U =W? When is a V/U? When is b— V/U? The answers 
to the first two questions are U DW = V, and (x) @ U — Y, respectively. 
We consider when p>V/U. We can assume that p= 0, def > 0, and 
U -> V. If dim V/U =1, we have p— V/U if and only if ordp and 
ord(dV-dU) have the same parity. If dim V/UZ2, we have p> V/U if 
and only if 

U @ FB(p) = V implies ordp even, 


U @® FH(p) =V implies ord p odd. 


THE INSTITUTE FOR ADVANCED STUDY. 
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ON POWER MULTIPLICATIVE NORMS.* 


By SILVIO AURORA. 


1. Introduction. In [4], A. Ostrowski classified the absolute values 
(for definitions, see section 2) of fields as either archimedean or non-archi- 
medean, and showed that a field with an archimedean absolute value may be 
embedded in the complex field. 

The key result of this paper occurs in seceion 4 and describes the structure 
of norms! (of rings) having the properties that || z? |= |||? for all z, and 
|: > -vy- - || |]: --ye---]} for all x and y. Such norms are classified 
as archimedean or non-archimedean in section 5, and the archimedean case is 
further broken down into two cases: the strictly archimedean, and the partially 
archimedean. In section 6, Ostrowski’s embedding theorem is generalized to 
show that division rings having an archimedean norm of this type are alge- 
braically embeddable in the ring of quaternions. Also, a division ring with 
a nor-discrete, strictly archimedean norm of this type is shown to be alge- 
braically and topologically isomorphic to a subring of the ring of quaternions. 
Finally, section 7 outlines a description of all norms of the ring of integers 
or the feld of rationals such that ||? | = | a |? for all x. 


g. Pseudonorms and pseudometric rings. We shall consider in this 
paper associative rings which do not necessarily possess a unit element. 

By a pseudonorm of a ring À is meant a real-valued function N defined 
on À and such that: 


(i) N(0) =0. 

Gi) WN(z+y)=<EN(z) + N(y) for all z and y in R. 
(iii) N(—z)=N(x) for all z in R. 
fiv) N(ay) = N(xz)N(y) for all z and y in R. 


(We find it more convenient to use standard function notation, such as N (x), 
rather than the usual notation for norms, such as | x.) A pseudonorm NV 


‘ * Received February 27, 1958. 
1 Many of the results are actually stated for the more general case of pseudonorms. 
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such that N(x) — 0 only if «= 0 is called a norm. Ifa pseudonorm (norm) 
N satisfies the condition: (iv) N(zy)—N{x)N(y) for all x and y in À, 
which is a stronger requirement than (iv), then N is called a pseudo absolute 
value {absolute value). | 

If N is a pseudonorm for a ring À, an element x of R is called N-null 
provided that N(x) —0; the set of N-null elements of R is a two-sided 
ideal I(N), which we shall call the null ideal of N. TE is clear that the 
function N is constant on each residue class modulo [(N), so that the 
function N such that N(A) is the common value assumed by WV on the 
elements of the residue class A is a natural norm for the ring R= R/I (N) 
of residue classes modulo Z(N). (Compare Bourbaki in Exercise 13 at the 
end of Chapter IX, §8 of [3], where Ñ is said to be “associated” with NV.) 

We now exhibit some examples of pseudonorms: 


(1) The zero pseudonorm, Z, of any ring is defined to be identically zero 
on the ring. This is always a pseudo absolute value, and it is clear 
that a pseudanorm N coincides with Z if and only if Z(N) is the entire - 
Ting. 

(2) The trwial norm, T, of any ring is defined to be identically 1 in value 
on the non-zero elements of that rmg. This norm is an absolute value 
if and only if the ring has no proper zero-divisors. 

(3) The ordinary absolute value, A, is defined by A(x) ==|a]| for all z, 

on any subring of the ring of real quaternions. 

(4) The p-adic absolute value, Bp, where p is a rational prime, is defined 
on any subring of the field of rational numbers by the condition 
B,(x) =p if x is a non-zero rational number having a representation 
a= p": (m/n), with m and n non-zero integers relatively prime to p, 
and with r an integer. 

(5) If Q is a compact Hausdorff space and C'(Q) is the ring of all con- 
tinuous complex-valued functions on Q, then the supremum norm 8, 
such that S(x) =sup{|x(q)| | qin Q}, is of course a norm for C(Q), 
but is an absolute value only when Q reduces to a single point. 

(6) If I is a two-sided ideal of the ring R, the function T4) which is the 
characteristic function of the complement of J is clearly a pseudonorm. 
Also, T® is a norm if and only if J is the zero ideal, and TO) is a 
pseudo absolute value if and only if 7 is such that cy in J implies x in 
Tor y in J. 


The function d(x,y) == N(«—y) is a pseudometric (metric) for R if 


+? + 
Ca 
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N is-a pseudonorm (norm) for R. Also, the pseudometric d(x,y) induces 
in the usual way a topology in À relative to. which the ring operations are 
continuous.’ A ring R, together with a pseudonorm (norm, absolute value) 
for R, is called a pseudometric ring (metric ring, ring with absolute value). 
Thus, a pseudometric ring is a topological ring in the weak sense of the term; 
that is, the topology is not necessarily Hausdorff. In particular, a metric 
ring is a topological ring in the usual sense, and any pseudometric ring may 
be “coagulated” into a metric ring by passing to the ring of residue classes 
modulo the null ideal, with the “associated” norm. Such concepts as funda- 
mental sequences, completeness, etc., are introduced in the obvious way for 
metric rings, and the usual results about these concepts are easily established. 

A topological ring À such that R? = {0} will be called simple if the only 
closed two-sided ideals are {0} and R. In particular, for a discrete ring, sim- 
plicity coincides with the usual, purely algebraic concept as defined in [1]. 
For a pseudometric ring, the null ideal is obviously a closed two-sided ideal ; 
thus, the null ideal of a simple pseudometric ring is either {0}, in which case . 
the pseudonorm is a norm, or is the whole ring, in which case the pseudonorm 
is Z. That is, a simple pseudometric ring is either a simple metric ring or 
has the zero pseudonorm. It is clear that a metric ring which is simple in 
the purely algebraic sense is a simple metric ring. However, the converse is 
not true, for the ring generated by w and the rational numbers, and having 
A.as its norm, is a simple metric ring but is obviously not simple in the 
purely algebraic sense. 


3. The semi-lattice of pseudonorms. In this section, we shall consider 
an ordering of the set Sr of all pseudonorms of a ring R. If N and N” are 
pseudonorms for À, we say that N’ is subordinate to N, and write N’ = N 
(also N = N’), provided that W’(z) S N(x) for all z in R. This relation 
is clearly a partial ordering of Jr. It may also be noted that if N’ = N, then 
I(N) CI(N’). However, the correspondence which assigns I(N) to N is 
not one-to-one. For example, T-is subordinate to A, but distinct from À, 
on the ring of integers, while [(A) ==I(T) since both ideals contain only 0. 

A non-empty family {N,|A€A} of pseudonorms of a ring R is said 
to be bounded if, for each x in R, the set {N,(x)|A€ A} is bounded. If 
{N, [A€ A} is a bounded family of pseudonorms of R, then the function N 
such that, for each x in R, N(x) —sup{N;(x) | À€ A} is easily seen to be a 
pseudonorm on À; we shall call N the join of the family {N} | A€ A} and 
denote it by the symbol V{N,|A€ A}. (For a finite family {Na © -,N,}, 


` 


we shall also denote the join by MiV- VN) In terms of the cus- 


G 
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tomary terminology for partially ordered sets, the bounded families of pseudo- 
norms of R are precisely the subsets Of Nr which have upper bounds in Nr, 
and the join of a bounded family is its least upper bound in Sty. Since a 
finite family of pseudonorms of È is always bounded and consequently has a 
join in Sr, the system Jr is an upper semi-lattice. 

A pseudonorm N of a ring R will be called stable if N(- - -zy---) 
== N(-- -yx--+-) for all x and y in À. Any pseudo absolute value is clearly 
stable, and all pseudonorms of a commutative ring are stable. However, if 
R is any ring having elements + and y such that æy=—0 but yr-£<0, then 
T(xy) —0 and T(yx) —1, so T is not stable on such a ring; thus, there 
even exist norms which are not stable. 

If a pseudonorm N of a ring À has the property that N (a?) = [N(z) |? 
for all x in À, then N will be called a power multiplicative pseudonorm (or 
PM pseudonorm for brevity). It is easily seen that if N is a PM pseudo- 
norm then N(2") == [N (x) ]" for every s'in R and every natural number r; 
it follows easily that N(ar-xs) = N (s") N (x°) for any z in È when r and s 
are natural numbers. The latter property explains the choice of the term 
“power multiplicative” to describe such a pseudonorm. Any pseudo absolute 
value is a PM pseudonorm, and the supremum norm § (of example (5) above) 
is also clearly power multiplicative. Not all pseudonorms are power multipli- 
cative, however, even if they are norms; for example, the functions 24 and 
À + T are norms of the real field but are not power multiplicative. 


It is easily shown that the join of stable pseudonorms is stable, and the 
join of PM pseudonorms is a PM pseudonorm. Since a pseudo absolute value 
is always à stable PM pseudonorm, it follows that the join of a bounded family 
of pseudo absolute values is a stable PM pseudonorm. The converse, that every 
stable PM pseudonorm is the join of a bounded family of pseudo absolute 
values, is also true and constitutes the fundamental theorem on stable PM 
pseudonorms. This theorem will be established in the following section. 


4, The structure of stable PM pseudonorms. We shall first introduce 

a method for constructing from a given pseudonorm various other pseudo- 
= norms subordinate to it. Let N be a pseudonorm of a ring R, and let c be 
an element of Æ which is not N-null. For any v in R, we have the inequalities: 


N (z) 2 N(ae)/N(c) = N (ae?) /[N(c) P = ZO. 


- Then for any æ in À, there is defined a non-negative number N,(x) 
== lim N(wer)/[WV(c) |". If N is a stable pseudonorm of R, it is easily 
Tr © : 
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proved that N. is a stable pseudonorm subordinate to N. We shall refer to 
N, as the subordinate pseudonorm of N induced by c, or simply as an induced 
pseudcnorm of N. In the present discussion, we are concerned mainly with 
power multiplicative pseudonorms; the lemma which follows gives some 
properties of the induced pseudonorms for this special case. 


Lexma 1. Let N be a non-zero stable PM pseudonorm of a ring R, and 
let c be an element of R which ts not N-null. Then N, is a non-zero stable 
PM pseudonorm of R such that: (i) N, is subordinate to N, (ii) N.(c) = N(c), 
(iii) Nez) == Ne(c)Ne(x) for all x in R. 


Proof. That Ne is a stable pseudonorm subordinate to N has already 
been noted. We have N,(c) = lim N(c™)/[N(c)]* = lim [N(0)] [N (0) ]" 
roo rT> x0 


== N(c) since N is power multiplicative. This proves (ii) and also shows that 
Ne is non-zero, since N,(c)==N(c) 340. To prove (iii), we note that 
N,(cv) = lim N (ea) /|N (c) |? = N (c) lim N (ets) [N (cc) |? = N(c)N (x) 


=N,(c)N.{z) for any z Finally, to show that N, is power multiplicative, 
we note that {N,(a2)}? = {lim N (xe) /[N(c) Y = lim {N (xc")/[N (ce) 7}? 


= lim N (a?c?")/[N (c) ]?7 = Ne(a?) for any x. 


A non-empty set N of non-zero stable PM pseudonorms on a ring R will 
be called a hereditary system if contains all the induced pseduonorms of 
its members. The preceding lemma tells us that the set of ail non-zero stable 
PM pseudonorms on a ring is hereditary if it is non-empty, and the set of 
all non-zero stable PM pseudonorms subordinate to a given non-zero stable 
PM pseudonorm is always hereditary. 


BMMA 2. A minimal element of a hereditary system N must be a non- 
zero pseudo absolute value. 


Proof. If N is a minimal element of “1, then N is non-zero since all 
elements of N are non-zero. If c and d are arbitrary elements of the ring 
involved, we have N (cd) == N(c)N(d) if c is N-null, for both sides of the 
equation are then zero. If c is not N-null, then NW, is defined and belongs 
to N, with V.(cd) = N,(c)N,(d)} by Lemma 1(iii). But N, & N, so N=N, 
since M is a minimal element of M ; thus, N(cd} =N (c)N (d) in this case 
also. This shows that N is a pseudo absolute value. 

It should be noted that Lemma 2 describes the minimal elements of a 
hereditary system if there are minimal elements in it. The example which 
follows shows that a hereditary system need not have minimal elements. In 
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the ring À of even integers, let N” (x) == [Ba (x£) ]” for each x in R. Then 
h = {N1,N?, N”, + +} is a kereditary system and is simply ordered, with 
M>N?>N8>.-- -; also, N'(2) — 2" and N (2) = 271, so Nx 4 Nm 
for every natural number n, and it follows that N has no minimal element. 
The same example shows that a pseudo absolute value in a hereditary system 
is not necessarily a minimal element of that system, for in this example, it 1s 
easily seen that every element of 2 is actually an absolute value. 

We shall now consider certain collections of pseudonorms on a ring R 
that form hereditary systems which always have minimal elements. If N is a 
non-zero stable PIM pseudonorm on hk, and if c is an element of R which is 
not N-null, let [F;,N ;c] be the set of all stable PM pseudonorms N’ on R 
such that: (i) NW’ is subordinate to N, (ii) N’(c) =N (c), and (iii) N’ (ex) 
== N’(c)N’(x) for all z in Æ. Note that (ii) insures that the elements of 
[R;N;c] are non-zero. | 


LEMMA 8. [R;N 3c] is a hereditary system. 


Proof. [R;M;c] is not empty since Lemma 1 implies that it contains 
Ve. If N’ is any member of [R;N;c] and d is not N’-null, then N’, is a 
non-zero stable P4 pseudonorm by Lemma 1. Also, N’a is subordinate to N’ 
and hence to N. Next, 


N’a(c) = lim N’ (edt) /[ N’(d) |? = lim NW’ (c) N’ (d") /N’ (d) = N’(c) = N(c) 
-since N’ is power multiplicative and has properties (iii) and (ii) of a system 
[R;N;c]. Finally, | 
N'a(cz) = lim {N (ced) /[N’(d) ]*} 

—lim{N’ (c) N’ (adr) /[N' (4) 1} = N'(c)N'a(z) = N'a (c) N'a (2) 
for any x Thus, N’q is also in [R;N3;c] when N’ is in [R;N;c], and the 
set [R; N ;c] is therefore a hereditary system. 

Lemma 4. [R;N;c] contains minimal elements. 

Proof. Let M be any non-empty simply ordered subset of [R;N;c]. 
Let N’ (x) =inf{.V,(z)| Na EN} for each z in R. It is easily verified that 
N’ is a stable P&Z pseudonorm which satisfies (i), (ii) and (iii); thus, N’ 
belongs to [R;N;c]. Clearly, N’ is subordinate to every element of N. 
Thus, every non-empty simply ordered subset of [R; N ;c] has a lower bound 


in [R;N;c]. An application of Zorn’s Lemma shows that [R; N ;c] contains 
minimal elements. 
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The preceding lemma shows that any system [R;N;c] contains minimal 
elements, which are necessarily non-zero pseudo absolute values by Lemmas 
2 and 3, and which are subordinate to N by the definition of [R Noc]. 
If N is a pseudonorm of a ring R, and if c is an element of À which is not 
N-null, by a component of N at c we shall mean any pseudo absolute value 
N’ subordinate to N and such that N’ (c) =N (c). (Thus, a component is 
always non-zero.) If N is a'non-zero stable PH pseduonorm of a ring À and 
c is an element of ÆÀ which is not N-null, then any component of N at c must 
obviously belong to [R;N;c]; on the other hand, the minimal elements of 
[#;N3;c] are clearly components of N at c, so there are always components 
of N at c when c is not N-null. 


THEOREM 1. (Fundamental theorem) If N is a non-zero stable PM 
pseudonorm on a ring R, then N is the join of a bounded family of pseudo 
absolute values on R. 


Proof. Let f be the set of all minimal elements of the sets [R; N; c] 
as c ranges over the elements of À which are not N-null. Then Tt is non- 
empty by Lemma 4, and consists of components of N according to the dis- 
cussion preceding this theorem. The elements of N are all subordinate to N, 
so their join, N’, is also subordinate to N. = 


If c is an N-null element of R, we have N (c) — N’(c) —0. If c is not 
N-null, then [R;N;c] contains a minimal element N” by Lemma 4, and 
N” (c) =N (c) by definition of [R;N;c]; but since N 2 N’ = N”, we must 
have W{c) = N’(c) = N”(6), so N(c)=N’(c). Thus, for any c in R, 
N (c) =N’ (c), whence N—N. This proves that N is the join of the 
elements of N, which are components and, in particular, pseudo absolute 
values. | 


lf Ñ’ is any non-empty set of pseudo absolute values subordinate to N, 
then the join of N’ is clearly subordinate to N. On the other hand, if N’ 
is a bcunded family of pseudo absolute values on R such that N° D 9, then 
N, which is the join of A, is obviously subordinate to the join of 7%’. Thus, 
if À’ is a set of pseudo absolute values subordinate to N such that N’D N, 
then the join of A’ is precisely W. This hypothesis is clearly fulfilled if 
we take as 1’ either the set of all components of N, or the set of all pseudo 
absolute values subordinate to W. We thus obtain the following corollaries. 


COROLLARY 1. A non-zero stable PM pseudonorm is the join of its set 
of components. 
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COROLLARY 2. A non-zero stable PM pseudonorm is the join of the sel 
of all pseudo absolute values subordinate to it. 


It is also possible to describe the rings which admit non-zero stable PM 
pseudonorms. 


COROLLARY 38. In order that a ring & admit a non-zero stable PM 
pseudonorm, it ts necessary and sufficient that there exist a two-sided ideal I 
contained properly in R and such that cy in I implies x in I or y in I. 


Proof. The sufficiency is seen by taking the pseudonorm 7 of example 
(6) in section 2, for this pseudonorm is then a non-zero pseudo absolute value 
and therefore certainly a stable PM pseudonorm. To see the necessity, a non- 
zero stable PJZ pseudonorm has a non-zero component because of Corollary 1, 
and the null ideal of such a component may be taken as I. 


An example of the representation of a stable PM pseudonorm in terms 
of pseudo absolute values is given by example (5) of section 2. For a fixed g 
in Q, let Sg(x) =| 2(q)| for all x in C(Q). It is clear that S, is a pseudo 
absolute value for each g, and that S, is in fact a component of S. Clearly, 
S== V {S4 | gE Q}, but the representation of S as the join of pseudo absolute 
values is not unique since we also have S= V {S | q€ E} for any set E dense 
in Q. 2 
_ In this example, it is also seen that even though the pseudonorm 8 is 
actually a norm, the representation of S is in terms of pseudo absolute values, 
but not absolute values. Indeed, C(Q) admits no absolute values if Q has 
more than one paint, for in this case ((Q) clearly has proper zero-divisors, 
whereas a ring with absolute value obviously has no proper zero-divisors. 
However, for simple metric rings the representation of a stable PM norm 
can be shown to be in terms of absolute values. 

For convenience, by a PMN ring we shall mean a metric ring having 
a stable PM norm. Also, terminology relating to the pseudonorm of a pseudo- 
metric ring will be applied to the ring itself. For example, by a “ subordinate 
. pseudonorm ” of a pseudometric ring will be meant one subordinate to the 
pseudonorm of that ring. 


Lema 5. A subordinate pseudonorm of a pseudometric ring R is con- 
tinuous on R. 


Proof. Let N be the pseudonorm of R, and let N’ be a subordinate 
pseudonorm. The inequality | N’(æ) —N’(y)| SN’ (2 —y) SN(x—y) for 
all v and y in À implies that N” is continuous on R. 
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THEOREM 2. Every non-zero subordinate pseudonorm (pseudo absolute 
value) of a simple metric ring is a norm (absolute value). 


Froof. By Lemma 5, a subordinate pseudonorm is continuous, so its 
null ideal is a closed two-sided ideal (different from the whole ring when 
the pseudonorm is non-zero). For a simple metric ring, it follows that the 
null-ideal of a non-zero subordinate pseudonorm WN’ is the zero ideal, whence 
N’ is a norm. If N’ was also a pseudo absolute value, then N° must be an 
absolute value. | 

If we apply this result to Corollaries 1 and 2 of Theorem 1, we may 
conclude that, for a simple metric ring having a stable PM norm, we have a 
representation of the norm in terms of absolute values. 


COROLLARY 1. The norm of a simple PMN ring is the join of tts com- 
ponents, which are all absolute values. 


CoroLLARY 2. The norm of a simple PMN ring is the join of all the 
subordinate absolute values. 


5. The classification of stable PM pseudonorms. In the sequel, all 
rings are assumed to possess a unit element, e. A pseudonorm N on a ring À 
will be called non-archimedean if N(#+y) =max(N(x), N{y)) for all x 
and y in À, and N will be called archimedean if it is not non-archimedean. 

If N is a pseudonorm of a ring R, and if y is a positive number, let 
NY(x) == [N (x) [7 for all x in R. It is clear that N” satisfies all the defining 
conditions of a pseudonorm, except possibly (ii). Also, if NY is a pseudonorm, 
then it is easily proved that N® is a pseudonorm whenever 0 < 8 < y. If we 
define V° by the conditions N° (z) =0 when N(x) —0 and N°(x) —1 when 
N (x) 560, then N° is always a pseudonorm. Thus, the set of non-negative 
numbers y such that NY is a pseudonorm on K must be a finite closed interval 
[0,2], with a = 1, or the infinite interval [0,-+-oo[. It is easily proved that 
the infinite interval occurs if and only if N is non-archimedean. (Compare 
the corresponding statement in Chap. IX, §3, no. 2 of [3] for the case of 
absolute values of division rings.) However, this characterization of the 
non-archimedean pseudonorms does not seem to be useful way of determining 
whether a given pseudonorm is non-archimedean. 

We shall give below some criteria for classifying stable PM pseudonorms 
as archimedean or non-archimedean. First, we note that if N is a non-zero 
PA pseudonorm, then e is not in F(N), so N(e) —1 since N(e) =N (e°) 
= [|N (e)]®. For a non-archimedean PM pseudonorm N, it follows that 
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N(ne) S1 for every natural number n. Thus, a Pal pseudonorm N must 
be archimedean if there exists a natural number n for which N (ne) > 1. 


Lemma 6. Let N be a PM pseudonorm, and let m be an integer with 
m>1. Then Nine) 1 for every natural number n if and only if 
N(me) =1. 


Proof. The result is easily proved along standard lines, by writing n’ 


in terms of the base m, etc. 


Lemma 7. Let N be a PM pseudonorm of a ring R, and let m be an 
integer with m>1. Then N(me) 1 if and only if | 
N(x +y) =max(N(z), N(y)) 
whenever x and y are elements of R which commute. a 
Proof. First, suppose N (s + y) & max(N (x), N(y)) whenever x and y 
commute. Since N is a PM pseudonorm, we have N(e) <1. Let k& be the 


smallest natural number for which N((k—+1)e) >1. But ke and e commute 
whenver k is a natural number, s9 


N((k+1)e) =N (ke -+ e) 04) = Æ 1, 
and this is a contradiction. It follows that we have V (ne) < <1 for every 
natural number n, so we have Nime) S1., 

Conversely, if N(me) = 1, then Lemma 6 implies that N (ne) < =1 for 
every natural number n. If x and y commute, we have (x + y) = 3 Cr, a*y"*, 
SO | 
[N (a+ y) =N (8 +y)) =N (E Orayt) S EN (Ce) N(x) EN (y) 

SEN (2N (y) tS (r+ 1)[max(N (2), N (y)) J- 
By extracting r-th roots of the end terms and letting r become infinite, we 


obtain N (x+y) ='max(N(x), N(y)). 


THEOREM 3. Let N bea PM pseudonorm of a commutative ring R, and 
let m be an integer with m>1. Then N is non-archimedean if and only 
if N(me) &1. | 


Proof. This follows obviously from Lemma 7. 


COROLLARY. Let N.and N’ be PM pseudonorms of a commutative ring R 
such that NSN. If N is non-archimedean, then N’ is non-archimedean. 
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` Lumma 8. The join of a bounded family of non-archimedean pseudo- 
norms on à ring R is a non-archimedean pseudonorm on R. 


COROLLARY. A commutative PMN ring is non-archimedean if and only 
af every subordinate pseudo absolute value is non-archimedean. 


LEMMA 9. If N is an absolute value for a division ring E and m is an 
integer with m > 1, then N is non-archimedean if and only if N (me) =1. 


Proof. If N is non-archimedean, we obviously have N(me) 1. Con- 
verse.y, if N(me) 1 we apply Lemma 7, so that 


N(e+y) =N(a)N(e+a*) SN (x)max(N (e), N(x7y)) 
—=max(N (x), N(y)) 
if z s40, since e and sy commute. 


THEOREM 4. If N is a stable PM norm for a division ring R and m is 
an integer with m > 1, then N is non-archimedean if and only if N(me) = 1. 


Proof. If N(me) S1, then N’(me) <1 for any absolute value N’ sub- 
ordinate to N, so N’ is non-archimedean by Lemma 9. But N is the join 
of all absolute values subordinate to it, according to Corollary 2 of Theorem 2, 
and these are all non-archimedean; so N is non-archimedean by Lemma 8. 
The remainder of the theorem is obvious. 


COROLLARY 1. Exery subordinate stable PM norm of non-archimedean 
PMN division ring is non-archimedean. 


COROLLARY 2. If {N\[AE A} is a bounded family of stable PM norms 
of a division ring R, then V {NA | A€ A} is non-archimedean on R if and only 
af Ny is non-archimedean for each À in A. 


COROLLARY 3. A stable PH norm N on a division ring is non-archi- 
medean tf and only if every absolute value subordinate to N is non-archimedean. 


Jorollary 2 of Theorem 4, Lemma 8 and its corollary indicate that if a 
stable PM norm of a commutative ring or a division ring is expressed as the 
join of a family of pseudo absolute values, then the norm is non-archimedean 
if and only if every member of the family is non-archimedean. For an 
arbitrary ring, it may also be shown that a non-archimedean stable PM pseudo- 
norm.may always be expressed as the join of a bounded family of non-archi- 
medean pseudo absolute values. (This is done by observing that the induced 
pseudonorms of a non-archimedean stable PM pseudonorm are also non- 
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archimedean ; the proof of the Fundamental Theorem is then paralleled, but 
with the sets [R; N ;c] now restricted to their non-archimedean members.) 


If an archimeïdean stable PM pseudonorm is expressed as the join of a 
family of pseudo absolute values, Lemma 8 implies that they are not all non- 
archimedean. There are then two possibilities: either all of these pseudo 
absolute values are archimedean, or at least one is non-archimedean. An 
archimedean stable PM pseudonorm will be called strictly archimedean if it 
may be expressed in at least one way as the join of archimedean pseudo 
absolute values; otherwise it will be called partially archimedean. 


THEOREM 5. If N is a partially archimedean stable PM pseudonorm of 
a ring R, then there exist non-zero stable PM pseudonorms N’ and N” such 
that N° is strictly archimedean on R, N” is non-archimedean on R, and 
N=N V NĀ”. 


Proof. N is expressed as the join of a family of pseudo absolute values 
on À. Then N’ and N” are defined as the join of the archimedean members 
of the family, and the join of the non-archimedean members of the family, 
respectively. | 


The set of stable PM pseudonorms on a ring is thus divided into three 
classes: the non-archimedean, the strictly archimedean, and the partially 
archimedean. The partially archimedean pseudonorms resemble the strictly 
archimedean ones in some respects, and resemble the non-archimedean pseudo- 
norms in other respects; Theorem 5 suggests this situation since it shows that 
a partially archimedean pseudonorm is obtained by joining a strictly archi- 
= medean and a non-archimedean pseudonorm. In the theorem which follows, 
the resemblance of partially archimedean pseudonorms to the non-archimedean 
ones is in evidence. ‘The corollaries and the following theorem then give 
sufficient conditions for PMN division rings to be strictly archimedean. 


LEMMA 10. If a metric ring R admits a non-archimedean subordinate 
norm N’, then R cs totally disconnected. 


“ 


Proof. N’ is continuous by Lemma 5, so for any positive e the set 
G(e) = {x | N’(x) <e} is an open set of À. Since N’ is non-archimedean, 
it follows easily that Ge) is an additive group for each positive e, so G(e) 
is open and closed in R. The intersection of all the G(e) as e ranges over 
the positive numbers is clearly 0. Since 0 is the intersection of a family of 
sets which are both open and closed, the connected component of 0 consists 
only of 0. This skews that È is totally disconnected. 
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THEOREM 6. Let R be a non-archimedean metric ring or a partially 
archimedean simple PMN ring. Then R 1s totally disconnected. 


Proof. If R is a non-archimedean metric ring with norm N, let N = N 
and apply Lemma 10. If R is a partially archimedean simple PMN ring 
with norm N, then Theorem 5 states that there is a non-zero non-archimedean 
pseudonorm N” subordinate to N. Since R is simple, N” is a norm, according 
to Theorem 2. The application of Lemma 10 to N” shows that R is totally 
disconnected in this case also. 


COROLLARY 1. If a simple PMN ring R is not totally disconnected, then 
R is strictly archimedean. 


COROLLARY 2. Every connected PMN division ring ts strictly archi- 
medean. | 


THEOREM 7. Let k be a PMN division ring with norm N, and let m 
be an integer with m>1. If me-£0 and N((me)") <1, then R is strictly 
archimedean. 


Proof. Since N((me)"t) <1, we have N’((me)-?) < 1 for N° a com- 
ponent of N. But N’(me)}N’((me) 1) =1, so N’(me) > 1, and Theorem 4 
implies that N’ is archimedean. Thus, all components of N are archimedean, 
and WV is the join of its components, by Corollary 1 of Theorem 2, so that N 
is strictly archimedean. 


6. Embedding theorems for archimedean division rings. A. Ostrowski 
showed in [4] that the archimedean fields with absolute value were alge- 
braically and topologically isomorphic to subfields of the complex field. In 
this section, we shall generalize this result by showing that the archimedean 
PMN division rings are alegbraically isomorphic to division subrings of the 
division ring © of all real quaternions. In particular, the non-discrete, strictly 
archimedean PMN division rings will be shown to be algebraically and topo- 
logically isomorphic to division subrings of Q. 


LEMMA 11. If & ts an archimedean division ring with absolute value, 
thea R is algebraically and topologically isomorphic to a division subring of 
©, and the norm in R corresponds to the p-th power of A, for some p such that 
0<pSl. 


Proof. This follows from Theorem 11 of [2] and the statement following 
the corollary of that theorem. 
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THEOREM 8. If R is an archimedean PMN division ring, then LA is 
algebraically isomcrphic to a division subring of ©. 


Proof. If N is the norm of k, then Corollary 1 of Theorem 2 states 
that NV is the join of its components, which are all absolute values. Then 
Lemma 8 implies that the components are not all non-archimedean, for 
otherwise V would be non-archimedean. Let N’ be an archimedean component 
of N, and apply Lemma 11 to À with N° taken as its norm. Then F is 
- algebraically isomorphic to a division subring of ©. 


LemMa 12. Let N be a non-zero pseudonorm of a ring R, and let T be 
a non-empty, bounded set of non-negatwe numbers such that NY is a pseudo- 
norm for each y in T. If a=infT and B—supT, then V{N7| yeT} 
== N° V NP. 


Proof. The proof is elementary. 


Lemma 13. Let R be a division subring of ©, and let N be a strictly 
archimedean stable PM norm on R. Then there exist real numbers « and B, 
with <a ZBZ or 0O—4< BS1, such that N == A V AB, 


Proof. Any erchimedean absolute value on À must be of the form AY 
for some y such that 0 < y& 1. This follows from Lemma 11. But a strictly 
archimedean stable PM norm on a division ring is the join of a non-empty 
family of archimedean absolute values, so NM == V {AY | yE r}, where T is a 
non-empty subset of ]0,1]. Then Lemma 12 implies that N = 40 V A8, with 
a—infT and B—supT. Clearly, OSe¢S 81, and B is positive. This 
completes the proo:. | 


THEOREM 9. Let R be a strictly archimedean, non-discrete PMN division 
ring. Then R is algebraically and topologically isomorphic to a division sub- 
ring of Q. 


Proof. By Theorem 8, Æ is algebraically isomorphic to a division subring 
of Q. If we choose a specific algebraic isomorphism, we may consider R as 
a subset of ©. Lemma 13 shows that the norm of R is of the form A® V AB, 
with GSef81. Since À is not discrete, we must have œ positive, .for 
the norm A? V AB = T V AB is clearly discrete. Then Ac V Af, A", and A 
give the same topology on À, and so the topology given to RÈ by its norm is 
the same as the relative topology of R considered as a subset of ©. Thus, 
the algebraic isomorphism of À into © is also a topological isomorphism 
(homeomorphism ). 
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COROLLARY 1. Let R be a strictly archimedean, non-discrete, complete 
PMN division ring. Then R is algebraically and topologically isomorphic to 
the real field R, the complex field ©, or Q. 


COROLLARY 2. Let R be a connected PMN division ring. Then R is 
algebraically and topologically isomorphic to a division subring of Q. 


COROLLARY 3. Let R be a connected, complete PMN division ring. Then 
R is algebraically and topologically isomorphic to Ñ, to ©, or to D. 


7. PM pseudonorms for special cases. In this section, we shall 
describe all non-zero PM pseudonorms of the rational field or of the ring of 
integers. 


It is well known (see, for instance, chapter X of [5]) that the only 
absolute values of either of these rings are T, AY with 0 <y<1, and B,” 
with p a prime number and y>0. Also, it is easily proved that the only 
other non-zero pseudo absolute values of the ring of integers are of the type 
Tp with p prime, where Tp is the characteristic function of the set of integers 
not divisible by p. Theorem 1 indicates that all non-zero PM pseudonorms 
of the ring of integers may be obtained by taking joins of pseudo absolute 
values of these four types, while Theorems 1 and 2 indicate that a PM norm 
of the rational field is the join of absolute values of the first three types. By 
the use of Lemma 12, these expressions may be simplified so that at most 
two powers of a given pseudo absolute value appear. Further simplifications 
may be made by the use of simple manipulations. It will suffice to describe 
the strictly archimedean and the non-zero non-archimedean cases, for the 
partially archimedean case is then easily described by using Theorem 5. 


THEOREM 10. Let N be a strictly archimedean PM norm of the rational 
field. Then either N = As V AB, with 0 <a=<B<1, or N=TV A6, with 
0<B<1. 

THEOREM 11. Let N be a non-archimedean PM norm of the rational 


field. Then N =T, or N = V {B® V B® | pe P} with P a finite non- 
empty set of primes and 0 < a(p) = B(p) for all p in P, or 


N=TV [V {BP | pe?) 


with P a finite non-empty set of primes and 0 < B(p) for all p in P, or 
N = V {BPP | pE P} with P an infinite set of primes and 0 < B(p) for 
all p in ÈP. 
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THEOREM 12. Let N be a strictly archimedean PM pseudonorm on the 
ring of integers. Then N == AP, with 0 <B=1. 


THEOREM 13. Let N be a non-zero non-archimedean PM pseudonorm 
of the ring of integers. Then N =T, or 


N=[V {B® | pe PY] V [V {T| pe PY, 


where P and P’ are disjoint finite sets of primes, not both empty, and 
0 <'a(p) for all p in P. 


New York Crry. — 
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THE SUSPENSION OF A LOOP SPACE. 


By W. D. Barcus and J.-P. Meyer’ 


Part I. The Homology Suspension. 


1. Introduction. If X is a topological space, let SX denote the 
suspension of X, i.e., the join of XY with a pair of points p,, p- and let 
Q(X, zo) denote the space of loops on X at zo. If F is another space, let 
M(Y.X) denote the set of all (continuous) maps Y— X, and similarly for 
pairs and triples. There is a well-known 1-1 correspondence 


-o y: M((SF, ps; p-), (X, To, To) ) > M(Y,Q(X, 2) ). 


Let t: SX -> SX be the identification map, where dX is the reduced sus- 
pension. G. W. Whitehead [17] studied the homotopy suspension Æ: 
maX) arn (SX) by using the map y(i): X—Q3X%X. We consider a 
dual situation: abbreviate Q(X, zo) by Q, and let j: Q—>Q be the identity. 
Then the map y71(j): SQ — X induces homomorphisms of the homology groups 
which are closely related to the homology suspension o: H,(Q) — H,..(#). 
It is convenient to convert y4(7) into an equivalent ñbre map. The fibre 
is of the homotopy type of the join QQ, and the Serre homology sequence 
of the fibering is essentially the same as G. W. Whitehead’s sequence [18] 
involving o, but contains an extra term. This gives an alternative proof of 
Whitehead’s main result, and also allows us to extend several of his corcllaries 
by one dimension: e.g. a cohomology operation of type (n,q37,@), q = 38n, 
is additive if and only if it is a suspension. As a further application, in 
Part II we apply the above fibering to the problem of calculating the Postnikov 
invariants of the suspension of an Hilenberg-MacLane space KE (r,r). 


2. Preliminaries. The homology theory used in this paper is the 
cubical singular theory of Serre [14] as modified by Bott-and Samelson [3]. 
The Suspension. Let I be the unit interval. The suspension of X, SX, 


—_—_ 
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may be defined as the space obtained from X XJ by the identifications 
(2,0) == (4,0) and (2,1) = (2',1) for all z,2 EX. Let y: X KIA SL 
be the identificaticn map; we shall write the point y(2,t) as [z,¢] and set 

== [2,0], p, = [2,1]. The point p- will usually be taken as a base-point. SX 
contains subspaces X,, X, XY. which are, respectively, (£ X {#[41=<t<1}), 
(X X$), and (XX {t|0 StS 4}). The suspension #: H(X) — Han(SX), 
not to be confused with the homology suspension (defined below), is the 
composition 9, 74,67: 


; : i: 
H(t) — Hra (Xp X) —> Han (SX, X) Hm (8X) (n>0). 


We give a direct description of #. For a singular cube f€C,(X), define 
STE Onsa (SX) by 


(2.1) ST (big? te, Bale [Tres ot | 


S commutes with the boundary operator for n > 0, and hence defines a 
homomorphism of the homology groups, still denoted by S. 


(2.2) PROPOSITION. H==(—1)*"8: H(X)—H (SX) (n>0). 
The proof is elementary, and is omitted. 


The Homology Suspension. Let (X;A,B) be a triad. Following Serre 
[14], we denote by Ea, (X) the space of (continuous) paths in X, starting 
in A and ending in B. If z,€ X, we abbreviate Feel X) by Q(X, zo). The 
map pP: Hz,,x(X) — X which assigns to each path its endpoint is a fibre map, 
the total space is contractible, and p7*(A) = H,,4(X). The homomorphism 

@-3 


Px 
hy (Haa(X)) —> Hnn (Hay x(X) Ena (X)) —> Han (X,4) (n> 0) 


is well-defined, and is denoted by o4; os, is abbreviated by e, and is called 
the homology suspension. Similarly, the map p*: Ex, (X)—> X which 
assigns to each path its initial point is a fibre map; the homomorphism 
corresponding to ca will be denoted o4*: H,(Ha,2,(X)) -> Hnu(X, A). By 
a slight modification of the argument on p. 482 of [14], one verifies that 
(—1)'os is induced by a homomorphism s: C,(H,4(X DE A) 
defined on singular cubes by 


(2.8) Sf (41, ° j stnn) = f (f | sa) (tnn) 


(2.4) Proposition. If (Y,A) is g-connected and X is r-connected, 
then oa is an isomorphism for 0 <n<g+r. A similar result hold for o4*. 
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r 
LA 


Proof. The fibre is Q(X,2), which is (r—1)-connected. The result 
then follows from Theorem 1B, p. 268 of [15]. 


The Fundamental Map. For the remainder of Part I, X will denote a 
fixed topological space, #,€ X a base-point possessing a contractible neigh- 
borhocd in XY, and Q(X, zə) will be abbreviated by Q. 

The fundamental map k: SQ— X is defined by k[w, t] = w(t), w € Q. 


(2.5) PROPOSITION. kE =—o: H,(Q) — Hrag). 
Proof. Let f€ C,(Q) be a singular cube. Then 


RESF) (ta + ty tna) = AEE : ‘s Én)» tmil =f (tot © + tn) (ns) 
= SF (41, * ° *s bass) - 
Hence (—1)"*h, E =k, S = (—1)"o. 


Homotopy Properties. There are well-known analogues of # and o in 
homotopy; we recall briefly their definitions. 

Let æ€Q denote the constant loop at t€ X. Let a€w,(O,%) be 
represented by f: (1", I") —> (Q, £o); then (—1)"o(@) € 4x1 (X, 2) is repre- 
sented by f: (1**1, 1441) —> (X, £o), where 


FC y sn) == f (ta, ` sin) (fnm). 


By exactness, the injection 13: mns (SX, p_) — rn (SX, ST) is an isomor- 
phism for all n. If BE xra(X, £o) is represented by g: (I”, I") = (X, to), 
then (—1)"" EB == ix y, where y is the class of g’: (Ir, 1") —> (8X, 82o), 
defined by _ 

g (tot t ts Enn) = [g (tat + estn), tn]. 


(2.6) PROPOSITION. h,#==—o: ma(Q, To) > nu (X, To). 


The proof is similar to that in homology. 
From (2.6) and the fact that o is an isomorphism, we conclude 


(2.7) COROLLARY. ky: mu (SQ, p_) > rml, 20) is an epimorphism, 
and E: m(Q, To) — rna (S9, p-) is a monomorphism. 


Converting a Map into a Fibre Map. The following construction is due 
to Cartan and Serre [5]. Let f: Y — X bea map, and let M be the mapping 
cylinder of f: i.e. the space obtained from the disjoint union Y X TU X by 
identifying (y, 1) —f(y) € X for all y€ Y. F and X are embedded in M 
as the images of the sets Y X 0 and X respectively. The image in M of 
(y,t)€ ¥ XI will again be denoted by (y, t). Define p: Ey, (M) ->M by 


7 
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~ 


p(t) =7(1); then p is a fibre map, and is equivalent to f in the following 
sense. Consider the diagram 


| P 
Ey u(M) > M 


(2.8) | ile il: | 
f 


Y — £ 


where 7(y) is the constant path at y; g(r) —+(0); Z is the inclusion; and 
r is the retraction r(y,t) ==f(y), r(x) =. Then gj and rl are equal to 
the appropriate identity maps, 7g and Ir are homotopic to the identities, and 
rpj =f. 

Iff: Y— X is an inclusion, we need not introduce the mapping cylinder: 
in this case we replace M by X and l = r = identity. 


3. The fibre space. In this and the next section, we study the funda- 
mental map k: SQ — X by converting it into the fibre map p: Eso, (M) > M 
described in §2. As a base-point in M, we take x, € X; then the fibre over 
To is F = Esg, (M). 

The join Q*+Q is defined to be the space obtained from OJ XQ by 
identifying (m, 0,v) = (uw, 0,v) and (m, 1, v) = (w, 1,v) for all mw, ny ER. 
The point of Q * Q which is the image of (u, ¢,v) will again be denoted (p, t, v). 
We define à function h: Q * Q— F as follows. If y€ SQ, let A(y) be the path 
in M from y to k(y)€X given by A(y)(s) = (4,8). If pEQ and 
OSasb&l, we define the path pa» from ua) to p(b) by. pab(S) 
== ((b-~-a)s-+a). The inverse of pa,» will be denoted by mp. Then if 
(mty) €2*Q, 


D AL ur, t| pot, 
Ge = i (Hs í Y) ii ' Àl uv, f| vo,st-171 


A IIA 
HA HA 


if OStsh 
if <<. 

(3.2) Proposition. The function h is well-defined and continuous. 
Furthermore, h is a homotopy equivalence, so that F 1s of the homotopy type: 


of QQ, 


The proof is given in the appendix. 
{ 
4. The homology sequence. Let p: H-»>B be a fibre space in which 
B is g-connected, g = 1, and the fibre F is r-connected. Then by Corollary 1: 
p. 469 of [14], p: CE, F) > H,(B, bo) is an isomorphism for t & q + r +1, 
and an epimorphism for 4—qg+r-L?, provided the coefficients are in a 


} 
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principal ideal ring T. According to Lemma 5.2 of [18], the same result 
therefore holds with coefficients in any T-module A. From the homology 
sequence of the pair (F, F) with coefficients in A, we thus derive the exact 
Serre sequence of the fibering ([14], p. 468) with coefficients in A: 


Vs Px T 
Hara (F) — Horn (E) — Horn (B) — Hol F) >- 


Here 1, denotes the injection and 7 the transgression. 


Throughout the remainder of this section, all homology groups are to 
have coefficients in a fixed Abelian group G. 


Let X be n-connected, n = 1. Then Q =*Q is 2n-connected, and the Serre 
sequence of the fibering of §3 is (using the above remarks with T the ring 
of integers, A == G) 


tx Px T 
(4.1) Haut) —> Hana(Esoau(M)) —> Hinn M) —>: - - 
In this section, we shall give alternative expressions for the homomorphisms 
in (4.1). 


Recall that Lemma (2.5) of [18] states that there is a unique homo- 
morphism p such that the following diagram is commutative for 171, 
where O VOQ=—2XK2Ua2 XQ, 7 is the inclusion, m is the multiplication 
in Q, fi, p2: QX Q—QN are the projections, and == My — Pig — Pox! 


J's 
H,(2 X 9) —— H (2 X 2, AV) 


e Hi(Q) 


(4.2) Proposirion. There exists a commutative diagram for à > i, in 
which @:, 62 and r, are isomorphisms: 


by Px 
HF) —— H;(E so (M) ) eamm H,(M) 
(4.3) A CA Ta 


p g 
Hn (Q X 0,2 V 2) — Hn (2) — H; (X) 
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Proof. Consider the second square, in which 6,==—H“q,; q and r 
are defined in diagram (2.8). According to the remarks following (2.8), 
with f =k, we have k,q,=7,9,5 hence, using (2.5), 


obg = — OG, == hyd == Te Due 
Since q and r are homotopy equivalences, g, and r, are isomorphisms. Æ is 
an isomorphism, and hence so is #2. 


To prove commutativity in the first square, we consider the following 
diagram, in which ¢: GO +x0— S(Q X Q) is defined by $(», t,v) = [(p,v), t], 
Sm is the suspension of m, and SE == (Sm), — (Spi), — (Spa) a: 


ty 
HE) 75 H iE so (M)) 
hy 
(4. 4) . HQ +Q) Ox 
px 
| Is SE 
HEQ X 9), SQ V Q)) —— H82 X 2)) ———— H (89) 
- ‘ 
E é 
HO X Q) —————> H,,(0) 
Te P 
H(X BRV 2) | 


q (A [arv tluatà) if Ot} 
| g (Aler, Elvo) if tSiSl1 


= |My, t]; 
also, Sme (u, t, v) == [uv,t]; 8 


Now qihu,t,v) = 


hence gxtyly = (Sm) wb, == Sédy, since (Spi) abs == (Spo) «px == 0, and the 
top rectangle of (4.4) is commutative. The remainder of the diagram is 
obviously commutative. 


One deduces immediately from the proof of Lemma (7.2) in [19] 
that 7”,¢, is an isomorphism; hence so are E)” ypy == 7’, ¢, and 
6,—=—7,Hbyh,*. Since 0y == -—— Hg, commutativity of (4.4) implies 
that pf, = 01%. This completes the proof of (4.2). 


LOOP SPACE. 901 


' Henceforth, we shall set SQV SQ = SQ X p-U p, X SQ C 8Q X SQ, 
and M V M=H X p-U p, XM. It is well-known that the diagonal map 
do: SQ —> 80 X SQ is homotopic to i, + ia, where 


fw, 2t] X p- if 9 


Stos 
pX [v 2t—1] Ejsis 


(+4) [ot] =} 
A homotopy from d, to 4 +1, is given by 
dalo, t] = [o,t+ ut] X [o t— ut] if OSt=4 
= [wo, t+ u(1—t)] X lo, (1+u)i—u] if 4SÉ<1. 


Let Æ be the mapping cylinder of k Xk: SQX SQ-->X XX, and €: # 
C MXM the embedding defined by 


€([o, t], [o’, 77], u) = ((Lo, t] u), (Lo, t], u)). 
We define a map d: M— MX M by 
(45) . P (Lo, t] u) == E( (diulo, t]), w). 
Let d: M— M X M be the diagonal map. It is easily verified that 
Y | S2 =h Hin Y| X=d]|X, and @—drelX; 


in particular, as a map of pairs, a’: (M, SQ) —> (M X M, M V M). 


Let (M V M)* be the cone on M V M, let W be the union M X M 
U (M WV M)* such that (MX M) N (MV M)* = M V M, and let 


a: (MXM, MV M)—> (M’, (MV M)*) 
be the inclusion. Then d’ and a induce maps of the path spaces 
Eso (AL) — Bayar anc (M X M) — Eavan ar (M) 


| 


P P2 | Ps 
g a 
M —— M X M [m M 


which, restricted to the fibres, yield maps (abbreviating a X % by To) 


a,’ ay 
P == Ig 2, (M) —— Eyvana (M x M) ————> F avum A’). 
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Since the transgression and homology suspension are natural, the above maps 
of fibre spaces, and the corresponding ones for p*, po*, p# (cf. 82), yield 
a commutative diagram for1=2 . 


# 


rT T Oo 
FT a es ng = SH) 
(r XT) T2 j 


g 
HAX X X) HU X M) — Hr Buvi a M X M)) — HM X M, M V M) 
Ox Ox tx Oy 
Ta Ta | TŽ 
H(X) 1a HHM) ———> HE van a M’)) —— HM, (MV M)*). 
Here X V X =X X T U to X À, and we have used the same notation as 
for M: (X V X)* is the cone on X V X, X’ == X X X'U(X V X})* and d and 
a are the diagonal and inclusion maps. 1 is induced by r; since r is a 
homotopy equivalence, 7’, is an isomorphism for all îi. +, 72 and rs are trans- 
gressions: r and ra are defined for t & 8n -+ 1, ta for 1<4n<+2. af, of 
and o” are the generalized suspensions of §2; by Proposition (2.4), o# and 
gaf are isomorphisms for i—1 < 3n +1, o,* for i—1<4n+2. Hence, 
if we define #3: Hi.(Hso2,(M)) > Ai(X’) by Os = r ars o 0,d’,.0* for 
1 4n +2, then we have a commutative diagram 


T a 
H, (M) ——> Hs (Es0, (M) ) 
| (4.7) Ty 6’. 
ydy 
H,(X) —— H(X’). 


(4.8) Lemma. Let X be n-connecied, n=2. Then d’,: Hi(M, SQ) 
-> Hi(MX M, MW M) is an isomorphism for i 3n, and an epimorphism 
for t=3n + 1. 


The proof is given in the appendix. 
Using the following commutative diagram of injections, we can state 
(4.7) in a more convenient form: 


~ 
, 


ay 
HD E 0) 
by b'a 
Aa 3 
B(X X X, X V X) ——> H(X’, (XV X)*). 
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a, is an isomorphism by excision, and b’, is an isomorphism for i > 0; hence 
we may define 63: Hia (Esas (M))— H(X KX,X VX) by 63 =0 1d’ 40s. 
Abbreviating bd, by dẹ, and reverting to the notation F—Esnz(M), we 


have 


(4.9) Proposition. There exists a commutative diagram for 1 <1 
= 4n +? 


H,(M) aes Cs 


TR 0s 
dy | 
Hi(X)—HU{XXX,X VX) 


such that if n=R, then 63 ts an isomorphism for i < 3n + 1 and an epi- 
morphism for t=3n +1. 


Results which are dual to the above hold for cohomology: Firstly, the 
dual Serre sequence 1s 


qF *# Tr 


p 
(4.10) H= (F) —— H (Esou (M)) — H” (M) <—_ H" (F) e. 
Secondly, the following diagram is commutative for 1> 1: 
i a he 
HUF) e Hi (Esg u (M)) <——— H> (M) 


(4.11) 0,* 6,* r* 


a a” 


P 
Hi (Q X Q, Q V Q) — H! (9) e H! (X), 
where all the homomorphisms are the duals of those previously defined; and 
finally, there is a commutative diagram for 1 <t & 4n +2 


# 


Cr 
Hi(M)<— Hi (F) 


(4.12) re 03* 
æ |. 
Hi(X) ——_H#(¥ XX, XVX) 


such that if n= 2, then 6,* is an isomorphism for 1 < 3n LA and a mono- 
morphism for t= 3n + 1. 


Hence, with the one exception that 6,* has only been proved a mono- 
morphism in dimension 3n + 1, we have shown that, for n = 2, the sequence 
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- G (u, t, v) — ( (uv) o thet, b, w) 
= (Ho, 2tf2t,1) t, w) 
H (u t, v) = (4 t, w) 
= (Hs Í, pot,r*{9, LARES c}v{c, 1}), 
where c = (3—4f)/(4— 41). For $151, setting t= (uv)otvo,2t-1 *, 
G (x, t, v) (x, É, Vo, 2t—1 (uv) 11) 
T (r, t, Wardan) 
H (m, t, v) = (7, tv) | 
HE (u{0, €}¥o,2t-1{8, Z}V0,0e-1 {25 1}, t,v), 
where e—1/(4t). 
IT) The composition Ah’: F— F is given by 
Ah! (a) = AL (00,18) (B 082), t] (0,48) 212 tosis} 
AL (w,18) (8 e521), t] (B22) 0,212 if ==]. 
Let T: FF be given by Tax) —A[w,t}8; then T=1’, where 1’ is the 
identity map of F. Using the above deformations of paths, we shall indicate 
a homotopy Ah’s=T for OS t 4; closely analogous homotopies can be 
given for the other three quarters of the unit ¢-interval. Ah’ =H, = H' =T, 
where H, and H’ are defined for 0 S t 4 as follows: Let H, be the homotopy 
given by 
H, (a) = À[wo,:{(0, a}B{a, 3} B74, Fonit 1}, t1 {0, osez, d}p{d, 1}, 
where a = (4ts — s +- 1)/4, b = 4#7/(4ts-——s L 1), and d = (3 — 8t)/(4—-8 t). 
Then H,(a) =hh’(a), and 
H, (a) = A[wo,t{0, E36 {t, 2} BUG, Dora CE 1}, €] {0, d}ore{d, d}B{d,1) 
H'(a) = oo 1{0, Honalt 1}, #10, Hor(d, d)B{d, 1} 
== Alo, t] {0, $}or {2 2B {4d, 1} 
T (a) Alo, #] (0, $}8(4, 1). 
(A.2) Proof of Lemma (4.8). 


We shall first prove that if X is n-connected, n = 2, then d'y: m; (M; 8Q) 
-> (M X M, MV M) is an isomorphism for i < 8n + 1 and an epimorphism 
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for ¿= 3n + 1. Consider the following diagram (since all spaces are 1-con- 
nected, we may neglect base-points) : 


(A. 3) 


jx 
0 > ra (M, SQ) ——— > 2 (S82) 7 7;(M) > 0 





N 4 


o j 
d'u | 0 ma (82 X SO, 82 V 80) —> m(82 V SQ) = miSa X Sa) >0 | d, 





GX Dx 3 (GV I)« 4 GX Da 
a” is | 
0 — ma (M X M, M V M)——— MN Mr M X M) — 0 
g 


Here u: SQ SQ V SQ shrinks the equator Q C SQ to a point, so that 
Fu =i +, where 7: SQV 80 — SQ SQ is the inclusion, It is well- 
known that the lower two sequences split; f and g are the canonical right 
inverses for 7”. and 7”, respectively. Finally, H is defined by the equation 
u, =0H +fd. The diagram does not commute, but we indicate such 
commutativity relations as exist. | 


Note first that (7 V jju = d' | SQ: SQ— M V M. Hence the two large 
squares commute: (7V7),u,0—0"4, and J(I V J) xt. == dafe Squares 
2, 8 and 4 clearly are commutative; we shall show that 1 is also. 


Vie (GV 3)«fd40 + (7 V j)? H9; however, 
(GV i) fds) = g (j X faded = gdejað == 0. Hence 
(FV 9) etd == (J V J) 40 H0 = O° (F X J) Hô. 
But (jV f)at = W g; hence Re —8”(j X j),,H6, from which it follows 


that d’, == (j X j)ẹH0, since 0” is a monomorphism. ‘Therefore square 1 is 
commutative. | 


We shall next show that Hô and (7 X f)» are isomorphisms under suitable 
conditions; this will imply that d’, is also an isomorphism. Consider the 
following diagram: 
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(A. 4) ri M, SQ) —0 
| 0,7 3 y 
4 
EE O EEEE, à E ES 
— og"? j 1 ke 
0 < ri Xx ) 
ja 
Ts | 2 
0 <— ri M ) 





mlS X SQ, SQV SQ) 


The horizontal exact sequence is part of the triad suspension sequence [7]; 
since by (2.7) # is a monomorphism, 2, is an epimorphism. mn, is the 
injection, and y is defined to be ið. The numbered triangles and squares 
are commutative. 

(A.5) LEMMA. ~v ts an isomorphism. 


Proof. 1) kernel y = kernel 1, N image 9 == image E N kernelk, by exact- 
ness. But image #fkernelk,=-0, since —a#%,E — identity. Hence 
kernel y =Q. 


2) Let a€ m(SQ;Q,,Q). Since 1, is an epimorphism, there exists 
a’ € wi(SQ) such that i, (a) =a. Let a’ =a +Eotk,(a). Then 


ta (a) =1,(a’) +1,Ho tk, (a) =a. Also, 
ks (a") = kyla) + k,Eo tk, (a) = ky (a) — ky (a) = 0; 
hence there exists bExw:(M,8Q) such that 9(b)—a”, and therefore 


y(6) ==1,0(b) =i (a) =a. Therefore y is an epimorphism. 
(4.6) Lemma. Hô: wen (M, 89) -> mi (SQ X 80, SQ V 8Q) is an iso- 
morphism for 2 <i +1 3n and an epimorphism for à + 1—8n +1. 


Proof. Blakers anc Masey have shown ([2], Corollary 8.3) that ną is 
an isomorphism for 4 + 1 > 2; hence it suffices to consider nð Hô. Note that 
Nat ==Q. Hence 


(A. 7) NP HO == nytta — Nafdy8 = Ng HUW ghd = W gy. 
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Let 0* be the cone on Q, SQ* == SQ U Q* such that SQN Q* — Q, and let 
Q,*, O.* be the subspaces 0, U O*, 0. U O* of SQ*. It follows from Corollary 
(3.5) of [10] that the injection 


wu": (SO; 0,, 0) > m(80* 5 0,*, 0%) 


is an isomorphism for 1 < 8n, and an epimorphism for t= 3n. 


We denote points of u(Q_) C SQ V SQ by u[o, t] = [o, 2t], OS tS}, 
and those of u(Q,) by ufo, t] = [o, 2¢—1]’, 4 St1. Points of a* C §n* 
will be denoted [w,s], $81, with [w,1]—[uw,1] for all oœ, ER. 
Define maps 


% B 
SQ* ——> SA V S —— SQ* 


by a | SQ =u, a(Q*) =u(Q), 


B w, t] = [o t] € Q- for OStS4 
= [w, t] € Q* for 4St=1; 
Blo t]’=[o,1—t]€oa* for 0OSts4 
= fa, t] E 0, for <<]. 


Then it is easy to see that aS = identity, 8a = identity, and that œ is a 
homotopy equivalence of triads a: (SO*;0,*,Q_*) — (80 V SQ;SQ, SQ). 
Hence a}: 7(SQ*;0,*, Q_*) > m (S2 V SQ; SQ, SQ) is an isomorphism for 
all i Since gu” =w, it follows that w is an isomorphism for à < 8n and 
an epimorphism for t== 8n. Since y is an isomorphism, (A.7) implies that 
ng? Hð, and hence H9, is an isomorphism for 1-+-1== 3n, and an epimorphism 
for i1+1=-3n+1. This completes the proof of (A.6). 


(A.8) LEMxA. (JX jjs: m(SQ X SQ, 8A V 80) mM X M,MV M) 
is an isomorphism for + 3n + 1. 


Proof. We shall first prove that (7 X 7), is an isomorphism in homology, 
and then use a standard method to transfer the result to homotopy. Consider 


a, b 
HUM X M, M V M) —-—-> H (W, (M V M)*) e HM’) 
(A. 9) | (J X J)a Gj x JY» 


a 
H,(SQ X S9, 80 V 82) ——> H,(80’, (SQ V 80)*) ——— H (80) 
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where SQ’ = SO X SQU (SQV 8Q)*, and similarly for W, and where a, 
and bẹ are injections. a, is an isomorphism for all i by excision, bẹ for 
i> 0 by exactness. Since there are contractible neighborhoods of the points 
p, and p in SQ and in M, we may apply the relative Künneth formula: since 
jg: H(SQ, p.) —> HM, p.) is an isomorphism for i & 2n and an epimorphism 
for i=2n-+-1, the formula implies that (j X j) is an isomorphism for 
i< 3n + 1 and an epimorphism for i=3n-+ 2. By commutativity of (A.9), 
the same result therefore holds for (j X 5)’. Hence by exactness, H,(M1’, 80’) 
==Q for i<3n-+2. Using the relative Hurewicz theorem, 7;(M’, SQ’) — 0 
for i & 3n +2, and by exactness (j X 7)’, : ai (8Q’) > 7,(A’) is an isomor- 
phism for i8n+1. Now if we rewrite diagram (A.9) for homotopy, 
then the corresponding injection bẹ is an isomorphism for all 1, while by 
Corollary (3.3) of [10], a. is an isomorphism for i & 3n +1. Hence (j X J)s 
is an isomorphism for i & 3n + 1, which proves (A. 8). 

It follows from (A.6), (A.8), and the commutativity relations in (A. 3) 
that d'y: m (M, SQ) >m; (MX M, M V M) is an isomorphism for i < 3n +1 
and an epimorphism for 4—3n<+1. By reversing the standard argument 
used in the proof of (A.8) to transform the homology isomorphism into a 
homotopy isomorphism, we conclude that (4.8) holds. 


Pa 


Part II. Eilenberg-MacLane Spaces. 


1. Introduction. In order to replace CW-complexes by Postnikov 
systems, one must know the effect which standard operations on complexes 
have on the corresponding Postnikov invariants. This is known for the loop 
space [16], but seems more complicated for suspension. The following proposi- 
tion determines the invariants of the suspension within the stable range: 

Let X be an n-connected CW-complex, n = 1, let q & 2n—1, and let 
Ay, (SX) qi be the g-th and (¢-+1)-st spaces in Postnikov systems for X 
and SX respectively (cf. §3 below); then there exists a (2n + 2)-equiva- 
lence h: S(Xq) > (SX) qr. We identify r=-agui(X) with wg..(8X) and 
ra (QIX) under E and of. 


(1.1) Proposrrion. If kese H(X); r) is a Postnikov invariant 
for SX, then — H*h*ka* is an invariant for X. 


Proof. The following diagram of isomorphisms is commutative, where 


h’ is induced by h, +: X¥g->QS(X,) is the standard embedding and all 
coefficients are m: 


910 W. D. BARCUS AND J.-P. MEYER, 


x DA 


H? (Xa) c H (8 (Xa) ) e ESE) aa) 
4 


Pate o” g” 
i hit 


Ha? (QS(Xa)) ——— H**(2((8X)qu)) 


o*k93 is an invariant for OSX [16]; since Wi: Xa—> 9((8X)q1) is a homo- 
topy equivalence, 1*A’*o* kt == — E*h* kt is also an invariant for OSX. 
Since the embedding t: X — QSX is a 2n-equivalence, a Postnikov system 
up to dimension 27% (i.e., up to Xe, 2%) for OSX is also a system for X. 
This proves the proposition. 


The simplest category in which to investigate the non-stable case would 
seem to be that of Eilenberg-MacLane spaces. Our aim is to apply the results 
of Part I to the computation of some of the invariants of such spaces. 


According to [9], the category of spaces having the homotopy type of 
CW-complexes is closed under the operations of Part I; we shall assume 
that all spaces which we consider are in this category. Let K(r,n +1) bea 
CW-complex which is an Hilenberg-MacLane space of type (m,n +1) (briefly, 
a (m,n +1}-space) and let K—QK(r,n +1); then K is a (r,n)-space. 


2. Homotopy groups of SK. The fundamental map k: SK >K (m,n + 1) 
is equivalent to a fibre map in which the fibre has the homotopy type of 
K + K; hence there is an exact sequence, which splits (I, (2.7)): 


(2.1) mt) > (SK) — onl EEE ET 
Consequently we have 
(2.2) PROPOSITION. | 
m(SK)=0, Sn; ma SKE) Sajsm(SK) Sa (Ke K), 1Zn+2. 
(2.3) COROLLARY. 
m(SK) =0, n41 <i <n +l; romsa (SK) = Anis(a, nir), 
0Zs<n—1. 


Proof. Since K is (n—1)-connected, K+K is 2n-connected, and the 
first statement follows. The second statement follows from (2.2) and 
Theorem 6.1 of [19]. > 


In particular, Ton+1 (SK) ~a® Ts Tones (SK) aw TET. 
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8. Moore-Postnikov systems [11]. In this section, let f: E ->B be a 
fibre map in which B and the fibre F are 1-connected. 


(3.1) Definition. A sequence of spaces and maps (En, Jn, hn) is a Moore- 
Postnikov system [11] for the fibre map f if: 


(1) ga: En Eh is a fibre map with fibre a (r,(F),n)-space. 
(2) ha: E— Ep is an n-equivalence. 
(3) E, = B, hy =f, and hn = Jarin. 


We denote the composition g192'* -9n: En—> B by f,, and set Fn = fa (b), 
where DE B. 


(3.2) Definition. A Postnikov system [13] for a space # is a Moore- 
Postnikov system for the trivial fibre map f: E — B, where B is a single point. 


(3.3) THEOREM. Any fibre map has a Moore-Postnikov system. 


The theorem is a consequence of the existence of semi-simplicial Moore- 
Postnikov systems ([11], Theorem 2.12) and of results of Barratt, Gugen- 
heim and Moore on the geometric realization of certain classes of semi- 
simplicial fibre spaces (to appear). 


Using (3.3), one readily verifies that if F is m-connected, then a Moore- 
Postnikov system (En, Qn, itn) may be constructed such that D; = B, h; —f, 
gi = identity, tS m. 


(3.4) Definition. Let (En, gn, hn) be a Postnikov system for a space F, 
Fan the fibre Of gaa: En —> En, and b% € H (Fns mna Fna) ) the basic 
class. Then if + is the transgression in the fibering gnn, 


— rbr e H! (En, annal Ina) 


is denoted by k"? (FE) and is called an (n4 2)nd Postnikov invariant of E. 


Let æ be the group of automorphisms of H"*? (En, mn (Fna) ) determined 
by homotopy equivalences of Æ, and automorphisms of »:1(% 4), and let 
{&"**} be the equivalence class of k"? under œ. We identify an (Fnn) 
X Tn (En) under injection. 


(3.5) Proposrrion. Det (En, Qu hn), (En n) be two Postnikov 
systers for a space E. Then 


(1) They are equivalent in the sense that there exists a sequence of 
homotopy equivalences àn: En —#",. 
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(2) Ama A k2 E (he?) where Anse: Tu (nur) > Ta (I na) ts the 
coefficient isomorrhism. 


(3) Gwen LE {k™?}, there exists a Postnikov system (EH; 9";,h";) for 
E in which BY, == Ey, gi qu and Aim hu + Sn, and such that I= — rbh". 


This proposition is an analogue for fibre spaces of a theorem of Adams[1] 
on self-obstructions; we omit the proof. It follows that the invariant object 
is actually the class {k"*?}, although we shall continue to speak of the 
elements k”, It also follows that we may calculate Postnikov invariants 
modulo coefficient isomorphisms. 


4, A Postnikov system for SK (x, n). Consider the fibre map p: E — M, 
with fibre F, described in Part I, $ 3, where E = Ego, (M), M is the mapping 
cylinder of k: SQ— X and X =K (m,n +1) isa CW-complex. Let (Er gi, hi) 
be a Moore-Postnikov system for E in which Æ;==M, g;—Jidentity, and 
hiı=p, t&n+1. Note that a Postnikov system (E'n gu Wi) for FE is 
obtained by setting 


E’: == ii, J iat = Jiris h’; = hs for t = n + 1 5 
# ata r de / D 
Es, g in = *, hit, t< n+l, 


where * denotes a space consisting of a single point or the map into *. Since 
E = 8K (m,n ),? this is also a Postnikov system for the latter space. 


: 3n 
(4.1) Turorem.* kF) = 0 fori & 8n, so that Fan = I] K(r;(F), 1). 
j=l 


(4.2) Lemma. [8] If Y is a l-connected space, then kt(Y) ==0 if 
and only if the Hurewicz homomorphism H : m(Y ) — Hi(Y) is a monomor- 
phism onto a direst summand. 


(4.3) LEMMA. H#:m(K*K)—H:(K*K) is a monomorphism onto 
a direct summand for i & Bn, where K is a (x,n)-space. 


The proof of (4.3) will be given later. Since F == K +K, (4.1) follows 
from (4.2) and (4.3). | 

For the statement and proof of (4.4), à is to be a fixed positive integer, 
= 3n. Consider the following commutative diagram, in which the notation 
is that of §3: 


s We write X = Y to indicate that X and Y have the same homotopy type. 

* This is a generalization of our earlier results, which was noted after the sub- 
mission of the original version of the paper; it was also remarked by the referee, whom 
the authors wish to thank for several useful suggestions. 
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hi = : 
E —— Ei; € F; 


P | | | gi 
M —— M ee Hy 
—— Pi-1 

h; induces by restriction to the respective fibres a map h’;: F— F; which is. 

an i-equivalence, while pi-ı induces similarly a map pis: #;—> Fi such that 

Pix’ x: ms) (7) is an isomorphism. Since Y is natural, pi1’,Hi(F:) 
= Ar (F a) ‘ 

Choose á left inverse Xy for the Hurewicz homomorphism Hp: 2;(F) 

— H,(F) and let at( Ff) E€ H*(P,a(F)) be an element such that «(a‘(F)) 

== Hp, where a: Ht(P,2,(F)) > Hom(HA,(F),m(F)) is the homomorphism 

of the universal coefficient theorem. ne shall initially compute ###1 (2) in 

terms of this class. i 


(4.4) PROPOSITION. For i& 3n, Postnikov invariants for E are given 
by k (E) = — piä rat (F) € H (Eram (F)), where r is the transgression 
in the fibre space (E, M, p). 


Proof. Let 11, tz be the transgressions in the fiberings E;—> M and 
FE; Ei respectively. We identify m = m (F) = m (Fi) = m( Fi) under hs 
and p'is. Consider the following diagram, in which we abbreviate h’ = h’; 
and p == Pia: 

& . To RE 
Hom (H;(#:), mi) e——— H? (Fi, mi) nr d Hi! (Bin, mi) 
Hom (px; 1) p™* Pia” 
G Ti 
Hom (H,(F;), Ti) «— H? (Fi mi) noue d Hi” (M, mi) 
Hom (he, 1) | = EI l = 
g T 
Hom (H; (F), ri) SS H* (F, ri) ————> Hi (M, Ti) . 
Under the identifications, Hom(p’,,1)Hom(h’,;1)°H#r =>. Hence 
p’*h’*-191(F) == bt (F,), and | | 
pra tra (F) = raph tat (P) = — rbi (Fi) = ki (E). 


This proves (4.4). For the remainded of §4, let i < 8n. 
Choose a fixed left inverse Y- for 


H: (XXX, XVX) H(X XX,XVX); 
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that such exists follows readily from (4.8) and the fact that ¥*X 
=S(X KX/X VX). By (4.12) of Part I, rat (F) = r*d*0,* tat (F). Now 
ês is a composition of isomorphisms, each of which has an analogue in 
homotopy which commutes with 9. Thus we have a commutative diagram 


6,71 
Hin (X X X, X V Z) —— A (FP) 


# He 
6,7 
Ce Oe 


in which 9,7 is an isomorphism in both cases, and & and r are mono- 
morphisms onto Cirect summands. Hence if we define a left inverse Yr 
by requiring that it commute with ®%- and identifying under 65: m(F) 
Xrm X X X,X VX), then the dual isomorphism 6*1: Hi(F;mr(#)) 
— HX KX, XVX; wir (X XX, XV X)) carries the coset a(r) onto 
the coset a 1(9f{-); i.e for each at == at (X X XX VX) there exists 
ai(F)€ a7*(%p-) such that 6,*-¢!(F) — ait, Then from (4.4), 


k (B) = — pitrati F) = — pa trt d*a, 
We define a new sequence of fiberings by setting 
E” =X, Ein p (X) CH, pipi | E” Prio X. 

Since the inclusion tim: E” C Fi is a homotopy equivalence, we may 
replace k#*"(#) by t.*k*!(#), and the new Postnikov invariant is given by 
ki (E) = — ipa tr d*aii Oe ptd", 

since’ ti” Pi" = pi," and t*r* == identity. Hence 


(4.5) Prorosrrion. Postnikov invariants ktt (E), i < 3n, are given 
by kt (BH) = — pia d*an (X XX, XVX), where ai is any element 
such that a(a*+) is a left inverse for H.’ 


The element a°" (X X X, X VX), which is the basic class, is easy to 
calculate. Since the following diagram of isomorphisms is commutative ([2], 
5.11), where » and » are the homology and homotopy cross-products, 


5 The restriction i < 3n is caused by the dimensional restriction in (4.9) of Part I. 
If 7 is finitely-generated, then 8, is an epimorphism of the finite group H,,(#') onto an 
isomorphic group, and therefore an isomorphism. Hence, in this case (4.5) holds for 
4 3n. 
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Han (Xi SH (X) PE Hon (X XX, XV À) 

5 ® 9 | 

mo (A) Dent) ——> wone(¥ XXXVI) 
‘it follows readily that gin? (XX X,XVX) —b X b, with coefficient pairing 
v, where b= b” (XÆ) is the basic class. Identifying under v, from (4.5) 
we obtain | 
(4.6) COROLLAFY. 

kert (SK (a, n)) = —d* (b X b) =— bU be HH (Xr Or), 

with the natural coeffinent pairing. 


We shall next obtain some information concerning the reduced join ([7], 
814) XXX =X X X/X V X which is needed for (4.10), and in the process 
shall prove (4.3). Consider the spectral sequence for the homotopy of the 
join £ *X, the analogous (trivial) spectral sequence for the homology ‘of 
X * X, and the map of the first into the second induced by the Hurewicz homo- 
morphism ([19], §5). We are interested in the terms 


Li a! | 
o Eino(r) = momoa (X $ A8, X s Xet) > Hons (X # X08, X a r) 
=F * 4,0 (H ) ‘ 


- It follows easily from Lemmas 5.2, 5.3 of [19] and their analogues for 
homology that the following diagram commutes for all s, 


qt 
Eso (r) —— Ets o(r) 
HY H 
di 


B; (E ——> Etol H) 


and that the vertical homomorphisms are isomorphisms. Hence # induces 
isomorphisms Ba: E”.o(r)—> E,o(H). On the other hand, H#H*,.(H) 
= E*,,(H) as is well-known, and H2,0(7) =E” ,o(7) for s&n+1, by 
[19], 6.1. Also, i 


E” 51,007) Z Temer (X * X) Varmen (X * Xm) 


and similarly for homology. By naturality of the Hurewiez homomorphism, 
we obtain the following commutative diagram for s & n +1, where My is an 
isomorphism : 
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f 
7} + 
H onsa (X * x) ee H orav (X % X) JEH anega (X x AUS) 
(4.7) of n Hg 


7} 
Ton+g+2 (X ii X) Er a Ton+g+? (X a A) /Vtonse+2 (X * AT) . 


Here y’, y” are the canonical maps, and y” is an isomorphism for s Sn +1. > 
There is a singular homotopy equivalence 6: F#Z— S(Y XZ) by [19], 

§ 7; applying this to (4.7) and de-suspending (this is justified, since s&n +1), 

we obtain the commutative diagram, where #®y and 7” are isomorphisms: 


| f 
Hansan (X X X) au d H onrar (X X xX) JV Hontsn (X X ARE) 
(4.8) A 7 Yy 


7 
Tents+1 (X X X) D> Toneel (X X X) [Canter (X X ASE) . 


One verifies by use of the Künneth formula that 7’ is the projection onto the 
direct summand Han( X) O Hae (X) + Has (XL) * Hays (A). 


(4.9) Lemma. . Let f: A>B+C be a homomorphism of Abelian 
groups such that the composition A —> B+C-B+C/C is an isomorphism. 
Then f is a monomorphism onto a direct summand. 


The proof is elementary. l 

Since Yey” is an isomorphism in (4.8), so is 72; and since 7” is the 
projection onto a cirect summand, by (4.9), &# is a monomorphism onto a 
direct summand for s=n-+1. Suspending X XX and using ¢, one obtains 
(4.3). 

We now proceed to the computation of the elements a*t, described in 
(4.5). The identification map X X XY¥~XXAX induces isomorphisms 
Hans (X X X,X VX) Z Honsu(X X X) for all s and Tonss1(X X À, X V X) 
ZX rms A KX) for s=n. It suffices therefore to compute the corresponding 
element aitt(YXX)EH(XKX);mu(X X X)) such that g(a) is a 
left-inverse for X. 

_ In the Künneth formula, 
Home (X RX) = gear? @H;(X) + joie H(X) *H;(X) 
é,j>0 i,j>0 
the embedding of the torsion term H;(X)#H,;(X) is only well-defined 
modulo His(X) SHX) + A(X) Q H(X) ([6],$12). Since Aye (X) 
=0, Hons (X XX) splits into two natural direct summands. 
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G = Hay (4) © Hal X) + Han (À) # Husla), 


and the sum of the remaining terms. The homomorphism N: wonssi1(X X A) 
—> Homs (X MX) composed with the projection onto G is an isomorphism. 
Hence, if an element a € H(X KX 5 romsa (X MX) ) be found such that 
a(a) € Hom (Honig (X X X); ronssx1 (X MX)) is an isomorphism on G and 
0 on the other summand, then a(a) is, up to coefficient isomorphism, a left- 
inverse for #. Since we are calculating modulo coefficient isomorphism, we 
may replace mems (X X X) by G. 

Let w be finitely-generated, m= X A (u), where u, is a generator of 
Au) =Z or Zp, p a prime. We shall see that it suffices to calculate a 
certain element a(1,7) for each pair (1,7), and to add all a(1,7) in order to 
obtain a. The notation in the following diagram will be explained in the 
various cases: 


«A 


Hensar (K XK”, Gav) pore Hom (Hanen (K’ AK”) ; Gay) 


of! Hom (àp, 1) 
Ape Hom (Hons (K AK”; Zs) 5 Gap) 
Hom (1, Ap) 
g” 


2n+8+1 (K XEK” ; Fab) ——— Hom (Hons (E X K” ; Zp) ? G'an) 


We ina s to 3 & s&n, and use without further reference the results of 
[4], $ 5. 
Case 1. 
K’ = K (Zpen +1), K” (Zæ n+ 1), 
Gas = Hnn (E') O Hna (E”) + Eni (K’) * Emsa (K”). 


À, denotes reduction modulo p and the induced homomorphism on homology 
groups. Himsa (K XK”) is a Z,-vector space; it is mapped by A, isomor- 
phicaily onto a direct summand of Homs (K X K”; Zp), while Gay is mapped 
isomorphically onto the direct summand Qas = Hna (K; Zp) © Hn ( K”; Zp) 
by Ap = 79, Where 7 is the projection onto G’,,. Hom(1, Ap) is an isomor- 
phism, and so is the homomorphism A,+ induced by Ap. The homomorphisms 
a, a’, x” are given by the universal coefficient theorems. The required element 
a is Ap (a), where a’ € Hemen (KX KR" ; a) is such that «”(a') is the 
projection onto G'a» Let b’ € H™(K’;Z,) be the image of the basic class 
ünder reduction modulo p, and similarly for b”. Now H,_.(K";Z,) => Zld); 
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where Z,(J) = Zp and the Steenrod homology operation St; maps Z,(J) 
isomorphically onto Hy,,(K”’;Z,) and vanishes on the other summands (S??, 
is the dual of Si’, == St, or Str», in the notation of Cartan). Hence we may 
take a’ =b X $ Si,b”, where the sum is taken over the Cartan basis of 
H™8(K";Z,), St,b" nas coefficients in Z,{/), and the pairing for the cross- 
product is the natural map 


Zp D 252) > Hu ( Bs Zp) @ Hna lK Zp) = G av. 


Case 2. K’=K(Z,.,n4+-1), K”=K(Z,n+1). The discussion for 
this case is identical with the preceding one, except that no operations of type 
St, occur. 


Case 3. 
K’=K(Z,n+1), K” — K (2,241), Ga = Han (K) An, (K”). 


Hansa (K X K”) is again a Z,-vector space; À, maps Gap isomorphically onto 
the direct summand @ == H,4(K ; Zp) © Ë C Hay (K’;Z,) © Hn E” 3 Zn), 
where À is the subspace of H,,,;(K”;Z,) generated by elements corresponding 
to those S; such that the dual St/,— St), or St, corresponds to a 
sequence I = (@0,° * *,4x) with a:=0(2p—2). We may therefore take 
au =b X S Sip”. where Sib” has coefficients in Z,(7) CH, the sum is 
taken over those elements of the basis for H"**(K;Z,) which do not end in 
a Bockstein operator, and the pairing of coefficients is the same as in case 1. 


Case 4. K’ = K” =K(Z,n+1), Gaam Hna( K) OH,,,(K”7). Here 
Hens (K' XK”) is a torsion group, and its p-primary component 
Hanen (K XK”), is a Z,-vector space; À, maps it isomorphically onto a 
direct summand of Hansa (K X K” ; Zp), and (Gaz), isomorphically onto the 
direct summand G'a», as in case 8. In order to find an element a such that 
(a) is a projection onto Gap, it suffices to find, for each prime p such that 
Hyas(Z, -+ 1), 540, an element a’, such that g” (ap) is a projection onto 
Ga. As in case 3, such an element is given by a, =V X >) SU,b”, where 
StU, has coefficients in Z,(1), and the sum is taken over those elements of 
the basis for H"*8'K”;Z,) which do not end with a Bockstein operator. 

We conclude the computation by combining the various cases considered 
above. If A, A’ are Abelian groups, 


H,(A+A’,n-+1) =H,(A,n+1) + H,(A’,n +1) 


for r & 2n + 1; hence, the group Homsu (X X Z) is a bilinear function of the: 
summands A(w) of x. In order to calculate the required element a, we 
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therefore need only consider pairs A(u;), A(u;) of summands, and calculate 
the corresponding a(t,7) as above. 

Applying (4.5) and the above computation, we obtain the following. 
Let y: r—>A(uz) be the projection, b; the reduction modulo p (where p is 
the appropriate prime in each case) of mb € H"**( Honss1, A (wu)), more b 
is the basic class in Egni. 


(4.10) THEOREM. 
__— Jp2n+ts+rl (SK (zr, n) ) € Herten (Ems G) 3 = s < n, 


is the sum of the following terms, indexed by ordered pairs (w4, uj) of | 
generators, not necessarily distinct, in which - the operations St’, for the 
case (1,71) has coeficient group Z,(1,j,J) Zp, and the coefficient groups 
with different indexing sets are distinct; (b) the cup-product pairings are all 
isomorphisms; (c) G is the direct sum of the coefficient groups for the various 
terms: 


(1) If u, and u; have orders which are powers of the same prime, say 
pe and p> respectively: a term biU > Spb; where {9t} is the basis for 
H+: (Zp n +1325). 


(2) If un uj have orders p*,o respectively: a term biU S Stl,b;, where 
{Stl} is the basis for H"*8(Z,n+-1;Z,). 


(3) If ui, u; have orders œ, p? respectively: a term biU 3 St’pb,, where 
{Sip} ts the set of those elements of the basis for H": (Zpen ate 1;Zp) which 
do not end in a Bockstein operator. 


(4) If both u; u; have order œ: for each prime p such that 
Hyss(Z,n +1)p0, a term biU X Std; where {8t} is the set of those 
elements of the basis for H"**(Z,n-+-13;2Z,) which do not end in a Bockstein 
operator. 


In the case s = 2, Homsu (X X X) is a torsion group, but the p-primary 
component is no longer a Z,-vector space. For this case, let bi == mb, without 
reducing modulo p. Then, by a simple direct argument, we have 


(4.11) THEOREM. —h*"*9(9K (Cr, n)) == X Gb; U Gb; E H?"* E mna @), 
where (a) the summation is over those pairs of generators u;, u; whose orders 
are powers of the same prime, say p°, p? respectively; (b) Qi= 1, be, &pa? 
0; == òp», 1, 1, according as a<b, a>b, a=b, where $x: H" (K; Zp) 
> H™*(K';Z,) is the Bockstein operator; (e) the coefficient pairing 
A (ui) D À (uj) — À (ui) + A (uj) is an isomorphism; (d) G = $ A(u) * A(u;). 
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AN INTERPOLATION PROBLEM FOR BOUNDED ANALYTIC 
FUNCTIONS.” 


By LENNART CARLESON. 


1. In a classical paper [4], R. Nevanlinna has given a necessary and 
sufficient condition that the interpolation 


(1.1) o TD | f (2v) == Wy, yve=1,2,°°°, 


be’ possible for a given sequence of points {z,}, |z,| <1, and an analytic 
function f(z) in |z| <1, |f(z)| <1. The result is, however, very implicit 
and gives in a concrete situation very little help.in deciding if the interpola- 
tion is possible or not. | 

_ The object of the present paper is to give a simple and explicit condition 
on {zp}. under which the interpolation (1.1) is possible with a bounded 
function f(z). If we allow {w,} to be an arbitrary bounded sequence, the 
condition is also a necessary one. It should be observed that even the existence 
of any infinite such sequence {z,} is non-trivial; this problem was suggested 
by R. C. Buck and constructions of such examples have also recently been 
' given by Gleason and Newman (unpublished). 

The proof of the main theorem depends on a reformulation of problem 
(1.1) which is presented in section 2. It is essentially included in a result 
by Garabedian [2]; since the discussion there is quite general and the proof 
complicated, we have. included a complete and simple proof here. ‘Section 3 
contains an inequality of the Schwarz type, which is the crucial step in our 
proof. This is then completed in section 4.. The last section is devoted to 
an application to the ideal structure in the algebra of bounded analytic 
functions. "= 


2. Let 21, Z° °,2, be a sequence of different complex numbers, 
0<|4,| <1, and let w,,w.,- : -,w, be arbitrary complex numbers. Let 
H4, q Z1, be the Banach space of functions f(z) analytic in |z| <1 under 
the norm 


If Île = lim {5 fii f (re!) ja dope, 


* Received March 26, 1958. 
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We consider the extremal problem 


(2.1) int || F |a = Me 
feH 
under the conditions 
(2.2) f(z) = Wy, pal," cin, 


It is obvious that the lower bound m, is assumed for a (unique) function 
fa€ H". If r\(2) is a Blaschke product corresponding to the sequence {z,}, 
(2.3) tn (Z) = (z—2)/(1— 22), 


then any function in H’? satisfying conditions (2.2) has the form f= fg 
+ orn 9, 9€ HY. If 4 is an arbitrary (small) complex number, a standard 
variation yields 


(2.4) S lial emg do — 0, ge He. 


[f we choose for g(z) the functions 2°, p==0,1,- - :, the well-known Riesz 
‘theorem shows that there is a function F,(z) € H1 with boundary values a.e. 
on |z|=—1 such that 


(2.5) Fa | fa farn met. 
If we use the boundary values (2.5), Hôlder’s inequality yields 
(2.6) LATE 


We now observe that by Cauchy’s integral formula, we have 
(2.7) m= met f falt dd — ah J (Pe fala) de 
gist gizl 


41 i 
= > Faly) j Wy [tn (2p) - 
1 


We now let ga. By (2.1) and (2.6), we can select a subsequence so 
that the corresponding sequences f,(z) and F,(2) converge to limit functions, 
f(z) and F(z), which still satisfy conditions (2.2) resp. (2.6). f(z) is also 
bounded and satisfies (2.2) with the least possible maximum my. If G(z) 
is an arbitrary function in H', || Gih & 1, then by Cauchy’s formula, 


(2. 8) | > G (2p) Wy/w (Zr) | = | oi Stee dz | S Ma | G i S me. 


On the other hand, if we let qg—> in (2.7), we have equality in (2.8). 
Hence the following theorem is proved. : 
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THEOREM 1. Let mq be the least possible maximum of an analytic 
_ function in |z| <1 satisfying conditions (2.2). Then 


(2.9) Ma = sup |X G(z,)wy/mn’ (25) |. 
Glis 1 


3. We shall in this section prove an auxiliary result of some independent 
interest. It is related to a well-known theorem by Hardy and Littlewood, 
see [3], p. 291. We use the letter À to denote absolute constants. 


THEOREM 2, Let o, be a sequence of open subintervals of (0,1). Denote 
by oy the interval obtained from o, by adjoining to o, equally long intervals 
on both sides, and let the length of o, bel,. Then the conditions 


(3.1) S ysok 
as oi 


for ali à and a fixed constant C, imply 


(3.2) S (1/L)( J fade) <4.0 f f(ay'ax, 
for ali square integrable functions f. 


We first reduce our theorem to the case when all o, have the form 
(k2-", (k-+-1)2-"), where k and n are integers. Every o, is included in the 
union of at most four equally long intervals of this form of length < 4. 
Let œ; be the intervals thus obtained and let m; be the length of w; Condition 
(3.1) implies 


(3.3) > mi = 40m; = cn, 


WC: 


and it is sufficient to prove that (3.3) implies that (3.2) holds with o and 
l replaced by w and m. 


Let y»(z) be the characteristic function of wp and introduce the kernel 


K (2,9) = Sixv(@)x0(y)/ms 
We have the inequality, f > 0, 
$ G/m,) (Jade) — f Fade f Eeto) 


(3. 4) 1 1 1 
NOÉ f dal f Elnia. 
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The last factor can be written, mu = m (w; N w;), as the square root of 
(3.5) F(z, 2) == (m/V mV my) tisy 
tr 
where q; = (1/V mi) [ f,z)dx. If we can prove that the quadratic form 
ot i i 


F(zx,x) has a bound AC Sas, our theorem follows from (3.4). 
1 | 


To be able tc discuss the form (3.5); we must carry out the summation 
in a special way. We say that the index 2 belongs to the first generation G, 
if œ; is not included in any larger interval w;; if there are several equal 
intervals, we chcose anyone of them as defining a member of the first 
generation. The second generation G> is defined as the collection of first 
generations corresponding to the ‘intervals associated with G,. This can 
evidently be continued until all intervals are exhausted. Similarly, if œ is 
a fixed interval with 4 belonging to Gy, Gy, v=—=0,1,2, : :, denotes the 
members of Gy corresponding to the subinterval of w; 

Let a, be the total length of the intervals corresponding to G;, for some +. 
The inequalities (8.3) and our construction imply (ao = 4) 


(3. 6) Day SC,  : n=0,1,: °° 
VA | 
(3.7) LEE = 0. 


These conditions are sufficient for an explicit estimate of a, which is contained 
in the following lemma. 


Lemma 1. Let c= 2 be a positiwe integer. The conditions (3.6) and 
(3.7) imply | 
(3.8) An = 4(1 — (1/c) À "ao. 

Let N > c be a fixed index and let {as} be a sequence which maximizes ay 
under the conditions (3.6), (3.7) and la=1. Evidently a, —0, n>N, 
and an =a, N2=n>N—c. Forns N —C, a, is defined by recursion, 


N + 
È ay = Cn EN —0c, 


which yields (ao = 1) a= (1— (1/c))*. Hence 
dy = ax = (1 — (1/6) )Y (1 — (1/6)) < 4(1 — (1/c))¥, 
which was our assertion. a | 


1? 
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We can now complete the proof of Theorem 2. For the quadratic form 
F(az,x) of (8.5), we have the estimate 
P(a,2)?S4- Dar E (1/m)( DS Vijay)? 
1 iz1 vz0 jEGiy 
We define k > 0 by k? == 1 — (1/40) and find for the last factor, by Schwarz’ 
' inequality and the lemma, the estimate 


$ (ym) SiS Vma Se 


S1/(1—k) È (1/m) Be 2 M; à rf 


1EGiy 1E€Giy 


<4/(1—k)¥ S Sh > af _uyu DS Se D z? 


Hi i € Gy v=0 g= y0 EE Gray 
<4/(1—k) Sap Š= (4/(1—b)*) See. 
jal po) 1 


The definition of k now shows that (1— k)? S A®C? and our theorem is 
proved. 


4, We can now prove our main theorem. 


THEOREM 8. Let {zy} be a sequence of complex numbers, O < |z| <1. 
Then the interpolation problem 


(4,1) f(z) ==w,, f(z) bounded analytic in |z| < 1, 

is solvable for arbitrary bounded w, if and only if 

(4.2) H | (Zv — 2a) / (1 — 2%) | 28 > 0, p= 1,2, 
vÆ 


Remark. I£ [z,,2,] denotes the hyperbolic: distance between z, and Zza 
the necessary and sufficient condition for an arbitrary simply-connected 
domain reads: 


(4. 2.8) TL tele, uJ) 28 > 0. 
For the proof of the necessity we need the following simple lemma. 
Lemma 2. Let |a| <1 be a fixed complex number. Then 

(4.3) ip }@(a) |= 1/(h ja), lels 


When discussing the upper bound (4.3), we may assume ¢(z) 0 T 
set V$ = 4 (2), 
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(2) = See’, lolai. 
a a 
Hence 


4 (a)|—|¥(a) PSS lo? Sal” S1/—lal*) 


with equality for (z) = (1—|a|?)/(1—az)*. 

Let us now assume that every problem (4.1) is solvable. Consider all f 
satisfying (4.1) and define a norm in the space of bounded sequence 
{wy} =w by | 

N(w)=int sup | f(2)| 
fo RKI 
for such f’s. The space of w’s is a Banach space under this norm which 
implies | 
N (w) = Const. sup | w, |. 
pa 


Theorem 1 then yields 


(4.4) >| G (zv) an (2v) | Z Const., |A <1. 


If we choose for G the function ¢ which by Lemma 2 belongs to the point zy, 
we find in particular 


(4, 5) (1 — | Zu |*) | an (Zu) | = Jf | (Zy — Zp) / (1 — 25%) | = 0 > 0; 
En 
which was our assertion. 


For the converse, it is necessary to prove that (4.4) holds. By (4.5), 
this is equivalent to the statement 


(4.6) Š (1— lz |*)| G (z) | £ Const, eh <1. 


In proving (4.6), we need only consider functions G(z) in H* which do 
not vanish in |z2}<1. We may thus replace G in (4.6) by ¢%, 4€ H?. 
If, finally, u(z) is the real part of 4, we need only prove 


(4.7) > (1—-| 2, |?) u(z,)? = Const., af u(ret)? dg <1, 
1 d -FF 


for positive harmonic function u. 


Let f(@) > 0 be the boundary values of u(re#), fe L?(—m, r). We 
change the definition of f by defining f (0) =0, |6| > 2r. Simple estimates 
of the Poisson kernel show that 
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u(t) SAS (1/4"a) f AOH Odo, ty (1— a) eit 


By Schwarz’s inequality, / 


(4. 8) | ayu (z) = À 5 (1/57) (1/2"4,) S wh d@)?, 


where a, =o, denotes the part of the interval | @—6,| < 2*«, which belongs 
to (— 2r, 2r). To prove Theorem 3 it is, by Theorem 2, sufficient to prove 
that the intervals o,(% satisfy the conditions (3.1) with a constant C not 
exceeding A4”, 

Since 


| (2r — 2p) / (1 — ayy) |? = 1— (1— | z» |3) (L— | za [?)/| 1—2, |°, 


our assumption (4.2) implies 


ty > Qu/ | 1—2,Z, |? S Const., r= 1,2," -, 
Bad 
which yields | 
(4. 9) ay > Op / (ay? + (0,-—— 6,)*) = Const., y == 1, à, . 
Sapay 


We now distinguish two cases. If o,’ = (—2a,2r), in which case — 
Gy > (2r/3)2-", we find for the left hand side of (3.1) the estimate 
D Art D 7a = AQ" <= (A2") (2ng). 


au >2"" auz | 
If o, is a proper sub-interval of (— 22, 27), the estimate (4.9) shows that 
2 ay S Aan g, 
uC oy 


Hence (3.1) holds with C == 44” and the proof is complete. 


5. The method used in section 2 together with Theorem 3 give us the 
possibility of studying the ideal structure of the Banach algebra B of bounded 
analytic functions in [z| <1 under the usual norm | f| — sup | f(z) |. 

lela 


Let f(z) and g(z) be two functions in the Banach algebra C of functions 
analytic and uniformly continuous in |z| <1. It is an easy consequence 
of Gelfand’s theory on maximal ideals (compare also [1]) that the closed 
ideal generated by f and g is C if and only if 


(5.1) [Fœ] + | 9(2)| 28> 0, [al <1. 


928 LENNART .CARLESON. 


Under this condition, there exist coefficients a(z), b(z) in C so that 


(5.2) af + bg =1, at | N 


We consider the equation (5.2) for all Le (a; b) of functions in He 
and study the variational problem 


(5.3) inf {|| @ lot + | 6 |e} = mt. 


Let (@&a, bq) be a minimizing pair, and consider the variation (aa + yhg, 
by—nhf), hE H9, for small complex numbers 7. As above, we find that 


(5.4) ( | Ga | *aigg — ! de |e-26,f) = F g Í fz [== 1, 


where F€ H and F,(0)—0. Let œ be-an Arbitrary tungrion in C. Lo 
together with af + bag = 1 yields 


1/2n f 2 met |g + Bl) 96 | — (7ème) mo f | | Be l8 | dz | 
(5.5) 


1/2 | mga aa |? + | bal) fé | de] = (1/2rma) INC [a | de |. 


We now let g—>co. mg then tends to m, the least possible maximum for 
coefficients (a,b) satisfying (5.2). After a selection, the formulas (5.5) 
become . l 


Í, gp ai) f _+dB. 


Si. fedp—(1/m) J $ da, 


where p, a and 8 have the following properties 


(5.7) dp=0, | d=, f jais, f [dp | S1. 
jzļ=1 Izlar - PE | 


The formulas (5.6) and (5.7) permit us to prove the following theorem. 


(5.6) 


THEOREM 4. Let a(z) be a Blaschke product with zeros z, and let f(z) 
be an arbitrary function in B such that FC) | + |wr(z)|28>0 in |z] <1. 
Then 


(5. 8) — Off br=1 
‘is solvable with coefficients a and b in B if and only if the interpolation 
(5. 9) a(2y) — 1/f (z), v=1,8,:::,a€B, 


is possible. (5.8) is thus solvable if (4.2) holds. 
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The condition (5.9) is obviously necessary. Let us assume that (5.9) 
holds and consider the pair of functions in C 
fa (2) = f (rx), Ta <l,’ gn(2) =I (2—-2,)/(1— 2%). | 


If +, is sufficiently: close to 1, the interpolation problem hn(2») —fa(zy)7, 
y==1,2,-- -;n, has a solution h,(2) € C, | h,(2)| SM, M independent of'n. 
Let on, %,-B, be the. function of (5.6) and (5.7) associated with fn and ‘gn, 
and let m, be the corresponding constant m. Our theorem follows if we can 
prove that : = Sa 

(5.10) | Mn= O0 (1), n> oo, 


Let Ca be the closed linear subspace of C of functions vanishing at 
Zis Ža ‘,2n. Every function dE C, has the form ¢=g,-y, lel =| y]. 
We define a linear functional L,(¢) on Ca: | 


G11) Ln) = f $ dpa (1/ma) i ab tm pE On 


It follows that | L, | S 1/m,. By the Hahn-Banach theorem, ZL,($) can be 
extended to C so that 


(5.12) [ROIS (1/0) | $ l, | ec. 


On the other hand, if ($) is the linear functional -defined by the first 
equation of (5.11) for all € C, we obviously have for certain constants A, 


(5.18) La ($) —In($) = SAS (2). 


Choosing = 1 we find 


(Sa | 1— (1/my) 5 


if, however, we choose 6 —=Anfn, (2r) = 1, v—1,2,° - -,n, while the second 
formula (5.6) yields 


1— (1/m) S| ZM |S (1/m,) (ll Peu fe + en D SS t/a) + IF ID. 
This inequality proves (5.10) and the proof is complete. 
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CONTINUITY OF SOLUTIONS OF PARABOLIC AND 
ELLIPTIC EQUATIONS.* 


By J. NASH. 


Introduction. Successful treatment of non-linear partial differential 
equations generally depends on “a priori” estimates controlling the behavior 
of solutions. These estimates are themselves theorems about linear equations 
with variable coefficients, and they can give a certain compactness to the class 
of possible solutions. Some such compactness is necessary for iterative or 
fixed-point techniques, such as the Schauder-Leray methods. Alternatively, 
the a priori estimates may establish continuity or smoothness of generalized 
solutions. The strongest estimates give quantitative information on the con- 
tinuity of solutions without making quantitative assumptions about the con- . 
tinuity of the coefficients. 

The theory of non-linear elliptic equations in two independent variables 
is fairly well developed. (See [1] for a survey and bibliography.) An 
essential part is the a priori Holder continuity estimate for solutions of uni- 
formly elliptic equations, first proved by Morrey in 1938. All methods used 
to obtain this estimate have been quite special to two dimensions, utilizing, 
for example, complex analysis and quasi-conformal mappings (see [2]). The 
restriction to two variables has been due to this use of such special methods; 
except for the crucial a priori estimate, the theory is extensible (and in large 
part has been extended) to n dimensions and to parabolic equations. Our 
results fill this gap, and it should now be possible to build a general theory of 
non-linear parabolic and elliptic equations, free of dimension restrictions. 
Strictly speaking, our work needs some generalization to cover equations with 
lower order terms, systems, ete. This generalization can probably be accom- 
plished fairly quickly. 

In this paper, we consider linear parabolic equations of the form 

À O[ Cia Z2: © `, Za, t)0T/0x;]/0m == OT /dt, or 
1 an 
k | | V: (C(z,t): VT) =T, 
* Received May 26, 1958. 
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t 


where the Cy form a symmetric real matrix C(x,t) for each point x and 
time ¢. We assume there are universal bounds cz = ¢, > 0 on the eigenvalues 
of C so that any eigenvalue 6, satisfies cı 0, Co. This is the standard 
“uniform ellipticity” assumption. The continuity estimate for a’ solution 
T'(a,t) of (1) satisfying | T| SB and defined for t= t, is 


2) | P(e, t1) —T (as, te) | | | | 
SBA{[ | t1 — te |/ (t1 — to) 8] *+ [ (to — t1) / (t — to) Prw}, 


where t: = t, > to Here A and a are a pioi constants which depend only 
on €, and € and the space dimension n.; As a corollary of our results on 
parabolic equations, we obtain a continuity estimate for solutions of elliptic 
equations. If T(z) satisfies Y- (C(e). VT) = 0 in a region À and the 
same bounds c, ard cz limit the ennai of O(a), then 


(3) :  |T(x) — T (za)| < BA’ (| tı — a: |/d (E, ta) ) V, 


where « is the « of (2) and A’ is an a priori constant A’ (n, ĉi, C2), and where 
|T| SB in R ard d(2,,22) is the lesser of the distances of the points a, 
and z from the boundary of R. 

Our paper is arranged in six parts, each concluding with the attainment 
of a result significant in itself. Detailed proofs are given and all the results 
presented in [14] are covered. An appendix states further results, including 
continuity at the boundary in the Dirichlet problem, a Harnack inequality, 
and other results, stated without detailed proofs. 


General remarks. The open problems in the area of non-linear ‘partial 
differential equations are very relevant to applied mathematics and science as 
a whole, perhaps more so than the open problems in any other area of mathe- 
matics, and this field seems poised for rapid development: It seems clear, 
however, that fresh methods must be employed. We hope this paper con- 
tributes significantly in this way and also that the new methods used ‘in our 
previous paper, reference [10], will be of; value. 

Little is known about the existence, uniqueness and smoothness of solu- 
tions of the general equations of flow for a viscous, compressible, and heat 
conducting fluid. These are a non-linear parabolic: system of equations. 
Also the relationship between this continuum description of a fluid (gas) and 
the more physically valid statistical-mechanical description is not well under- 
stood. (See [11], [12], and [13]). An interest in these questions led us 
to undertake this work. It became clear that nothing could be done about 
the continuum description of general fluid flow without the ability to handle 
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non-linear parabolic equations and that this in turn required an a priori 
estimate of continuity, such as (2). 


Probably one should first try to prove a conditional existence and unique- 
ness theorem for the flow equations. ‘This should give existence, smoothness, 
and unique continuation (in time) of flows, conditional on the non-appearance 
of certain gross types of singularity, such as infinities of temperature or 
density. (A gross singularity could arise, for example, from a converging 
spherical shock wave.) A result of this kind would clarify the turbulence 
problem. 


The methods used here were inspired by physical intuition, but the ritual 
of mathematical exposition tends to hide this natural basis. For parabolic 
equations, diffusion, Brownian movement, and flow of heat or electrical charges 
all provide helpful interpretations. Moreover, to us, parabolic equations seem 
more natural than elliptic ones. It is certainly true in principle that the 
theory of parabolic equations includes elliptic equations as a specialization, 
and in applications an elliptic equation typically arises as the description of 
the steady state of a system which in general is described by a parabolic 
equation. 

In our work, no difference at all appears between dimensions two and 
three, Only in one dimension would the situation simplify. The key result 
seems to be the moment bound (13); it opens the door to the other results. 
We had to work hard to get (13), then the rest followed quickly. 


We are indebted to several persons and institutions in connection with 
this work, including Bers, Beurling, Browder, Carleson, Lax, Levinson, 
Morrey, Newman, Nirenberg, Stein and Wiener, the Alfred P. Sloan Founda- 
tion, the Institute for Advanced Study, M.I. T., N. Y.U., and the Office of 
Naval Research. 


Part I: The Moment Bound. 


More than enough is known about linear parabolic equations with variable 
coefficients to assure the existence of well behaved solutions for equations of 
the form (1) if we make strong (qualitative) restrictions on the Cy and 
restrict the class of solutions to be considered. (See [3] through [7].) There- 
fore we assume: (a) The Oy(x, t) are uniformly C”, (b) Ciy(a, t) = V tcz ŝu 
(Kronecker delta) for |2| = rfo, some large constant. We consider only 
solutions T’(x,t) bounded in x for each t for which the solution is defined, 
i.e, max | T'(x,t)| is finite. 
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Under these restrictions, any bounded measurable function T (s, to) of 

x given at an initial time ¢, determines a unique continuation T'(x,t) defined 

for all t = t and C” for t> to Moreover, T(x,t) > T(x, to) almost every- 

where as ¢—>é, and max | T (s, t)| is non-increasing in ¢. It is also known 
æ 


that fundamental solutions, which we discuss below, exist and have the 
general properties we state. (See [4], [7].) 

After the a riori results are established, a passage to the limit can 
remove the restrictions on the Cy. This is a standard device in the use of 
a priori estimates. The Holder continuity (2) makes the family of solutions 
equicontinuous and forces a continuous limit (generalized) solution to exist. 
Furthermore, the maximum principle remains valid and with it the unique 
continuability of solutions bounded in space. The final result requires only 
méasurability for the Cy, plus the uniform ellipticity. condition; and the a 
priori estimates then hold for the generalized solutions. 

‘The use of fundamental solutions is very helpful with equations of the 
form (1). Our work is built around step by step control of the properties 
of fundamental solutions and most of the results concern them directly. 
A fundamental solution T (x,t) has a “source point” s, and “starting time ” 
to and is defined and positive for ¿> tə Also, fT(x,t)dx —1 for every 
t > to, where da is the volume element in n-space. As &— to the fundamental 
solution concentrates around ite source point; lim T (e,t) is zero unless 7 = to, 
in which case it is +0. Physically, a fundamental solution represents the 
concentration of g diffusant spreading from an initia! concentration of unit 
weight at z, at time tp. 

All fundamental solutions are conveniently unified in a “ characterizing 
function” S(2,t,%,f). For fixed @ and i and as a function of s and #, S is 
a fundamental solution of (1) with source point £ and starting time ¢. Dually, 
for fixed v and #, S is a fundamental solution of the adjoint equation: 
Vi: (C(t) - Y8] —=—4S/é?, where time runs backwards. This duality 
enables us to use estimates for fundamental solutions in two ways on S. 


ee 


The dependence of a bounded solution T(x,t) on bounded initial data 
T(x, ts) is expressible through 8: 


(4) ` T(z, t) = fS (z, tč, to) T (Z, to) de; 
in particular, 
(5) S (Ta, be, Tos to) = FS (Lo, ba, Tr t1) 8 (Ta, tr; To, to) day. 


These are standard relations. (5) reveals a reproductive property of funda- 
mental solutions. 


t 
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Now consider a special fundamental solution T == T (x, t) = 8 (x, t, 0,0) 
with source at the origin and starting time zero. Let : 


E = f T? dz, 
then 
E, =2 (TT; dz =2 fTV > (C: VT)de =—2 f VT- C: VT dz, 
by integration by parts. For any vector V, we have a| VP SY- CY 
< ta | V |*; therefore | 
(6) — E, 2 Ra f| VT |? dx. 

With (6) and a lower bound for f| VT |? dz in terms of E, we shall be 
able to bound Æ above, obtaining our first a priori estimate: To bound 
f| VT |? dx we employ a general inequality valid for any function u(x) in 
n-space. For our purposes, we assume u is smooth and well behaved at 


infinity. E. M. Stein gave us the quick proof which follows below. 
The Fourier transform of u(az) is 


oy) = (Or) fois vu(x)de. 
This has the familiar property 
f |v dy = f |u |°dz. 
The transform of @u/da, is tyv; hence 
| f| @u/day, |? dx = fyr? |v |? dy, 
f| Vu da 2 f (0u/dx,)? dz = f|y |? | v |? dy. 


and 


Finally, 
Jo] SS (2x) "7 f | eten]. |u| dem (2 = ef |u]| de; 


therefore, for any p > 0, we have. 


(a) Sfi 10 PWS (p (0/2) (Bay fu | dey’ 


using the formula for the volume of an n-sphere. On the other hand, 
(b) f přrasf ul |e [dye f| Yu |” åz 
y|> 


If we choose the value of p minimizing the sum of the two bounds (a) and 
(b), we.obtain a bound on f|v|?dy— f]u|? dz in terms of ee dx and 
f| Vu |? da. Solved for f| Vu |? dz, this is 
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f| Vu? de 
> (4an/(m + 2)) L(n/2) Y + n/2) PL Flu | de VE fu |? day 


Applying the above inequality with u — T, remembering that fTdx—1, 
we obtain from (6) 


t 


— B, = ken, 


This is the first use of a convention we now establish that k is a generic symbol 
for a priori constants which depend only on n, c, and cs. Any two instances 
of k should be presumed to be different constants. Thus, from the above 
inequality, (Æ-?*),Z k; hence Æ-?/72 kt and 


(7) | E < ptn, 


We used above the qualitative fact lim E =o. 
t->0 


From this first bound (7) and the identity (5), we obtain 
T (x,t) = f S(x, t, & ¢/2) 8 (4, t/2, 0, 0) dz, 


whence | 
(T(z, t))?S f [S (x, t, 51/2) 1° d f LS (E, t/2, 0,0) }? dts [k(t/2) "PT. 
Therefore | 
(8) TE kte, 
which is a pointwise bound, stronger than (7). 
The key estimate controls the “moment” of a fundamental solution 
M = frT da = f |x |T dz. 


To prove M Æ kt is our first major goal. This is dimensionally the only 
possible form for a bound on M. The moment bound is essential to all 
subsequent parts of this paper. 


We also define an “entropy.” 


(9) Q =— fT logT da. 
From (8), 
Q = fmin[— log T](T dz) =—log(kt"”?) fT dz, 
hence | i 
(10) QZ +k-+4nlogt 


because f T di 1. The sharp result = = in tog (récit) is obtainable from 
a more sophisticated argument. ` 
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Our derivation of a bound on M requires a lower bound on M in terms 
of Q asa lemma. This inequality, which is M = ke®/, depends only on the 
facts T2=0, fTdx—1. First observe that for any fixed À, 


min (T log T +- AT) =— g^. 
Let A =ar + b, where r—|x| and a and b are any constants, and integrate 
over space, obtaining 
SET log T + (ar+b)Tidr Z — e% fet da, 
—Q+ aM 4-6 2—e aD, 


or 


where D, is the well known constant 2*ri(""1)[4(a—1)]! related to the 
gamma-function and the surface of the.(n—-1)-sphere. Now set a—n/M 
and e?—(e/D,):a". Then —Q+n+02—1 or n+12@Q-+ log(n/D,) 
+ log(n/M) ; thus nlog M+ n= Q + n log n—log D,, finally, 

(11) MZ (n/e Dp) eln = ke, 

This ingenious proof, due to L. Carleson, gives an optimal constant. 


The next mequality is a “dynamic” one, connecting the rates of change 
with time of M and Q. Differentiating (9), 
Q=— f (1+ log T) Tide =— f (1+ log T) V : (C+ VT) dz 
= fV(lgT)-C-VTdx 
after integration by parts. This can be rewritten 
Q: = f V (log T): C- V (log T) (T dz). 


Since in general V-c.C: YZV œ- Y=] C- V |, where V is a vector, we 
have 


oQ: = f| C- V (log T)|?(T dr) = [f |0- Y log T |(T dx) } 
= [f|0 YT |ds]. 


1 1 
Here we used the Schwarz inequality in the form f f du = cf f du}? with 
0 0 
du corresponding to T dz. 
By analogous manipulations, 
M, =— fVr-C- Vida and | M| S f|Vr||C-VT|dx, 
hence, 


| M| S f|C VT | da. 
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Combining inequalities, 
(12) | C20: = (M;)?. 


This is a powerful inequality. @ is defined as it is in order to obtain (12). 


The three inequalities 


(10) QZ k+ 4nlogt 
(11) M > keen 
(12) CQ = (M)? 


and the qualitative fact lim M==0, as t->0, suffice by themselves to bound 
above and below toth M and Q, as functions of time. No further reference 
to the differential equation is needed. 


From Jf(0) ==0 and (12), 


| | 
M< f (c2Q:)? dé, 


whence 


| i 
keQn < M < j (c:0:)? dt. 
0 


Now define nR == Q —k—4nlogt in such a way that R= 0 corresponds 
to (10). Then G;,—nR, +n/2t, and we obtain 


H 


t 
ktteR <M < (nca) f (1/24 + Rè dt. 
0 


When a and a + b are positive (a + b} Sæ -+ b/2a4, hence 
t t t 
f GRt+ Rat f (1/2t)èdt + f (£/2)4R, dt 
0 ' 0 0 


< (2) 4+ R(t/2)3— fR/(8t)AdtS (Hi + R(E/2). 


Here we used integration by parts and R = 0 in the second and third steps. 
Applying this result, 


the? < kM < (2t)4 + R(t/2)}, 
ke? < kUJ SAHAR). 


or 


Clearly ke? increases faster in À than 24(1-- $R) so that R must be bounded 
above. Therefore M/t is bounded both above and below: 


(13) kit'< MS kë. 


f 
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If we use best possible constants in (10) and (11}, we can obtain 
ba (ant P S MS (Rent) [1 + min (A, (A/2)4) |, 
ba = (1/26) [} (1—1) ] J 2 237 
à = $ log (62/61) — log bn = (1/2n) log 2 + +log(c/c:). 


where 


and 


Thus À is relatively small. Since b,— 1 as n—>co, the bounds sharpen with 
increasing n; indeed, they seem surprisingly sharp. For comparison, 
M ==-(2nct)4 in the simple heat equation where Ci = cô and C, = t =€. 


Part IE: The G Bound. 


Here we obtain a result limiting the extent to which a fundamental 
solution can be very small over a large volume of space near its source point. 
From this result, we can show there is some overlap, defined as fmin(7’,, T2)dx, 
of two fundamental solutions with nearby source points, starting simul- 
taneously. - | | 


Let T be S(x,t,0,0) and let 
(14) U (é, t) = "T (Bé, t). 


This coordinate transformation and renormalization makes {U dé= 1, 
where dé is the volume element. Furthermore, if » is the constant such that 
M ptt, we have f|E|UdéS u. For U, equation (1) transforms to 


(15) tU =nU +E VU +27: (0: VU). 
Let - 
(16) G = fexp(—| é|*)log(U + 8) dé, 


where & is a small positive constant. G is sensitive to areas where | | is not 
large and U is small. These tend to make G strongly negative. We later 
obtain a lower bound on G of the form 

G = — k(— log 8)4, 


valid for sufficiently small 8. This bound limits the possibility for U to be 
small-in a large portion of the region where |é| is not large. From U > 0 
the weak lower bound G > x"/*log8 follows immediately. 


Differentiating (16) with respect to time and using (15), we obtain 
2tG, = H, + H: + Hs, 
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where- 
Ha fop EUT +E, 
H, = fexp(—|é|?)é- V log(U + 8) dé 
E [exp(— | €|*)é]log(U + 3) dé, 
by integration by parts, so that 
E CREER" é)log(U +3) dé 
+ fexp(—|é|?)(2|é| V [€|) :Elog(U +8) dé 
—=—n + 2 fexp(—|é|*)| é l ilog + log(1 + U:/5) | dé, 


hence, 


A, = —nG+e2 log 3 f| é]? exp(— | é |?) dé = — nG + nr’? log 8; 


finally 
Hs = 2 fexp(— | é|) V: (C: VU)/(U +8) dé- | 
—— 25 V [ep (—|¢l)/(0 + 8)]:0 VU dé 
E aad V él: O: VU]/(U + 5)dé 
+3 ep lE PYT: 0 voy +8) de 
=A + Hz”, 
where l ! 


Hy —4 fexp(—|é|*)€-C- Y log(U +8) dé, 
Hy” = 2 fexp(—|£|*) V log(U +8) -C- V log(U +8) dé, 
From the Schwarz inequality, | 
(H7) S {£fexp(— | é|?)é-C: £d) 
X {4fexp(— | é|*) V log(U + 8) -C- V log(U + 2) de} 
S {40 f | é |Pexp(—| é |?) JERE” | 
< (4c: Enr) - Hy” — nort E,” ; 


Hence 

| La, sx 
Furthermore, 
(17) H” Z Re fexp(—|£#/*)| Y log(U + 8) |: dé 


Combining the lower bounds available for H,, H, and Hz’, we obtain 
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(18) 2G, = Hı + H: + H” —| H;' | 
= 0+ (—n@ + nad” log 3) + Ha” — k (H)? 
= k log §—nG—k(H,”)3 Jt H. 


When we bound H,” below in terms of G, (18) will yield a lower bound 
on G. 

A function f(E) ==f (én éz © -,én) may be expanded in products of 
Hermite polynomials, of the form [J] Hr (&), where the polynomials are 


defined and orthonormalized so that f exp (— 8?) H,(s)H)(s)ds=8,. The 


identity dH,(s)/ds = (2v)4H,.(s) obtains, and the coefficients of these 
products in the similar expansion of, say, 6f/0& depend very simply on the 
coefficients in the expansion of f. If fexp(— |é|*)f dé —0, the coefficient of 
II 4o(&) is zero and we obtain 


fexp(— | é])| VF]? d= fexp(— | é| 
Applying the above, with f=log(U + 8) —m "2G, to (17), we obtain 
(19) H,” = 4c, fexp(—| £ |>) [log (U +8) — r*G]? dé. 


The quantity U-[log(U +-8) —«*?G]?, related to the integrand in 
(19), is large for very small U, then decreases to zero, rises from zero to a 
local maximum at U == U,, say, and finally decreases monotonically as U —> œ 
for U=U,. (We know logô—#"#24 <0.) The equation for the maximum 
point U, is log(U, +8) — r” G ==2U,/ (U +8), from which V, < Uo 
== exp (2 +7 #24). Therefore the quantity under discussion is decreasing 
for UZ U, The bound (8), T S kt”/, corresponds to U Sk. Hence the 
quantity has a lower bound of the form k[log(k + 5) — kG]? for UZU.. 
Applying this to (19), we may say ` 


Hy!’ = 40, fexp(—| £|?) k [log (k + 8) —kG]°U* dé, 


where U*=U for U > U, and U*==0 for USU, Thus we are ignoring 
the contribution to (19) of the region where U <= U, and taking the worst 
case, Ü as large as possible, in the remaining region. For sufliciently 
negative G, the expression log(# +5) —#@ will remain positive when 8 is 
omitted, so that [logk—k@]? < [log(k-+ 5) —&G]2, and we can simplify 
the above inequality on H,” to the form 


(20) H” = (k—kG@)? fexp(— | é|?) U* dé. 


Let A= f U* dé and observe that SIEU d = f |é|Ud££u There- 
fore 
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nz f LEIDE ace (away J Uta 


£|22n/d EÆ2x/À 
hence, 
f U* d£ = $A, and so U* dé = 1} — 41 — A. 
[gl22u/r MECS 
This result can be applied to (20) and yields 
(@1) HZ (le —kG)?- exp (— (2/d)?) (4A). 


This is not effective unless we can bound À below, or bound fU d&é=1—a 
above, where U = U — U* so that 0 — 0 unless U < U,, in which case Ô = Ọ. 
Of course, we know f|é|UdéSp because Û SU. Under the moment 
constraint and the constraint Û S Uo, the maximum of fÛ dé is clearly 
realized by having Û =U, for || Sp and U0 =0 for |é| >p, where p is 
such that 


f| E| È dé f| £| U. dé = [nr ?/(n + 1) (n/2) pU. = p. 
This makes 
L—A= fÜ df= [x"/*/(n/2) !pDo 
1—A SU (kp/U 5) */("**) or 1—AS kU, 


If Us, witch is exp(2 + 2°7/?G@), is small enough, then 1— À is small and À 
is bounded below. Thus A = 4, say, for all sufficiently large —G. Now from 
(21), we have 

| H” = (k — kG)’ 


for sufficiently large — G. 


Returning to inequality (18) controlling G, and applying the above 
result, we can state that for sufficiently negative G, 


(22)  2dG/d(log t) = AG: = —nG + klog? + (k —kG)? —k(k —kG) 
= k| G|? + klogs. 


Let G,(¢,, Ca n) be the number such that when G <= G,, we know G is small 
enough to make (22) valid. Let C(c1, Ca n, 8) ——k(—logë)i be the 
largest number such that k|@G|?+klog8>0 for all G<G2 Then 
min( G, G2) = G; is the smallest possible value of G. Ii we had G(t,) = Gs —«, 
we would have dG/d(logt) =e* for all ¢<%,, and consequently G(t) 
= G (t) —<* log‘t,/t), which implies G—>-c as t—0. But since 
G = n" log 8, the hypothesis G (t) == G;—e is impossible. Our conclusion 
is GE Gs, or 


(23) G = — k(— log 8)? 
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for all sufficiently small values of 8, because G.= G, and 
| G = Qz == — k(— log å)? 


when ô is small enough. 


Part III: The Overlap Estimate 


Let T, and T, be two fundamental solutions S(x, t, zı, 0) and S(x, t, x, 0) 
with nearby sources. Change coordinates, defining U, == t" T (6E, t) and 
U= i" PT (ËE t). Let & = z,/ and é ==%:/6. Here the source of the 
(renormalized) fundamental solution U; is & rather than the origin, which 
was the source of U in Part II. . Taking this inio account, we «apply Vs 
obtaining 


fexp(— | £— 8 |2)log (U: + 8) dé = G, = — k (—log 8)3, 


where «== 1 or 2 and 8 must be sufficiently emal. We may add the inequalities 
above and obtain 


fmax[exp(— | é—& |*) ]max[log (U; + 8) ]dé 
+ fmin[exp(— | §—& [*) Jenin [log (Us + 8) dé = — 2k (— log 8)? 


-in which we form two integrals with sum at least as large as the sum of the 
or iginal integrals. We abbreviate the above to 


Sf* log (Umar + 8)dé + f flog (Om + 8) dé = — k (—log oF 
For the first integral, we observe (assuming §=< 1) 
SP" log (Umax + 8) dS ff*(Us + U2) dS f (Ur + Ur) dé —2. 
For the second integral, 
ff log (Un + 8) dé S log 8 f Î dé + max[f] flog(1 + Umin/8) dé 


Sw log è -+ 8? f U min dé, 
where | 


w= fininfexp(— | é— é |2), exp(— | €— é |?) ]dé. 


Therefore we obtain 


2 + wlogé + 8" fmin (U, U2) dé = — k (— log 8)3, 
or 


(24) fmin(T,, T.)de = fmin(V,, U2)dé = 8[—2 — w log 8 — k(— log 8)4]. 
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This is valid for sufficiently small 8, say for 8 & ê, ‘Also, there is a value 
ô (w) such that for è< &,(w), the bracketed expression is positive. If we 
set §== 4min (8, 82), the right member of (24) is mamas positive, and 
we may conclude 


(25) fmin (Ti, Ts) de = $(|&—&|) 246(|ei—a 1/8) 


because w is a function of | é,—& |. The function œ is decreasing but always 
positive. It is an a priori function, determined only by ¢:, cz, and n. This | 
inequality (25) is our first estimate on the overlap of fundamental solutions. 
Its weakness is that we know little about ‘the function ¢. 


Part IV: Continuity in Space. 
We can obtain a stronger inequality by iterative use of (25). Observe 
that | D 
(26) "SIT To] dz = $ f [T1 + T2 — 2 min (T, T2) Jde 
S1— elan —2 1/8) = (| 1 — 21/4) 
in which we define the function y, which is increasing but always less than 


one. 
Let T,=max(T,—T,, 0) and T, = max(T,—T,, 0) so that Ta + Tr 
=| Tı —T,| and f(T. Le on on Then 


FT do— [Tdi A(#) =4f| Ta —T, | de Sy (|s: — e: |/#), 
defining A(t). Let 





x (2, t) = Taie) Pa (#)/A (t). 
Let T,” (z, t,t) be the bounded solution in + and # of (1) defined for 
=t and having the initial value T,* (x, t,t) = Ta(s, t). Define T,” 
similarly. Then from (4), 
Ta (2, t,t) = [S (2, t,x, t)To(2, t) da 
= f (S(2',V,2,t)x(2, 2, t) dx dz, 
and | 
T (2, Y) — T(t, t) = Tor — T," 
= f SEZ, Y, s, t) —8 (a, 114, t) Ix(e, & t) de dē 
by the superposition principle (T1 — T and Ta —T,* are both solutions of 
(1) for =t, and by definition, Pere Die = T at Ë =tŁ.}). Inte- 
grating this over dx’, we obtain | a | 
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HITE G= #)| da’ 
= fS SLS, E, 2,2) —S(v’,¥, 2, t) | de’ x(a, 5, t) dx dz, 


whence . | 

(27) AW) SSS Wla—4|/(U—1)3) x(a, è, t) de dë 

by application of (26). Incidentally, the right member above is — 
S f fx(o4,t)dede—A (1), 


thus A(t) S A(t) when Æt. This inequality (27) is the. key to the 
iterative argument which strengthens (25) and (26). 

To begin the iterative argument, we choose any specific number d and 
let e—p(d)—1—#Y(d4). (If we were trying to get an explicit formula 
for the exponent « in (2), we would choose d with regard to an explicit 
formula for ¢(d) so as to optimize the result.) Let o=-1—e/4. For each 
. integer y, let ¢, be the time (or the least time) at which A(t) = A (t,) =o’, 
if ¢, exists. This is in reference to a specific pair, T, and 7, of fundamental 
solutions. We know, for example, that tı <7, where t= |2, —, |?/d?’, 
because A (7) SS y(| ti — z | /75) =y (d) = 1—e and o = 1—e/4 > 1—e, 80 
that A(r) < A(t) =v. 

Let Ma(t) = f| £— zo | Tedz, where £o is $(£, + £a), the midpoint of 
the line segment joining the source points x, and +, of the fundamental solu- 
tions T, and T}. Define M, similarly and let M, = max[M, (ty), Ma (tv) ]. 
We decompose 7’, into nearer and farther parts Ty and Te— Tg at each time 
t, as follows: for | z — £o | S Ro M, define T,’ — T'a; otherwise Ta = 0. Then 
ROM f (Ta— To) des f| £ — to |(Ta— Td) dr € f |2 — zo | Tade M, 
and ccnsequently, T (Ta— Ti) de S ho" and f TY de = io”. Define Ty simi- 
larly and define yy (x, #) =o>Tg (x) Ty’ (Z). Now, applying (27) with t == t, 
we can say 


AW) S f SW) e—4 |) —t AL O(a, & t) — yo" (@ 2} + x(a; 2) dnd 
= $ f {x — xv} dada + (40 M, /(€ — ty)¥#) f fx drd, 
because when x,’ > 0, we know both T’ > 0 and Ty > 0 s0 that both | £ — To | 


and |i—«,| are = 20M, and consequently, |[t—#|= 40 7M,, and we 
also know that y= yxy and y < 1. Proceeding further, 
AG) S f fx dadé— [1 —y (40M, / (# —t,)8) 1 f x dnd 
So’ —[1— plo’ (Tide (Tyde S o — [1— yo (07/2)? 
S [3/4 + 1/44 (407M, / (Y —ty)8) J. 
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We now set Y = ty + 1607? (M,)°d"?, and the argument of y above becomes d. 
Then since #(d) = 1—e, we obtain 


A(t’) So’[8/4+1/4(1—e) ] =o” (1— 6/4) = ot, 
Hence 
(28) tos S UV == ty + 1607 (M, )?d”?. 


This will bound the sequence {t,} of times after we obtain a bound on ` 
the sequence {M,} of moments. 


Observe that 
T,(2’,t’) = max (T, (2, Y) —P,(e’, ’), 0) 
= max (T,* (x, t,t) —T,* (x, t,t), 0) = T* (g, tt) 
= fS (z, t,x, t)Ta(x, t) de. 
Therefore 
i 
Malt) = f| x’ —% | Tala’, Uda’ 
S S flle’—2| + |e zo (1S (2, t,x, t)To(a, t) dade’ ; 
hence 
M(t) = f| £— zo | Ta(z,t) fS(2’, t,x, t)da’da 
+ fT o(2, t) f | 2’—x| S(x, t,x, t) de’de, 
or | 
Malt) S f|e—2|Ta(a,t) dx + w(t’ —1)5fTa(x, t) dx 
S Melt) + A(t) a(t —#)i 
Now let ¢ and @’ be t, and tpu, use a similar estimate for M, and the 
definition M,—max(W,(t,), My(t,)), and obtain, by (28), 
Mys = My f op (tp T. tp)? 
< M, + o’u(160 (M, y ae <= M,(1 + 4u/d). 
Now to = 0 and Mo = Ma (to) == My, (to) = À | ty — Te l, because Ti and La 


concentrate at 2, and g as t—> 0, and | #,—2 | = | 22 — To | = $ | 21 — a: | 
since To == $ (£, +%). Therefore we have 


M, S $ | t1 — z | (1 + tu/d)”. 
With this anë (28), the sequence {{,} can be. bounded: 
ba Sty + 160 [4 | 2, — 2 | (1 + 4y/d) 2d. 
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ton Sd | e — aa |? [(1 + 4/8) /0) 1° 
Summing this geometrical series, 
wy |? S 4d? (02 (1 + 4p/d) )?*2/[o# (1 + du/d) —1]} =t 


(definition of £,7). Now for any time ¢, define »({) to be either zero or the 





ty/ | 2 


integer such that 
nr) < t/| Li — Le |? < Enr 0 


if this integer exists. Then tp <t and A(t) S A (trg) =o. Also, 


v(t) 2 (log(t/£ | zı — za |*)/l0g n) —1. 





From these observations, we conclude 








o”® So exp[ (log o/log n)log(t/¢ | t1 — 2e |*)] ; 
hence , 
A(t) SE o (t/E | x, — a, |?) 08/08, 
or 
3f| Tı — Ti | de S otg (| x, — a |/#)*, 
where 4a = — log a /log q. 


Both o and » are determined by d. Specifically, c—1—i4¢(d) and 
== [o (1 4- 4u/d)]?. An optimal choice of d in relation to ¢(d) would 
maximize & We may choose d arbitrarily as, d? = c,, say; this will make a a 
function of p and ¢2/c; (proof omitted). In any case, even if we set d=1, 
we obtain the estimate 


(29) fi K (T, t, Tis to) — &(a, t, Tas ta) | SA, (| Ti — Le |/(é—t}3}9, 


i) 


where A, and a are a priori constants depending only on n, €, and cə. Also, 
for the dual adjoint equation, 


(30) IS (a, t, to, to) — S (az, E, To, to) | dao S Ai(| T1 — Ta 





/(t—to)*)*. 
With (30), we obtain the estimate for the continuity in space of a bounded 
solution of (1). If T(x,t) satisfies (1) and |T|=B for t = to, then 

| T(a1,t) —T (22, t)| S| [TS (a, t, £o t) — 8 (22, t, Zo, to) JT (Go, to) do | 


= B f| 8 (E, t To, to) —S (Ta; t, Tes to) | Ao. 
Hence, i 
(31) | T (x1, t) —T (£3 t) | S BA, (| 21 — t2 |/ (É — to) #)*. 
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Part V: Time Continuity. 


(31) gives half of (2); the remaining part, time continuity, can be 
derived from (31) and the moment bound (13). Let T'(x,t) be a solution of 
(1) with |T| SRB for tZ to Then for t > t> t, we have 


T (a,t) —T (a2, t’) =T (2, t) — fS (x,t, 2, t)T(ž,t)dē 
= f(a, à, IT (a, t) —T (4, DIE, - 
since fSdë—1. Therefore, | T(z, t) _ 1a, V)|= 
SS 8,2, t)| P(t) —T(4,t)| dë | 
S f8(a,t,0+-4,8)|P(o,t)—T(e+y,0)| dy. 


Now we separate this integral into two parts, in terms of a radius p; one 
where |y | p and one where |y | >p. Thus | T(2,t)-—T(2,V’)i\ SL -4+ I, 
where 


n= f se P,e +y t)| T (x,t) —T (24 y, t)| dy SBAs(p/(t—t)4)* 


(because fS dy = 1), and 


d= T S(r, t,e -+y t)| T (2, t) —T (2+ y, t)| dy 
YeP i i 


S28 fy] S@.t,e+4,t) dy £ 2Ba (Y —t)/p: 
: lul>e an 
Adding the two inequalities, 
| P (a, t) —T (x,t) | S BA: (p/ (t — to)4#)* + 2Bu(t — t)¥/p, 
and if we choose p so as to minimize the sum, then 


aA pl = Ru (E — t)i (E — to), 


and we obtain 
(32) |T (2, t) —T (2, t) | £ BAL (E — t) / (E — to) Jio, 


where A; = (1 + a) A, (Zh JaA) 00), This result (32), combined with (31) 
yields (2), with À == max(A,, 42). 
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Part VI: Elliptic Problems. 


We treat elliptic problems as a special type of parabolic problem, one 
in which the coefficients of the equation are time independent and a time 
independent solution is sought. The Hölder continuity of solutions of uni- 
formy elliptic equations of the form V : (C: YT) =—0 appears as a corollary 
of the. result for the parabolic case. There may exist another proof of our 
result (3). P. R. Garabedian writes from London of a manuscript by Ennio 
de Giorgi containing such a result. See de Giorgi’s note, reference [9]. 

-- Let D be a domain in space-time defined by the constraints | «| So 
and 420. Then D is a solid semi-infinite spherical cylinder. Call @ the 
points of the cylindrical surface cr boundary of D, where |s| =o. Let D, 
be the points of the base of D, where t—0. Define 8* as the total boundary 
of D, the union BU Deo, of the base and cylindrical surfaces. 


A`“ Dirichlet parabolic boundary value proklem” is given when values 
of T are specified on #@* and we ask for a solution of (1) in D assuming 
these specified values on @. The solution of the problem must depend 
linearly on the boundary values; also, the maximum and minimum principles 
must hold. These facts require that the solution T(x.t) be determined in 
this way: 


Here {x,4) is a point of D, é is any point of @*, and dp(£;2,¢) is a positive 
measure, associated with é, which has {dp — 1 and which vanishes for (é) > 4. 
The time and space coordinates of the point é are called ¢(é) and x(é). 
We cannot pause here for a detailed justification of (33), but refer the 
reader to the literature. | 


We can define a boundary value problem for which we know the solution 
in advance by setting 7'(€) = S(x(€),t(€), £o to) if to <0. Then the solu- 
tion of the problem is S(2,¢,2%,t.), and from (33), 


(34) S (x, t, To, bo) = SS (ECE), (E), Vo, to) dp (£; a, t). 


This is a powerful identity; it enables us to convert information on funda- 
mental solutions into information on dp, and in particular,.we can obtain a 
moment bound for dp. Multiplying (84) by |s— z| and integrating, we 
have 


S| T— To | S(æ, t, To: Lo) dto == ff T — Lo | S(æ(£), t(é), Toy to) dp dX. 
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Hence . 
u(t—— t)i = ff {| c—a(é)|—| £o— ECE) |}S (ECE), t (É), Tost ) dp dao, 
so that 


e(t— to)? + ff To — z(é)| S(2(é), t(#), To, to) dXodp 
=f |a—a(é)| fS Celé), tE), To to) daodp. 


Since fS dr = 1, and from the moment bound (13) again, we obtain 


p.(t— to)? + Sec (E) — to) dp = f| £ —2(€)| dp. 


Now dp vanishes unless t(£) St, and ¢ can be as near to zero as desired ; 
also, fdp—1. Hence we can simplify the above to 


(35) ap = | «—2(é)| dp(é32, t). 


This moment bound (35) on dp enables us to control the relative sizes of 
the effects of the two parts of the boundary in determining T(x,t), where 
(x,t) is in D. Thus 


lead flll eH = lel) fa. 


Hence 
(36) J dol 8sa t) S2ath/(o—| 2). 


Now let T(x) be a solution in a region œ of n-space of Y: (C(s): VT) 
— 0, where C(x) satisfies the uniform ellipticity condition with bounds c 
and Ce. If we introduce time and define T (x,t) == T(x), then T(zx,t) 
satisfies V- (C-YT) —T,, which is of our form (1). Suppose x, and s 
are two points of œ and let d(x, 22) be the smaller of d(w,) and d(x;), the 
distances from tke boundary of & of 2, and æ, (of course, d(x:,x:) may be 
infinite). For any o < d(2;,22), we can define D, as the set of points (z, t) 
in space-time where | &— x, | So and tZ 0; also, D, can be defined for 2, 
and the boundaries Bı; @., etc. can be defined in the obvious way. T'(x,t) 
can be regarded as a solution of a parabolic boundary value problem either 
in D, or D, Another problem with solution 7’(x,¢) can be defined at 
first as an initial value problem in all space by setting T”’(x,0) == T'(x) for 
all « where min(|s— z: |,| x—z:|) So, that is, T’(x,t) —T(x) when 
(t,t) € Do U Doo, and setting T(x, 0) —0 for all other x values. If B(c) 
= max | T (x)| over the set of « values where min (| s — s; |, |2—-, |) =n 
then | 7”’(«,0)|B(c); furthermore, the solution 7”(x,t) satisfies | 7” | 
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<S B(c) for all tZ 0 by the maximum principle. We can also regard T (a, t) 
as a solution of a boundary value problem, either in Z, or in D., where the 
boundary values are just the values T” (æ(¢),t(£)) assumed there anyway. 


By (83), for any (x,t) € Di, 
T (x,t) —T' (x,t) = f(T (a(é), t(€)) —T'is (8), t(€)) ldel; r,t), 


where dp; is the measure associated with D;, and i— 1,2. Now T(z, t) = T(z) 
is time independent, and on D we have T(x, t) = T (x,t) —=T (a). There- 
fore, 


TG) DIS J | Pel) — TEELE) | du S2B(o) J dps 
and 


| T (2) —T ( (1 t) | S4B(c) utt/o, 


by use of (86). With our Holder continuity estimate (2) for solutions of 
V: (0- VT) =T, in free space, we can bound | 7’(2.,t) — T (s t)|. This, 
with the inequality above yields 


| T (21) — T (a2)| S B (0) A (| ts — z: |/#)9 + 8pB (0) th/o, 
valid for any positive t. Choice of the optimal ¢ value gives an inequality 
of the form 


(37) T (2) —T (22) | £ B (0) A’ (| tı — za |/o) VO, 





If |T(*)| SB in R, we may set o = d(%,, %2) and obtain (3). 


Appendix, 


The methods used above can give more explicit results, such as an 
explicit lower bound for the Hölder exponent «. This takes the form 
% == exp|—a,(u?/c,)"**], where a, depends only on the dimension n. How- 
ever, a sharper estimate for œ might take a quite different form. Numerical 
calculation of extremal examples might give a better picture. 


The moment bound (18) serves to control the rate of dispersal of funda- 
mental solutions. An iterative argument based on (33) and (35) obtains 
stronger results from (13). In this argument, a fundamental solution is 
treated as the solution of an array of parabolic boundary value problems, the 
boundaries being a sequence of spheres centered at the source of the funda- 
mental solution. The result is as follows: let v == [p/2u(t2—t,)4], the largest 
Integer not greater than p/2u (t — t,)4, then 
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GS er tr Bata) eS (2/4)”®/ (0/2) 
Ta 24 | =P - 
S exp[—$(v + 1log(2(v + 1)/re) ]. 
Hence, 
(38) f _ Sn tay as, tr) drs 
Item lo n P 
S exp{—p log (p/mep(t, — t1)4)/4u (t: — t1)*}. 
With (38), the resroductive identity (5), and the bound (7), we obtain a 
pointwise upper bcund of the form 
(39) 8 (2oy tay Bry Fx) 
S k(t. — t)” exp[— k | zı — Ta | (t — t1) Slog (F | a, — ae | (te —4,)°4)]. 


On the other hand, we obtain from (5) and (23) (or alternatively, from (38) 
and an analogue of (25)), by an argument resembling that which gave (25), 





the lower bound 
(40) S (ao, bo, Ca, tr) Z (ta — tr) DE (| t1 — T2 |/ (t2 — t1)?), 


where #* is an a priori function determined by cı, cə, and n. The inequality 
S (Ez, Lo, Ta, 1) Z PeP»P., where | 


Pa = min S (£z ta, Z, 4 (h + te) ) for | #—-2,|Sp, 
P, = min S (2, 4 (t + te), £a tr) for | ë#— t: | Sp, 


P,= f di, where |&—2,| =p and | ¢—-z,| <p, 


can be used in a iterative argument to strengthen (40). For any «> 0, we 
obtain 


(41) S (£2, to, Tis h) 
= l, (te — t) "A exp[— ka (| Tı — Ta |/ (te — h PF] 


where k, and ka depend on e (and on c:, Ca, and n). 


With (38), (41) and (35), we can estimate the speed of convergence 
to assigned boundary values of the solution of an elliptic boundary value 
problem, provided the boundary is “tame” enough. A point é on the boun- 
dary @ of a region @ is called regular if there are two positive numbers p 
and e such that any sphere with radius <p and centered.at & has at least 
the fraction « of its volume not within @. Then there are constants D, c, and 
B determined by e, c2/c,, and n such that for any x in R with |w—é| = op, 
we have | 
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T(x) = min T(é) — D | (z —é)/e |£, 


42 
oe T(x) Smax T(E) + D|(t—£)/p |f, where |€—£|Sp 


(E represents a variable point on the boundary B). 

From (42), it follows that the solution of an elliptic boundary value 
problem is continuous at the boundary if continuous values were assigned on 
the boundary and all boundary points are regular. With Hélder continuous 
boundary values, the solution is Holder continuous in the region and at the 
boundary. 

From the estimates above, we can fairly easily derive a “ Harnack 
inequality ” for parabolic equations: 


(43) T (£, t) = F(T (x, t)/B, | tı — te |/(t — to) 4), 


provided OS TSB for t=t. F is an a priori function, determined by 
Ci, € and n. For the elliptic case where T is non-negative in a sphere of 
radius r centered at the origin, the result takes the form 


(44) [log(T(2)/T (2))| SH (r[r—max(| e|, |2 |), [eo |/r). 


The a priori function H is determined by c./c, and n. This result is less 
casily obtained than (48). 

Parabolic or elliptic problems with Neumann boundary conditions can 
aparently be handled by a relatively straightforward rederivation of the esti- 
mates of this paper in the context of the Neumann boundary, obtaining 
ultimately the Holder continuity of the solution for any typical boundary 
shape. 
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THE ALGEBRAIC SIMPLICITY OF CERTAIN GROUPS OF 
HOMEOMORPHISMS.* 


By R. D. ANDERSON.** 


1. Introduction. In this paper we show that certain groups of trans- 
formations of certain strongly setwise homogeneous spaces? are algebraically 
simple. For G a group of the type studied and for 4,B € G with B not the 
identity, we shall show that A is the product of at most six conjugates’ of B 
and B (both B and B- possibly appearing in the same product). The 
theorem of section 4 asserts conditions under which certain groups can be seen 
to have this property and hence to be simple. The most interesting type of 
group to which the conditions are applicable seems to be the group of all 
homeomorphisms (or, where applicable, of all orientation —preserving homeo- 
morphisms) of a sufficiently setwise homogeneous space. In particular, as 
corollaries of the theorem of section 4, we conclude that the groups of all 
homeomorphisms of the Cantor ternary set, the universal curve, the set of 
all rational numbers, and the set of all irrational numbers are simple. Also 
the groups of all orientation-preserving homeomorphisms of the universal 
plane curve, of S? (the 2-sphere) and of 8% (the 3-sphere) are simple. The 
methods are not applicable to the group of all orientation-preserving homeo- 
morphisms of $1.8 Some partial results on the group of all (orientation-pre- 
serving) homeomorphisms of §” are noted at the end of section 3 and in 


* Received March 4, 1958. 

** Presented to the American Mathematical Society, January 29, 1958, The research 
leading to this paper was supported in part under NSF Grant G-4209. 

1 The space X under examination need not be homogeneous in the usual sense, i.e. 
for some A,B € X there need not be a homeomorphism of X onto itself carrying A onto 
‘B.° But we shall require that there be a collection K of closed subsets of X such taat for 
kı ka € K, there is a homeomorphism of X onto itself carrying k, onto kp The precise 
nature of this “ set-wise homogeneity ” is given in the definitions to follow of K-struc- 
tured and (G, K)-rotational. 

2 For œ, y € G, x7 yx or zy x" is called a conjugate of y. 

s That the group of all orientation preserving homeomorphisms of S* is simple was 
shown by Schreier and Ulam in [6]. Recently Gordon Fisher has observed a modifica- 
tion of the method of argument of the present paper which makes it applicable to the 
St case and to certain subgroups of the groups of all homeomorphisms of the line. 


\ 
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section 5. The theorem of section 5 asserts that most of the groups of our 
corollaries (at least) have the adüitional property that they contain uncount- 
ably many conjugate classes. 

In 1947, Ulam and von Neumann [7] asserted that the group G of all 
orientation-preserving homeomorphisms of S* was simple and in fact that 
there exists an N > 0 such that if A, B€ G with B not the identity, then A 
is the product of at most N conjugates of B. In a letter, Ulam has stated 
that N may be taken as 23. Note that the result of the present paper employs 
conjugates of both B and B~ and hence does not include this part of the 
result of [7]. 


2. Definitions, notation and conventions. All spaces referred to are 
Hausdorff. Extra conditions of setwise homogeneity will be imposed. Let X 
denote a space and let G be a group of homeomorphisms of X onto itself. 
Let G(X) be the group of all homeomorphisms of X onto itself. Let C denote 
the Cantor ternary set, M the universal curve,* N the universal plane curve,’ 
Ra the rationals, and let Zr denote the irrationals (on the line). 

Let e denote the identity of G, let G° be the set of all elements of G 
which are the identity inside some open subset of X. For fE G and kc X, 
f | k denotes the homeomorphism f cut down to k. For k C X, Cl(k) denotes 
the closure of k, F(k) denotes the boundary of k, I(k) denotes k—F(k), 
and k~ denotes XY — k. For g€ @, any set k C X for which k” is non-null 
and g |k” ise|k* is said to support g or to be a set of support for g. For 
Y any collection cf subsets of X, Y* denotes the union of the elements of F. 

Let K (or K(X) when convenient) be a collection of closed subsets of YX. 
Then X is said to be K-structured if 


(1) the elements of K are non-degenerate and are homeomorphic to 
each other, 

(2) for U CX with U open there exists kE E such that k CU, 

(3) for ke K, Cl(k")eK. | 


1 The universal curve was defined as a l-dimensional analogue of the Cantor middle 
third set by punching holes out of a cube. It is characterized in [1] and [2] as a 1- 
dimensional locally connected continuum with no local cut points and with every open 
subset containing a 1-skeleton of a 4-simplex. 

s The universal plane curve N is obtained by punching holes out of a 2-cell so as to 
cet a l-dimensional set with no local cut points. It is the usual “Swiss cheese ” 
example and is not homogeneous. WN contains points p and g (p on a bounding. simple 
closed curve of a camplementary domain in the plane and q not so) such that some 
simple closed curve containing p does not separate N while every simple closed curve 
containing g does separate N. 
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Agreement. We henceforth assume K to exist and X to be K-struciured. 
Let K be the set of images of the elments of K under the various elements 
of G. 


. Remark 1. For C, Ra, and Ir, we shall let K(C), K (Ra), and K Ur) 
be the sets of all open and closed proper subsets of C, Ra, and Ir, respectively. 
For, 8? and $% we let K (8?) and K(S*) be the sets of all closed 2-cells and 
polyhedral 8-cells in S? and S* respectively (S* being regarded as triangulated). 
For M, we let K(M) be the set of all closed subsets of M such that for 
ke K(M), (1) I(k) and k” are connected, (2) CI[Z(k)] N OLET) =J (k) 
is homeomorphic to C, and (3) no connected subset of CIFZ(k)] or of Cl(k7), 
open relative to Cl(J(&)) or CI(k®}) is disconnected by the omission of dJ (k). 
For N, we let K(N) be the collection of all closed sets each bounded by a 
simple closed curve in NV which does not intersect the union of the set of 
boundaries of the complementary domains of N (as embedded in a plane). 

We say that K’ CK is a B-sequence provided (1) K’ is a countably 
infinite collection of disjoint sets with K’* in the interior of some element of 
K and (2) Cl(K’*) — K’* is exactly one point p € X such that every neighbor- 
hood of p contains all but a finite number of the elements of K’. 


Notation. We shall let {ki}, t= 0, + 1, + 2, - - +, denote a B-sequence 
and it shall always be assumed that a B-sequence is indexed over all positive, 
negative and zero integers. 

We say that X is (G,K)-rotational (or has (G,K)-rotationality) pro- 
vided that for any kE K, there exist a B-sequence {k;} with Uk; C k and 
elements pı, pz € G° supported on k such that 


(1) pilki) = kiu for each 1, 

(2) pal ko is pa | ko, po | Kar is p1? | he: for 1 > 0, and ps | Kei, is pr? | kaa 
for 4 > 0, 

(3) if, for each t, w € G° is supported on ki, then there exists 9€ G° 
supported on U k; such that, for each i, 9 | k; is gi | ka and 

(4) for any k’€ K, there exists y€ G such that (k) = k. 


We say that X is (G,K)-homogeneous provided that 


(1Y X is (G,K)-rotational, 
. (2) for any ke K and g€ @ for which g(k) N k=¢ while g(k) Uk 
== À, there exists k’€ K and A€ G°, with À supported on k’, such 
that à |k is g |k, and 
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(3) for any | ky, ke, ka, ki ck with ki N ko = ka N ks = p and ki U ko 
+X k, U ką there exists pE G such that p(k.) =k, and 
(hg) = ky. 


Remark 2. It is easy to see (or is well known) that for each of C, Ka, 
Ir, and S? and the corresponding previously indicated groups, each space is 
(G,K)-homogeneous. It follows from results and techniques of [3] that 
for WM and G(M), M is also (G,K)-homogeneous. For G the group of all 
orientation-preserving homeomorphisms of S* and K the set of all polyhedral 
3-cells in S* (under some triangulation), it follows from results of Bing [5] 
that S* is (G,K)-homogeneous. It follows from results and techniques of 
[4] and/or rather straightforward arguments that for Œ the group of all 
orientation-preserving homeomorphisms of N, N is (G,&)-homogeneous. 
(That there are orientation-preserving and non-ortentation-preserving homeo- 
morphisms of N also follows from [4]). 

In Remark 4 of the next section we note that for any n> 1, 8", the 
n-sphere, K a certain set of n-cells in $*, and & the group of all (orientation- 
preserving) homeomorphisms of 8", S" is (G, H)-rotational. 


Agreement. In what follows we shall regard X, K = K(X) and G as 
given with X K-siructured and (Q, K)-homogeneous unless weaker conditions 
are explicitly specified. We let h denote an element of G distinct from e. 
We assume other elements of G to be different from e where appropriate. 


We list some properties of G, K, and XY which follow almost immediately 
from the definitions. 

(A) Let m be a subset of X and g€ G° with g supported on m. Then, 
for any y € G, y*gy is supported on y*(m). If wt(m) and m are disjoint, 
then f—#"g"ug is supported on mUy*(m) and fim is g|m, while 
flyt(m) is ygy|y*(m). | 

(B) Any conjugate of a product of conjugates of A and h- is itself a 
similar product of conjugates of h and ht; e.g. if 


f= (gv th.) (ghg) (gs hgs), 


then g “fp = (pg hgy) (ggr hgp) (pgs th gap). 

(C) For k, k€ K with (ki U ka) 4¢, there exists a kE K such that 
k U ka C I(k). Note that as (k, U k+)” is open, there exists a KW C (kı U k”, 
and CI(K7)E K). | | 


(D) X has no isolated points and each element of K is infinite. 
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(E) If «,ß,y€ G and m is any closed set in X, then in studying the 
action of f=-aBy on m we first look at y on m, then at 8 on y(m) and 
finally at « on B(y(m)). 


8. Lemmas and theorems. In Theorem I and Lemma 1, we note conse- 
quences of (G, K)-rotationality of X (without requiring (G, K)-homogeneity). 


THeroreM I. Let X be (G,K)-rotational. For g€ G°, g is the product 
of four conjugates of h and h> (appearing alternately). 


We first note that Theorem I follows from 


LEMMA 1. Let X be (G,K)-rotational. There exists k€ K such that 
for any go€ G° with go supported on ko, gy is the product of four conjugates 
of h and h (appearing alternately). 


For g€ G°, g is supported on some element k of K. By condition (4) 
of (G, K)-rotationality, there exists an «€ G such that (k) is ko Then 
aga! = ga is supported on k, and g=«a'g,a.. Thus, by Note (B), as g is 
the product of four conjugates of h and h (alternately), so is g. 


Proof of Lemma 1. Let kE K such that kN [A(k) Uhk1(k) | —¢. 
Thaï such a & exists follows from the existence of some p for which h(p) £p, 
property (2) of K-structured, and the continuity of k and h>. Let {k;} be 
a B-sequence with Uk, Ck and p:,p2 € @ existing as in the definition of 
(G, K\-rotationality. The ko introduced here is to be the ko of the lemma. 
Let y: be piigopi ?, i= 0. By condition (3) of (G,K)-rotationality, there 
exists p E€ G° such that ¢ is supported on U hi, 1220, 9 | ko is go | ko, 9 | ka is 
e | ki, t< 0, and y | ki is pr*gopr* | ki is gi | k; for ¢ > 0. | 

Consider f = h"tg"the. By note À, f is supported on [U ki JU [U A- (k) ] 
for +20. Furthermore, f |k is »|%, whereas f|h-1(k) is hyth | h(k). 
Let p = (A“*poh)pi-*. Then p is p” over k and is h-1,.h over h(k). 

Let 


/ 


w= pf pf = pry th phph the = (ph pp) (hp) (h) (phy). 

Thus w is the product of four conjugates of h and h> (alternately). 
We wish to check that w is g, and hence prove the lemma. To do s0, 

we need merely track down the action of w on various subsets of X. 
As f is supported on F = [U k] U [U h (k;)] for i= 0, then clearly as 
Y C p({Y), w= p "fpf is supported on Y. Each of f and p is the product 
of two elements of G°, one supported on k and the other on h(k). Therefore, 
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we may consider tne effect of w on k and h-'(k) separately in terms of those 
factors which are supported on k and h*(k) respectively. Thus w|% is 
pig pry | k and w | h71 (k) 18 (h-4p.th) (heh) (R 1 pah ) (heh) h(k) . 

We look first at w |k. As noted above, w is supported on U ky, 1= 0. 
But w | ko is g | ko is go | ko, for pip tps | ko is e | ko. Now for i> 0, w | k; is 
pag pre | ky is | 

pa (pr go pr) pi (prtgopi*) | ki is pgo gopr | ki 
is e | kı We use property E here (and later). Thus w |% is go |k. 

Finally, we look at w| h(k). By cancelling hh where applicable, we 
note that w |h>(k) is hpr tgpag th | h(k), and to show that w | h(k) is 
e | h(k), we need merely show that po*ypop™ | k is e | k. Now g> | ko = go | ko 
and for i> 0, g |k; is pitgo tps *| ki Hence for 1> 0, po *gpey | ka is 
pr? Cp1° gop”) pr? (p° gop) | ky =e | ka, po ppay™ | koi iS | 

p” ( on Jo diet) p? ( pi doo ac) | koi 
is e | kz, and for i= 0, po tpp29 ? | ko is pr* (prgopi) pigo™ | ko = e | ko. 


Thus Lemma 1 and Theorem I are established. 


TasoreM II. Let X be (G,K)-homogeneous. For any k,k’€ K with 
kN k == + and kU kK £X and for any gE G° with g supported on k, there 
exists an f € G° such that f| k is g|k, fI(kU k)7 is el|(RUM)” and f is 
the product of a conjugate of h and a conjugate of h-. 


We first note that Theorem II follows from 


Lemma 2. Let X be (G,K)-homogeneous. For some koks EEK, 
ko N ky’ = p and ko U ky’ AX, and for any ga€ G with gy supported on ko, 
there exists an fo € G° such that fo | ko is go | ko, f | (Eo U ko)” is e (ko U ko)” 
and f is the product of a conjugate of h and a conjugate of h. 


Assume Lemma 2. By condition (3) of (4, K)-homogeneity, there exists 
pE G such that piko) =k and (ky) =k’. Let go| kp be ugu | ho. Let fo 
be as in Lemma 2. Then f= ujon satisfies the conditions of the theorem. 


Proof of Lemma 2. Let k,€ K such that ko N[h (ho) Uh? (ko) ] = 9. 
Let go € @ with support on ky. Then fo==h 199 hg, satisfies the conditions 
of the lemma with ky’ = h> (ko). | 


Remark 3. The order for the product of Theorem II could (by appro- 
priate modification of the argument) be taken either as h,h- or as h, h. 
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Remark 4. We suggest a construction which enables us’ to observe that 
if X is 8", n > 1, and G is the group of all (orientation-preserving) homeo- 
morphisms of §”, there exists a K with respect to which X is K-structured 
‘and (G, &)-rotational. 

We regard S” as the one-point compactification of Euclidean n-space £". 
Let K be the set of (a) those closed n-cubes in Æ” whose faces are parallel to 
the coordinate planes and (b) the closures of the complements of those n-cubes.’ 
Let & € K with center at the origin and edge of large size. Let now {k;} be a 
B-sequence with U k; C k such that ko has its center at (1,0, 0,- - -,0) whereas 
ki, for t< 0, has its center at (1/2+, —1/21,0,0,- : -.0), ka. t1 = 0, has its 
center at (1/27*, 1/27, 1/274,0,0,---,0), while ks, 17> 0, has its center 
at (1/244, 1/711, — 71/2541 0,0,: - -,0). Now it is clear that a p, can be 
defined as in the definition of (G, K )-rotational with the added provision that 
pı preserves geometric orientation and direction on each ką But then,- . 
similarly, it is clear that pə as in the definition can also be defined and hence 
S” is (G, K)-rotational. 


4. The main theorem and its corollaries. 


THrorem III. Let X be (G,K)-homogeneous. Then for g€ G, g is the 
product of six conjugates of h and h (written alternately or in the order 
h, h>, h, h, h, h) and hence G is simple. 


Proof. We use condition (2) of (G, K)-homogeneity (not previously 
employed). It is here that the orientation-preserving condition of certain 
groups becomes significant. Let kE K such that g(k) Nk— and g(k) Uk 
Æ. Let k’¢ K for which [(k’) DkUg(k). Let a€ G supported on k’ 
such that «|k is g|k. Then as a, (ag) € G and a(atg) =g, it follows 
from Theorem I that g can be written as the product of eight conjugates of 
h and h. We sharpen this result slightly to get Theorem III. Let k” nk’ 
= ġ and k” U kX. By Theorem II, there is a BE G° supported on k” 
such that œ is the product of a conjugate of h and one of h> (in either 
order). Hence as (Bag) € G and (a8) (Bag) = g, the theorem follows 
from Theorem I. 

Noting Remarks 1 and 2, the following corollaries are immediate conse- 
quences of Theorem ITT. 


COROLLARY 1. Jf G is the group of all orventation-preserving homeo- 
morphisms of N, S? or S? and he G with he, then G is simple, and in fact, 
each element of G is the product of six conjugates of h and ht. 
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COROLLARY 2. If G is the group of all homeomorphisms of the Cantor 
set C, the universal curve M, the rationals Ra or the trrationals Ir and hE G 
with he, then G is simple, and in fact, each element of G is the product 
of six conjugates of h and h-. 


5. Conjugate classes. We give conditions on G sufficient to establish 
that Œ have uncourtably many conjugate classes and we note that the groups 
of the corollaries of the last section as well as the group of orientation pre- 
serving homeomorphisms of 8”, n> 1, satisfy these conditions (except for 
the groups associated with M and N for which this argument is not designed). 

Suppose that for some k, k’ € K with k’ C k and for each +> 1, there 
exists a g€ G such that 


(1) g is supported on k, 

(2) g; is of period 2 on k’, and | 

(3) gi is not of period 7,7-<1,1t, on any .homeomorph of k different 
from k’. Then we say that G is w-locally periodic. 


THreorem IV. If X w (G,K)-rotational and G is w-locally periodic, 
then G contains uncountably many distinct conjugate classes. 


Proof. Let Ee K, let {%;} be a B-sequence with U k; C & and let p, € G° 
as in the definition of (G,K)-rotational such that p, is supported on & and 
for each 1, pi (k;) == ki Let k and k be as in the definition of w-locally 
periodic. Let «€ G such that o(k) =k). Then for each 1, og; satisfies 
the conditions of periodicity above with respect to kọ and o(k’) =&k,’. For 
i> 0, let g; = prog" tp, ti. For each proper subsequence œ of the positive 
primes let ya € G which (1) is supported on U ka 1€ a, and (2) is g; over kı 
for 4€ a. There are uncountably many (in fact, continuum-wise many) such 
sequences a But for the distinct subsequences g and B of the positive primes, 
we show that ga and yg are not conjugate to each other. Without loss of 
generality, suppose pa is periodic with period p over some #° € K while gẹ is 
not periodic with period p over any homeomorphic image of an element of K. 
Suppose pa = f'g; then ga? is (fpf)? is f¢g?f which implies a contra- 
diction. 
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APPLICATIONS OF THE THEORY OF-MORSE TO 
SYMMETRIC SPACES.* 


By Raouz Borr? and Hans SAMELSON.? 


To Marston Morse on his 65th birthday. 


Introduction. In this sequel to [6], we bring the proof of results 
announced in.[7] and [8]. Although [6] might be a good introduction, the 
present paper is relatively self contained. 

_ Let Q be the loop space on the connected compact Lie group K, and let 8 
be the set of geodesics on K leading from a general point P to the identity 2. 
(A point of K is general if it is contained in only one maximal torus of K.) 
To each s€ § we assign an index (dimension), 8, equal to the number of 
(properly counted) singular points of Kin the interior of s. The main 
result of [6] then states that H,,(Q;2Z) ib abstractly isomorphic to Sz, the 
free module generated by the elements of S, and graded by the index ô. 
(Thus as a generator in S, the element s€ S has dimension ôs.) 

In the present paper this result is extended in two ways: a) We define 
an explicit isomorphism y: S,—> H,(Q;Z); in other words, we describe a 
base of singular cycles for H,,(9;Z). b) We show that (at least with Z, as 
coefficients) a completely analogous description of H,(Q) holds in several 
instances, notably when Q is the loopspace of a symmetric space. | 

This program is carried out in chapters I and II. We start by con- 
structing a homomorphism y: S,—>,(Q) (at least mod?) under rather 
general conditions: Q is the loop space of a manifold M on which a compact 
Lie group K acts with at least one fixed point. The set S is now defined as 
above, with the fixed point playing the role of e and P being any point on a 
K-orbit of maximal dimension. The index 8x (s) is computed again as before, 
the K-singular points of M being the points on lower-dimensional orbits. 
Using the K-singalar points in s, we construct a manifold T, (with dimT, 
=5x(s)) and a homeomorphism f,:l,—>Q, for each s€ 8. These sub- 
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manifolds of Q can be thought of as generalizations of the cycles in the loop 
space of a sphere which Morse constructed (cf. [16]). By assigning to each 
s € S the f,-image of the fundamental cycle on r, we obtain the homomorphism 
y: S,— H,,(Q), in general mod?, and over the integers if all the T, are 
orientable. The details of this construction are given in Chapter I, nos. 1-5. 


In general this homomorphism has no great virtue. However, and this 
is our main observation, if the action of K on M satisfies a certain infinitesimal 
condition, already introduced in [6] and there called variational completeness, 
then y: 8,2 ,({Q) is an isomorphism onto. This is the content of 
Theorem I. 


Intuitively, we like to think of variational completeness as absence of 
conjugate points on the decomposition space M/K. This is literally correct 
when K reduces to the identity, or M — M/K is a fibering. In the case of 
K acting on itself by inner automorphisms, this interpretation fits in with 
E. Cartan’s description of this decomposition space as a Euclidean cell (with 
certain identifications on the boundary) ; the proof that variational complete- 
ness holds for this example was already given in [6]. 


The proof of Theorem I takes up the rest of Chapter I. The Morse 
theory enters vitally, and more delicately than in [5], where one merely 
applied the Morse inequalities. 


In Chapter II, we prove that variational completeness holds in various 
instances (Theorem II). All of these cases are associated with symmetric 
spaces. 


In Chapter III, we describe the ring H*(Y,;Z) for a generic s on the 
group K in terms of the Cartan integers of K (Proposition 4.2). The rest 
of that chapter then is devoted to applications, of Theorem F and this descrip- 
tion of H*(T,), to the topology of Lie groups. The main results are out- 
lined in no. 2 of that chapter. We have reproduced our computations with 
possinly greater detail than is currently the custom. 


Chapter IV contains immediate applications of Theorems I and II to 
symmetric spaces in general. The results here are less complete than in 
Chapter III. The manifolds T, need not be orientable so that we have to 
restrict ourselves to the coefficient domain Z}. We do not know whether the 
loopspace of a general symmetric space has ony two-torsion. 
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Chapter I. Action of a Group and the Theory of Morse. 


1. Action of a group on a manifold. All manifolds considered in this 
paper are of class C”. They are not necessarily connected, but all components 
of a manifold are of the same dimension. If æ is a point of the manifold M, 
then M, denotes the tangent space of M at v. Iff: M— M isa map (always 
C®) of the manifold M into the manifold M’, then fs: M,—> M’, denotes the 
differential of f at x, with 2’ —f(x). If f is a curve in M, i.e. a map of the 
real line F= RK into M, we write f(t) for the tangent vector to f at #, 


that is, for the image under f; of the standard tangent vector D, (or £) of fi? 
at t. 


Let K be a compact Lie group, and M a (paracompact) manifold of 
dimension r. Let K act on M from the left, i.e. let there be gwen a map 


(1.1) a: KXM—M of class C” 
such that (with +r(k,æx) abbreviated to k's) the following conditions hold: 


(1.2) e: x= m, where e is the identity of K, 
(1.3) b- (kia) = (k-k) -x for kee K xe M. 

The K-orbit cf a subset A is denoted by K-A. Thus, 
(1.4) K-A=({k-a:k€ K,aé A}. 


The stabilizer (stability group) of A is denoted by K4; this is the subgroup 
of K which keeps .4 pointwise fixed, 


(1.5) K,=— (ke K:k-a=a,a€ A}. 


For each x € M, the orbit K-s is a regular submanifold of M, C*-homeo- 
morphic to the quotient space K/K.. 

It is also convenient to denote, for any ke K, by my: M —> M the map 
defined by m(x) ==k-a, and to abbreviate rof to &-f, for any map f with 
values in M. 

It is well known that M can be given a Riemannian metric that is 
invariant under the action of K, so that all the maps mg: M->M become 
isometries. We assume that such a metric is assigned, and use the notation 
(X,Y) for the corresponding inner product of two vectors in Ms; the norm 
of X is written | X |. 

The action of K on Af induces a representation of the Lic algebra f of 
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K by vector fields over M. These vector fields—the infinitesimal K-motions— 
can be defined in the following manner: 

Let X be an element of f, and let h: R— K be the corresponding 1-para- 
meter subgroup, with h(0) =X. 


DEFINITION 1.6. For v€ M, let hz: R— M be the curve defined by 
ha(a) =h(a)-a for any a€ R. The assignment c—>h,(0) defines a vector 
field X on M, which is called the infinitesimal K-motion corresponding to X. 


It is clear that the tangent space to the K-orbit K-s at x is given by the 
values of all possible infinitesimal K-motions at x: 


(1.7) (K -£)e= {X (z): X Et). 


The Riemannian metric in M defines in standard fashion the concept of 
distance (greatest lower bounds of length of curves connecting the two points), 
and the concept of geodesic. To be able to apply the theory of Morse, we 
shall assume that M is complete under its metric, so that geodesics can be 
continued indefinitely in both directions. A geodesic will then always be a 
non-degenerate C”-map of R into M, satisfying the usual differential equa- 
tions for geodesics, parametrized proportionally to arc length. A geodesic 
segment s is the restriction of a geodesic g to an interval [a,b] with a < b. 
The point s(a) is the initial point, s(b) is the terminal point of s. We write 
K, for the stabilizer of s([a,b]); similarly for the stabilizer of a geodesic. 
The clements of K map geodesics into geodesics (the maps a; are isometries). 


2. K-transversality; the space (M; R, N). We introduce some basic 
definitions. 


DEFINITION 2.1. A geodesic g of M is called K-transversal (briefly: 
transversal) if for each tC R the tangent vector g{t) is orthogonal to the 
K-orbit of the point g(t) (1.e., orthogonal to the tangent space of the sub- 
manifold IK- g(t) of M at g(t)); similarly for geodesic segments. 


There exist many transversal geodesics (unless K is transitive on M, in 
which case there are none at all!), as the next proposition shows. _ 


PROPOSITION 2.2. The geodesic g is transversal if there exists a t€ R 
such that ġ(t) is orthogonal to K -g (to). 


In other words, transversality holds, provided it holds at a single point. 
The proof of Proposition 2.2 is an immediate consequence of Gauss’ theorem 
on orthogonal trajectories of families of geodesics; we will give it in no. 6. 
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DEFINITION 2.8 (cf. [6], Def. 5.1). If A, B are subsets of M, then 
Q(M;A,B) denotes the metric space of all piecewise regular curves (maps 
u of the unit intercal [0,1]) in M from A to B, i.e. with u(0) € A, u(1) € B, 
parametrized proportionally to arc length, with the distance between two 
curves u and w defined as 


sup d(u(t),w’(t)) + [(L(u) —Lw’) |; 

tefo) | ; 
here d is the distance in M, and L denotes the length of the curves. 

Note that L is a continuous function on Q(M;A,B). — 


Remark. The set Q(M;A,B) is contained in the set (M; A,B) of all 
continuous curves (maps of [0,1] into M) from À to B; if the latter, as 
customary, is topologized by the compact-open topology, then the inclusion 
map is continuous, and induces an isomorphism of the singular homology 
groups and also of the homotopy groups of the two spaces [17]. 

Let R be a point of M, and let N be the K-orbit of a point of M ; to avoid 
trivial complications, assume Ré N. The main object of study in this paper 
will be the space Q==Q(M; R, N), to which we shall apply the theory of 
Morse. The next definition introduces a subset of Q that is basic for this 
application. 


DEFINITION 2.4. 8 = S(M R, N) is the set of transversal geodesic 
segments, parametrized (proportionally to arc length) on [0,1], from R to N, 
i.e. with initial point R and with terminal point on N. 


8. Fiber bundle concepts. We interpolate a section recalling some 
concepts from the theory of fiber bundles, specialized slightly to fit our 
purposes. By a principal bundle # for a compact Lie group G (the structure 
group) we mean a compact manifold on which G acts, from the right, without 
fixed points (p°g—p>g—e). The decomposition space of E, derived from 
the decomposition of Æ into the orbits under G, is the base space B, a manifold. 
The natural map of # onto B is called the projection; it is differentiable : 
only the vectors tangent to the fibers are mapped into 0. One often writes 
E/G for B, particularly in the case where # is a group, G a subgroup and 
B = E/G the space of left cosets of G. 

We describe the standard construction of fiber spaces, associated to the 
principal bundle Æ for G: Suppose G operates, from the left, on another 
space F. . The product of E and F over G, written E Xa F, is obtained by 
identifying (p:g,r) with (p,g-x) in EX F, or equivalently, by letting G 
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act on EX EF via (p,t)-g—=(p-g,g7:x) (which makes E XF into a 
principal G-bundle) and taking the base space. There exists a map of E Xe F 
onto B which makes the following diagram commutative: 


EX F — E 
(3.1) ļ 4 
i ) EXcF > B, 
where the other maps are the natural ones; this map is the induced fiber map 
with F as fiber. 

Let another group G’ act principally on F from tke right, such that the 
actions of G and G’ on F associate, and let @ act from the left on a third 
space F., Then EX FX F is a principal G X G’-bundle by the definition 
(p,@, 2’): (9,9') =(p' 9,97 au g',g*:x). The base space, denoted by 
E XF Xe F, can in an obvious way be regarded also as E Xa (F Xe F’) 
or (E XeF) Xe F’. Extension to more factors is immediate. Similarly, the 
two spaces E Xa F/@ and (E XqF)/G can be identified. 

Let E, E’ be two principal bundles with structure groups G, G’ and 
base spaces B, B’. A map f: E—> E’ is a bundle map or equivariant map 
relative to a homomorphism f: G—@’, if f(p-g) =f (p)-f(g) for pe #, 
g€G. Such a map induces a map f of B into B’. The spectral sequence of E 
(in homology) is then mapped into that of Æ”; the map has the obvious 
naturality properties with respect to Æa, and the transgression (cf. [18] for 
these concepts). 


"4 The K-cycle of a geodesic segment. Let s:[0,1]— M be an element 
of the set S (cf. (2.4)), i.e. a transversal geodesic segment with s(0) = R 
and s(1)EN. We shall attach to s a manifold r, the “K-cycle of s,” and 
a homeomorphism f, of T, into Q. We first describe T, abstractly, and present 
its geometrical meaning in the next section. 


DEFINITION 4.1. The parameter value tE [0,1) (note that 1 ts excluded) 
and the point s(t) are called exceptional for s, if for the dimensions of the 
stabilizers Ks and K, (cf. no. 1), the relation 


| dim Ksa) > dim K, 
holds. 


Geometrically, the exceptional points are those where the segment 
encounters orbits of lower dimension. We shall show in (9.2) that each s 
has only a finite number of exceptional values, and that the excevtional 
values are related to the focal values. | 
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Let t,<t,<::-°<t be the exceptional values of s; the stabilizers 
Ke, are then defined, and we put, for brevity [as long as we consider a 
fixed s]: | 
(4.2) Ki = Kite), t= Í, -,n. 


The stabilizer K, of the whole segment s is a subgroup of each K;; it 
acts on K; principally from the left and the right, by multiplication, and acts 
also from the left on the coset space K,/K,. Because of the importance of 
coset spaces with K, as subgroup, we introđuce the following notation : 


(4.3) If G is a group containing Ks, then G° denotes the left coset space G/K,. 


In the following fundamental definition, we make use of the notation intro- 
duced in no. 3. 


DEFINITION 4.4. The K-cycle of s, denoted by Fa ts the manifold 
Kı Xz, Ko Xr, © © Xr, Kn Xx, Kn°; 
note that the last factor, according to (4.3), 1s Kn/Ks 
The dimension of T, is given by 


(4.5) ` dim T; = 2 (dim K;— dim K,). 


If s has no exceptional values at all, we let T, be a single point. 

The manifold Tr, can also be considered as the base space of K, Xx, K2 
- Xx," * Xx, Kn, under the right operation of K, on Ka. A third description 
will be used below. Put 


(4. 6) We== Ki xX: + X Ka, 
and let the n-th power (K,)"==K,xX-:+ +X E, operate on W, by the rule 
(4.7) PG = (6101, Oy Colle, bg CgGg,* © * Any Cnn) | 


for p= (C1, * On) € Wa q= (a4,° > +, Gn) € (Ki}?. 

One verifies that this is a principal bundle operation, and that the base 
space is exactly Tẹ We denote by y, the projection of W, onto T,. It should 
be noted that although (K,)* is a subgroup of W,, and although the orbit of 
the point (e,---,e) of W, under the operation (4.7) is just (K,)*, the 
operation (4.7) is not identical with left (or right) group multiplication in 
Ws and T, is not homeomorphic with the coset space W,/(K,)"; it is easily 
seen, however, that the two spaces have isomorphic homotopy groups x; for 
i> 1, and that they agree in 7, up to an extension. 
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For an example, let M be the 2-sphere {x: a," + 2,” + T3” 1} in 8-space, 
and let K, isomorphic to the circle group $8;, be the group of rotations around 
the z-axis. Let R= (1,0,0); N=={(0,0,1)}. Let s be the geodesic seg- 
ment from (1,0,0) to the southpole (0,0,—1) to (—1,0,0) to the north- 
pole (0,0,1). There is one exceptional value, {=-4. The stabilizer K, is 
equal to K, the stabilizer K, reduces to the identity. We have F, = W, =K, 
a circle. 


5. Geometric form of the K-cycles. We come to the concrete repre- 
sentation of T, as a submanifold of the path space Q (cf. no. 2). Let again 
ti ta L° <tn, be the exceptional é-values for s. Put to==0, tn = 1, 
and denote by s; the restriction of s to [4, tii], for 4==0,- - -,n; the first 
one oz these is possibly a single point, the others are non-degenerate geodesic 
segments.. We write 


(5.1) S == 89 + 81 + * + Sy 


for this decomposition of s. With its help, we shall define a map f, of the 
manifold W, (cf. (4.6)) into Q. This map is then shown to be constant 
along the orbits of W, under the action of (K,)" (cf. (4.7)), and so defines 
the promised map fs of the base space T, into Q. 
For (¢:,° © *,¢n) =p. Ws, we put w*(p) = 6¢,:¢2°-* ++ Cy, for k= 
n, and n°(p) =e. 


DEFINITION 5.2. f,(n) ts the map of [0,1] into M, whose restriction to 
[ti bn] equals rê (p) >si; i.e., for tE [ty tur], one has f.(p) (t) =a (p) -si(t). 


We write symbolically 
fs(p) = m° (p) ` so + m (p) s +: T + 2" (p) Sn 


The map f,(p) is well defined: The value f,(p) (t) has a double definition 
for t = ti, OSt1Sn—l1, namely at (p) St) and rtt (p) + S43 (tur). The 
two values are identical because firstly s;(ti1) and (4) are identical and 
secondly r#*(p) differs from z#(p) by the factor cn in the stabilizer of s,3(tu1). 

Since K acts by isometries, each rt(p) s; is isometric with s;; it follows 
easily that the curve f,(p) is parametrized proportionally to are length. The 
initial point of f,(p) is À ie a (p)+S0(0) =e: R==R); the terminal 
point is r"(p)'8,(1) =": +++ ¢,-s(1) and so lies on N because s(1) 
does. All this implies that the curve f.(p) is a point of O(M;R,N). 


It can be described as a polygon, consisting of first so, then s,, moved by c, 
then s., moved by cı’ Ca, etc. 
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Let fe: W,—Q be the map which assigns to p€ W, the element f,(p) 
of Q. The continuity of fs is clear. However, j, is in general not 1-1; in fact, 
each orbit under the action (4.7) of (K,)" maps into a single point. 

Let q= (a, ` *,@n) E€ (K,)". From the definition of the action of 
(K,)* on Ws, one concludes that 


(5.3) nt(p-q) = ri (p) “a 
Since a;: s= s$, and so @;: Sı = S, it follows at once that 
fs(p°q) =fs(P). 


This means that the map fs: Ws—> Q can be factored through the base 
space I, under the projection ys, i.e. that there exists a (unique) map 
fs: Ty—>Q, such that Fs = fs, Ws: 





(5. 4) Ws 1 


T,——- 0€. 
fs 


PROPOSITION 5.5. fis a homeomorphism of T, into Q. 


Proof. Supvose p= (61, © *,c) and p = (Ci: Cn), two points 
of W, have the same f.-image, i.e. the relations 
a*(p) a» (p’) > 5; hold. 
Since none of the s; for 117 is degenerate (so that K; =K, ), it follows 
that ri(p) -ri (p) =a; belongs to Ks, for 1& t&n. This implies easily 


that p == p-q with q= (a, ` +,%,), and Proposition 5.5 is an immediate 
consequence. 
Let w€ T; be the point W,(e,- - *,e), 1.e. the point whose inverse image 


under ys is the fiber (K,)"; the j.-image of w, is the geodesic segment s itself. 
Proposition 5.5 implies as a special case 


PROPOSITION 5.5’. The inverse image under f, of the point s of Q ts 
the point ws of Ts. 


6. Jacobi fields; variational completeness. Our purpose is to formulate 
sufficient conditicns for the cycles T, to generate the homology of Q. Before 
we can state our main result in this direction (cf. no. 7), we have to recall 
some facts concerning Jacobi fields. These vector fields can be defined in 
the following manner. 
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A geodesic variation { V,} of a geodesic g in M is a C®°-map V: RXI—>M, 
where I is an open interval containing 0, such that 


(6.1) for each «€ I the map Va: R— M, defined by Va(t) = V (t, a), is 
a geodesic, 
(6.2) Vi =g. 


DEFINITION 6.3. The vector field n along g, defined by n(t) —0V(4,0)/0a, 
is called the Jacobi field, or J-field, determined by the geodesic variation V. 


T; is well known that the J-fields along g form a vector space, which we 
shall call Jp of dimension 2r (where r = dim M), and that they can also be 
characterized as the solutions of the Jacobi differential equations (cf. [16]). 

If h is a 1-parameter group in K, then the family h(a)-g, «€ R isa 
geodesic variation of g; this implies that the restriction of any infinitesimal 
K-motion (cf. Definition 1.6) to g is a J-field along g. From the standard 
formula for the first variation of arc length, one derives easily that for any 
infinitesimal K-motion X the inner product (¢(#),X(g(t)) is independent 
of t. 

We indicate now the proof of Proposition 2.2 as promised there. By 
(1.7), transversality of g at ¢ means the vanishing of (g(t), X (g(t)) for all 
XET. By the remark just made, this inner product will vanish for all 4, 
provided it does so for any one particular value ty. 

We shall have to consider all those J-fields along ç that vanish at some 
given parameter value tp. 


DEFINITION 6.4. For any t)¢ R, A,(t) is the subspace of J, consisting 
of those J-fields that vanish at ty; 


Ag(to) = {7€ Ty : (to) =O}. 


Tt can be shown that any J-feld in A,(é) can be derived from a variation 
with fixed point at do, i.e, a variation {Va} such that F (to, a) = g (to) for 
all g€ I. Since a geodesic is determined by its tangent vector at any point, 
a variation with fixed point at #, is equivalent to a curve Y(a) in the tangent 
space Myto with Y(0) == ġ (to) ; in terms of V, we have F(a) = dV (to, «)/dt. 
The corresponding J-field, derived by differentiation with respect to æ, depends 
only on the vector Y(0). This amounts to a map @ from Mpu y (using the 
customary identification of a vector space with its tangent space at any of its 
points) into A,(%) ; actually, the map is an isomorphism of the two spaces 
involved. Suppose the variations are further restricted by the requirement 
that the tangent vectors of the Va at ty lie in a given subspace W of M ns 
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then the associatec J-fields will form a subspace W’ of Apu, and @ will map 
W onto W’. We omit the proofs of the various assertions made; they. are 
classical, although usually stated in a different language. 


DEFINITION 6.5. Suppose g is a K-transversal geodesic (cf. no. 2); 
a J-field is called transversal if it is derived from a geodesic variation {Va} 
of g in which all V, are transversal geodesics. 


Provosirion 6.6. If g is a transversal geodesic, then the restriction of 
any infinitesimal K-motion to g is a transversal J-field. 


This follows at once from the fact that the maps m, (cf. no. 1) preserve 
transversality and that therefore each h(a)-g is a transversal geodesic. 


DEFINITION 6.7. Let g be a transversal geodesic, and let tẹ be a real 
number. We denote by J,™(t)) the subspace of Jg of those transversal J-fields 
which at tẹ are tangent to the K-orbit of g(t). 


This equals the J,‘ of [6], with N the orbit of g(t,.). Remarks similar 
to those made after 6.4 apply. The dimension of J,7(f) is r= dim M 
(to obtain 7 € J,7(t)), one varies the vector ġ (to) in the 7-dimensional mani- 
fold of vectors (540) transversal to the orbit of g(#)). 

Let Ž be an infinitesimal K-motion, which therefore restricts to a trans- 
versal J-field 7 alcng the transversal geodesic g. It is clear from (1.7) that 
7 is tangent to the orbit at every point of g, i.e. n€ Jo" (t) for all t. 

The basic property which we require of our group K is laid down in 
the following definition (cf. [6], p. 261). | 


DEFINITON 6.8. The action of K on M ts vartationally complete if every 
transversal J-field n, which is tangent to the K-orbits for two different points 
(parameter values) of the underlying transversal geodesic g (i.e., for which 
there exist to h€ R, tozi, such that nE Jg (to) NJ (k:)) is induced by 
K, i.e. is the restriction to g of an infinitesimal K-motion. 


We get an equivalent definition, (6.8’), if instead of requiring tangency 
at two points, we require tangency at one point and vanishing at another 
point, Le. nE Jg” (to) N Aylti). Clearly, if (6.8) holds, then also (6. 8’) 
holds. We considar the reverse implication: Let (6.8’) hold, and let 7 be a 
transversal J-field in Jg” (to) NJg™(t,). Since y(t.) is tangent to the orbit, 
there exists an infinitesimal K-motion X, such that X (g(to)) (to). Denote 
by £ the restriction of X to g. Then »—é is a transversal J-field which 
vanishes at tọ and is tangent to the orbit at #. By (6.8), it is therefore 
induced by K; but then n= (y—¢) + € is also induced by K. 
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7. The main theorem. For any space XY and Abelian group G, we denote 
by H,(X;G) the r-th singular homology group of X with coefficients in G; 
similarly, H,(X,A;G) denotes the relative homology group of X modulo 
the subset A. We put H,(X;G) —»,H,(X;G). We denote the integers 
by Z and the integers modulo 2 by Z.. In the case G =Z, we write simply 
Hy(X), etc, If f: À — Y is a map, then fẹ is the induced homology map. 

Cohomology is indicated by upper indices, H*™(Y;G), ete. If G is a 
commutative ring with unit, then H*(Y;G@) is a graded G-algebra (cup 
product). We write z(y) for the value of a cocycle æ on a cycle y. 

A fundamental cycle on a manifold, with coefficients in Z or Æ, is the 
sum of fundamental cycles (i.e. generators of the homology groups in the 
highest dimension) for the various components of the manifold. 


DEFINITION 7.1 (cf. [6], Proposition 6.1). The defect 8(Q) of a point 
Q of Mis the difference between the maximum of the dimensions of K-orbits 
in M and the dimension of the K-orbit of Q. 


Let À be a point with maximal orbit dimension, i.e. with 8(R) —0; it 
is clear that 8(Q) can be expressed in terms of stabilizers by 


(T0) 8(Q) = dim Kọ — dim Kpr., 
For a geodesic segment s: [a, 0] — M we define the defect 8, by 
(7.3) | ô= 2 8(s(t)); 
a&i 


we shall show later (after Proposition 9.2) that 8, is finite if 8(s(a)) ==0. 


For each s in the set S— S(M;R,N) (cf. no. 2), we have constructed 
in no. 4, the manifold T, and the map fs of F, into Q. Note that r, is not 
necessarily connected. For each such s, let 7, denote the (unique) funda- 
mental cycle over Z, of T, We call $ orientable (or better, K-orientable) 
if all T, are orientable manifolds [i.e., all components of each T, orientable]. 
In this case, an. orientation of S is a function y which to each s€ S assigns 
a fundamental cycle ys over Z of T, Only the orientation of the principal 
component, containing the point ¥,(e,- - -,e), will actually matter later. 
Suppose À lies on an orbit of maximal dimension. It is well known that 
the stabilizer of any point Q on s, sufficiently close to R, is contained in Kz 
since § is orthogonal to the orbit of R (existence of a slice [15]). The 
maximality condition on À implies that the e-components of Ko and Kpg, and 
therefore also those of K, and Kp, coincide. We conclude now from (4.5), 
tra) (ro): 
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If R has defect 0, then for any sE S(M; B,N), the relation 
(7.4) dim T, == ð; holds. 


Let S, resp. 84, denote the Z,-vector space, resp. the free abelian group, 
with the elements of § as basis, graded by assigning to any s the value à, as 
dimension. ; 

We can now state our first main theorem. 


THEOREM I: Let the action of K on M be variationally complete and 
let R lie on an orbit of maximal dimension. Then the elements fsx (Fs), for 
sE 8, form a basis of (the Z,-vector space) Ha(Q; Z2). If 8 is K-orientable, 
then H,(Q;2Z) 13 free abelian, with the elements fs. (ys), for sE S and y 
any orientation of S, as a basis. 


In other words: The assignment s— fies. (Fs), resp. S—>fex(ye) in the K- 
orientable case, induces a gradation preserving isomorphism H,(Q; Z) = Sa; 
resp. H,(Q;2) = 8, in the K-orientable case. 


The two versions of the theorem are equivalent because of (7.4). 

The proof of Theorem I, based on the rae of Morse, will be given in 
the following sections. 

We note that Theorem I constitutes an improvement over the results of 
' [6] since it contains a construction of the homology of Q, whereas Proposition 
6.1 of [6], together with the Morse inequalities, essentially gives a majorisa- 
tion of the Betti numbers of Q. 


Remarks. (a) Consider the case where K reduces to the identity. Each 
T, is then a point. Variational completeness becomes simply absence of 
conjugate points. Theorem I says that Q has no homology in positive dimen- 
sions, and that tre cardinality of 9 is equal to the cardinality of the set of 
arc-components of Q, i.e. equal to the order of the fundamental group m, (M) 
of MW. If M is simply connected, this means that any two points are connected 
by exactly one geodesic. 


(b) The aztion of 8, on Sə, described in no. 2, is easily seen to be 
variationally complete. The element f,,(ye), for the s described there, with 
R = (1,0,0), N = {(0,0,1)}, is the first Morse cycle, of dimension 1, in 
Q(S2) ; an alternative description is as follows: to each point æ on the equator 
of S, associate the path consisting of the great circle arc from (1,0,0) to 
the southpole plus the meridian through æ (from (0,0,—1) to (0,0,1)); 
the image of the equator under this map into 9 is the Morse cycle in question. 
The constructions of Theorem I were motivated by this example. 
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8. Review of the theory of Morse. We recall some facts and definitions 
concerning the theory of Morse (cf. [16], [17]). 

The values of the length function L on the subset S (made up of the 
transversal geodesics) of the function space © are the stationary values of L. 
Assume that, for any real J, the collection of elements of S, whose length is 
<1, is finite. The stationary values, in natural order, form then a strictly 
increasing finite or infinite sequence {cj}, t= 1,2,---; if the sequence is 
infinite, it diverges. If the sequence is finite, one extends it arbitrarily to 
a strictly increasing, diverging one. To each c; corresponds then only a finite 
number of elements of S. Let Q; be the subset of Q determined by 
QG = {we Q: L(u)s c}, the set up to level c and let Q = {u € Q: L(u) < ci}, 
the set strictly below level ci; let Q, and Qy be the empty set. 

We define a group E, as the direct sum over i of the relative homology 
-groups 1,(Q;,0:1;G), and similarly #, as the direct sum of the groups 
Hg (2,97 ;6G) ; the notation #,, #,- is used because of the connection with 
spectral sequences. ‘The following two propositions express Morse’s evaluation 
of the group £. | 


PROPOSITION 8.1. The inclusions (Qi Qi) C (Qo, Qr) induce isomor- 
phisms of Hy(Qu Q%i1;G) and H,(Q,Q0;G), and induce therefore an 
isomorphism of E, and Ev. 


We sketch briefly how this proposition follows from Morse’s work. Put 
wi = {sE 8: L(s) =c}, and O(c) = {uE a: Liu) Sc} for c20. The 
main construction (cf. [17, Satz, p. 66]) consists in finding, for any c with 
GSE < Cy, a deformation D}, OS tS 1, of the pair (Q(c), Qr U w) such 
that always D,(Q(c)) CQ(c), Da(Qr U w) COU w, and moreover 
D,(Q(c)) Cr Uw; It follows that the relative homology groups 
H,(Q(c), Q7 U w;) vanish. This implies (by the. exact sequence of a triple) 
that H,,(Q(c),Q;) vanishes; one concludes easily that also Ha (Qu, Qi) 
vanishes, and 8.1 follows. (We note that part of the Theorem on p. 275 
in [6] is stated incorrectly; the map mentioned there should be replaced by 
the two inclusions ` 


(Qr U w Qr) C (Q(L), 2r) and (Q(1;),Q(%1)) C (2h), 2).) 


For non-compact, complete manifolds the argument has to be modified slightly. 

To each geodesic segment s in 9 is assigned an index A, (reative to the 
manifold N): Recall that s is parametrized on [0,1] ; call g the underlying 
geodesic. A value {€ [0,1) and the point s(t.) are called focal (for N) 
if there exists a non-trivial transversal Jacobi field along g that is tangent 


12 
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to N for t= 1 and vanishes for t= to, i.e., if the space J,7(1) N A,(%) is of 
positive dimension. The index As(to) of t, is the number of linearly indepen- 
dent such fields: As(to) = dim Jp" (1) N Ap (to). It is shown in [16] that 
each $ has only a finite number of focal values. 


DEFINITION 8.2. The index À (relatsg to N) of the geodesic segment 
s is given by 


= Z a(t) = SD dimJ,r(1) N A(t). 
OSt<1 osti 


The segment s is called non-degenerate (in the sense of Morse) if 
às (0) = 0, i.e. if 0 is not a focal value. If all s€ S are non-degenerate, then 
the finiteness assumption, made in the third sentence of this section, is 
satified. This is an immediate consequence of the implicit function theorem ; 
for another approach cf. [16], Ch. VII, Theorem 11.1. 

Assuming s non-degenerate, then there exists, according to Morse, a 
Euclidean simplex os, of dimension às and a map us: og->, satisfying the 
following conditions: (a) the barycenter of c, goes into the point s of Q, 
(b) the function Lo, induced by the length function on Q, takes its 
maximum at the barycenter of os and only there, (e) Lod, is of class C” 
near the barycenter, and the maximum is non-degenerate (i.e. the quadratic 
terms of the Taylor expansion constitute a negative definite form). Any 
singular simplex satisfying (a), (b), (c) will be said to be associated to s or 
“hanging over s” (using an intuitive term motivated by thinking of L, the 
length, as indicating the “height” of the points of ©). 

Let ó, denote the boundary of o; Then +, maps the pair (osos) into 
the pair (Q, Q7), with i determined by c;== L(s), by condition (b). Recall 
that the relative homology group A, CE 03:G) is non-trivial only for 
r == dim ao, = Ag. ! 


PROPOSITION 8.3. Assume that all s€ S are nondegenerate; choose for 
each s an associated singular simpler (op). Let &, resp. =, denote a 
generator of H),(0.,0,;G) for G==Z, resp. Za. Then, for each i, the group . 
H (Q, Qr) ts free abelian, with a basis consisting of the b:,-images of the 
elements é for al! s with L(s) = c; similarly, the b:.-images of the elements 
Ea for L(s) = ci, form a basis of the Zp-vector space H,,(Q4,07;Z2).. 


We note that this implies H,(Q,0;7;G@)—0 if there is no s with 
L(s) == c; this will happen, under our convention, for large #, if the number 
of stationary valuss is finite. 

The simplest situation in which one can deduce the homology of Q from 
E, is that in which the condition of “completability” holds: . 
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Conprrton 8.4. Fer each i and r the map ji: HQ; G) > AQ, G7; G), 
induced by the inclusion of (Qi, Qo) im (Q Qr) is onto. 


Geometrically this means that every relative cycle of Q;mod Qr, repre- 
sented by an associated simplex “hanging over” a point s of Q;— Qr, can be 
completed “below level c= Z(s)” to an absolute cycle of Q. 


Proposition 8.5. (A) Suppose all s€ S are non-degenerate and the 
completability condition (8.4) holds for G—Z. For each s€ 8, let x, be an 
element of H, (Q), with i determined by c= L(s), such that jte) = $ex(&s). 
‘Let 2, be the image of x, in H,,(Q) under the inclusion Qi CQ. Then H,(Q) 
is a free abelian group, and the set {Zs}, SE K, 1s a basis. 


(B) A similar statement holds for the case G= Z, with elements 
14€ Hy, (0), and with the set {2,3}, s€ 8, forming a base of the Z.-vector 
space H,(Q; Za). 


Note that the z, and %, are completions of the relative cycles sx (és) 
and ds» (és). 

We indicate briefly how Proposition 8.5 follows from (8.1) and (8.3) 
under condition 8.4, for the case of G—Z. From (8.1) and (8.3), one 
concludes that each Ha (Q; Qir) is free. From the exactness ‘of the homology 
sequence of (Q, Qi) and (8.4), one concludes that the sequence 
0 H; (Qi) > Ha (Q1) > He (Qg Q) > 0 
is exact. One proves now inductively that each H.,(Q;) is free, and imbedded 
as direct summand in H,.(Qy.) under the inclusion 0;,C Q,,. Since H (Q) 
‘Is easily seen to be the direct limit of the H,(Q;), it follows that it is free 
abelian. The statement concerning the basis {z,} for H,(Q) is eres by 
tracing the é through the construction. 


3. Proof of Theorem I. Beginning. We shall show that the hypotheses 
of Proposition 8.5 are satisfied, if those of Theorem I are. 


Proposition 9.1. Let the point R lie on a K-orbit of maximal dimen- 
sion and suppose the action of K is variationally complete; then all geodesic 
segments making up the set S==S(M;R,N) are non-degenate in the sense 
of Morse. 


Proof. Let s be an element of S, carried by the geodesic g. We have to 
show that the index A,(0), which equals the dimension of J,™(1) O A,(0), : 
vanishes. By the variational completeness assumption 6.8, any J-field in 
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Jy™(1) N A,(0) is induced by an infinitesimal K-motion (cf. (1.5)) which 
in turn is derived from a, variation of the form h(a) -g, where h is a 1-para- 
meter group in K with the property: A(a): k =E for all a (the variation 
must leave R fixed, since the J-field vanishes at Æ). In other words, the 
elements h(a) are contained in the stabilizer Kp. As in the proof of (7.4), 
one sees that the e-components of K, and Kpg coincide. This means that the 
l-parameter group h above leaves every point of g fixed, and the associated 
J-field vanishes identically, g.e.d.—The next step is to prove that the com- 
pletability condition 8.4 is satisfied, and that in fact the K-cycles T, under 
the maps fs can be used as completions. The proof is more complicated than 
that of Proposition 9.1. Let again s be an element of S. 


Proposition 9.2. For any tE [0,1),:the inequality dim Kın — dim K, 
< e(t) holds; if the action of K is dé as. complete, then equality 
obtains. 


Proof. Every X in the Lie algebra f Sere through the corresponding 
infinitesimal K-motion XY, a transversal Jacobi field; because of (1.7), this 
field belongs automatically to J,"(1). The field X vanishes at the point s(t) 
exactly if X belongs to the Lie algebra fs) of Ks). This means that there 
is a map, obviously linear, of fu, into Jy™(1) NA,(t). The kernel of this 
map consists of those X whose associated X vanishes identically along s; it is 
clear that this is just the Lie algebra f, of K s The inequality 


dim fso) — dim f, £ dim J,*(1) N A, (+) 


of (9.2) is an immediate consequence. Assume now variational complete- 
ness. This means that every J-field in J,r(1) N A(t) is induced by an 
infinitesimal K-motion. The map of Éa into J,7(1) NM Ay(0) introduced 
above is onto, and the equality of (9.2) follows. 

We note that Proposition 9.2 implies'the statements about exceptional 
values made after Definition 4.1 and after, (7.8). 


PROPOSITION 9.3. If the action of K ts variationaliy complete, then for 
every SES, the dimension of the K-cycle Ts equals the index As. 


Proof. By 4.5, we have dim r, — $4 (dim Kau — dim K,), where the 
sum runs over the exceptional values of s: Proposition 9.3 follows imme- 
diately from the Definition 8.2 of À, and (9. 2). We note that (9.3) and 
(7.4) imply ; 


(9.4) If the action of K is variationally complete and (R) ==0, then 
dim F, =A, = ôs for every s€ 8S. 
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10. A deformation of the K-cycles. Let s be a geodesic of S, and let i 
be the number of its stationary level: L(s) =c In (5.4), we constructed 
a map fs: Te—> Q, and it is clear from the construction that all polygons 
making up the image set of f, have the same length. Hence f, maps T, into Qi. 


Prorosirion 10.1. Under the hypotheses of Theorem I, there is only 
one geodesic segment in the set f,(T.), namely s itself; all other elements are 
geodesic polygons with at least one corner. 


Proof. Since 0 now is not an exceptional value by (9.1), it follows that 
the interval sọ on s, introduced in (5.1), is non-degenerate. All elements of 
fs(T,) are geodesic polygons beginning with sọ. If two geodesic segments 
have a non-degenerate segment in common, they are identical, q. e.d. 

It is possible, and basic for the application of the theory of Morse, to 
deform f, in such a way that all f(x), except s itself, are replaced by shorter 
curves, by “cutting across the corners” of the polygons. Actually, a sharper 
statement has to be made. | 


PROPOSITION 10.2. If the segment s is non-degenerate in the sense of 
Morse, then there exists a homotopy f: T,—Q, OS ul, such that 


(a) ie s =f 8) 

(b). f.*(ws) =s for all u € [0,1], 

(c) ft maps Ty—w, into Qr, whenever 0 Cui, 

(d) for any u€ (0,1], the induced length function L,Y = Lof on 
T, which by (b), (c) takes it maximum, L(s), exactly at ws, has a non- 
degenerate critical point at ws. 


Assertion (d) means that Z," is differentiable near w, and that, in terms 
of a local coordinate system {yı} at wa, the Hessian of L,“, i.e. the matrix 
(0°L.*/0Y0Y;]o,), is non-singular; it will then automatically be negative 
definite, since L,” has a maximum at ws. 

We first define a homotopy f” of the map f, of W, into Q (cf. no. 5). 

Let U be an open neighborhood of s in M, invariant under K and with 
compact closure; such sets exist. It is known from Riemannian geometry 
that there is a positive a=-a(U) such\that any closed sphere V of radius a 
with center in Ọ is geodesically convex (so that any two points of V are 
joined within V by a unique geodesic segment that varies smoothly with the 
points and whose length equals the distance of the points). Let « be a number 
such that E 


(10.3) 0<e<a(U), 
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(10.3’) e< L(s),1—0,: +, n, where the sı are the intervals on s, defined 
by the exceptional points (ef. (5.1)). | | 


For any'u€ [0,1], we let s be the following restrictions of s, with 
w =u- e/L(s): 
So” == 8 | [0, i — uw], 
(10.4) s” == 8 | [ti H w, tn — w], for t= 1, -,n—1, 
Sa = 8 | [tn +H w, 1]. | 


Because of (10.3), the indicated intervals of [0,1] are all non-degenerate: 


t 


Qu’ 2e/L(s) < L(s,)/L(s) = tin — ti 


We denote by a(u), resp. B;(u), the initial, resp. terminal point of the 
segment §;". . 

Let p== (¢:,° © `, Cn) be any point of W,. Using the notation introduced 
in no. 5, we let 7;“(p) be the unique shortest geodesic segment from +(p) : B(u) 
to r*1(p)- au), parametrized from ty4,—w’ to ty, Hu”, for i=0,---,n—1. 

The existence of r” (p) comes from the fact that the two points which it is 
supposed to connect lie with the e-sphere around the point «*(p) - s;(tu1) € U, 
and (10.3) applies. 


DEFINITION 10.5. f (p) ts the geodesic polygon, parametrized on [0,1] 
proportionally to arc length, made up of the segments 


ap)", rot(p), — (p) s", mtp) cs taa*(p), op) - Sa". 


As indicated kefore, each f,” (p) is a geodesic polygon in Q (i.e. beginning . 
at R, and ending transversally on N}, obtained from f,(p) by “cutting across 
the corners.” The construction is pictured in fig. 1. It follows from local 
minimum properties of geodesics in convex spheres that f,“(p), for u > 0, is 


actually shorter than f,(p), provided there is at least one corner on f,(p). 


WU, N 
eA a" (p)'s(1) 





# 


rip): Sta) 





Figure 1. 


f 
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11. The critical point on W,. It is clear that with the choice of « in 
(10.3), (10.3’), the point f,“(p) of Q depends continuously on the pair 
(p,u). Since fẹ (p) is derived from the polygon f,(p) by a geometrical 
construction, it follows at once that two points p, p’ of W, which are equiva- 
lent under the action 4.6 of (,)" on Ws will give rise to the same modified 
polygon; i.e. p =p:q implies f (p) =f (p). This means that the map 
ft of W, into Q can be factored through Tr, with an induced map f,*: T,— Q. 
Clearly 7,“ is a homotopy with properties (a), (b) of Proposition 10.2. The 
induced length function L,” is clearly constant for w—0. Since 0 is not | 
exceptional for s, Proposition 10.1 applies. By the last remark of no. 10, 
the function L”, for «> 0, will take a value less than L(s) at every point 
æ of T;, different from ws; this proves (10.2 (c)). 


The proof of (10.2 (d)) is more complicated. We note first that each 
. Lt is of class O”, since all the points involved in' the construction of the 
geodesic polygons are C'*-functions of the parameters occurring. We Poe 
(d) in the following equivalent form. 


PROPOSITION 11.1. Let s be non-degenerate in the sense of Morse [and 
suppose dim T, > 0O to rule out a trivial case]; let x be a C®-curve in T,, 
defined on some interval (—a,a) with x(0) =w, and &(0)5£0; put 
F= Lyov with any u in (0,1]; then the second derivative of F at the 
origin 0 is negative: F” (0) <0. 


It is clear from what has been proved already that F(0) —ZL(s) and . 
F’(0) =0, since F has a maximum at 0. For the proof of (11.1), we take 
* a vector Y at (e,---,e) in W, that projects into æ(0) under the map 
ws: WT, and let y be a curve in W,, through (e,- - -,e) with 7(0) =Y 
that projects into x, so that #,(y(v)) —a(v). Both Y and y exist since y, 
is a fiber map. We have then F(v) —LDof,"(y(v)), since fẹ is induced 
by f". 
Suppose first that y is of the form y(v) = (e, - -,¢,4¥,(v),8 ` -,e), 
i.e. that it has only one non-constant component. This means that the 
geodesic polygon f;(y(v)), for any v, has exactly one corner at parameter 
value tp- 


Let b(v) stand for the length of the geodesic segment from s(¢,,— u’) 
== Bia (U) to y(v) > S(t, + wu’) =YV) a(t), which cuts across the corner 
of fa(y(v)) to form f,“(y(v)). We clearly have F (v) = L(s) —2u- e+ b(v). 
The vector F is not in the kernel of y., and is therefore not tangent to the 
submanifold ys! (ws) = (K,)" of W,. This means that ÿ,(0) is not tangent 
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to Ka Since t+ wu’ is not exceptional for s, this implies that the curve 
defined by z(v) = ya (v) -s(t +w) has a non-zero tangent vector at v= 0. 
The assertion $” (0) <0 reduces therefore to the following: Let a, à be the 
end points of a geodesic segment of length 2e, whose midpoint c lies in U; 
let b(v) be a C®-curve such that (1) 6(0) == 0, (2) b(v) lies on the «sphere 
around c, (3) 6(0) s40; then for d(v) defined as the distance from a to b(v), 
the relation d”(0) < 0 holds. This property of geodesic spheres (elementary 
for Euclidean space) is well known to hold, provided a(U) is chosen suffi- 
cinetly small. 


We consider now an arbitrary curve y, without the restriction mace above. 
The vector Y == (ÿ:(0),: © :,%,(0)) is again not tangent to (K,)” at 
(e,- + *,e), so thaï at least one of the #%:(0), say #%,, 18 not tangent to the 
submanifold K, of K, at e. We put yo(v) = (6, ° +,2@,4,(v), 6° - - ,e}, 
and compare fs*(y(v)) with f,“(y.(v)). The shortening process at the corner 
at ta reduces both curves by the same amount from the original value L(s). 
The latter curve has only this one corner, the former may have several corners ; 
it follows that the former is not longer than the latter. Putting F,(v) 
= Lofs"(yo(v)), we have therefore #(v) = F(v). The reasoning above 
applies to Fy, since yo has only one non-constant component. We have there- 
fore F,”(0) <0. In addition, we have F(0) —#,(0) —L(s), and F’(0) 
== F? (0) —0, as noted before. It is elementary that then #”(0) = F.” (0), 
and so finally F’(0) < 0. Propositions 11.1 and 10.2 are proved. | 


12. Proof of Theorem I completed. For each s€ S, choose a Euclidean 
simplex ox, with dim o; = dim T, and a regular C*-homeomorphism p, of c 
into T, such that p, sends the barycenter of o, into w, Define s: o,—>0 by 

s = fs" 0 p, for sorme positive u. By (9.3) and (10.2), the singular simplex 
(os Ds) is associated to s in the sense cf no. 8. Put g,—f,", considered as a 
map into Q.. 

ge 
T; — > 20; 
je ji 
| | Ps Gs 
(Os; as) DES à (Ts Le {uws}) Tee (Q; Q7) 


We consider the commutative diagram above, where the vertical maps are 
simply inclusion maps. Let first Z, be taken as coefficient group. It is clear 
by excision that the 7,-image of the fundamental cycle of T, equals the p,-image 
of the fundamental cycle of (c,,02); with the notations of Theorem I and 
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(8.3) we have jox (Ys) = pox (E). Applying gox (with fox © pox = dex) and 
using the commutativity of the diagram, one concludes that (és) 
= jin (Geox (Fs) ), 80 that dey, (£) is contained in jis (Hy, (Oi; Z2)). Since this 
holds for every s, it follows now from (8.3) that the a aa condition 
8.4 holds. for G = Zp. 

For the case of G==Z, assume that S is K-orientable, and let y be an 
orientation of 8, as defined prior to Theorem I. Again it is clear, by excision, 
that for a suitably chosen generator é of H),(os,¢3) the relation 75, (ys) 
== psx (és) holds. The rest of the argument goes as before, and shows that 
8.4 holds. 

Non-degeneracy of all s has been proved in (9.1) already. With non- 
degeneracy and completability following from the hypotheses of Theorem I, 
we can now apply Proposition 8.5 with @,= 95. (7s), or, in the K-orientable 
case, with t= gs(ys). Theorem I follows directly if we remark that the 
image of gsa(¥,) under the inclusion Q; C Q is f;,“(¥;), and that fs” is 
identical with fsg, by the homotopy axiom; similarly for y. 


Chapter II. Variational Completeness in Symmetric Spaces. 


1. Action of K X K and of K. Let G be a compact connected Lie 
group, and let K be a closed connected subgroup, which then itself is also a 
Lie group. The direct product K X K acts from the left on G under the 
definition 


(1.1) | (a,b) -cac b 


with a,b € K, c€ G; this is an action in the sense of Chapter I, no. 1. We 
introduce in G a Riemannian metric invariant under left and right trans- 
lations. It is well known that such metrics exist, and that the geodesics in 
such a metric are the 1-parameter subgroups and their cosets. In general, 
we shall follow the notation of [6]. But we write a: X or aX instead la (X) 
for the left translate of the vector X by the element 2 of G. The adjoint 
action of G on its Lie algebra g is then given by Ada-g==a-X-a-. For the 
Lie product [ , ] and the invariant inner product or Killing form ( , ) in 
q we have then the usual relations: 


(1.2) (a) Ada: [X,Y] = [Ada-X, Ada: X], 
(b) (X,Y) = (Ada X, Ada- X), 
(c)  ([Z, Y], Z) + (Y,[4,21) —0, 
(d) dAdet¥-X/dt |o = [Y, X] =adY -X. 
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As usual, G/E denotes the homogeneous space formed by the left cosets 
cK, z€ G, under the decomposition topology, with the induced C”-manifold 
structure; the group G acts on the left on G/K by y: (2K) = (yz) K. Let p 
denote the natural map of G on G/K. The Riemannian metric of & induces 
a Riemannian metric on G/K, invariant under the action of G: If X’ is a 
vector at the point z’ € G/K, let X be a vector at any point x in p*(2’), 
orthogonal to the manifold eK and with p(X) =X’; define the norm | X’ | 
of X’ to be equal to the norm | X | of X; the definition is independent of the 
choice of v involved. In particular, let p denote the subspace of the Lie algebra 
q orthogonal to the Lie algebra £; then » gives an isometry of p with the 
tangent space of G/K at p(e) =e’. The group K acts on G/K, as subgroup 
of G. Since K is the stability group of g’, it acts on the tangent space (G/K)¢. 
It also acts on g by the adjoint transformations Adk. The subspaces Ë and p 
of g are invariant under AdK, and the action of K on p so defined is equiva- 
lent, via the map 5, to the action of K on (G/K}+. 


2. Symmetric spaces and variational completeness. We recall I. 
Cartan’s concept of symmetric space [9]. 


DEFINITION 2.1. The pair (G,K) is called a symmetric pair, of there 
exists an involution * (i.e. automorphism of order two), of G, written x — x*, 
such that K is the e-component of the fixed group of the involution (i.e. of 
the group {x:2*=—%}). 


If (G,K) is a symmetric pair, then G/K is a symmetric space; actually, 
one can divide G by any closed subgroup of G between K and the fixed group 
of the involution. 

In Chapter I, (8.4), we have defined variational completeness which 
forms the hypothesis of Theorem I. The following theorem provides cases 
were this hypothesis holds. 


THEOREM Ii. Let (G,K) be a symmetric pair; then the action of 
KXK on G, the action of K on G/K and the action of K on p, as defined 
in no. 1, are variationally complete. 


The proof of this theorem is a generalization of tnat of Proposition 7.1 
in [6]. 

We begin with the action of KX K on G. Theorem IT, for this case, 
takes the form of Proposition 2.2 below ; note that the role of K in Chapter I 
is now taken by K X K. (For the definitions of transversal geodesic, trans- 
versal Jacobi field and infinitesimal K X K-motion see Chapter I, (2.1), 
(8.2) and no. 1.) 
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PROPOSITION 2.2. Let g be a K X K-transversal geodesic of G; let y 
be a transversal Jacobi field along g that vanishes for t==0 and is tangent 
to the K X K-orbit of g(1) for t—1; then n is induced by an infinitesimal 
K X K-motion. 


For the proof, we shall describe, in Lemma 4.1, the space of all trans- 
versal J-fields vanishing for ¢==(@; in Lemma 5.1, we describe the space of 
all infinitesimal K X K-motions; Proposition 2.2 will then follow from a 
comparison of the two spaces. 


3. Tangent and transversal space of an orbit. Basic for the proof are 
the following relations in the Lie algebra g of &, which are well known to be 
equivalent to the existence (locelly) of the involution which defines our 
symmetric pair (G, K): 


(3.1) [Bt] CE; [Ep] Cp; [p,p] cet 
We also recall 
(3.2) p= {1 (orthogonal complement in g). 


Next we describe the tangent space of an orbit and its orthogonal com- 
plement. 


DEFINITION 8.8. For any «€ G, we pul 
[e = f -+ Ada- f; f= fN Ada tt 
Pa == p N Ada : p. 


The relations (3.1) imply similar relations for the spaces defined in (8.3); 
we give the ones that we shall need later. 


(3. 4) [Ea Pa] € Pa; [Pas Pal C Eo; 
(3. 5) Pa = (t). 


(3.4) follows easily from (3.1) and the fact that Ada~™ is an automorphism 
of g. Similarly, (3.5) follows from (3.2) and the fact that Ada“ is an 
isometry of g. 


Proposition 3.6. The spaces Ù and p, are the left translates, under a`, 
of the tangent space and the transversal space to the orbit K-a-K at the 
point a. 


Proof. The tangent space to K a: K at a is clearly f-a-+-a-f. Applying 
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a on the left, one gets f*. The assertion for Pa follows from (3.5) and the 
isometric charactez of left translation. 

The space p, admits a po (a relative to any of its elements, 
which we derive row. 


DEFINITION 3.7. For any X EG, the! centraliser gx (a subalgebra of g) 
consists of the elements ZE g with [X, Z| =Í. 


LemMaA 8.8. For any X € pa, the i Pa admits the orthogonal direct 
sum decomposition 


—adX (fa) ® (pa N gx). 


Proof. By (3.4), adX(£,) is a subspace of pa. Take Z in pa, orthogonal to 
this subspace. Then, for any Ÿ € fa we have 0 = ([X, Y], Z) =— (Y, [X, Z]). 
Since [X, Z] belongs to fa by (3.4) and since Y is arbitrary in f,, we have 
[X,Z] —0, q.e.d. 

4, Transversal Jacobi fields. Let now g be a transversal geodesic. 
We put g(0) =a: then g is of the form a: et, where et is the 1-parameter 
group with initial vector X. By (3.6), the vector X belongs to pg. 


Lemma 4.1. Any transversal Jacobi field n along g with (0) =Q can 
be written as | 


y(t) =a: e - (AdetX- Y —Y +12) with Y € taZ E paN az. 


Proof. There are two obvious ways of varying g, with g(0) fixed: 
conjugation of e'¥ by elements y of G and multiplication of et¥ by e'4 with 
any Z that commutes with X. To keep the geodesics transversal, we restrict 
y to KNa*-K-a and Z to py. We shall show that with these two processes, 
one can produce all transversal variations with g(0) fixed, and the associated 
J-fields are of the form given in 4.1. | 

Let then Y be any element of f,, and Z any element of pb, N gy. We con- 
sider the geodesic gy,z, given by a:e*- et(X+Z) - e-Y, with gy,z(0) =a, and with 
initial tangent vector a: Ade’: (X + Z). Since X € Pa and e’€ KNa-K-a 
‘(because of Y € fN Ada: Ë) this vector belongs to a: Pa and gy,z is trans- 
versal. Assigning a: AdeY- (X +Z) to the pair (Y, Z) constitutes a map ¢ 
of fe D (Pa N gx) into a: Pas with (0, 0) =4&:X. Using (1.2(d)), one 
derives that the differential o at (0,0) maps the pair (Y,Z) into a: [Y, X] 
+a:Z (we have made use of the customary identification for tangent spaces 
to vector spaces). 

. Lemma 3.8 implies that $, is a map onto @-p,. From the remarks on 


PA 
r 
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J-fields in Chapter I, no. 6, taking a-p, as the space W there, one concludes 
now that the map which to the vector (Y,Z) assigns the J-field of the 
variation a:e- et(*+eZ)e-a¥ is a map of fs ® (paN gx) onto the space of 
transversal J-fields vanishing for é—0. One verifies by straight forward 
differentiating (using [Y,Z]—0) that this J-field is of the type described 
in (4.1), and so (4.1) is proved. 


5. The infinitesimal motions. We first prove 


LEMMA 5.1. The infinitesimal K X K-motions, which vanish at a, 
restrict along g to the vector fields of the form a:et- (Ade-**-V—V) with 
V E Te- 


Proof. All 1-parameter K X K-motions are clearly of the form 
y —> e%-y-e with U, VE. The corresponding infinitesimal motion assigns 
to y the vector U-y—y-V. Such a field will vanish at a, if U'a—a V = 0, 
e., if U = Ada: V. In other words, the infinitesimal motions that vanish 
at a are of the form (Ada: V}y—y:V, with VE f and Ada: VE, i.e with 
VE. For y =a: e*ë, along g, this becomes a:et- (Ade**-V—YV), qe. d. 
We come now to the proof of Proposition 2.2. Let y be as described 
there, and let Y, Z be the vectors associated with y by (4.1). The assump- 
tion that (1) is tangent to the orbit of b==a-e* at b means, by (3.6), 


(5.2) b-+: (1) = Ade X -Y —Y + ZE. 


Any vector B in f° can be written as B, + B, with B, € £ and B, € Adb- É; 
we can write B, as Ade*- B,’ with By € Ada-?-£, since b =a: e¥. By (3.5), 
Z is orthogonal to f, so that the inner products (Z, Bı) and (Z, Bz) vanish. 
We have Ade -Z =Z, since [X,Z]=0. It follows that 


(Z, Be) = (AdeX- Z, AdeX-B,) = (Z, Bo’) = 0. 


This means that (Z, B) —0 and Z is orthogonal to ý. From (5.2), we have 
then 0 = (Ade. Y — Y + Z, Z) = (Ade*-Y,Z) — (Y,Z) + (Z,Z). Since 
(Ade -Y,Z) —(¥,Z), we conclude (Z,Z) —0, and so Z=0. But then 
7 is given by a-e'*- (Ade **- ¥— F), and this is, by (5.1), an infinitesimal 
motion, since Y € f,. 


6. K operating on G/K. We consider now Theorem II for the action 
of K on G/K. We will reduce this case, with the help of the projection 
p: @— G/K, to the previous case of K X K acting on G. It is well known 
and easily proved that for the Riemannian metric in G/K. as defined in no. 1, 


990 RAOUL BOTT AND HANS SAMELSON. 


the geodesics in G/K are exactly the projections of those geodesics in G that 
are orthogonal to the left cosets of K (i.e. to the geodesics which are trans- 
versal with respect to the action of K on G, defined by multiplying on the 
right). For any a€ G, the projection of the K X K-orbit K-a-K is the 
K-orbit K +a’, with a’ =p(a). The space a-p,, the orthogonal complement 
of the tangent space to K-a: K at ain the tangent space to Gat a, is mapped 
by p isometrically onto the orthogonal complement of the tangent space at a’ 
of the orbit K-a’. It follows that the K X K-transversal geodesics at a map 
onto the K-transversal geodesics at a’ (in a 1-1 way), and that for any such 
geodesic at a, the space of transversal Jaccbi fields that vanish at a maps 
onto the space of transversal J-fields along the projected geodesic that vanish 
at a’; moreover, any such J-field is tangent to the K X K-orbit at a point b, 
if and only if the projected J-field is tangent to the K-orbit at b’—p(b). 
In other words, p establishes an isomorphism between A,(0) OJ (1) and 
Ag: (0) Ndg7(1) for any transversal geodesic g in G@ and its projection g’ 
in G/K. Finally, the projection is equivariant with respect to the natural 
map of K X K onto its first factor; i.e. p( (k1, k2) a) = kı: p(a). It follows 
easily that any infinitesimal K X K-motion along g that vanishes at a projects 
into an infinitesimal K-motion along g’ that vanishes at a’. Since all elements 
in Ag{0) OJ (1) are induced by K X K, it follows now that all elements in 
Ag (0) OJo7(1) are induced by K, q.e.d. 


7. The infinitesimal case. We come to the adjoint action of K on p, 
the infinitesimal analogue of the case just treated. We give a proof analogous 
to that of Proposition 2.2; another possible approach consists in comparing p 
with a small K-invariant neighborhood of e’ in G/K. Let À be any point in p. 


PROPOSITION 7.1. The tangent space to the orbit of A under the adjoint 
action of K is adA (Ë). 


This follows from the relation (1.2(d)). 


DEFINITION 7.2. fa EN ga; Fab ga (here ga ws the centralizer 
of À). 


We have the relations: 

(7.3) [las pa] C pa; [Pas 94] Ca; 

(7.4) pa—ad4(f)l (orthogonal complement in p). 

For the proof of (7.3), we use (3.1) and note that by the Jacobi identity, 
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the left sides are contained in ga. To prove (7.3), take PE p and QET. 
- The relation (P,[4,Q9]) =—([A,P],Q) together with [A,P] ef (by 
(3.1)) implies the stated result. Note that À € pa. 

Recall that the geodesics in p are simply the straight lines. Let X by 
any element of pa and define the geodesic g by g(t)==-A-+tX; with XY 
varying through pa, this represents all the K-transversal geodesics starting 
at A. 


LEMMA 7.5. pa==adX(f4) D (paN gx) (orthogonal decomposition). 
The proof is analogous to that of (3.8) with (7.3), (7.4) replacing (8.4), 
(3.5). 


Lemma 7.6. Any transversal J-field n along g with n(0) —0 can be 
written as y(t) =t(#,+- E2) with E, € adX (fs), He€ pa gx. 


Proof. ‘The transversal geodesics are the straight lines of the form 
A+ iC, with CE pa, by 7.4. For the study of transversal Jacobi fields 
vanishing at A, it is clearly sufficient to consider linear variations, i.e. families 
{Va} with Va(t) = A4 +t: (X + a0) for CE ps. The Jacobi field of such 
a variation is given by tC. Splitting C according to Lemma 7.5, we get 
Lemma 7.6. ` 


Lemma 7.7. The infinitesimal K-motions along g, vanishing at A, are 
exactly the fields of the form t[Y, X] with Y € Yi. 


Proof. The infinitesimal K-motion in p, determined by the 1-parameter 
group Ade*’, assigns to the point S of p the vector [Y,S]. Such a field 
vanishes at A exactly if Y € £4, and the field along g, i.e. for § = A + tX, 
is then t[Y, X]. 


We prove now that variational completeness holds. 


PROPOSITION 7.8. Let n be a transversal Jacobi field along g with 
(0) ==0 that is tangent to the K-orbit at B— A + X (ie. for t—=1); then 
n is induced by an infinitesimal K-motion. | 


Decompose n(t) into [X,Y] +47 with F € fa, Z€ pa gx by Lemma 
7.6. To say that »(1) is tangent to the orbit is to say that [X,Y] 
+ ZE ad(A +X) (£), by (7.1). We have ({X, F], Z) =— (Y, [X,Z]} —0 
because of [Æ,71—0. Take any DE and form ([A+X,D],Z). This 
equals — (D, [4,Z])— (D, [X,Z]). Since [4, Z] = [X,Z] =0, we con- 
clude that Z is orthogonal to ad(A + X) (£). It follows now that (Z,Z) —0, 
and so Z==Q. The proof of Theorem IT is complete. 
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8. G as symmetric space. A well known case of symmetric pairs is 
obtained by starting with any compact connected Lie group G, forming G X G, 
and defining an involution in GX G by (a, y)* = (y,x). The fixed group 
is then the diagonal A, isomorphic to G under z—> (x,x). The quotient space 
(GX G)/A can be identified with G through the map (x,y)—x:y1 The 
action of A on (GX G)/A goes over into the action of G on itself by inner 
automorphisms. Similarly, the adjoint action of A on the tangent space of 
(GX G)/A at the image of (e,e) (or on the subspace {(4,—4): FE g} 
of g® g) goes over into the adjoint action cf G on g. Theorem II shows 
that both these actions are variationally complete; these two cases constitute 
theorems proved in:[6], of which our Theorem IT is then a generalization. 


Chapter III. Applications to Certain Homogeneous Spaces and Loop Spaces. 


1. The diagram of K, review of notation. Before stating, in no. 2, 
our main results, we collect here some facts about Lie groups (cf. [6], [20]). | 

K is again a compact connected Lie group, with Lie algebra f; in this 
chapter, we assume K semi-simple and simply connected. T is a maximal 
torus in K, with Lie algebra t; dim T == rank K ==}. On £€ we have the 
Killing form ( , ), invariant under the adjoint maps Adz, for all x in K. 
The orthogonal complement of t in f is denoted by m; it splits into m planes 
of dimension 2, invariant and irreducible under AdT. If e is such a plane 
with a definite orientation, then there exists a unique linear function 8: t— R, 
the root belonging to e, such that Ade*, for any X € t, operates on e as rotation 
through the angle 276(X). It is possible to make a simultaneous choice 
of orientations for the m planes in such a way that among the corres- 
ponding roots 0 there are / “fundamental” roots with the property that every 
0 is a non-negative integral linear combination of the fundamental ones. 
We assume such a choice made, and call @ == {0} the corresponding set of 
m roots. The dominant root, with all coefficients maximal, we denote by p. 
We introduce the set P = {p} of oriented singular planes in t; such a plane 
is by definition a pair (6,2) of a root 8 in @ and an integer n; for any such 
pair p, we write p also for the set {X €t: 6(X) =n} and @ for the image 
exp(p) under the exponential map into T or K. Hach 8 in R defines a basic 
translation rg, the element of t that is orthogonal to the plane (8,0) and 
satisfies 8 (ro) == 2. We write J for the lattice in t that the ry generate; 
J is identical with the kernel of the exponential map of t into T. For any 
- p—(8,n) E P, we write 04, ==}, np==n and r,=-rg. The Cartan integers 
are defined as the values 
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(1.1) Op (Ta), for p, qe P; 


only 0, + 1, + 2, + 3 occur. 

The diagram D (K) is the union of all p in ?; the infinitesimal diagram 
D’(K) is the union of all p€ P with np=0. The components of t—D(K) 
are the cells, A; the components of t— D’(K) are the chambers. We write # 
for the fundamental chamber in which all 6€ R take positive values, and Ay 
for the cell in F that has the origin 0 in its closure. 

Let Nr be the normalizer, in K, of T: The Weyl group #(K) or Y is 
the (finite) factor group Vr/T. It operates on t, via the adjoint map, as a 
group of orthogonal transformations, generated by the reflections across the 
planes of D’(K) ; it also operates on T and on K/T (cf. [1]). 


2. The main results. The proofs of the results stated here appear in 
nos. 3-15. 

Let s be a line segment in t, from a point À interior to the fundamental 
chamber ¥ to a point À” interior to the chamber — #, such that no point 
of s lies on two or more of the planes of D’(K). Let the roots in œ be 
numbered f, 11 m, in such a way that s meets the planes (6,0) in order 
of increasing index from È to R’. Write 7; for ra, Define a graded algebra 
A K by 
(2.1) Ag=2[2,,° > +, Em] /Im 


where Z[2,,: + -, 2m] is the polynomial ring over Z in the variables 2,,- ©- , 2m, 
each s; of dimension 2, and where Im is the ideal generated by the elements 


k-1 | 
(2.2) pr = Tr° (e + 2 i (74) ti); l=k=m; 


we denote the image of a, in Ag again by zi. 

Denote by À the module of integral forms on t, i.e. the set of those 
linear functions on t that take integal values at all points of the lattice J. 
Finally, let B be the submodule of the linear (two-dimensional) part of Ax 
formed by the elements of the form X, p(r;)æ; with @ ranging over à. 


THEOREM III. The integrai cohomology ring H*(K/T) of the coset 
space K/T can be identified with the smallest subring of Ar that (1) contains 
the unit and the module B, and (2) is additively a direct summand. In 
particular, H? (K/T) is identified with B. 


It is easily seen that B can also be described as follows: Let {f,,- - °,&} 
be a basis of the lattice J, and write n = X ayé, 1<i<m. Then B has as 
a basis the elements 2, = Maya, 1731. 
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We note that this theorem describes the integral cohomology of K/T in 
terms of infinitesimal invariants of K, namely the Cartan integers and what 
amounts to the integral relations between the basic translations r; (for € à, 
the values }(7;) satisfy $ aip (mı) == 0 whenever ar, 0 with real, neces- 
sarily rational, &). | 

As an example, we compute G,/T for the exceptional group Ge. The 
results IIL and III’ were announced in [7]. | 


Turorem III’. The cohomology ring H*(G./T) contains two elements 
a, B of dimension 2 such that H*(G,/T) has an (additive) basis consisting 
of 1, % B, a B, B*, a: B?, B°/R, a: B8/2, B*/2, a: B*/2, BP/2, a- BP/k; more- 
over, the relations a? + 3a: B -+ 38? = 0, g = B° = 0 hold. 


Here 8/2 means of course an element x such that 2g == 8°. 

For any group K, one has the natural action of the Weyl group # on 
K/T and on H*(K/T). In the description of H* (K/T), given by Theorem 
III, this action takes the following form: The operations of 94 on t map the 
lattice J into itself. Consequently, there is an induced operation on the 
module & of integral linear forms introduced before Theorem ITI. Finally, 
% acts on the submodule B of Ax, defined there, since B is naturally iso- 
morphic to à. 


PROPOSITION 2.1. Under the identification of B and H*(K/T) of 
Theorem III, the action of W on B becomes identical with the action of W 
on H?(K/T) derived from the action of W on K/T. The action on B extends 
uniquely to the action on H*(K/T), the Tatter considered as a subalgebra 
of Ax. | 


In terms of the bases {£;}, {2} above, we express the image w-% of & 
under the action of w€ 94 as $ bi; then the relation w: z= > byz defines 
the operation of w on H?(K/T). 

Let now 7” be any non-maximal torus of K, and let Ky (denoted by C(T”) 
in [6]) be the centralizer of T” (a connected group by ([10]). We may 
assume T” C T; the latter is then a maximal torus of Ky, and the Weyl 
group W = (Kz) is a subgroup of W(K). 

Turor II”. The cohomology ring H*(K/Ky-) is isomorphic to the — 
subalgebra of H*(K/T), consisting of the invariants of W in H*(K/T). 
(The action of H, and therefore also of W’, on H*(K/T) has been described 
in Proposition 2.1.). 


We note that Theorem ITI, Proposition 2.1 and Theorem III” together 
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yield a description of H*(K/Kr-) in terms of the Cartan integers, the rela- 
tions between the basic translations, and the action of the Weyl group of Ky 
on the basic translations. 

' The following theorems concern the homotopy groups m, of Lie groups. 
It is a classical fact that 7.(K) — 0 for semi-simple K ; and it is known [6] 
that 23(K) = Z for simple K. We use the standard notation An, Bm Ca, Dn 
for the classical groups, and Ga, Fa, Ee, Er, Es for the exceptional groups. 


Taxorem IV. Let K be simple and let p be tts dominant root. 


(a) m,(K) is either 0 or Zz; it is O exactly if the plane (p,1) with 
equation p(X) =1 in t contains a point of the basic lattice J. 


(b) The groups A,, By, and Cy, n1, hate x, = Ze, all other simple 
groups have ny =0. . 


THEOREM V. 

(a) m(Ee)=0 for 45158; ma(Ee) =Z; 
(b) m(H:) —0 for 4551210; ru(Er) =Z; 
(c) m(E)=0 for 451514; AEN =n 
(d) mola) O Z: =0. 


Part (d) is a correction of the value given in Toda’s table in [4]; it is in 
agreement with recent calculations of Toda, and also with recent results of A. 
Borel-F. Hirzebruch (not yet published). 


3. The groups Kp. The proofs of the theorems of no. 2 depend on 
the construction of certain iterated 2-sphere bundles that appear as K-eycles 
for suitable actions of K. 

For each root 8€ R, let K, be the stabilizer of the singular plane (4,0) 
of t, under the adjoint action of K on f; denote by K the set of K,’s. For 
any oriented singular plane pE P, we write Kp for the centralizer of p 
(stabilizer under the action of K on itself by inner automorphisms). It is 
familiar that for p= (0,”), we have Kp = Kg, independent of n, and that 
K, can be described as follows: 

Let Sa denote the special unitary group SU(2) (or equivalently, the 
group of quaternions of norm 1), topologically a 3-sphere; let §, denote the 
circle group contained in Ss, consisting of the ordinary complex numbers 
cos@-++ ising in the quaternion form of 8: For each pE P, there exists 
a monomorphism 


(3.1) Bo: 83> Ky 


996 RAOUL BOTT AND HANS SAMELSON. 


depending only on #, and not on np, such that T and B,(8:) generate K, 
and such that B,(8:) N T'=B,(S;), cf. [11]. (That 8p is a monomorphism 
depends on the fact that the element 4-7,. does not belong to the lattice J, 
and that therefore Bp (—1)=4e.) Ss; is a principal bundle for its subgroup 
Sı with base space S+, the 2-sphere (Hopf fibering). Similarly, K, is a 
principal T-bundle; 8, is a bundle map, and induces a homeomorphism £, of 
the base spaces; we note explicitly that every K,/T is a 2-sphere. 

Let j denote the quaternion unit usually denoted by that letter, and put 
Jp = Bo (7) € Kp. The inner automorphism of K by jp maps T into itself; 
its restriction to T is an involution which we denote by Ry. Similarly, Adj, 
maps t into itself; its restriction to t is also an involution, again denoted 
by À, and given ty the formula | 


(3.2) R(X) =X —O6,(X) rp, for XEt 


(reflection across the plane (6,,0)). The Rs generate the Weyl group. 

Using the standard isomorphism of m(T ) and H, (T), and the identifi- 
cation of (7°) with the group J of covering translations of the universal 
covering space t of T, we associate to each basic translation rp or ry a homology 
class Tp of % in H,(7). For the homology map, induced by Rp, we have 
then from (3.2), 


(3.3) | | Rox (Ta) ="%q — 9p (TG) Tp- 
In particular, on 8; we have a standard generator + of H,(S,), such that for 


the Bp: Sı—> T, associated with any p€ P, 
(3.4) Box (7) =% € H: (T). 


4. The manifolds Wp. Let P = {p,,; - -,p.} be an ordered finite 
sequence of oriented singular planes in P. Using definition 4.2 of Chapter J, 
we put l 
(4.1) re = Kp, Xr Kp Xr’ * Xr Ko Xr Kp,/T. 


Our aim is to compute the cohomology of rp. We abbreviate Kp, to K; and 
similarly, p, to 6, ste. The polynomial ring Z[2,,- - -,2,] will be considered 
as a graded ring, the variables having dimension 2. 


PROPOSITION 4.2. The cohomology ring H*(T,) is isomorphic to 
Zz: + :,t]/I», where Ip is the ideal generated by the elements 


k-1 i 
Pk = T° (ze + 2 Or (7:1) 21), lSkr. 
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In particular, H*(Tp) has no iorsion and is generated by 2-dimensional 
elements. | 


The proof will occupy nos. 4 and 5. The proposition is obvious for r= 1, 
since then Ip is a 2-sphere (cf. no. 3). We proceed by an inductive construc- 
tion, and take r > 1. As in Chapter I, (4.6), we put 


(4.3) We=K, X: + XEr 


The space Tp is then also the base space of the principal action of 77 
=T X: -XT (r factors) on Wp, given by 


(las + +, kr) > (las + + tr) == (krts, ty ot, 7, tra Kerr), 


whère k€ Ki and 4€ T; let y be the projection of Wp onto Ip. 

Put P’ = {p.,-* +, Pra}, defining Tp, Wp and y’. Let 6: We—> Wp be 
defined by suppressing the last coordinate. This is a bundle map, relative 
to the homomorphism ¢: 7*—> Tr, defined similarly, and induces a map 
ġ: Tp—Tp. Writing T" as Tr=X T, we can factor the projection # by 
first operating on Wp with the factor T, which results in Wp X K,/T, and 
then operating with 7’. One reads off from the basic diagram of Chapter I, 
(3.1) that Tp is the K,/T-bundle over Te, associated to the action of Tr 
on K/T, given by (t1,° °°, tra) kT ==t,1k,T. Let § be the natural injec- 
tion of Wp into Wp== Wp X K,. One verifies that this is a bundle map, 
relative to the natural injection of 77+ into Tr = T" X T; denote by 5 the 
induced map of I? into Tp. Since ¢°%— identity, the map § is a cross 
section of the bundle map à. 

We now set up suitable bases for homology and cohomology. Let ķ:; for 
1<i<r, denote the map of S, into Wp, defined by the 8; (cf. (8.1)) of 
S into the factor K, of Wp. This is a bundle map relative to the homo- 
morphism y: 91—> T, given by: 


(4.4) xi(t) = (8 + +, e, Bift),: | :, Bi(t)), with 4— 1e’s. 


Let x; be the E E map of 8: into Tp. 

We shall apply the transgression map 4: H,(base) — H, (fiber), for the 
various bundles under consideration ; in all cases occurring here, @ can be inter- 
preted, via the Hurewicz isomorphism, as the boundary map (dimension 2) of 
the homotopy sequence of the bundle. We define a generator y of H2.(S.2) by ` 
dy = T, where + is the standard generator of H,(T) introduced above (cf. 
(3.4)), and define elements y; of H,(Tp) by 


(4. 5) ‘Yi = Xix (y), LSS. 
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One verifies immediately that the elements y; 1<i<r—1, map under 
$4 into the similarly defined elements y/, 1<i<r—1, of H,(T»), that yr _ 
represents a generator of the second homology group of the fiber K,/T of 4, 
so that (y) =, and that the y, 1S tare map into y, 1 StS r l, 
under the cross section §. 

One conclud2s now inductively by a simple application of the Gysin 
sequence (for 2-sphere bundles with cross section) (cf. [18]) that the 
following proposition holds. 


Proposition 4.6. H*(Ip) has no torsion (and Tp is simply connected). 
The elements yi, 1137, defined in (4.5), form a basis for H,(Tr). If € ts 
any element of H* (Tp) whose restriction to the fiber K,/T of $ is a generator 
of H?(K,/T), then the map $*, and the map consisting of ¢* followed by 
cup-product with £ are isomorphisms into, and define a direct sum decom- 
position 


H* (Ip) = §*H* (Te) D & §*H* (Tr). 


Specifically, the ring structure of H*(Tp) is determined by H*(Ip-) and 
the expression for & in this above decomposition. 

Let {2,}," be the basis of H?(Tp) dual to the basis {y;} of H2(Tp) 
introduced above, so that | 


(4.7) mg) 1<ij<r. 


The element a, can then serve as éin 4.6. From the properties of the 
ys, it follows at once that the elements a, 1=i=r—1, are the images 
under #* of the similarly defined elements z/, 1=i<r—1, of Ty, and 
therefore generate $*H*(T2.), and that : 


(4.8) 5*(2,) = 0. 


5. The involution J. To find the expression for 2,7, we make use of an 
involution on Tp, which reverses the orientation of the fiber. (This method 
goes back to [12], cf. also [14]. ) Let J: Wp—> Wp be the map sending 


(krs T3 kr) into (ky, ° " ee kr: (Pa *), 


where jr = 8,(j) as defined in no. 3. This is a bundle DR of the bundle y, 
relative to the map J: Tr—>7", defined by J(t,,- - -,t,) == (tr +, 64, 
R,(t)), with R, the involution of T determined by re by ie ct 
no. 3). Let J be the induced map of Tp into itself. Since (j+)? belongs to T, 
(J)? is a bundle map over the identity and (7)? is the identity of Tp. 
Further, since J operates only on the last coordinate of Wp, the map J is an 
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involution of the bundle Tp over the identity of the base Tp: 

(5.1) fod =¢. 

To determine the effect of J on H,(T?), we consider, for 1717, the 
map x: Sa—> Wp. We write again T" = T"> X T ; using e, as generic symbol 
for the positive generator of the 0-th homology group (a point with coefficient 
1), we have H, (7°) —=H,(T'*) Ge +e @H,(T) nen From (4.5), 
(4.4) and (3.4), we conclude that 

(5.2) Oyi = Xiz (7) = VO e + lo B Ti; 


where the 7%; are certain elements of H (T+), with +’, —0. (We have used 
the fact that the composition of x; with the projection of 77-17 X T onto T 
18 just Bi) 

Equivariance with respect to J and J shows that 


0 oF (Yi) = T; © eo + 60 Q BR, (Ti), 
since J operates only on the last factor of T”, as R, By (3.3), we have 
(Lay) = Ti © eo + eo B Ti — 4, (ri) Co Q T, = I iyi — 0r (ri) Yr). 


The well known fact “w.( Wp) = 0” implies that @ is an isomorphism into, 
and we conclude that 


(5.3) Ja (Ys) = Yi — br (ri) Yr 1SisSnr. 
We note that for t =r, this means, because of 6,(r,) = 2, . 


Ju (Yr) =— Yr, 


50 that J reverses the orientation of the fiber K,/T of Tp. Going to the 
dual basis {z;} for H?(TP), we ‘ind 


(5.4) J* (x+) Ss 6, (ri) Ta. 


It follows from the remark at the end of no. 4 that J*(2,) is congruent 
to —2z,mod é*H*(Tp-). Using z, as the é in (4.6), one concludes easily 
(using also (5.1)) that the elements of H*(I'p), invariant under J*, are | 
exactly the elements in 6*H*(I'p). We consider now v—2,-J*(az,). Since 
J is an involution and dim z, = 2, we have J*(v) =v, and by what was just 
said, v is of the form #*(w). By (4.8), we have 5*(v) —0, and therefore 
u = S*og*(u) —5*(v) —0 (since ¢o5= identity), and finally v—0. 
Writing out z,-J(z,-) from (5.4), we obtain 
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r-1 
Tr (tr + X 6(ri)m) =0 or 
(5.5) h | 
pr e > 4, (rs) Tir. 
A l 


An obvious induction argument, based on (4.6) and the description of 
p*H* (Tp), contained in the last sentence, of no. 4, completes the proof of 
(4.2). | | 


6. Description of K/T. We turn to the proof of Theorem III. For 
this purpose, we consider, as in [6], the adjoint action of K on f, and apply 
the considerations of Chapter I. The defect function § of this action 
(Chapter I, Definition 7.1)), for points of t, is determined by the infini- 
tesimal diagram D’(K) ; namely, 8(Q) is equal to twice the number of planes 
in D’(K) that contain Q. This follows readily from the definition of D’(K) 
and Chapter I, (7.2). In particular, any point of t—D’(K) lies on a 
maximal K-orbit. As the centralizer of such a point is precisely T, its orbit 
N can be identified with K/T. Let a: K/T—WN be such an identification, 
and consider the space 0;—Q(f;R,N),' where R is a definite point of 
-t—-D’(K) not on N. Let «: Q—N be the natural projection of paths onto 
their end points. Because f is a Euclidean space, x induces a homotopy 
equivalence. Hence «tox defines a homotopy equivalence: Q K/T. We 
will now apply Theorem I to Qr. This is legitimate because of Theorem IT. 

We recall from [6] that N meets ? in a finite number of points 
Qı *,>Q. (one in each fundamental chamber). The set S = 8 (É; R, N) 
consists of the straight line segments s; from À to the Q;, and 8,, is equal to 
twice the number of planes in D' (K) crossed by sı We may assume that the 
s; intersect the planes of D’(K) one at a time. 

The construction of Chapter I, no. -5,' determines K-cycles T, and maps 
fi: Ti —Q,, for each s;€ 8. The stabilizer of a generic point on the plane 
(6;,0) is the group Kp, = Kı in the system K defined in no. 3. The T; are 
therefore of the type considered in no. 4; in particular, each T; is orientable. 
Hence, by Theorem I, images of the fundamental classes of the F; under 

œtokof, form a basis for the integral homology of K/T. 
| Since K/T is an orientable manifold it follows that the manifold T, of 
highest dimension, 2m, maps onto K/T with degree + 1. This K-cycle, to be 
denoted by Tx, is characterized by the fact that R and Q lie in opposite 
fundamental chambers # and — F. Adopting the numbering of the roots 
{8}, described at the beginning of no. 2, with Qn = À", we see from Definition 
4,1 that 
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{6.1} Te =K: Xr K Xr" X27 Kins XrKm/T, 


The next proposition expresses a general property of maps of degree one; 
put fg =a oxo fy: Te K/T. 


PROPOSITION 6.2. The map f,* maps H*(K/T) isomorphically onto 
an additwely-direct summand of H* (Tx). 


Proof. If y and y are suitable fundamertal cycles of rg and K/T, 
we have frs(y’) = y, expressing the fact that fẹ is of degree one. We 
denote by d the Poincaré duality operator, i.e. the cap-product with the 
. fundamental cycle.. The permanence relation fr: (fx* (a) Ny’) =aN frx(y) 
implies then frsodofr*=—d;: Defining f: H*(Tx)—H*(K/T) by 
F—=d ofra 0d, we get Fo fr*=—dtod = identity, and the proposition follows 
by standard group theory. 

Since H*(Tx) has no torsion, Proposition 6.2 gives another proof of 
the well known fact that K/T has no torsion. [See [6] for references.] 

To give the promised description of H*(K/T), we now make use of an 
important proposition due to J. Leray and A. Borel [1]. 


PROPOSITION 6.8. The cohomology ring H*(K/T ;@) over the rationals 
Qis generated by (the unit and) H?(K/T;@Q). 


The two Propositions 6.2 and 6.8 and the well-known relations between 
rational and integral cohomology clearly imply the following proposition. 


Proposition 6.4. H*(K/T) is isomorphic, under fx*, to the smallest 
subalgebra of H*(Tx}) that contains the unit and fx*(H?(K/T)) and is 
additively a direct summand. 


In Proposition 4.2, we have shown that H*(Tx) is the algebra Ax of 
Theorem III. The theorem will therefore follow from Proposition 6.4, once 
we have identified the fr*—ïmege of H?(K/T) in H?(Tx). We begin by 
noting that the transgression @ in the bundle K — K/T maps H,(K/T) 
isomorphically onto H,(T), because of m(Æ)—"#72(K) —0 (cf. no. 4), 
Instead of fg”, we consider ĝo frw. i 


PROPOSITION 6.5. Let {y:}.” be the basis of Hag), constructed in 4.5; 
the image of y; in Hi(T) under 00 fra 18 ri. 


Proof. Let 4 be the bundle projection of the 7”-bundle Wg =K: X- 
X Ka, onto Tx, as in no. 4, and let g be the map of Wx into K, defined by 
g(ks + +5 hm) = b+ ka: + ++ hm. One verifies that g is a bundle map 
relative to the projection of T™ onto its last factor T, with K as T-bundle in 
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the usual fashion, and that the induced map of the base spaces is just fr. 
For 1=i=™m, consider the map x: Ss-> Wx. The composition with g is 
a bundle map, relative to the map Bi: S;-— T, over the map B;: S:— K/T. 
It follows that 


0° fire (ys) = 8° fra 0 RU) = 00 Big (Y) = Bis, (BY) = Bix (7) = 7 


(by (8.4). 

The map dual to ĝo fr, sends the cohomology class ¢¢ H*(T') into the 
element X ¢(%:)%,€ H?(Tx). Each such œ can be identified with an integral 
linear form ¢ on t such that b(T) = (rı) (cf. the definition of à before 
Theorem III and the remark before (3.3)). It is now clear that fx*H?(K/7) 
is the module B of Theorem III. 


7. Computation of H*(G,/T). As an example, we compute the co- 
homology of @,/T, where G, is the exceptional group of rank 2. As is 
customary, we represent the Cartan algebra t of Ge as the plane with equation 
tı +t,+t;—0 in Euclidean ff,t,-space. The 6-roots 4, ordered by the 
prescription of na. 2 and with a suitable choice of signs, are then given by 
the expression ¢, — tz, te, ta — ta, — ts, fa — ts, tx. The corresponding vectors 
ri are given by (1,—~1,0), (—1,2,—1), (0,1,—1), (1,1, —2), (1,0,—1), 
(2,—1,— 1). The Cartan integers 8,(r,) are given by the matrix | 





2% —3 —l 0 | 3 
—~ 1 2 1 1 0 —1 
~ J 3 2 3 1 0 
Uy) 0 1 1 2 1 1] 
1 0 1 3 2 3 
1 — i 0 1 1 2 
The relations between the variables Tı’ * *,%e in the algebra Ag, are then 
the following: | 
T° = ) 
Ta? == L1Le 
Ly” == LL, — 32023 
(7.2) ; 
Ta? = — Lob, — Tafi 
Tg? == — 0125 — Las — BLL 
Le? == —— T Ce + Bole — Why — LE. 


As basis for the lattice J spanned by the r;, we can take 7, and rẹ} The 
matrix (ay) is then the matrix of the relations 
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Ty = T1: 
Ta = T2 
Ta = T1 + Te 

(7.8) Ta = 87, + 212 
Ts = 211 + T2 
Te = 37, + To. 


The generators for the image of H” (G/T) in Ag, are therefore 
a = Tı +- 23 + 3t, + 225 + 8Te | 
b = To +- Za + Ta + Ts + Le. 
We change to other generators defined by 
& == 3b — Q = m 2, -+ 322 + BL, + D Ta -+ Ts 
(7.4) 
B == Q — 26 == Li — REg Da — Ta -+ Leg. 


One verifies the relations 

a) a? + 308 + 36? —0, 

b} æ? divisible by 2, 

ch 10? Bia as Oe 


dj go> ==, 


(7, 5) 


Relation (7.5a)) shows that the products of the form 8t, a-Bt, Ot 5, 
span f*(H*(G./T)) rationally, i.e. up to division by integers. The product 
Tı *'’ **' £e represents the fundamental cocycle of Tg, It follows from 
(7.5c)) that all divisibility relations in H*(G./T} are consequences of 
(7%. 5b)), and that a basis for H*(G./T) is given by 


{1, a, B, a: B, E; æ: B?, 65/8, a: B°/2, B*/2, a" B*/2, BS/R, a: BP/2}. 


This completely determines the cohomology ring H*(G,/T), and proves 
Theorem III. The computations are facilitated by making the change of 
variables: 


Ya = — 20, + 3T -H T3 
Ys = — T1 F lo + Da + Ta 
a = — T, -+ 872 + 2a, + 82, + T5 


B = 2, — Rte — 23 — Ta F Ly. 


(7.6) 
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The relations (7.2) go over into 


yi" = 0 
Yo" = WY 
Ys” = 8Y1Ya — 84143 + BY 24s i: 
7 Ys? — $Y + Yaa 
g? == — Bg” BY go 
B = ta? + as. | 
It is clear that zı- ` + ‘Tes YYYY ap. | 


As an application, one verifies, by a standard. computation with the 
spectral sequence of G,—>G./T, that H*(@,) has Z, as torsion group in 
dimensions 6 and 9, as found by Borel in [3]. 








T 
t š Lo : ; 
ts, te | 
~~. de 
ET 
(Te 
a B Bp a: BP’ 
B®  B°/8 | 


Note that the differential indicated above has Z as cokernel: 83/2 is not 
in the image, although, with dt, = a, detz==P, one has d( 8°: t2) = 2 - 83/2. 


8. Cohomolcgy of K/Kr. We continue to use the notation introduced 
in no. 6, The proof of Proposition 2.1, to which we turn now, depends on 
the fact that the transgression 0: H,(K /T) -> H,(T), is equivariant with 
respect to the operation of the Weyl group, and that the same holds for the 
dual map 0* of the cohomology groups. This proves the statement about the 
action of 94 on B, as a consequence of the ‘remarks at the end of no. 6. The 
uniqueness of the extension to all of H*(K/T) follows from Theorem III. 
Note that 9¥ does not act as a group of automorphisms on Ax. 

The proof of Theorem ITI” goes along quite different lines. We consider 
the spectral sequence of the fiber map K/T—K/Ky, with fiber Kr/T, 
. induced by the inclusions K D Ky D T.’ All dimensions in H*(K/Kr-) 
and in H*(Kyp/T) are even, and the spectral sequence is trivial (all differ- 
entials vanish). The Weyl group W of Ky operates on the spectral sequence. 
The operation is trivial on the base space K/Kr, since Ky is connected. 
The operation on H*(Kr/T) is known to be equivalent to the regular repre- 

} 
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sentation of W (cf. [1]); the elements left fixed by all we W are exactly 
the elements of H°(Ky/T). It follows now by comparing the H,-term 
H*(K/Ky) @H*(Ky/T) with H*(K/T), that H*(K/Kw) [considered as 
a subalgebra of H*(K/T)] consists exactly of the elements of H*(K/T) left 
fixed by all w € 9’, and Theorem III” is proved. 


9. The holomogy of (K); applications to homotopy. Let K operate 
on itself by inner automorphisms. Let À be e point of K, and let Qg 
==0(K;R,e) be the space of paths, as in Chapter I, no. 2, from À to the 
orbit of e, i.e. to e. Op can be identified, in standard fashion, with the space 
Q(K) =O(K;e,e) of loops in K at e; since K ts simply connected, this 
identification is unique up to homotopy. 

Suppose now that # is a regular point of T, i.e. supposes #¢ p for any 
pE P; the orbit of R is then of maximal dimension, and because of Theorem 
II, we can apply Theorem I to Qg. As shown in [6], the set S== S(K: BR, e) 
of Chapter I, no. 2, can be identified with the set S’ of line segments in t, 
obtained by choosing in each cell A of the fundamental chamber F a suitable 
point, and connecting it to the origin 0 by a straight segment s. To A or tos, 
we associate the K-cycle of the geodesic segment expos (in the sense of 
Chapter I, no. 4), denoted by Fa, and the map of Ty into O(K) (using the 
identification of the various Qg above), denoted by fa. The exceptional points 
of expos correspond to the points where s crosses singular planes in t (we 
assume that s has no point of higher singularity). The exceptional stabilizers 
are then groups of the set # of no. 3; the stabilizer of expos is T itself. 
It follows that all K-cycles are of the type discussed in no. 4 In more detail, 
we get from Theorem I the following proposition, describing the homology 
of Q(K). 


PROPOSITION 9.1. For each cell A in J, let P—{p,,: : +,p,-} be the 
ordered set of oriented planes in P that the segment s from A to 0 crosses 
(in that order). The K-cycle Ta is then Tp, in the sense of 4.1, so that in 
particular dimTa==2r. The fa-images of fundamental cycles ya of the Ta, 
with A ranging over the cells of F, form a basis for the (free) group . 
H;(9(K)). | 


It should be noted that strictly speaking the geodesic segment expos | 
is not in the set S, but that a suitable inner automorphism of K will bring 
it into S- The abstract K-cycle will not change under this operation; and, 
K being connected, the image homology class in the loop space will also be 
the same (using again the identification of all the Qx). 
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For our application to homotopy, we need a partial determination of the 
cohomology ring of Q(K). We quote somé well known facts. Assume from 
now on K to be simple. The cohomology H*(K;@Q) over the rationals 
Q is an exterior algebra with { generators of dimensions 2m,;—1, with 
2 =M, LM = Em (actually m,—ms, only for the type D,). The 
cohomology H*(Q(K);@Q) is a polynomial ring with 7 generators of dimen- 
sions 2m;—%. Since H*(Q(K)) has no torsion, this implies that all 
Hi (Q(K)) vanish, that H74(Q(K)) is infinite cyclic for 0OSi=m,.—2, 
and that H°"=*(Q(K)) is free abelian of rank 2 or 3. Let n denote a 
generator of H?(Q(K)); no power nt vanishes. The second non-vanishing 
-~ homotopy group of K (or Q(K)) depends on the divisibility properties (by 
integers) of the powers y*, 21S m,—1, as described in the next 
proposition. 


PROPOSITION 9.2. (A) Suppose no power n°, for 1 S1 S m:— l1, ts 
divisible by an integer >1; then 7,(K) —0 for 3<r<?m:—1, and 
Tom (K) is free abelian of rank one less than the number of mgs equal to ms; 


(B) In the remaining case, let 1, be ‘the smallest exponent 1=m,—1 
for which n° is divisible, and let q's be divisible exactly by the positive integer 
q (>1); then 7.(K) =0 for 3< 1 <io, and woi,(K) = Lo 


Proof. The integral cohomology ring of the Hilenberg-MacLane space 
K(Z,2), the infinite complex projective space, is a polynomial ring Z[x] with 
dim z =?2. By standard principles, there exists a map D: Q(K) >(Z, 2) 
such that y*(#) =n, and consequently ¢,*(z*) —7. One can now easily 
determine the nature of the first non-vanishing relative homology group of 
oy (i.e. of the mapping cylinder of $y, with Q(K) as the subset) in terms 
of the assumptions in (9.2); the Hurewicz isomorphism theorem and the 
known nature of the 7,(K(Z,R)) yield then (9.2). We see from (9.1) 
that ni is divisible by q exactly if for every A with dim Ta = 2i, the cocycle 
fa*(nt) (a multiple of the fundamental cocycle of Ta) is divisible by q. 
We shall study this question using the description of Ta in (4. ®), and begin 
by finding the expression for fa” (y). 


10. The 3-spheres in K. We identify the Lie algebra of the subgroup S, 
of the group S; (cf. no. 3) with the real numbers R such that the exponential 
map is given by ġ— etŸ, for HER. There is then one root 4 with 0(¢) — + ; 
the basic translation r, is the number 27; the system P of oriented singular 
planes can be identified with the integral multiples of +; the fundamental 
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chamber is given by ¢ > 0. Let n be any integer; let s:[0,1]—> R be a non- 
degenerate, linear map with s(1) —0 such that for some FE [0,1), we have 
s(i) =n: x, so that Ë is an exceptional value of the geodesic segment expos 
in #4, according to Chapter I, no. 4. Put R—expos(0). We write 
s—s +s” with g = [0,7] (possibly degenerate) and s” = [7,1]. Gener- 
alizing slightly the construction of Chapter I, no. 5, we define a map 
fn: Ss—Q(S35R,1) by f(x) —expos +zrexpos”-z41 This is well 
defined at the junction point since the centralizer of expos(f) is 8: As in 
Chapter I, no. 5, the map f, is constant along the cosets of S,, and induces 
a map fa: S2 = 83/81 (Ss; B, 1). 


PROPOSITION 10.1. Let y be the generator of H2(S2) defined in 3.3. 
Then Y = fı (y) is a generator of the infinite cyclic group H,(Q(8:)) ; and 
fns (Y) =n: Y. 


We identify here Q(8:;R,1) with Q(S3) —0(8331,1); that ÿ is a 
generator of H,(Q(8:)) is a special case of Proposition 9.1 for K == $s, 
since the interval (2,2) is the only cell A whose Ta has dimension @, and. 
since S, and fı are just the associated Ta and fa. 

To treat the factor n, we note first that we may choose s in such a way 
that s(0) ==2nr. Let p be the natural homomorphism of Ss onto §;/{1,—1} 
=P, (projective 3-space = 80(3)). Each pof,(x), for v€ 82, is then a 
loop in P, that goes through e at the parameter values 1/2n, 02155 2n; in 
other words, it is a 2n-fold Pontryagin product in Q(P;). Using the fact - 
that the Pontryagin product in the loop space of a gronp is homotopy-commu- 
tative one verifies that pof, is homotopic to the n-th Pontryagin power of 
p°f, (for n= 0), and to the inverse of pof, for n——1. Since p induces 
a homeomorphism of O(S) with’ the e-component of 0(P;), and since y, 
being spherical, is primitive, one concludes now easily that frs (y) =n: 9. 

For any root 8€ W, let g: S:— K be the composition of the map Be 
of no. 3 with the inclusion of K, in K, and let g, be the induced map of 
the loop spaces. | 


PROPOSITION 10.2. (A) The element u4 (J) —yr (where u is the 
dominant root and ÿ is defined in 10.1) is a generator of H,(Q(K)). 


(B) For any root 0€ R, the following relation holds: 
Jos (G) = i (To 70)/ (ru Te) ) YE 


(Note that the factor of yg is always an integer.) 
For part (A), we use (9.1). There is exactly one cell A in $ with 


? 
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dim Fa = 2, namely the cell obtained by reflecting the fundamental cell Ay 
across the plane (nu, 1); we have Ta—K,/T. One verifies, by considering 
the definition of fs, Chapter I, no. 5, the relation 

(10.3) fa 0 3a = Ju 0 fais 

with fy as defined above, and %:: S.—>Ta ‘defined in no. 4. [Actually, this. 
equation has to be understood as a homotopy. The map fa is defined by a 
certain segment sin t. As far as faoX, goes, one can replace s by any seg- 
ment in t that has 0 as end point and for' whose initial point the inequality 
u(s(0)) 21 holds, provided that one disregards all exceptional points of s 
except the one where s meets the plane (u,1). In terms of Chapter I, no. 5, 
this means that instead of W, we act on s only with TX: XTX Ka» 
It is now possible to take for s the image, under the differential g, of g,, of the 
segment used for the construction of fı in the Lie algebra R of S,; this pro- 
duces actual equality in the above relation.]: It follows that fas. (Y1) = Gux (9); 
since 7, is the fundamental cycle of K,/T, part (A) follows. 

The standard transgression argument shows that, with z denoting a 
generator of H3(S3), the element g,,.(2) is a generator of H,;(K). We shall 
prove (10.2 (B)) by showing that go(2) = ( (ro, To) / (Tus ru) ) * Jun (2). 

Let wx be the Cartan-form of K, i.e. the closed invariant differential 
3-form defined, at e, by wx(X,¥,Z)—=(X.[Y,Z]). Let r,r,r” be a 
basis for the Lie algebra of S83, with 7 the basic translation in the Lie 
algebra of 8:, and [r,r] =r. By (3.4), we have Bg(r) — 7, and therefore 
go* u(t, 1,1") = (x9, 79). This implies gp x = ( (rg 79)/ (Tu Ta) ) * Gu, 
and (10.2 (B).) follows. | 

11. Computation of fa*(n). Let the generator y of H2(Q(K)) be so 
chosen that n(yx) —1, with yx as in (10.2(A)). Let A be any cell in F, 
and let P = {p,,° - -, pr}, Ta and fa be as in (9.1). By no. 4, to each p:€ P, 
there corresponds a basis element y; of H.(Ta); the determination of 
fa*(n) € H?(Ta) is equivalent to that of fax (yi), 1StsSr. 


PROPOSITION 11.1. 


fox (yi) = mi (Ti 74) / (Te Tu) ) ` YE, 


with Ti = Tp, and Mu = Np the translation and the multiplicity associated 
with the singular plane pi. 


For the proof, one verifies, as in the proof of (10.2), that the commu- 
tativity relation fa 2 y; — 9:0 fy, holds, where fa; is as in (10.1), and where ¢; 
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is the map of the loop spaces induced by the map gi: Ss—K,CK. (11.1) 
follows then from (10.1) and (10.2 (B)). By simple duality, we have 


PROPOSITION 11.2. 
r 
fa* (7) = "pw Tp) 2 nj (re Ti) Li; 


here v n; are the basic translation and the multiplicity associated with the 
ath singular plane p; along the segment s from A to Q. 


12. Computation of ~,(K). ‘To determine 7,(K), we have to consider 
the element „°, according to (9.2); according to (9.1), this amounts to 
considering all cells A with dimla==4, Assume that the rank 1] of K is >1. 
Let A, be the cell obtained from the fundamental cell Ay by reflection across 
the plane (u,1). It is clear that the cells that correspond to dimension 4 
are the cells in F adjoining to A, (different from Ay). Let A be such a cell 
(actually there are one or two such, with two occurring for the type Án, 
n= 2, only). The segments from A to 0 has 2 exceptional points; the first 
belongs to a certain root, say 6; the second belongs to the dominant root. 
By (4.2), the ring H*(Ta) is then generated by two variables zı, æ, subject 
to z, = 0 and £? ==—az,%, where @==p(rg). The multiplicities n, nz 
of (11.2) are both 1, and we have fa*(y) == ((79,79)/ (tp tn) ) * 1 + T2 
Squaring, we obtain 


fa* (n°) “= (2(r¢, to) / (tp, Tu) — a) Tito. 


Since r, belongs to the closure of F, we have 9(r,) > 0 (5<0, since ry and rs 
are clearly not orthogonal). Moreover, since (ru, rs) & (ra, To) (ra is a 
“shortest” translation), we have 4(r,) <@(rq) = 2, and so O(t) —1. It 
follows that (rs, ro)/ (ru Te) =p (19) /0 (ru) == (To), and so 


(12.1) fa” (n°) = u (Tg) T122 


It follows from (12.1) that „° is divisible by the integer qg = 1 if and only 
if the Cartan integers (74), for the 6’s involved, are so divisible. Recalling 
that these roots 6 are obtained by reflecting across the plane (n,1) those 
fundamental roots that are not orthogonal to p, and recalling that the trans- 
lations belonging to the fundamental roots generate the lattice J, one sees 
easily that 4° is divisible by q exactly if all values »(X), for X€ J, are so 
divisible. Since a(r) =2, this means g—1 or 2. Moreover, qg will be 1 
exactly if there exists an X € J with p(X) —1. This proves Theorem IV (a). 
The statements of IV (b) are obtained by a simple inspection of the diagrams 


14 


ra 
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of the simple groups. The case 11, i.e. the group Ss itself, can be treated 
with the same method; there is only one root, the multiplicity n, is 2, as is 
the Cartan integer 4; na is 1; fa*(y) = 2a. + za; fa” (n°) = 22:22. The result 
m, (Ss) == Zz is of course well known | 


18. Homotopy groups of Es, E, Es To have a way of picturing the 
arrangement of the cells in the fundamental chamber, we associate to the Lie 
group K a graph 6=#(K), the 1-skeleton of the dual of the triangulation 
of F by the cells, with labelled edges. To each cell Ain #, there is associated 
a vertex va, and to any ({—1})-face between two cells is associated an edge 
connecting the two vertices; the edge is labelled with the plane pe P in 
which the ({—1)-face lies. There is a distinguished vertex vg, corresponding 
to the lowest cell Ay. We define a function d of the vertices by setting 
d(v) ==smallest number of edges in a path from v to vy. One verifies that 
for any cell A with segment s from A to 0 and K-cycle Ta, as in (9.1), one 
has dim Ta == 2d (va), and that the singular plenes occur along s in the same 
order as along a suitable minimal path from va to vy in ®. We write &, for 
the subgraph of ® containing all vertices with d-values < 1. 

Then, for any K (34 D,), the graph @,,_, (here m, is the second primitive 
exponent of K, cf. no. 9) has the form 


citi = einen = FM OS mme iP 


Figure 2. 


as follows at once from the behavior of the Betti numbers. Since for all the 
vertices shown, the minimal path to vg is unique, one can read off the nature 
of the K-cycles I's, provided one knows which planes of P are attached to 
the various edges. The first edge (i.e., the edge at vg) is of course labelled 
with the dominant root x, or better, with the plane (u,1). We now describe 
the labelling of @,,.,., for the exceptional groups Es, ©, Es, in terms of the 
usual fundamental roots {¢;},' (cf. the Coxeter (Schläfli) diagrams below). 
To have a short description, we state first that all the planes p occurring are 
of the form (6,1), i.e. they have np — 1. Further, it turns out that for each 
edge after the first one, the root attached is obtained by subtracting a suitable 
fundamental root irom the root attached to the edge immediately preceding 
in &. We give below the system consisting cf the dominant root and the 
fundamental roots to be subtracted successively; the last two entries corre- 
spond to the two edges leading to v and v”. 
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Es : {B, P65 Os > Pa Pa} 
(13.1) Ez: {Hy De Ds, $45 Da, hr} 
Es: {x $1, Pas Pas Pas Ps 5 Des $s} : 


The singular plane attached to the 3rd edge of &,(E), e.g., is then 
Qu — be — 3, 1) ; the plane attached to the edge leading to v’ is (u—¢e— $s 
— 2,1). To prove that these ara the correct values, we proceed as follows: 


' (A) The fundamental roots indicated in (18. 1), are the only ones at each 
stage in the processe that can be subtracted from the root obtained up to the 
point in question and yield again a root as difference. To verify this we start 
from the remark that for any two roots 6, & of a group K, the difference 4 — 6’ 
is again a root if 6’(+,) is positive (cf. [5]); moreover, for Es, E., Es the 
reverse implication is also true, since all basic translations are of the same 
length, say 1. Further, we have for the fundamental roots Qi and the corre- 
sponding basic translations À the usual relations 


dilà) == À, 

(13.2) di (Aj) == 2 (An Ay) == — 1, if d and ¢; are adjacent in the 
Coxeter diagram, 

bi (Aj) == () otherwise. 
One verifies that in our three cases the dominant root p» has on) positive 
for exactly one of the À; and 0 for all others, so that exactly one u—@ is — 
a root (cf. also [5]). We reproduce the three Coxeter diagrams, with in 
each case a new vertex, corresponding to the dominant root, joined by an 
edge to the unique vertex whose corresponding À is not orthogonal to Ta. 


Eg: i D summer © tient R ee A oa a © 


Ke: Pe RNIN: mme mme E o O o i 
7. 


= hy + Rho + 3p: + 4pa + 3ps + hs + 2er 
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de 
== 21 + 3h + 4s + 5ha + ote 4ps + 2h; + dds. 


As an example, we compute, for Eg, m{hM) = (A) + plà) = 2 — (2 -— 1) 
==0 and p(Ag) = 3da (às) + 2ps (às) = 3 "— 1 +- 2.2 = 1. One verifies the 
statement made in (A) about the roots in 13.1 directly from the diagrams. 
As an example, for Hg, to find a œ; for which »— ps — ¢; is a root, we have to. 
find a ¢; for which ¢:{+,—As) = pifru) —di(Ac) > 0. Clearly + must be 
different from 6; but then i(t) = 0, and the only root with (A) 340 (and 
actually —— 1 by (13.2)) is the root ¢3, adjacent to ds. 


(B) If for two planes p= (6,7), p’ = (6’,n’) of P, the linear function 
6/n—6'/n’ is positive on F, then clearly the first (i.e. nearest to vy) occur- 
rence of p at an edge of & comes before any occurrence of p’. One verifies 
now that the roots 8 constructed by the prescription in (13.1), are successively 
‘smaller in this sense, since each time a fundamental root is subtracted 
(except that the last two roots are not comparable in this ordering), and 
that they are all greater than 4-y (by explicit computation; e.g., for He, 
pe — De — ps — Pa = pi + pe + Da + Pgs + hs + de > Eu OD F). 

It is clear from (A) and (B) that the labelling of Pinot described 7 
(13.1), is the correct one. 

For each of Es, E,, Es, we shall now compute the cohomology ring of 
the manifold I’, attached by (9.1) to the vertex v’ of the graph ®m,ı, and 
also the image, under the associated map F, of » (by (11.2)) and of the 
relevant power of n; using (9.2), this will yield Theorem V(a), (b), (c). 
If s is a segment from the cell A’, corresponding to v” in figure 2, to 0, then 
the singular planes crossed by s are identical with the singular planes attached 
to the edges of @,,,1, moving from v’ to vy. All the multiplicities are 1, as 
noted before; all the “weights” (ri,r:)/(ruwTx) occurring in (11.2) are 
also 1. The roots along s are given by the description in (18.1) (but in 
reverse order!). For Ey, for instance, the singular planes Pı, Po, Pa, pa are 
given by (u1-—4$s— $s— pz 1), (nu — pe — ps 1) (u— pe 1) (m 1). 

It turns out that all the Cartan integers, appearing in the description 
(4.2) of the cohomology of our I’s are 1. As an example, for Ey, the integer 
p(ru —Àc) =p (th) —u(As) = 2—1=—1. We omit the details. 

_ For the IY of E., the cohomology is then generated by variables zı, 22, 
Ta, Ta, With the relations 
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2° = 0, 

Lo (Ti + T2) == 0, 

Ta (Ti + T2 + T3) = 0, 

La (Ly + Do + Ta + Ly) —0, 


and F*(y) is given by £, + £a -+ £3 + z, The fundamental cocycle of I” is 
given by æ:7:%:7,; we claim 


(13.1) 


(13. 4) A (7°) == Ly Cols 4. 


For the (elementary) computation, we introduce a new basis by setting 2, = 2, 
Zi = 2 + Bo, Z3 = T To La, 24 = D + £a + £g -4+ va. The relations turn 
into | 
217 == 0, Zo" == 21%0, Za” == Dole, 24” =m 2324, 
(18. E) à oa 
and f’*(y) is given by 24. 

Now (24)* == (4324)? == 22%" + Za = Zo" ` Bgg == 21220324 == Ty Lesh, Q- e. d. 

` It follows that the powers y, 1745 4, are not divisible by any integers 
g > 1, and Theorem V(a) follows from (9.2). 

The computations for E; and Es, with 5, resp. 7 variables x; are entirely 

analogous. 


14 #,,.(G.) © Z, preparation. Following a suggestion of J. C. Moore 
and A. S. Shapiro, we shall compute m1o(@2) © Z; by considering, in addition 
to the ring structure of H*(Q(G2);Z) up to dimension 10, a certain 
Steenrod power (cf. [19] for this concept). 

We begin by listing the necessary facts about G, (in a notation somewhat 
different from no. 7). 


(1) Fundamental roots ¢:, ¢2; corresponding translations A,, À; 








pı de 
(2) Coxeter diagram o===== 0; (An 4) = 3, (As, Ac) = 1, (Ar, As) =— $; 
(3) Fundamental Cartan integers: 1(A1) = ġa (A2) —%, o1(A2) =— 1, 


b2(A1) =— 3; 
(4) Positive roots (in lexicographic order): 3¢, + 2¢. (dominant), 
31 + Pay R pi + Po, pi =r $z, P15 Pa; 


corresponding translations: 


Ai + Ras li + Az, PA + BAg, Ar + 82; Ay, À; 
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norm-squares of these translations: 1, 1,8,8,8, 1; 


singular planes p attached to the edges of ®; (in order): (3: + 2¢2,1), 


(361 + $2 1), (Roi + do, 1), (361 + 22, 2) 5 (3¢1 + do, 2) (to v), 
(gi + $2,1) (to v”); 


beginning of the fundamental chamber: 


Us 
` Figure 3. 


As before in nos. 9 and 11, we denote by 7 the generator of H?(Q(Gs)), 
defined by (Ye) 1. Our first aim is the following partial description of 
H*(Q( G2) ; Z). 


PROPOSITION 14.1. The element n° of H$(Q(G:)) ts divisible exactly 
19 

by 3. Put u—7#°/8 Then a basis for X H*(Q(Ge2);23) is given by 
0 


{1l3y37?;u;u'nju-7’, Pu}; here the image of n etc. under the coefficient 
reduction Z— Zz is again denoted by n etc.; and P* is the Steenrod power 
that send H(X 323) into H***(X 323). 


Remark. The fact that „ë is divisible exactly by 3, is responsible for 
the complexity of the problem of finding 71.(G,) © Z3. From now on we 
write Q for Q(G;). We shall prove Proposition 14.1 by considering the two 
G,-cycles I’, I” attached, by (9.1), to the cells A’, A”. TA part of the result, 
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in fact all except the determination of P1u, follows also, for instance, from 
the fact that, G, having only two-torsion, H*(Q;2Z;) is a divided polynomial 
ring.] We denote by f’, f” the maps of I’, I” into Q, defined in Chapter I, 
(5.4). 

I’: The variables 7,,: - -,%s, generating H*(I”’), correspond, in order, to 


the roots 3: + pz 31 + Aho, 261 + do, Bh: + de, 861 + 2ho. The relations 


are given by 


T° == 0, 
| Ta (T + T1) = 0, 
(14. 2) Ez (Ts + Te + T4) == 0, 


La (Le + 325 + Lo + 221) a, 0, 
Ts (Ls + La + 8x5 + Rte + T1) == 0. | 
As an example, bsg == (3h: -+ do) (2A: + 32) = Gp: (A1) ~~ Jp: (Az) + ay (A) 
+ 8p2 (A2) = 12 —9 — 6 + 6 =3. The multiplicities n; of 11.2 are given 
by 2,2,1,1,1, and the weights (7, r;)/(ru, ru) by 1,1,3,1,1, so that 
a’ == fn) = 2x, + Dre + 825 La H Ts. 
The following computations are facilitated by making the change of basis. 
a’ aco RE: + RTo + 3235 +4- La -+ Tys 
b == QL, + Br + Ba, + Lo 


r 


d om D + Ta, 
, 
é ses Li. 


This transforms the relations into 
Là ILE tof F of 


V2 = 8 (VE + Wd — cd’ + ce) —B'e, . 


(14. 3) e? = — od’, 
d?= de’, 
g? ==), 


One clearly has a’b’c'd’e’ == 2, 22%%,25. One computes 
(14. 4) (a)? = 3(a’ —e’) (be + B’d’—ed’ + ce’) 
and, with u’ = (a’)*/3, 


(14.5) wu’ (a’)? = 4a’b’c'd’e’. 
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T”: The variables zı: - >, £s in H? (T) correspond to the roots ¢, + ¢», 
3d1 + Xho, Phi + do, 361 + has 861+ Rd: The relations are computed to be 


Li == 0, 
Lo (£ + 8%) = (), 
(14. 6) , &3{L3-+ To + z1) = 0, 


Ly (Ta + JT + 2X) =z 0, 

Ly (Ls + Ta + ST; + 2 To + 3T) = Q. 
The multiplicities n; of are 1,2,1,1,1; the weights (ri ri)/(ru, TL) are 
3,1,8,1,1, so that 

a” — fas (7) =s JT: + ZLo + 323 +- Ti + T3. 

We change variables according to 

a” = JT: + RTa -|- ITs -+ Ta + Ts, 

b” = 8T + Ta + 3X3 + La 


-C => T1 + Lg 


1 
= T1. 


The relations go over into 


a"? == gb”, 

b” = 3(b%c" + be + bd’ — cd" —3c'e"), 
(14.7) c'è—=— d + oe” + de”, 

d”? = — 34e, 

ge”? =Q. 


One computes that 
(14. 8) q”? 2 8ga” (b” c” + b” e” -+ b” a” => c” a” NECA 8c”e”) 3 


From (14.4) and (14.8), we conclude, by (9.2), that 7° is divisible 
exactly by 3; let „3/3 =u, and a”3/3 =u”. We reduce now the coefficients 
in H*(T”) from Z to Z,- We have then 


(14.9) wa”? = (a) (b +--+) =0 in H*(1”;Z4), 


since (a@”)* is zero mod 38. 

Utilizing the fact that the Steenrod power P is a derivation (Cartan 
formula), and that Pt applied to a two-dimensional element yields the third 
power of the element, we obtain after a short computation 
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(14. 10) O Pty! me — al e. 


From (14.5) and (14.10), we conclude that u-y? and Pu are non-zero 
elements of H*°(Q;Z;), since they map into non-zero elements under f’, 
resp. f”. From (14.9) and (14.10), we conclude, applying f”, that u'y? 
and Pu are linearly independent. Since H (O;Z) = Z + Z this proves 
(14.1). 


15. The 8-component of =,,(G.). We compute 7;(Q) @Z;, 19, by 
a straightforward application of the method of killing homotopy groups, the 
principles of which we assume known. Let 8 denote the Bokstein operator 
B: H(X ;4:) > H**(X;2Z;), derived from the coefficient sequence 


0->2Z,-2,72;— 0. 


Throughout this section, H*(X) will mean H*(X;Z,). We utilize known 
facts about the cohomology of the Eilenberg-MacLane spaces K (Zan), 
including the behavior of the Bokstein operator. 

We kill r,(Q) by a suitable bundle X,, over Q, with K(Z,1) or Si 
(the circle) as a fiber. The #,-term of the corresponding spectral sequence 
is H*(Q) @H*(8,). Let s denote the generator of H*(S,) that maps into 
n under dọ}. We have then d(n@s) — n°, da(s) —0, d,(u®s) un, 
d(u-n@s) == uy’. 


Nd N NON 
| No NO N 
7 YU w w? 
Pu 


It follows that H*(X,), up to dimension 10, has the set {1,æ,v, Pw} as 
basis, where dim z == 5, and where v is the image of the element u of H*(Q) 
under the projection ¥, Q. 

Furthermore the relation 


Bt) =r 


holds. This follows from the fact that, using the integers as coefficients in 
the above computation, we have d,(7°-s) = 3u, so that the integral element 
v’, whose reduction mod 3 yields v, satisfies 30’ — 0. 

We now kill x by constructing a suitable bundle X, over X,, with K(Z:,4) _ 
as fiber. Let y be the generating class of K(Z:, 4); the cohomology of K(Zz, 4), 
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up to dimension 9, is given by the basis {1, y, By, Y°, Pty, BP'y, PiBu, y: By}. 
In the spectral sequence of X,—> X., we have #, == H*(X,) Q H*(K (Zs, 4)) 
= Es, and ds(y) =x. It follows that 


dg (By) =v, ds(y?) == 24 Q y, d3(Pty) =: > ` = do (P'y) = 
ds (y: By) =£ By, dyo(P*By) = Po, dig (BP*y) = 0. 


(Note that By and Pty are transgressive, since y is.) 

One computes thus that in Fe the only elements of dimension <9 are 
the linear combinations of the elements 1, #, 2, which come from 1, P*y, BP 
in Æ. It follows that H*(X,), up to dimension 9, has a basis {1, w,z}, with 
dim w = 8, dim z = 9. Moreover, Bw==z, since w and z map into Pty, BPty 
under the inclusion of the fiber K (Z, 4) in Xz. | 

We now kill w in H*(X,) by constructing a suitable bundle X, over X, 
with fiber K (Z, T). If ¢ is the generating class of H7(Z:,7), then Bt 
generates H*(Z,7). In the spectral sequence we conclude from dst =w 
and dy(Bt) = Brio =z that H(X) 0 for 0<159. 

From the values of the first non-trivial cohomology groups (in positive 
dimensions) of Q and the X;, 1—-1,2,8,, we read off: 


ri(Q) O Le = La for q sx À; 5, 8, 
== 0 for the other 1-values = 9. 


Since m(Q) Z rur(G2), this implies in particular mı (G2) @Z:—0, and 
Theorem V(d) is proved. 


Chapter IV. Applications to Symmetric Spaces. 


1. Introduction. In Chapter II, three actions were shown to be varia- 
tionally complete for a symmetric pair (G,K: a) KXK on G, t) K on 
G/K, c) K on p (by the adjoint action). In this chapter, we study some 
immediate consequences of Theorem I for these situations. Actually the 
cases a) and b) are equivalent in the following sense (this has appeared 
already in Chapter II, no. 6): Let p: G->G/K be the natural projection. 
If V’ isa K X K-orbit in G, then N = p( N°) is a K-orbit in G/K. Let R’ 
be a point in G, and put R==p(R'). The map p induces a map 2” of the 
path space Q(G;%,N") (cf. Chapter I, no. 2) into Q(G/K;R,N). It 
follows easily from the covering homotopy theorem for the fibering G— G/K, 
that p’ induces an isomorphism of the DOOLEY and therefore also of the 
homology of the two spaces. 
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By Theorem I, the mod? homology of 0(G;2#’,N’) is completely deter- 
mined by the set S = S (G; R’, N’) of transversal geodesics from R’ to N’ in 
G, as graded by the index 6, Our aim is to describe S and & in each case 
in terms of invariants of (G,K). As we will show, the diagram of the sym- 
metric pair (G, K) in the sense of E. Cartan [9], a variant of the diagram of 
a Lie group, contains all the pertinent information. Since there is no 
description of this diagram in the current literature, we reprove certain of 
Cartan’s results. In particular, we have included Hunt’s version of the 
proof of the conjugacy of the maximal tori of a symmetric space. 

Properly understood, all the notions associated with the diagram of a 
Lie group generalize to the diagram of a symmetric space. 

We will start with the adjoint action of K on p. Here the space 
Q(p;2,N) is homotopic to the orbit N. Our formulas therefore describe the 
homology of the orbits of K in p. 


2. The adjoint action of K on ÿ. We recall the pertinent definitions 
from Chapter II. The (-}+-1)-eigen space of * is the Lie algebra f of K; 
its orthogonal complement, the (—-1)-space of *, is p. Thus g—f @ p. 
For eny A€g, we have ga = {X:[4, X] =0}; pa=qinb;s f =g N É. 


PROPOSITION 2,1. For any A€ p, the equations 
(a) ga = {4 @ pa 
(b) p= [E 4] ® pa 
represent orthogonal decompositions. 


Relation (2.1(a)) follows from Chapter V, 3.1; for (2.1(b)), we use 
Chapter IT, (7.5), with A replaced by zero and X replaced by A. 

Let gat denote the orthogonal complement of ga in g. We see from 
(2.1(a)) and (2.1(b)) that [£ A] = ga} N p, and that add maps qual N k 
isomorphically onto gat N p, so that these two spaces have the same dimension. 
We conclude that 


(2.2: dim fa — dim pa == dim t— dim p, 


+ 


independent of À. 
This can also be expressed by saying that the trace of * on ga equals 
the trace of * on g, for any A. 


DEFINITION 2.3. A maximal abelian subalgebra of p ts called a Cartan 
algebra of (G,K). If tis such an algebra, A Et is called a general point of 
tif bat The dimension of t is called the rank of (G,K). | 
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It is clear from general theory that Cartan algebras as well as general 
points on them exist. In the following, we denote by t a fixed Cartan algebra 
of (G,K), and let A bea fixed general point of t. 

Let Q be a point of p, and let N be the K-orbit of Q. As in Chapter I, 
no. 2, we denote by S(p;A, N) the set of geodesics (i.e. straight line segments 
in p) which are transversal to the action of K on p and join A to points 
of N. Let S(t;4,£NN) be the set of i lines in t joining A to 
points of tN N. 


Proposition 2.4. S(p;4,N)=S(t;4,iNN). 


Proof. A transversal line from A to N must be perpendicular to the 
orbit of A at A (cf. Chapter I, (2.2)). By Chapter II, (7.1) and (7.4), 
the orthogonal complement to the orbit of A, at A, is precisely p4, which is 
equal to t. Hence all the elements of S(p;A,N) lie in t. Conversely, every 
line in t starting at A is transversal. This proves the proposition. 


CoRroLLARY 2.5. Every orbit N of K on p intersects t. 


Because every such orbit is compact, there must be a point at which N 
is closest to A. The line from A to that point will then have to be transversal. 
Hence S(p; A, N) is not empty. Now apply Proposition 2. 4. 


CoROLLARY 2.6. Any two Cartan algebras of cé K) are conjugate 
under the adjoint action of K. 


Proof. Let t be any Cartan algebra of (G, K), let B be a general point 
of { and let N be the orbit of B. Since N M+t5<0 there exists a k€ K, such 
that Adk-B Cf. But then clearly Adk-# ==, so that Ÿ is conjugate to t. 


Note. This corollary goes back to E. Cartan [9]. The proof given here 
is an immediate extension of the proof due to Hunt for the conjugacy of 
Cartan algebras in the group case [13]. 


| Proposition 2.7%. (a) Every orbit of K in p intersects t orthegonally. 
(b) The orbit through A has maximal dimension. 


Proof. Clearly Ps D pa =t for any BE. As the transversal space to 
the orbit through B is pg, this inclusion together with Corollary 2.5 proves. 
both statements. 

We write dx’ for the defect function of the adjoint action of Æ on p, 
as defined in Chapter I, (7.4). Because of (2.7(b)) and Chapter IT, (7.1), 


we have 


(2.8) 8x’ (B) == dim [#, A] — dim [¥, B]. 
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Applying (2.1(b)), (2.2), we obtain 


8x’ (B) = dim pp — dim pa = dim fg — dim Fa. 
This proves 


PROPOSITION 2.9. 


Sr’ (B) == 4(dim gg — dim ga) 
for any BEP. 


According to Chapter I, (7.3), the defect 5, of any segment 
s€ S(t;4,N Nt), 
with end points A and Q, is given by 
(2.10) = È 3x ( (1—2) 4 + aQ). 


We extend t to a Cartan Ae t of the Lie algebra g, and denote by D'(G) 
the infinitesimal diagram of G on t (cf. Chapter III, no. 1). 

As a consequence of (2.9), ôx’ can be described entirely in terms of 
D'(G). In fact, it is easily seen that 


i 
(2. 11) ôx (B) =number of planes of D’(G) containing B, but not 
containing all of t. 


(For each root 4€ œ with 6(B) —0, the dimension of gp goes up by two.) 

The set of points B in t with ôr’ (B) >0 is called the infinitesimal 
diagram of (G, K), and is denoted by D’(G, K) ; it consists of a finite number 
of planes through the origin. The defect 8, of a segment s is the number of 
planes, properly weighted, in D’(G,K) crossed by s; note that planes of 
D’(G, &) containing the end point Q of s do not count in ôs. 

The connected components of the complement cf D’(G,K) in t are 
called the fundamental chambers of D’(G,K). In complete analogy to the 
group case, every chamber # plays the role of a fundamental domain for the 
Weyl group of (G, K), as will be seen later. This group, denoted by M (G, K), 
is defined as the quotient of the group consisting of the elements in K which 
keep t setwise fixed (the normalizer of t) modulo the group of the elements 
which keep t pointwise fixed (i.e. Ky). From Proposition 2.7(a), applied 
to A (and the fact that all orbits are compact), it follows that W(G,K) is 
a finite group. It is also clear that if B is any general point of t and N is 
the orbit of B, then 


(2.12) N N t= orbit of B under W(G,K). 
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(Actually, a more general statement is true: if A, B are two subsets of t, 
conjugate under k€ K, then there exists an element of the Wey! group, 
whose restriction to A equals that of Adk. One proves this by considering 
the centralizer, in G, of tN Adk(t). A similar statement holds for the global 
case, i.e., for the operation of the Weyl group on the maximal torus T, cf. 
Definition 3.3.) 

For any K-orbit N on p, we write 8,(N) for the graded Z,-vector space 
generated by the elements of S(i;A,iN AN), the dimension of a segment 
being the defect 3, (cf. (2.10)). 

We can now state the consequences of Theorems I and IT in the following 
form: 


Tasorem VI. Let N be any orbit of K on p. Then (as graded modules) 
HN 3Z.) = EN). | 


Proof. We have Q(p;A,N) © N because p is a Euclidean space (cf. 
Chapter III, no. 6). By Theorem IT, the action of K on p is variationally 
complete, and the point A has defect 0. Hence Theorem I is applicable, and 
describes Ha (N ; Z2) in terms of S(p; A, N), or, because of (2.4), in terms 
of S(t;A,tNN), graded by ô, 


Remarks. Ths theorem is the complete analogue of Theorem FII in [6], 
except that the coefficients have been reduced mod?. One can of course give 
the data for KA (X) entirely in terms of the roots of Œ, and the group 
W(G,K). Such a formulation was given in [6]. We omit these details 
here, and give only one example in the next corollary. 


COROLLARY 2.13. Let W, be the graded Z.-vector space generated by 
the elements of M (G,K), the dimension of wE W(G,K) being 


2 Ôr'{(1—c)A +a(w:A)}. 
Oost 
Let K+ be the centralizer of tin K. Then as graded modules, 
Hy (K/Kt; Za) = W 


Proof. The elements of H(G, K) clearly permute the fundamental 
chambers of D' (G,K), since the function 8,’ is invariant under H(G, K). 
We need the following proposition : 


PROPOSITION 2.14. The Weyl group W(G,K) is transitively and faith- 
fully represented by the permutations it induces in the fundamental chambers 
of D (G,K). 
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We prove this proposition by means of Theorem VI. Let # be any 
fundamental chamber of D’(G,K), and let B be a general point in it with 
K-orbit N. Let fa be the chamber that contains A. By (2.10), (2.11), 
(2.12), the number of points in the W(G,K)-orbit of B that lie in #4 
equals the number of segments in S(4;4,tMN) of index 0. By Theorem 
VI, this is also the number of components of N. But K being connected, N is 
connected, and (2.14) is proved. 

The Corollary 2.13 is now immediate. Let B be taken in #4 With 
any wE (G,K), associate the segment from A to w-B. This induces a 
gradation preserving isomorphism of 8..(N) and Wa. Since B is general in t, 
its K-orbit N is homeomorphic to K/K;. The corollary follows now from 
Theorem VI. 

Let ? be any subspace of t. A result analogous to (2.13) can then be 
stated for the homology of K/Ky in terms of the quotient set of W(G,K) 
by the subgroup that leaves  point-wise fixed. 


3. The action of K X K on G. This section is the global analogue of 
the previous one. As in Chapter IT, we write f, =Ë N Adat, Pa = p N Ada tp 
for any a€ @. We also write Ga for {X€g: AdaX =X}; note that the 
definition of ga differs from that of f, and pa. 


PROPOSITION 8.1. If a* =a, then 


(a) ga? == Ta @ Pa 
(b) == { Ada — Ada} É @ Pa 
are orthogonal decompositions. 


Proof. Clearly, gae is stable under *. Hence ge = ge N E+ ga b. 
If ZE Pa then AdaZ€ p. Hence, applying *, Ada-17 — AdaZ, whence 
BE ge Nb. Hence Pa C gae Np. Conversely, if ZE ga N p, then (Ada1Z)* 
== — AdaZ = — Ada™ Z, so that Z € Pa. Hence p D gæN p. Quite similarly, 
one finds that ge Mf=f,. This proves 3.1(a). Next, {(Ada— Ada+)Z}* 
== — (Ada — Ada“)Z*. Hence, (Ada — Ada)f C p, and (Ada — Ada tp Cf. 
Suppose that Z € p is perpendicular to (Ada — Ada t)f, so that 


( {Ada — Ada t}f, Z) = 0. 


This implies (Ada ~~ Ada)Z € p, whence Ada-1Z = AdaZ, so that Z € ga N p 
== þa. The argument can be reversed, and (3.1(b)) is proved. 


COROLLARY 3.2. If a* = at, then 
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dim ge: N p = dim ge ft; 
dim f, — dim Pa = dim Ë — dim p. 


This follows from (3.1(a),(b)) as (2.2) followed from (2.1(a), (b)) in 
no. 2; first one has to verify, using *, that f, is the kernel of the restriction 
of Ada— Ada to Ë. 


DEFINITION 3.3. The image in G, under the exponential map, of a 
Cartan algebra t of (G,K) is called a maximal torus of (G,K), and is denoted 
by T. The point a€ T is called general if Ya =t. 


The maximality of t implies that expt is closed in G. By general theory, 
we can find an a€ T such that ge N p=t. Hence by (8.1), T contains 
general points. 

In the sequel, T denotes a fixed maximal torus of (G, K} and a is a fixed 
general point of T. The tangent space to T at the identity is identified with 
the Cartan algebra t. 

Let 6€ T, ard let N =K-b-K be the orbit of b under KX K. By 
Chapter II, (7.1), (7.4) the transversal space to N at b is precisely b-p». 
The arguments of no. 2 therefore easily yield the following analogue of (2.4), 
(2.5), and (2.7). 


PROPOSITION 3.4. Let N be any orbit of KXK on G. Then NOT 
is not vacuous. N intersects T orthogonally (and therefore at a finite number 
of places). The sets | 


S(G;a,N) and S(T;a TAN) 
coincide. The orbit of a has maximal dimension. 


Here S(G;a,N) of course denotes the set of transversal geodesics from 
a to N, while S(T;a,T N N) stands for the, automatically transversal, geo- 
desics on T from a to points of NOT. 

We denote by ôx the defect function of KX K on G, defined as in 
Chapter I, (7.1). By Chapter II, no. 3 we have ôg(b) — dim {° — dim ?. 
As in no. 2, one proves that 


* (3.5) ôr (b) = 4 (dim gy — dim ge) for any DET. 





(Note that for such b’s the relation b* = b-1 holds.) 

As before, t is a Cartan algebra of g, containing t; let D(G) be the 
diagram of G on t (cf. Chapter III, no. 1). We define the defect function 8 
of (G,K) by 
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+ 


(3.6) 8(B)— number of planes of D(G) that contain B, but do not 
contain all of t, for any BE t. | 


The diagram D(G, K) consists now by definition of all Bet with 
8(B) > 0; it can also be described as the union of the intersections p Nt 
for all those singular planes p == (8; n) € P, whose translation vector ry is 
not orthogonal to t. 

The defects 8 and 8, are related by the following proposition. 


PROPOSITION 3.7. Let p:t—>T be defined by p(B) =exp(4B). Then 
8x © p= 5, where 8x is the defect function of KXK on G, and 8 is the defect 
function of D(G, K). | 


This formula is an immediate consequence of (3.5), and the meaning 
of D(G) for the stabilizers of points in T. Let A be an element of t that 
maps into a under p; clearly À is general in ft. For any K X K-orbit N, 
the elements of S(T;a, T NN) then lift under p uniquely into straight line 
segments in tł, with initial point A. Let S’(V) =S (t; 4, p (T N N)) denote 
this set of line segments. Let s’, with end points A and B, be an element 
of 8’(N), corresponding to s€ S{(T;a, T AN). Then the 8,-defect of s is 
equal to the 6-defect of s’, given by 


(3.8) bem Z 3((1— a) + aB), 


the number of planes, ams ee of D(G,K) crossed by s. Finally, 
let 5, (N ) be the Z,-vector space generated by S’(N) according to the 
defect ô. The global analogue us Theorem VI now clearly takes the following 
form : . 


Tarorem VII. Let N be any orbit of KXK on G. Then, as graded 

modules, 
H,,{2(G@;6,N) ; Z2} = SN). | 

The Corollary 2.13 to Theorem VI also has a global analogue. We will 
formulate it in terms of the cells of D(G,K). By definition, these are the 
connected components of t—-D(G,K). We let be a fundamental chamber 
of D’(G,K) and denote by {A}y the set of cells of D(G,K) contained in 
the closure of #. We assign an index $(A) to AE {A}y by the formula 


(3.9) (a) = $ è(B), 


where ô js the defect function of (G, K) and B is any point of A. (In words, 
8(A) — number of properly counted planes in D(G,K) crossed by a line 


15. 
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e 


from 0 to a point of A.) Finally, we let #, be the graded Z:-vector space 
generated by {A} and graded by à. 


COROLLARY 3.10. Let m (G) ==0. Then, 


H,(Q(G/K) ; 2a) = Fa 
as graded modules. 


Proof. Because m, (G) =0 and ro(K)=0, G/K is simply connected. 
Hence 0(G/K) has precisely one component. Let N == K be the orbit of 
- e€ G under KX E. Then, as explained in no. 1, Q(G/K} can be identified 
with Q{(G;a,K). Let Jo=p?(K NT), so that S’(K) consist of the seg- 
ments from A to the points of J, Then Theorem VII implies that 7, 
intersects the closure of any cell A in D(G,K) precisely once. To show this, 
we may assume Å € A. Since Q(G;a, K) is connected, by Theorem VII there 
is only one segment in S’(K) of index 0; but this is equivalent to the 
assertion about da. 

Now to any s€ S’(K}), with second end point BE Jo, there exists a 
unique w € H(G, K) such that w-(4—B) lies in the interior of a cell in #. 
As in [6], one shows that this defines a one-to-one map of 8’(K) onto {A}, 
and that the induced isomorphism of $”.(K) onto F, is gradation preserving. 
The Corollary now follows from Theorem VII. 

As a simple avplication, we will prove the following proposition, which, 
as the referee pointed out, is contained in [9], no. 101. 


PROPOSITION 3.11. Let * be an involution of the compact, simply 
connected Ine group G. Then the set of fixed points of * is connected. 


Proof. Let (G,K) be the symmetric pair determined by *, and let K be 
the fixed point set of *. Thus K is the e-component of K. We start with 
the following lemma. 


LEMMA 3.12. If KAT=KOT, then K wa K. 


. Proof. Suppose K, is a component of K different from K. The K X K- 
orbit of any point e, of K, is clearly K, itself. By (3.4), this orbit inter- 
sects T, so that K, N T is not vacuous. But KNT and K, NT are disjoint, 
and (3.12) follows. Next, we remark: 


(3.13) The set KNT consists of the points x ET, with x? =e. 
This follows from the fact that on T the involution * is just inversion. 


LEMMA 3.14. If m (G) =0, then KNT=KNT. 


je 
PEE. 
oT 
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Proof. Let Jo==p (KAOT) as before, and let J =p (Kk NT). It 
follows from (3.18) and the definition p(B) ==exp(4B) that J consists 
of the lattice of points in t which under the exponential map go into é. We 
shall show that Fo == J. Suppose then that J is a proper refinement of Fo. 
Since the closed cells of D(G,K) cover t, and since J, intersects each closed 
cell of D(G,K) in precisely one point (as noted in the proof of 3.10), the 
lattice J will have to intersect the closure of some cell, say A, in at least 
two points. From the construction of D (G,K), it is clear that A is contained 
in the closure of some cell A, of D(G) inf. (Here t is a Cartan algebra 
of G containing t.) Hence the closure of A, in D(G) intersects J in at 
least two points. But it is well known that if +r.(G) —0, then each closed 
cell of D(G) contains exactly one point whose exponential image is e (cf. 
[20]). This contradiction proves (3.14). The two Leramas 3.12, 3.14 prove 
Proposition 3.11. 


4. An example. Symmetric spaces of maximal rank. According to 
(3.10), the mod? Poincaré series of Q(G/K) is given by Sig 4, where A 
runs over the cells of a fundamental chamber F in D(G,K). In Theorem B, 
Part 1, of [6], the Poincaré series of O(G) was given as iy EMA, where one 
now sums over the cells of a fundamental chamber in D(G). Suppose now 
that the maximal torus of (G, K} is also a.maximal torus of G. In this case, 
D(G )coincides with D(G,K), and 8(A) as defined here, agrees with the 
A(A) of [6]. We therefore get the following somewhat mysterious applica- 
tion of 3.10. 


PROPOSITION 4.1. Suppose that 1,(G) —0, and that the rank of the 
symmetric pair (G,K) equals the rank of G. Then 


dim H,(Q(G/K) ; Z2) = dim Ha (O(G) ; Z2). 


Every 1-connected Lie group has an essentially unique involution *, 
with rank (G, K) =— rank G. This involution correspond to “the” real form 
of the complexified Lie group. We will call a G/K obtained in this way a 
symmetric space of maximal rank. The mod? Betti numbers of 0(G/K) 
are then determined by the Betti numbers of 0(@) by (4.1); on the other 
hand, the Poincaré series of O(G) is determined by the Poincaré polynomial 
of G (cf. [6]). Indeed, if 


P(G;t) =z (1 + (emin) oe + (1 + panay, 
then 


P(9(G) 3 t) gees Ce ee a ar ee (1 se A e, 
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Combining this observation with (4.1), we obtain the following proposition. 


Proposrrion 4.2. Let G/K be a symmetric space of maximal rank, 
where Gis a 1-connected compact Lie gr oup. If ma: © +,m, are the primitive 
exponents of G, then 


` P(Q(G/K); Ls;t j= CE G ae me ye (1— mir) : 


A similar comparison of (2.15) with, Theorem B, Part 2 of [6], leads 
to the following proposition. 


Proposition 4.3. Let (G,K) be a symmetric pair of maximal rank. 
Let T, be a torus cf G contained in a maximal torus of (G,K). Let Kr, and 
Gr, denote the centralizers of T, in K and G respectively. Then 


dim H,(K/Kr,; Z+) = dim Hoq(G/G@r,;Z2). 


As a concrete instance of the halving in dimensions, we mention the real 
projective space as opposed to the complex projective space. 

Applying the Hirsch. formula [1] to the right hand side of (4.3), with 
Tı = T, one obtains the following analogue of (4.2). 


PROPOSITION 4.4. Let (G,K) be a symmetric pair of maximal rank; 
let T be a maximal torus of! (6, K); let m,’ -m be the primitive 
exponents of G. Then 


} 


P(K/Kq; Z23t) = (A— i) >» (1 — i) /(1— t)’ 


In certain cases, for instance when G—SU(n) and K-SO(n), the 
formulas (4.3) and (4.4) also follow from Borel’s work with the maximal 
tori mod? of G [2]. 


UNIVERSITY oF MICHIGAN. 
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